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Combinatorics — A Mathematical

Approach for Holding on the Realty of Thing in the Universe

Linfan MAO

1. Chinese Academy of Mathematics and System Science, Beijing 100190, P.R. China
2. Academy of Mathematical Combinatorics & Applications (AMCA), Colorado, USA

E-mail: maolinfan@163.com

Abstract: Usually, one holds a thing T on its appearance or characters and particularly,
by mathematics. But is the mathematical reality equal to the reality of thing T'? The answer
is not certain because the recognition of human on thing 7' is only a local or conditional
one, implied in the fable of blind men with an elephant, i.e., the sophist told the blind
men that an elephant has all characteristics that they are talking about. Then, what is the
significance of this fable? It lies essentially in the shape of an elephant and generally, the
reality of a thing is a combinatorial one, i.e., combinatorics is priori to the recognition of
human because all of us are similar to the blind in front of a thing. In this report, I discuss
the non-harmonious group with Smarandache multispace inherited a topological graph G
in first, generalize it to G-flows 8L or networks ﬁ with vector flows and then, continuity
flows 8L, i.e., mathematics over 1-dimensional topological graphs, which extends the classic
mathematics over combinatorial structures 8 This report surveys how to establish such
a system by viewing continuity flow 8L as a mathematical element for establishing the
Banach flow space, Hilbert flow space over topological graphs 8 and then, how to apply
it to generalize a few of important conclusions in functional analysis such as those of the
inverse mapping theorem, closed graph theorem and the Hahn-Banach theorem for providing
the recognition of human on the reality of things, including the subdivision of a matter M
into elementary particles with a mathematical supporting, which forms a complex network
on M in physics, and shows also the 12 meridians on human body in traditional Chinese

medicine is an example of G-flows or generally, continuity flows with dynamic equations.

Key Words: Combinatorial notion, contradiction, non-solvable system of equations, non-
harmonious group, Smarandachely denied axiom, Smarandache multispace, G-flow, continu-

ity flow, mathematical combinatorics, 12 meridians on human body.

AMS(2010): 05C10, 05C21, 35A08, 46B25, 51D20, 51H20, 51P05.

§1. Introduction

Usually, one holding a thing 7" on its appearance or characters and particularly, by mathematical
reality. Then, what is the reality of a thing T ? In dictionary, the word “reality” is explained to

1Reported at The 10th International Combinatorics and Graph Theory Conference (CGT 2025), May 23-25,
2025, Xian, P.R.China
2Received January 15, 2025. Accepted March 16, 2025
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be the state of things as they actually exist, including everything that is and has been, whether
or not it is observable or comprehensible. Can one really hold on the reality of thing T'? The
answer is not certain unless the mathematical reality. Generally, a thing 7' is multilateral or
complex one but the recognition of human on thing T has certain limitations, i.e., it is only the
local rather than the whole. Then, how to solve this problem and how to cross the gap from the
local to the whole? The answer is nothing else but the combinatorics.

1.1. Combination Prior to Reductionism. As we all known, the reduction on a matter T'
is subdivided it into the minimum recognizable elements so that humans can understand the
reality of matter T. For example, to subdivide a matter T — molecule — atom — nucleus
— proton and neutron — elementary particle consisting of quarks, leptons with interaction
quanta including photons and other particles of mediated interactions ([35]), and a living L —
biological macromolecule — cell or gene, such as those shown in Figure 1 on subdividing of

matter with elementary particles.

Proton |

Nucleus -

Molecule Atom @ @ b
!

Neutron (\

Figure 1

Actually, there is an assumption implied in reductionism without proof, i.e., the reality of
matter 7" can be held if the behavior of elementary particles over a topological 1-dimensional
structure is recognized locally by humans. For example, the models of proton, neutron are both
over graphs K3 by quarks in Figure 1. But, is this assumption right and so, one can holds on
the reality of matter T by reductionism? The
answer is not certain unless all elementary
particles are in stationary or synchronization.

For holding the whole with the local, we
all learned a famous fable of the blind men
with an elephant in elementary school, which
narrates that there are 6 blind men wanted

to know an elephant looked like by feeling its
body one by one, see Figure 2. Their recog-
nitive process is like this, namely the 1st one
touched the elephant’s tooth and claimed “an Figure 2

elephant is like a big, thick and smooth radish, the 2nd one touched the elephant’s trunk and
claimed “an elephant is like a tube, the 3rd one touched the elephant’s ear and claimed “an
elephant is like a big fan, the 4th one touched the elephant’s belly and claimed “an elephant is
clearly like a wall, the 5th one touched the elephant’s leg and claimed “an elephant is clearly like
a big pillar and finally, the 6th one touched the elephant’s tail and claimed “an elephant is like
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a piece of grass rope. Each of them believed the perception of himself on the shape of elephant
is right and insisting on his own opinion, kept an endless quarrelling with others. At this
time, a sophist came forward and told them “why you are thinking about the elephant’s shape
different is because each of you touches the different part of the elephant’s body. Essentially,
an elephant has all characteristics that you are talking about! This fable shows the limitation
of recognition of blind man compared to the normal, namely the elephant shape in eyes of the
blind men is very different from, even a bit ridiculous to that of the normal human. Then, what
is the elephant shape in eyes of the sophist by that of the blind men? The answer is certainly
nothing else but a union of characteristics recognized locally by the 6 blind men, namely the
combination of all the local to form a whole such as those shown in Figure 3.

\ ) Recognizing & Elephant in .
Ear 7 Tail e ) eyes of the blind
Eé _ Y

Teeth Leg [

Figure 3
An elephant = {4 big pillars} U{] gross rope} U{l tubes}

U{2 big fans} U{Z big wall} U{2 big radishes} (1.1)

with a combinatorial structure

a C1 91 g2
d e h
b Co 93 94
Figure 4

where a1,as = big radishes, by,b; = big fans, ¢= elephant’s head, d = elephant’s neck, e =
big wall, g1, g2, g3, g4 = big pillars, f = grass rope. So, what is the philosophical implication of
the fable of blind men with an elephant? Certainly, the elephant is existing in a 3-dimension
R3. Tt is clear that the shape of an elephant can not be any combination of 2 big teeth (or
big radishes), 1 trunk (or tube), 2 ears (or big fans), 1 belly (or wall), 4 legs (or big pillars)
and 1 tail (or grass rope) but such a combination over the 1-dimensional topological graph G*
shown in Figure 4 in eyes of the sophist, inherited in the recognition of blind men by feeling
the different parts on the elephant body.

Notice that the sophist told the blind men that “an elephant has all characteristics that
you are talking about” is essentially a claim on the elephant shape, i.e., its shape is a union (1.1)



4 Linfan MAO

of all characteristics of blind men hold on the elephant shape. Certainly, this is the recognitive
way of human on thing T by reductionism. Generally, let the observable characteristics be
X1,X2,** » Xn in reductionism of thing T" and denote the mathematical reality of thing T by

Trq. So, one recognizes the mathematical reality of thing T' by a union

n

™ = RO (1.2)
1

of local recognitions R(x;) of human, called a Smarandache multispace ([14],[36]), where R(x;)
is the mathematical reality on characteristic y; for integers 1 < ¢ < n. Now, is any combina-
tion of characteristics of x1, X2, , Xn necessarily the thing T ¢ The answer is certainly Not
because one can not assert the characteristics x1, X2, , Xn are complete, and the recognitive
process of human on thing 7' is like the blind men on the elephant by feeling its partly body.
Furthermore, T is existing in space, which inherits a topological 1-dimensional stricture G*
in the reductionism process and the combination is conclusively priori to the reductionism in
recognition of thing T, which naturally leads to a complex network ([1]-[2]) or combinatorial
fields ([10]-[12]) on thing T. For example, there are 3.6 x 1013 and 2.8 x 10'3 cells respectively
in a male or female body, which can be characterized by complex networks with 3.6 x 10'3 or
2.8 x 103 nodes, respectively.

1.2. Combinatorics Implied in Contradictory System. Usually, human quarrelling is
because of the differences in recognition on one thing, which leads to contradiction, even by
mathematics. For example, let 5;,1 < i < 6 be the elephant shape of blind men in fable of the
blind men with an elephant. They were quarrelling because their recognition are very different,
ie, S; #S5;if 1 < i # j < 6. However, the contradiction arising is not due to the nature of
elephant but the modeling of blind men, and the sophist told the blind men is its shape should
be essentially a contradictory system holding with a Smarandachely denied aziom ([35],[36]),
i.e., the axiom the elephant shape S = a big radish is simultaneously validated and invalided, or
the axiom the elephant shape S = the reality of elephant shape only invalided but in six different
shapes S;,1 < i < 6 simultaneously, contra-
dicting to a definite recognition on the ele-
phant shape. Indeed, there is a fundamental
question on the recognition of human, i.e., is

a contradictory system in mathematics worth-

less in recognition? The answer is certainly
Not because we can not asserted so, i.e., the Figure 5
contradiction is essentially caused by the modeling way of human, which violates the axiom
adopted in the mathematical system. However, all things are harmonious in nature, namely
the contradiction arising in a mathematical modeling only implies its inappropriate, not the
objective of thing in nature. Particularly, the modeling of elements in a self-organized system
such as those of biological population, cell system, gene, etc., i.e., all elements are self-motivated,
not necessarily in stationary and synchronization are the case.

For example, let A = {C1,Cs,C5} and B = {C], C4, C%} be two groups consisting of three
Tom cats chasing three Jerry mice in Figure 5 along three straight lines on Euclidean plane R?
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respectively, shown in Figure 6. Then, how to modeling the running behavior of cats in groups
A or B on plane R?? For answering this question, a natural idea is to describe the running
behavior of the two groups by moving orbits, i.e., lines on Euclidean plane R2, solve the two
systems of linear equations and then, answer this question. In fact, the obits of three cats in
groups A or B respectively form two systems of linear equations by cats running lines shown

in Figure 6, i.e

(LESY) y = 2 (LESY) y - 3
r+y = 8 z+y = 6

However, the system (LESL) is non-solvable and the system (LESS) has a solution (3, 3).
Now, can we conclude that the running behavior of cats in A are nothing unless an empty set
(0, and cats in B are all still at the point (3,3) without moving? Of course Not because all cats

in group A and B are running on Euclidean plane R2.

=3 =
/:1:+y—8 z z+y=06

Figure 6
Then, what is wrong with the modeling of running behavior of cats? The answer is modeling
by the solutions of systems (LESY) and (LESj) on running behavior of cats in groups A and
B is inappropriate. Certainly, a running orbit of cat in groups A or B can be characterized by
the solution of line equation, i.e., the straight line of cat in A or B on Euclidian plane R? but
not the solution of system of linear equations.
In this case, the orbits Orb(A) or Orb(B) should be a union of points of cats in groups A

or B passing on plane R?, i.e.,

Orb(4) = {(z,9): y=4H(@v): y=2}{J{(z,9): z+y=8},
Orb(B) = {(z,y): =3} J{(x,9): y=3}J(z.v): 2 +y=6},

where each of the orbits Orb(A) and Orb(B) is a Smarandache multispace, i.e., combinatorial
one. For example, denote the points of a cat running on straight line ax + by = ¢ by the set
Lap.e = {(z,y)|ax + by = ¢,a # 0 or b # 0} in Figure 6, the line intersections of (LESLY) and
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(LESY) for cats in groups A, B by

Loaa[)L1rs v2=Loxa[ | Luvs, Loaz[)Lowa =0,

ur = Liggs mLm,G, uy = Lo 1,3 ﬂLLo,s, uz = Lo 13 ﬂLl,l,G

U1

and so, the running of cats in groups A, B can be characterized by combinatorial solutions of
systems (LESY) and (LESY) respectively, i.e., labeled graphs PJ, C¥ shown in Figure 7.

Lie
uy us
V1 v2
Lo,1,4 Lis Lo,1,2
u2
Lio,3 & » Lo,1,3
Figure 7
Generally, let S be a Smarandache multispace on n distinct spaces S1,S5,---,.5, for an

integer n > 1. Define a labeled graph G[S] associated with S by

1% (GL m) — {51,505}

£ (e [s))

and labels on the vertex S;, edge (S;,S;) for integers 1 < i # j < n respectively by

{50518 )85 #0, 1<i#j<n}

L: S —L(S) = Siand L: (5,8;) = L(S;,5;) = Si[ S,

Certainly, a Smarandache multispace S is equivalent to the labeled graph G [§] by defi-
nition. However, S is a multiset implying the mathematical reality of thing but G [g] is sets
over topological graph G which can contributes to establish a mathematics, i.e., mathematical
combinatorics by viewing GL[g] as a mathematical element. So, could we really establish such
a mathematics on elements G [§] ? The answer is definite by combinatorics.

The main purpose of this report is to survey the establishing of mathematics on continuity
flows 8L holding with vertex conservation law, show the importance of non-harmonious groups
with G-solutions in recognition of the reality of thing 7', generalize G-solutions to G-flows, conti-
nuity flows for constructing mathematics as those of Banach flow space, Hilbert flow space over
topological graphs G and then, generalize a few of important conclusions in classic mathematics
such as the inverse mapping theorem, closed graph theorem and the Hahn-Banach theorem in
these flow spaces for providing the recognition of human on the reality of things, including the
subdivision of a matter M into elementary particles with a mathematical supporting, and shows
also the 12 meridians, Ren and Du meridians on human body in traditional Chinese medicine

contributing an example of G-flows or generally, continuity flows by viewing the Ying @i and
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Wei Qi on meridians to be vital energy ([24]-[27], [33]).
All terminologies and notations not defined in this paper are standard such as those of al-
gebra, complex systems, functional analysis, topology are referred to [3]-[5] and [34], topological

graph is referred to [6]-[7], [15] and Smarandache multispace are referred to [14] and [36].

§2. Mathematical Reality

A mathematical reality on thing T is such an abstraction of 7" with a priori assumption that
its evolution can be modeled consistent with the symbol behavior in a mathematical system.
Usually, it is characterized by solvable equation in the classic. However, it should be not a
solvable but non-solvable system, i.e., Smarandachely denied system or Smarandache multispace
by Godel’s incompleteness theorem on formal system, which concludes that there ezist always
statements in a formal system S that can neither be proved nor disproved so long as S contains
the Peano’s axioms of arithmetic, namely it can be only characterized by non-solvable system

of solvable equations, i.e., non-harmonious group defined following.

Definition 2.1([29]) A non-harmonious group S is such a system S consisting of elements P,

1 <i<m,m > 2 with interactions that P; is constrained on a system of equations

'g.Pl (X7y) =0
(ESm) Frixy) =0 (2.1)
F P (X>y) =0

at time t, where Z;(x°,y°) = 0 and .%; satisfies the existence condition of implicit function

theorem in a neighborhood U of point (x°,y°) in Euclidean space R™ for integers 1 < i < m.

Notice that each function of .%,,, %y,, - ,%,,, in equation (2.1) satisfying the condition
of implicit function theorem. There must be a solution manifold Sg, C R with .%; : Sz, — 0
for integer 1 <4 < m. Then, the system (2.1) has no solution or has a solution is because of

m

(157 =0 or [)Sz #0. (2.2)

i=1 i=1

geometrically. So, what is the meaning of system (2.1) has or has no solution? The answer is
that the solution shows the overlap state of elements Py, P, --- , P, at time ¢, not the state
of elements Py, P, - -, Py, because the behavior of element P; is the solution manifold S,
for integer 1 < i < m. Accordingly, the non-solvable case of system (2.1) indicates only that
there is no overlap state in elements Py, P, - -- , Pp,, not implies the state of P; existing or not
because its state is characterized by the solution manifold Sz, for integers 1 <i < m.

And so, how to characterize the group behavior of Py, Ps,--- , P,, ¢ the answer should be
the union U:’;l Sz, or Smarandache multispace on solution manifolds S#,,1 < ¢ < m, not the

intersection ﬂ;ll Sz, in classical mathematics for non-harmonious group §. In other words,
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the solution of system (2.1) can be only applied to the recognition of thing 7' if all element
states are the same in evolving, holds with Sz, = S#;,1 < 4,5 < m. It is worth noted that
Ui~, Sz, C R™ is a union that characterizes the state of elements to some extent but still not
completely the state of elements in group S. Then, how should we characterize the state of

group S in this case? The answer is the G-solution of equations in system (2.1).

Definition 2.2([29]) For any integer m > 1, the G-solution of system (2.1) on non-harmonious

group S is a labeled graph G with vertex and edge sets defined by
V(GF) ={Sz, 1 <i<m},
E(G")={(S#,.5%,) | if Sz, NSz, #0 for integers 1 <i,j <m }

and labels on vertices and edges of G by
L: Sz, — Sz, (Syi,Syj)—)SyinS:yj, 1<i#j<m.

Such a G-solution |J;~, Sz, is called a combinatorial manifold in geometry ([9]). Notice
that the case of (-, S#, = 0 is meaninglessness in classical mathematics because it includes
contradiction. However, it is mostly due to the overlap of element states rather than the
non-existence of state of elements, namely it is more meaningful to study the G-solution of

non-harmonious group S than that of classical one and get

Theorem 2.3([29]) For any integer m > 1, a G-solution G of system (2.1) on a non-

harmonious group S is always existing.

Generally, we can apply G-solution to discuss respectively those of non-solvable systems of
algebraic equations, ordinary differential equations and partial differential equations for char-
acterizing the states of non-harmonious groups with stability of the system, see [11]-[18] for
details. For example, let (LEq},), (LDES}) be respectively a non-solvable system of linear
equations and ordinary differential equations, i.e.,

X =4,X
) L) X =AX
(LEq) AX =B, (LDESY)
X=A4,X
as examples, where matrixes A = (aij),,y,» Ar = (afj)mxn, X = (z1,29, - ,2,)T, B =
(b1,bo, -+ ,by)T and aij,ay;],bi are real numbers for integers 1 < i < m, 1 < j < n. For any

integers 1 <14,j < m,i # j, two linear equations

a1+ Gio%y + -+ Qinn = by,

aj121 + Aj2X2 + -4 AjnTyp = bj

are called parallel if there exists a constant ¢ such that

c= 1= 22 o2 # 2 (2.3)
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which is essentially the condition of parallel planes in Euclidean space R™. Now, let L; be the

ith linear equation in (LEq.,). We classify these equations L;, 1 <1i < m to parallel families
%17(527"' 7%8 (24)

with the maximal property, i.e., all linear equations in family %; are parallel and there are
no other equations parallel to lines in %, |¢;| = n; for integers 1 < i < s. Then, the linear

algebraic non-solvable system (LEq},) can be easily characterized.

Theorem 2.4([16]) Let (LEq.,) be a linear equation system for integers m,n > 1. Then

GILEq.)) ~ Kny g m

s

(2.5)

with ny +n+ 2+ -+ +n, = m, where €; is the parallel family with n; = |€;| for integers
1 <i<sin (LEqL,) and the system (LEq.) is non-solvable if s > 2.

Particularly, if n = 2, let H be a planar graph with each edge of straight segment on R2.
Define its c-line graph Lo(H) by

V(Lo(H)) = {straight lines L = ejeq---€;,5 > 1in H};

E(Lc(H)) = {(L1,L2)| if ej and e} are adjacent in H for Ly = ejez---e], Ly =
efed- €2, 1,s > 1}.

For example, a planar graph H with its c-line graph L.(H) is shown in Figure 8.

Ly L

vl . U3

va

Lo c-line graph
Ly vy - Lo
Ls

Vs L3

ve . va Ly Ls

Figure 8
And so, the non-solvable system (LEgq.,) of linear equations can also be characterized by
c-line graph L.(H), i.e.,

Theorem 2.5([16]) If n =2, a linear equation system (LEqL,) is non-solvable if and only if
G[LEqp,] ~ Le(H)), (2.6)

where H is a planar graph of order |H| > 2 on R? with each edge a straight segment

Notice that the solution of differential equation in system (LDES)) is a linear spaces
spanned by its basic solutions. Thus, we can label each vertex of G-solution to get a basis graph
of (LDESY)) by its base.

Theorem 2.6([17]) Let H be a basis graph. Then, there is a unique linear homogeneous



10 Linfan MAO

differential equation system (LDES},) with G-solution H.

For example, let (LDES}) be a system of homogeneous differential equations (1) — (6). It
is easily to know the bases of (1) — (6) are respectively

with a basis graph GL[LDES{] shown in Figure 9.

et o2t 5
i— 30 +20=0 (1) o
i — Bi+ 62 =0 (2) et}
T — 7 ! + ].2 = 0 3 I;Gt_l7t
(ppshy ) &I 3) {e™, '}
T—92+20x =0 (4) {o6}
T — 112+ 30x =0 (5) {’.}51_(@:}" {5} {:41._,:51}
T—T7t+6x=0 (6)
Figure 9

Furthermore, two linear spaces are isomorphic if and only if they have the same dimension.
We can replace each basis by its dimension, obtain a basis graph GL[LDES} ] of systems
(LDES}) labeled with integers, called an integral graph and then, classify systems (LDES})
of linear differential equations by integral graphs.

Theorem 2.7([17]) Let (LDES)), (LDESL)" be two systems of linear homogeneous differ-
ential equation with integral graphs H, H', respectively. Then (LDES}) £ (LDESL) if and
only if the integral graph H = H'.

Similarly, let (PDES},) be a system of partial differential equations with

Fl(.fl,l'z,'“ y Ty Wy Uzy s * 0 Uz s Uzqgy * " 7u111n"") =0
FQ(-T17$27"' s Ty Uy Uy s 00y Uy s Uqagy © " 7uac1xn7"') =
Fm(Il,IQ,"' y Ty Uy Ugyy©t 0 5 Uz, s Uzyzgy * " 7“‘3913?717'”) =0
on a function u(zy,- - ,xy,t). Then, its symbol is determined by
Fl(mhx%"' y Ty, Uy P1y -t 3 Pny P1P2, " " ,p1pn,"') =0
FQ(II'l,IL’Q,"' y Loy Uy P17 00 5 Py P1P2, " 0 7p1pn7"') =0
Fm(l'l,l'Q,'“ y Ty Uy P1y -0y Py P1P2, " 0 7p1pn,"') :Ov

(o5}

i.e., substitute p'*, p3?, - ,p2* into (PDES}) for the term Ugor 502 o where a; > 0 for
integers 1 < i < n and a non-solvable system (PDES.) is algebraically contradictory if its
symbol is non-solvable. Otherwise, differentially contradictory. Then, we can characterize the
G-solution of non-solvable systems of partial differential equations of first order, which form a

non-harmonious groups and accordingly, to the reality of things.
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Theorem 2.8([20]) A Cauchy problem on systems

Fl(wlyx%"' y Lny Uy P1,P2, " ,pn) =0
F1<-'I/'1,(E2,"' sy Ty, Uy P1,D2, " " >pn) =0

Fm(xlazQa"' y L, Uy P1, P2, " 7pn) =0

of partial differential equations of first order is non-solvable with initial values

xi‘zn:m% = (I)?(Sl, 89, 7877,71)
u Tp=xzy — u0(317 89, 7571—1)
pi‘%L:Qf% :p?(shs%"' 7Sn—1)a 1= 1727"' ,

if and only if the system
Fy(z1, 22, 2, u,p1,p2, -+ ,pn) =0, 1<k <m
is algebraically contradictory, in this case there must be an integer ko, 1 < ko < m such that
Fi (9,23, @y, T, w0, D, 95, -+, 1y) # 0 (2.7)
or it is differentially contradictory itself, i.e., there is an integer jo, 1 < jo <n — 1 such that

n—1
Oug o 0z

- %
8st =0 sto

#0. (2.8)

Theorem 2.9([20]) A Cauchy problem on system (PDES}, ) of partial differential equations
0 0
of first order with initial values xgk ]7ugk],p£k ], 1 < i < n for the kth equation in (PDESY ),
1 <k <m such that .
8u([)k] - [k°] ax[k ]
ST~ 2.9
aSj ;pz 38j ( )

is uniquely G-solvable, i.e., GF[PDES) is uniquely determined.

Now, what is the role of G-solution on non-harmonious groups S? Its role is on the
global stability of non-harmonious group. Usually, a solution of system (ES,,) of differential
equations is called stable or asymptotically stable if for all solutions Y (¢) of the differential
equations (ES,,) with [Y(0) — X(0)|] < d(g), exists |Y(¢) — X ()] < € for Ve > 0 and ¢t > 0 or
furthermore, %g% [Y'(t) — X(t)] = 0. However, if f_n]l S, = 0 there are no solutions of (ES,,),
the classical theory is failed to apply. By Theoré;n 2.3, any non-harmonious groups S has a
G-solution GY[ES,,] of system (ES,,) whenever it is solvable or not, namely the G-solution
GE[ES,,] can be used to characterize the stability of system (ES,;,).

Let G*(t) be a G-solution of (ES,,) with initial values G*(ty) and let w : V (GY[ES,,]) —
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R be a functional. A system (F.S,,) is said to be w-stable if there exists a number §(¢) for any
number € > 0 such that

Hw (Gr®-t) H <e (2.10)

or furthermore, asymptotically w-stable if

lim Hw (Gro-t) H ~0 (2.11)

t—o00

if the initial values hold with || L1 (t9)(v) — La2(to)(v)|| < d(e) for Yv € V (8) In this case, if

there is a Liapunov w-function L(w(t)) : € — R,n > 1 on @ with open ¢ C R™ such that
L(w(t)) > 0 with equality hold only if (z1, x2, - ,zn) = (0,0,---,0) and L(w(t)) < 0 if t > to.
Denoted by O the zero G-solution of system (ES,,), i.e., all vertices and edges on G¥[ES,,]
are labeled by 0, we get a result on w-stability of (ES,,) following.

Theorem 2.10([21]) If there is a Liapunov w-function L(w(t)) : ¢ — R on GE[ES,,] of
system (ES,,), then it is w-stable, and furthermore, if L(w(t)) < 0 for GL[ES,,] # O, then it

is asymptotically w-stable.

For a linear system (LDES},) of differential equations, we can further introduce the sum-
stable and prod-stable on (LDES}), i.e., a system GL[LDES) ] is sum-stable or asymptotically
sum-stable if for all solutions Y,(t), v € V(GL) of linear differential equations in (LDES})
with |Y,(0) — X, (0)] < d, exists

Yo ov- Y X)) <e (2.12)
veV (HL) veEV(HL)
for all ¢ > 0 or furthermore,
lim YooYt - Y. X1 =0 (2.13)
veV(HL) veV(HE)

and prod-stable or asymptotically prod-stable if for all solutions Y,(t), v € V(G) of (LDES})
with |Y,(0) — X, (0)| < J, exists

I »o- J[ x.t)|<e (2.14)
veEV(G) veV(G)
for all ¢ > 0, or furthermore,
lim II oo - J[ x.0|=0 (2.15)
veV(G) veV(G)

We get criterions on sum-stable and prod-stable of the linear system (LDES}) following.



Combinatorics — A Mathematical Approach for Holding on the Realty of Thing in the Universe 13

Theorem 2.11([17]) A zero O-solution of system (LDES}) of linear homogenous differential
equation is asymptotically sum-stable if and only if Rec,, < 0 for each B,(t)e®t € B, with
vertex v € GL[LDES}].

Theorem 2.12([17]) A zero O-solution of systems (LDES},)) of linear homogenous differential
equation is asymptotically prod-stable if and only if

> Rea, < 0 (2.16)
veV(G)

for each B, (t)e*! € B, with vertex v € GF[LDESY).

Similarly, we can also discuss non-solvable systems of differential equations by linearizing
its non-linear differential parts, get criterions on the global stability of non-linear differential
equations and then, apply to the stability of system (ES,,) of differential equations. For
example, the stability of food web in biological systems. Notice that a food web is a complex
network of interconnecting and overlapping food chains, i.e., “eating or being eaten” among
various organisms within an ecosystem and it is more suitable characterized by labeled directed
graphs BL with by Kolmogorov model.

Theorem 2.13([22]) A food web BL with initial value BLD s globally stable or asymptotically
stable if and only if there is an Eulerian multi-decomposition

(8U<§)E - E_Blﬁf (2.17)

with solvable stable or asymptotically stable conservative equations on labeling Eulerian sub-

graphs ﬁf for integers 1 < i < s, where <(_¥ is the digraph reversing orientation on every
I3 ~
edge in 8, (8U<§) is a labeled graph with labeling L : V(BUE) =L (V(a)) and

L:E(GUG) = L(E(GUG)) byL: (wo) = {0, (9.0} (v,0) = {af,(2,9),0} if
L: (u,v) = {zf, (z,y),yf'} for V(u,v) € E(a) such as those shown in Figure 10.

(z,y)

@zf (z,v) yf'@ —

u v

Figure 10

§3. Mathematical Combinatorics

A G-solution GL[ES,,] of system (ES,,) characterize the state of non-harmonious group S
without direction on edges, i.e., not the action within itself. However, all things are in constantly
moving and evolved by their internal action under the external with elements moving in thing,
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which is only in one-way. Whence, we generalize G-solution GL[ES,,] to a directed situation for
modeling substance flow on the evolution of thing 7', holding with conservation at each vertex,
i.e., a generalization of network N to continuity flow, which is vectors in Banach space over a

topological graph 8 with end-operator actions, i.e., mathematical combinatorics.

Definition 3.1([23]) A continuity flow (B;L,d) is an oriented topological graph 8L in
space . associated with a mapping L : v — L(v), (v,u) — L(v,u), 2 end-operators A}, € o :
L(v,u) — LA (v,u) and A, € o : L(u,v) — L% (u,v) on a Banach space B over a field
F such as those shown in Figure 11 with L(v,u) = —L(u,v), A}, (—L(v,u)) = —LA% (v, u) for

V(v,u) € E(BL) and meanwhile, holding with the continuity equation

o) - Y LM () = L(v) (3.1)

u€ENS (v) uENg(v)

at any verter v € V(@L) of topological graph BL, where N (v), NZ (v) are respectively the in-
neighborhood and out-neighborhood of vertex v € V(aL), namely all vertices in N (v) C Ng(v)

or NZ; (v) C Ng(v) flow into or out of the vertex v and Ng (v) U N& (v) = Neg(v).

Ai—v L(v,u) Aj/ru

v u

Figure 11

Notice that the continuity equations on vertices of G form a non-solvable system (ES,,) of

0
equations. For example, let the L : (v,u) = L(v,u) € R" xRT with end-operators A, = Goupy

and a,, : R™ — R for any edge (v,u) € E (8) in Figure 12 following.

u v

-

Figure 12

Then, the continuity equations on vertices of 8L are partial differential equations

1 2
ap 3L(r(;75; u) ap 8L{(;;, u) 1 —a 8L8(;L, v) 2
o, 3L8(;1/, t) +a, 8[521), t) _ o GL{(;;, u)? e GLéi, u)?
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Usually, a continuity flow (8, L, o) is abbreviated to 8L for simplicity, which is a gen-
eralization of G-solution of non-harmonious group S and substance flow in physics, a more
accurate model on the reality of thing T" and includes most mathematical models on thing 7T
For example, if L(v) = &,, v € V(BL a continuity flow Glisa complex flow ([23]); if , is
a constant v, dependent on v for v € V(G), a continuity flow G is an action flow ([21]); if
o/ = Z or C, particularly, &/ = 1y, a continuity flow Gl s 6—ﬂow (19]) and if & = {14}
and 2 is the number field Z or R, a continuity flow Gl is complex network ([4]), which was
discussed extensively in complex science.

Now, could we really establish mathematics on continuity flows 8’: by view it as a mathe-
matical element? The answer is definite by considering BL to be a family of vectors underlying
a topological graph 8 with addition, multiplication and scalar multiplication for continuity
flows 8L, G'E" and A € .Z defined by

) L+L'

Gl ot = (G\G’)LU(GHG’ Ue@a”, (3.2)

Gttt = (G\G')LU(GQG')L' lEaYe (3.3)
A GE o= g (3.4)

where, for any vertex v € V(G) and edge (v,u) € E(G), L(v), L' (v), L(v,u), L' (v,u) € BL+L":
v— L)+ L'(v), (v,u) = L(v,u)+ L' (v,u), L- L' : v — L(v)-L'(v), (v,u) = L(v,u) L' (v,u)
A-L:v—= ML), (v,u) = X L(v,u), L(v)-L'(v) and L(v,u)-L'(v,u) denotes the Hadamard
product of vectors in Banach space 4, namely

(I17x27"' a‘rn) ' (ylay27"' 5yn) = (IlylazQyQa"' 7Inyn) . (35)

such as those shown for addition and scalar multiplication in Figure 13.

ai v1 as V2 V1 a; + as V2
e ——>——— o [ oe— » e
d; b —+ d> by — d; Hd2

bi|+ b2

[ m— ] o—<—— @ ¢ —<— 0

V4 1 v3 vg ©2 v3 vy CLTCz

v1 a v2 v1 A-a V2

o———>—— o °
A . _

d b _ A-d A-b

— o [ J

V4 ¢ v3 V4 A-c v3

Figure 13

“n

Notice that the addition “+4”, scalar multiplication on vectors a, b can be viewed as the
operations on a particular continuity flow 81’, i.e., path ?ﬁ 41, which enables us to establish

mathematics on continuity flows 8L on Banach space % over topological graphs 8
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3.1. Banach Flow Space

Let ¢ be a graph family closed under the union operation of graph, % be a Banach space over
field .# and denoted by ¥ all continuity flows Gl with G ¢ 9, L : V(a)UE(a) — A.
Then, we have

Theorem 3.1([25],[32]) If ¢ is a closed family of graphs under the union operation and A a
linear space (B;+,-), then, all continuity flows (Yz;+,-) is a linear space, and furthermore, a

commutative ring if B is a commutative ring (#;+, ) over a field F.

Assume all end-operators are continuous linear operators in &/ and define the norm of a

[+

continuity flow 8L by

= Z HLAL (U,u)H : (3.6)
(vﬂ.&)EE(a)

where || - || is the norm on Banach space #. Then, we can verify the non-negative, homogeneity
and the triangle inequality hold with ¥ and the non-negative, conjugacy and the linearity if
A is further a Hilbert space, i.e.,

Theorem 3.2([25],[32]) If ¢ is a closed family of graphs under the union operation and B a

Banach space (8;+,-), then, 95 with linear operators A}, Al forV(v,u) € E ( U 8) 18
Ge¥
a Banach space, and furthermore, Y is a Hilbert space if B is a Hilbert space.

3.2. G-Isomorphic Operators on Banach Flow Space

Let GI', GE2 € 44 be continuity flows. Usually, a mapping f : GX' — GL? is said to be a
G-isomorphic operator between continuity flows GlL Y GQL2 and the continuity flow GlL ! is said
to be G-isomorphic to GQL2 if G1,G4 are isomorphic in graphs, i.e., there is an isomorphism
¢ : Gy — Gy of graph and Ly = fopo Ly for Y(v,u) € E(G)), i.e., GI*, G52 are isomorphic of
labeled graphs. Furthermore, we conventionalize that GL =G for a topological graph GHOG
if L(z) = L(z) for z € V(G) U E(G) and L(z) = 0 for z ¢ V(G) U E(G), which reflects the
essence of continuity flow. And by this convention, a @—isomorphism between continuity flows
GlL 1,G2L 2 can be generally defined even if GlL 1,G2L 2 are non-isomorphic but with a supergraph

GasGD G1J G2, a G-isomorphic operator can be generally defined by

Definition 3.3([29]) A mapping f : G — G52 is a G-isomorphic operator between continuity
flows GE* and GL2 if

(1) there is an isomorphism ¢ : G — G with G > G1,Gy in graph;

(2) for V(v,u) € E(G1) there is Ly = fopo Ly but for Y(v,u) € E(G2\ G1), f:0 —
Ly(v,u) and for ¥(v,u) € E(G1\G2) and ¥(v,u) € E(G\(G1JG2)), f: L(v,u) — 0.

Notice that a G-isomorphic operator f : ¥g — 94 is naturally commutative with end-
operators in .7 on edges of continuity flows G’ € 95 by definition. Let GlLl, GéQ € Y% be
two continuity flows with scalars A\, u € %. Then, a G-isomorphic operator f : Y — Yy is

linear if

F(AGE +uGE) = o (G17) + uf (GE2), (3.7)
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is continuous at continuity flow GOLO if for any number € > 0 there always exists a real number
d(e) such that
ot

<6(e) = Hf(GL) .y (Gg)H <e (3.8)

and is bounded if there exists a constant & € [0,00) such that ||f(GF)| < ¢||G*|| for any
continuity flow G¥ € 4. Furthermore, if

(et - s(ex)

for two continuity flows GIL ' Gé 2 € Y% and a constant £, then f is a contraction on continuity

, £€€1[0,1) (3.9)

<ot ex

flow space 9. And then, we can generalize a few of well-known theorems in classical functional

analysis to Banach flow space following.

Theorem 3.4(Fixed Flow Theorem, [25],[29],[32]) For a continuous G-isomorphic contractor
f 95 — 9g there is only one continuity flow G € Gz such that f (GL) =Gr.

Theorem 3.5(Banach Inverse Theorem, [25],[29],[32]) A G-isomorphic linear operator f : Yo —
Y is continuous if and only if it is bounded and furthermore, if f is 1 — 1 then the inverse

operator f~1 of f is also a G-isomorphic continuous operator.

For a G-isomorphic operator f : 9 — Y%, its image Grapf of is defined by

Grapf — { (8L,f (8L>> ‘ a" e %g} (3.10)

and f is closed if the image Grapf of f is closed.
Theorem 3.6(Closed Graph Theorem, [25],[29],(32]) If T : Y%, — Y%, is a closed linear

operator with Banach spaces %y, Bs, then T is continuous.

Particularly, a G-isomorphic linear operator f : ¥ — R or C is called a flow functional,

which can be applied to generalize the Hahn-Banach theorem to Banach flow space ¥.

Theorem 3.7(Hahn-Banach Theorem, [25],[29],[32]) Let sz be a subspace of Banach flow
space Yo and let F : Hm — C be a continuous linear flow functional on F¢z. Then, there
is a continuous linear flow functional F:%y — C satisfies the conditions that if 8L € Hy
then ﬁ(@L) = F(@L) and Hﬁ” = ||F||. Particularly, if O # 850 € Yy, there is a continuous
linear flow functional F' such that ||F|| =1 and ||F(8§O)|| = ||8§OH

Then, what is the itmportant role of Hahn-Banach theorem in Banach flow space Y ?
Certainly, it can extend a flow functional from a small range to a large one. Furthermore, it
convinces us that the subdividing of matter does not affect the validity of quantum hypothesises,
i.e., a pure state in quantum mechanics is represented in terms of a normalized vector |¢) in
Hilbert space H with (1|¢)) = 1, for an observable physical quantity a of quantum there exists
a corresponding Hermitian operator H acting on ‘H and the time evolving of state is governed

by Schrodinger equation

d|y)

ih
T

= H |¢), (3.11)
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where £ is the Planck’s constant. Now, can we conclude that the existence of Hermitian operator
H in a quantum Q with quark structure 8L or a matter T such as the proton and neutron
consist of quanta over a topological graph 81’ ? The answer is certainly Yes by a generalization

of Fréchet-Riesz representation theorem in Banach space to Banach flow space 9.

Theorem 3.8(Fréchet-Riesz Theorem, [25],[29],[32]) Let f : 95 — C be a continuous linear

flow functional. For any continuous flow G* € 9, there uniquely exists a continuous flow of
P L L ~~
GL € % holding with f(G ) =< G ,GL >.

3.3. Integral and Differential on Continuity Flow

Let the isomorphism ¢ = idg, i.e., the identity mapping of topological graph 8 and let % be
a Hilbert space and particularly, a function field on variable x, Then, a G-isomorphic operator

f is determined ([29]) by equation
Lo(v,u) = folLi(v,u), Y(v,u)e E(G) (3.11)

which is equivalent to

L f(L[x
f(@ [x]> _ gl (3.12)
Thereby, we can define the power
Gollx] = Goblxl | Gt ix) — ™ (3.13)

of continuity flow 8L [x] for a number a € R and respectively, the polynomial, sum and product

of continuity flows by
2 n 2 n
a0+ Gl +aGF 4 40, G = Gootmltelittal”

n ai1Li4+asLo+---+anLy,

a1851+a28§2+”'+an8£n = <U8Z> ’
i=1

n ayLy-asLlo----- anLn

(alafl) . (a28§/2) o (anafl’n) = <U 81) .

i=1

Particularly, the 3 interesting exponential identities ([31]) for integer n > 1 following

- r 22 "
A tA | 12A? A"

e = I+

F+T+...+ — +en, (3.15)

d'x ¢ a"x
T TR AT

G = T4 - (3.16)

n

where A is an n x n matrix, G[x] is a continuity flow that continuous in variable x.
Furthermore, we can define the limitation of continuity flow sequence {85 [x]}$°, differ-

ential and integral on continuity flow 8L[x} by equality (3.12) and also, establish the calculus
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on ¥Y4. For example, the fundamental theorem

/fd—(i (@) ae= 1 (3m)| - 7 (@) (3.17)

t=b t=a

can be obtained similar to that of the calculus and introduce the variation on continuity flows
BL[X], namely assume a G-isomorphic mapping . : (v, u) € E(a) — L L, x(t),%(t)) (v, u)]
is differentiable and respectively define the action J[G < [t]] and variation 6.J[G[t]] on a con-

tinuity flow G« [t] by

t2 to
7[3%1n] = / GeieaxoxOlg| 51 [dm) = |s / g PEranaml Ll g g
t1

t1
where the variation § : ¥p — Y% is a G-isomorphic operator. And so, the Euler-Lagrange

£ <
oG dad

dg;  dt dq;

equations

1<i<n. (3.19)

on continuity flow [e2s [t] can be established by the least action principle §J [ﬁg [t]](v,u) =0
for ¥(v,u) € E(G“Zt]) with the properties of norm in Banach flow space ¥z.

84. An Interesting Example

Although we are all human but it is very hard to answer what a human is unless by behavioral

characteristics. A more useful definition on human is by the pair {Y~,Y*} of Yin and Yang

with meridians running the vital energy on body in tradi-

tional Chinese medicine, including 12 meridians, i.e., the
lung meridian of hand-Taiyin (LU), heart meridian of hand-
Shaoyin (HT), pericardium meridian of hand-Jueyin (PC),
the spleen meridian of foot-Taiyin (SP), kidney meridian
of foot-Shaoyin (KI), liver meridian of foot-Jueyin (LR),
large intestine meridian of hand-Yangming (LI), small in-

testine meridian of hand-Taiyang (SI), Sanjiao (triple burn-

er) meridian of hand-Shaoyang (SJ), stomach meridian of
foot-Yangming (ST), bladder meridian of foot Taiyang (BL),
gallbladder meridian of foot-Shaoyang (GB), Ren meridian,
Du meridian and 671 acupoints such as those shown in Fig-

ure 14. All of them connect the five organs and six bowels,

communicating the up and down of vital energy of human

running with a balanced pair {Y =, Y}, called to be Ying
Qi U~ and Wei Qi ¥7, ie., an operating ruler for human

body in traditional Chinese medicine, and there must be imbalance acupoints in one of the 12
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meridians for a patient. Then, the essence of doctor treating illness is by a natural law, i.e.,
reducing the excess with supply the insufficient, regulates on the meridians of human so that
the restore balance of them by acupuncture or drugs.

Then, how to modeling the running of a living body of human? The answer is by the running
of vital energy on 12 meridians with Ren and Du meridians in traditional Chinese medicine.
Furthermore, how to modeling the running of vital energy on 12 meridians with Ren and Du
meridians? The answer is nothing else but a G-flow G %, defined by ([24],[26])

|4 (812) = {All acupoints v on 12 meridians with Ren and Du meridians},

E (812> = {All segments (v,u) connecting adjacent points on 12 meridians with Ren

and Du meridians with orientation of Ying Qi running}

such as those shown in Figure 15

SP ST ST SP
HT LI LI HT
RN
ST LU LU SI
BL LR o <« $LR BL
DU
B
KI G GB KI
PC SJ SJ PC
Figure 15

with a labeling L : (v,u) — {¥ (v,u), ¥*(v,uw)}, L : (v,u) = ¥ (v,u) or L : (v,u) —
U (v,u) for edge V(v,u) € E(am). Notice that the Ying Qi ¥~ and Wei Qi ¥" both are
the vital energy with constant distributing ¢ on each meridian of human body. Whence, they
run in accordance with the law of conservation of energy and thereby, hold with continuity
equation at each vertex of 8%2, ie., 8%2 is a G-flow of continuity flow, which is characterized

([33]) by

90y 490y
_ 4 -0 1<i<
6$i dt 81‘2 ’ ==
oGy dody Cicn (4.1)
8.’Ej dt 6% ’ - - ’
- +
Loy 0y = 3k,

for integers 1 < i < n if we assume that ¥~ and ¥ both are Lagrangian on the vital energy
field of human, where the 1st and 2nd equations are Euler-Lagrange equations (3.19), the 3rd

equation is the balance equation of Ying Qi and Wei Qi on meridians of human body, and the
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labeling L. : V(v,u) € E(alg) — Cyy Is constant. Notice that the system (4.1) of differential
equations is essentially the theoretical foundation and leads to clinical techniques of tradition-
al Chinese medicine, i.e., the amazing acupuncture and the prescription on compatibility of

traditional Chinese medicines for a disease treatment.

85. Conclusion

The reality of a thing T existing in universe should be a combinatorial one in the eyes of human
because of the recognitive limitation and particularly, the mathematical reality. However, there
are no mathematics applicable to reality of things unless the partial or conditional. Thus,
a new mathematics should be established for the recognition of human on reality of thing
by combinatorics, from the local to the whole. I introduce how to do such an objective in
this report from non-harmonious groups to mathematical combinatorics, i.e., mathematics over
topological graph, which is a natural way for recognizing the reality of thing T because thing
T is not isolated but consisted of its elements, connected also with other things in unverse and
also, the recognitive results by reductionism is nothing else but a complex network, we have to
establish such a mathematics over topological graphs 8 inherited in thing T for crossing the
recognitive gap from the local to the whole, including both of the macroscopic and microscopic
such as the system of celestial body, particle moving or living evolution, the digital economy
devolving of international or domestic trade, namely the evolution of all system, no matter it

is harmonious or self-organized can be globally characterized by mathematical combinatorics.
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Abstract: In mathematics one always tries to get new structures from given ones. This
also applies to the realm of graphs, where one can create many new graphs from a given set
of graphs. In this work, we compute the explicit formulas for the number of spanning trees
of sequences of families of graphs of the same average degree four by electrically equivalent
transformations and rules of weighted generating function. Finally, we compare the entropy

of our graphs with other studied graphs with average degree being four.
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§1. Introduction

Deriving closed formulae of the number of spanning trees for various graphs has attracted the

attention of a lot of researchers. The importance of this research line is in fact due to

(1) Solving some computationally hard problems such as the Steiner tree;

(2) Problem and traveling salesman problem [1];

(3) Counting the number of Eulerian circuits in a graph [2];

(4) Deriving formulas for different type of graphs can be helpful in identifying those graphs

that contain the maximum number of spanning trees.

Such an investigation has practical consequences related to network reliability [5,6]. The
number of spanning trees 7(G) of a finite connected undirected graph G is an acyclic (n — 1)
- edge spanning subgraph. There exist various methods for finding this number. Kirchhoff [7]
gave the famous matrix tree theorem: if D is the diagonal matrix of the degrees of G and A
denote the adjacency matrix of G, Kirchhoff matrix L = D — A has all of its cofactors equal

to 7(G). Another method to count the complexity of a graph is using Laplacian eigenvalues.
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2*Correspondence: salamadaoud@gmail.com
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Let G be a connected graph with k vertices. Kelmans and Chelnoknov [8] derived the following

formula
=
G) = — iy
7(G) = ¢ };[1 u

where k = 1 > us > ... > ux = 0 are the eigenvalues of the Kirchhoff matrix L.

The degeneration of the graph through successive elimination of contraction of its edges
represent the core of another way to compute the complexity of a graph [9]. If G = (V,E) is a
multigraph with e € E, then G.e is the graph obtained from G by contracting the degree until
its endpoints are a single vertex. The formula for computing the number of spanning trees of
a multigraph G is given by:

7(G) = 7(G—e)+ 7(G.e)

This formula is beautiful but not practically useful (grows exponentially with the size of
the graph-may be as many as 2/7() terms. For a summary of other results for calculating the
umber of the spanning trees of graphs, see [10].

§2. Electrically Equivalent Transformations

Kirchhoff’s motivation was study of electrical networks: an edge-weighted graph can be regarded
as an electrical network, where weights are the conductance of the respective edges. The effect
conductance between two specific vertices x,y can be written as the quotient of (weighted)
number of spanning trees and the (weighted) number of so-called thickets, i.e., spanning forests
with exactly two components and property that each of the components contains precisely one
of the vertices z,y [11-13]. In the following, we list the effect of some simple transformations
on the number of spanning trees. Let H be an edge weighted graph, H' be the corresponding

electrically equivalent graph, 7(H) denotes the weighted number of spanning trees H.

(i) Parallel edges: If two parallel edges with conductances x and y in H are merged into
a single edge with conductances x +y in H', then 7 (H') = 7(H).
(ii) Serial edges: If two serial edges with conductances x and y in H are merged into a

single edge with conductance 2% in H’', then
T+y

1
-
T +y

r(H') = (H).

(#i1) A =Y transformation: If a triangle with conductances a,b and ¢ in H is changed into

an electrically equivalent star graph with conductances

ab + be + ca ab + be + ca ab + be + ca
xr = , Y= and s = ———M8
a b c
in H', then
(ab + be + ca)?
T(H') = B 7(H).

(iv) Y — A transformation: If a star graph with conductances x,y and z in H is changed
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into an electrically equivalent triangle with conductances

Yz az Ty

, b= and c= ————
r+y+z r+y+z r+y+z

in H', then
1

—7(H).
a+b+c7—( )

In this work, we compute the number of spanning trees of three sequences of graphs of

T(H') =

average degree four based on Tridiminished icosahedron graph we named it A,,, B,,,C, and D,

respectively.

§3. Number of Spanning Trees in the Sequences of A,, Graph

Consider the sequence of graphs Ay, As, ..., A, constructed as shown in Figure 1. According
to this construction, the number of total vertices |V (A,)| and edges |E (A,)| are |V (A4,)]
=9n —6 and |E(A,)] = 18n — 15, n = 1,2,---. The average degree of A4, is in the large n

limit which is 4.

A, A,
Figure 1. Some sequences of graph A,

Theorem 3.1 For any integer n > 1, the number of spanning trees in the sequence of the graph

A, is given by

25

2
n
———— ) (1798 + 48114
1033+276v14)( tasly ))

2
287 ((56 —17v12)(23 + 6v12)" + (23 — 6v14)" (56 + 17uﬁ)) (25(194 +53y12) +13 (

—na2
91875 (885 + 22014 — 13257 (1033 + 276v14) ")

Proof We use the electrically equivalent transformation to transform A; to A;_1. Figures

2 — 4 following illustrate the transformation process from As to Aj.
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Sa, +1
3a, +1

Sa, +1
3a, +1

Figure 2
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Th+ T

4(5a,+1)°
(Ta,+1)(13a

24(5a+1)
255a +129a, +16 (13a, + 3)(#5a,+11) 255a +129a, +16

(13a,+3)(45a,+1

E4M \u\%—lf
T 3)(45a,+11)  (L3a, 4)(N

2550 +129a, +16
(13a,+3)(45a,+1D)
Hy

(13a,+3)(45a,+11)

(3a,+ D)(13a,

4(5a,+1)°
(Ta,+1)(13a

16(3a, +1)(3a,+1)°
(Ta,+D(13a,+3)(45a,+1

. 155a +129a, +16
(13, = )(45a,+11) ([3a,+ 3)(452,+11)

8(5a, +1)°
(13a, + 3)(45a,+11)

255a +129a, +16
(13a,+3)(452,+11)
H,

n

Figure 3
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35a, +8

45a, +11
4, =Hy

Figure 4

Using the properties given in Section 2, we have the following transformations:

- 1 3
(H) = Saar (As). () = |5t | .
oy Baatl [N ICT7E Dl
7 ( 3)—T“27( 2) 7 ( 4)—m 7 (Hs),
[ 3Bas+1 3 [ a 3
T(H5) = [M] T(H4), T(H6>— -7a2+1:| T<H5),
9 (5ag 4 1)
T (Hy) = 7 (Hg), ™(Hy) = o +( 1)2(13a)2 Ty ().
 [(3as + 1) (7az + 1) (13a2 + 3)]° B
™ (Hy) = [ (5as + 1) (45a5 + 11) 7(Hs), 7(Ho) =7 (Ho),
(13az + 3) (4bag + 11)
Hi) = H d7r(A) =7(H1).
7 (H11) 72 (5 + 1) 7 (H1o) and 7 (A1) = 7 (H11)
Combining these twelve transformations, we have
7 (Az) = 8 (45az + 11)° 7 (Ay) . (1)
Further
n n 2
7(An) = [[8(45a; + 11)° 7 (A) = 3 x 8" a} lH (45a; +11)| (2)
=2 i=2
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where a;_1 = 4355a“if181 ,i=2,3,...,n. Its characteristic equation is 45A%2 — 24\ — 8 = 0, which

4-2V14
- 15

have two roots
4+2vV14
5

A and Ao =

Subtracting these two roots into both sides of a;_; = 4355;’;"181, we get

4—-2v/14  35a; +8 4—2v/14 a; — 4=2/14
aj—1 — _ uES Vi = (23 +6V14) - ——10 (3)
15 45a; + 11 15 45a; + 11
44+2V14  35a; +8 4+2V14 a; — 2v14
a1 — = e Ll \ﬁ:(23—6\/ﬁ).710, (4)

o 4-2V14
Let b; = % Then by Egs. (3) and (4), we get b;—; = (W) b; and

25
1033+276y/14\ " "
b = (L0820, Therefore,

(033+276vT4\" " (44214 b _ 4=2V14
25 15 n 15

a; =

(1033-5—276\/14)”_1 b 1
25 n

Thus
n—1
2 (%ﬂ) (194 + 53v/14) — 13(4 — 2y/14)

n—1
3 (%) (177 + 44/14) — 195

Using the expression a,,—1 = 4355;1’le81

. (5)

and denoting the coefficients of 35a,, +8 and 45a,+11
as a,, and (3, we have

45a, + 11 = g (35a, + 8) + Bo (45a, + 11),

a1 (35a, + 8) + B (45a, + 11)
45a,,_ 11 = ,
an—1 + oo (35a,, + 8) + o (45a, + 11)
ag (35a, + 8) + B (45a, + 11)
45a, -5 + 11 =
et a1 (35a, + 8) + B (45a, + 11)’
ai (35a, + 8) + B; (45a, + 11)
45a,,_; + 11 = , 6
et G (3500 + 8) 1 B (5, 1 11) 6)
' 1 (4 11
U5y (i) + 11 = ait1 (35a, + 8) + Biy1 (45a, + 11) -

o; (35a, + 8) + f; (45a, +11)

Qp—2 (35a, + 8) + Bn—_2 (45a, + 11)

45a5 +11 =
a2+ n_3 (35 + 8) + B3 (45ay + 11)
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Substituting Eq.(6) into Eq.(2), we obtain
7 (An) =3 x 8" 'a? [an_2 (35an + 8) + Bn_2z (45a, + 11)]°. (8)

where ag = 0,89 = 1 and a7 = 45,3, = 11. By the expression a,,_1 = f’;%fﬁ and Egs. (6)

and (7), we have
ajp1 = 46a; — 250 _1; Biy1 = 468; — 2583;_1. 9)

The characteristic equation of Eq.(9) is p? — 46 + 25 = 0 which have two roots
41 =23 +6v14 and 12 =23 — 6V14.
The general solutions of Eq. (9) are
a; = crph + copy; By = daph + dapi.

Using the initial conditions ag = 0, Bp = 1 and oy = 45, 51 = 11, yields

1514 . 15y/14 ,
o = 55\((23%\/@)1— 55(((23—6\/@1;5z

_ (7 f) (23 4 6v/14)" + <7+1f> (23 - 6v/14)". (10)

If a,, = 1, it means that 4,, without any electrically equivalent transformation. Plugging
Eq. (10) into Eq.(8), we have

1 42114
7(A,) = 3x8"'a? l(W) (23 4 6/14)" 2

+<1568 5221f> (25 — 6V

2
n>2. (11)

When n = 1,7 (A;) = 3 which satisfies Eq.(11). Therefore, the number of spanning trees
in the sequence of the graph A, is given by

1 42114
R e [ [EREVE

2
+<1568 5221f> (23 — /Ty ] . 12)

where .
2 (%ﬁm) (194 + 53v/14) — 13(4 — 2/14)
ay = — L n>1. (13)
3 (7103352576@ ) (177 + 44y/T4) — 195

Inserting Eq. (13) into Eq.(12) we obtain the result. O
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84. Number of Spanning Trees in the Sequences of B, Graph

Consider the sequence of graphs By, Bs, ..., B, constructed shown in Figure 5. According to
this construction, the number of total vertices |V (B,,)| and edges |E (B,,)| are [V (B,,)| = 9n—6
and |E (B,)| =18n —15 for n = 1,2, --- The average degree of B,, is in the large n limit which

is 4.
AN

Figure 5. Some sequences of graph 5,

Theorem 4.1 Forn > 1, the number of spanning trees in the sequence of B,, graph is given by

(41+ 3»-%}“(:*2”--*{259 +19V185)+ (1673 + 123v185) (- 2701+ 2314/185) — 2(1673 — 123v185) " (1321233 + 9?139»-%}]2

262848 (221 (1673 + 123V185) + (21 + VI85)(1673 + 123V183) )

Proof We use the electrically equivalent transformation to transform B; to B;_;. Figures

6 — 8 illustrate the transformation process from By to Bj.

Figure 6
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81a,+47

5la,+47 81la,+47
6(9a, + 3 o T

8la,+47
6(0a, +5)

= HT

Figure 7
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8la, + 47
81a, + 47
6(9a, + 5 2 T -
(9a, + 5) 3la, +17 3, +17
: 18a, +10 18a, +10
2(3a,+1)
3(9a, +5)
8la, + 47 3, +17
6(9a, +5) 18a, +10
H, B

8

Figure 8

Using the properties given in Section 2, we have the following transformations:

3

~ (Hy) = B] r(By), r(Hy) = 7 (Hy),
3

T(Hs) = B] T(Hs3), T(Hy) =7 (Hs),

T (H5) = (9@2 + 3)T(H4),

3 3
T(Hﬁ) |:9a2+5:| T(H5), T(H7) :T(Hﬁ),
7 (Hg) = 6(95‘5;51)7(1{7) and 7 (B1) = 7 (Hs).

Combining these nine transformations, we have

7 (Bs) = 4 (18az + 10)° 7 (By) - (14)
Further
n n 2
7(Bn) = [[4(18a; +10)* 7 (B)) = 3 x 4" *a} lH (18a; +10)| (15)
i=2 i=2
where a;_1 = i’ézlﬂg,z =2,3,---,n. Its characteristic equation is 182 — 21\ — 17 = 0 which
have two roots
7— /185 7+ v185
AM=——— and dg= ———.
12 12
Subtracting these two roots into both sides of a;_; = 1381(577_:11072, we get
7—\/185
7— 185 3la;+17 7— /185 ai—( 12 )
aioy — _ 2lai — (41 + 3V/185) - (16)

12 18a;+10 12 2 (18a; + 10) ’
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a — (7+\/185)
i 12

7T+ VIS5  3lay+17 T+ ISH
i _ oMt i — (41 — 3v/185)

i—1 — = — _ 17
di-1 12 18a; + 10 12 2 (18a; + 10) (17)
a; — T=/185
Let b; = —— 2. Then by Eqgs. (16) and (17), we get
_TE/Tss
1673 + 123/185 1673 + 123185\
bi1=———|b; and b= —————— b,.
8 8
Therefore )
(1673+122\/185)"71 (7+\/185) b _ T=/185
8 12 n 12
a; = n—it
16734123185
( : ) by — 1
Thus,
n—1
(1672123155 ) (83 4+ 7V/185) + 4(T — V/IS5)
a; = . (18)

n—1
3(1673—0—1823\/185) (21—&—\/@)4—48

Using the expression a,,_1 = i’ég"ﬂg and denoting the coefficients of 31a,,+17 and 18a,,+10

as ay, and f3,, we have

18a,, + 10 = ag (31an + 17) + Bo (18a,, + 10)

18a, | +10 = a1 (3lay, +17) + B1 (18ay, + 10)’
o (3lay, + 17) + Bo (18a,, + 10)
as (31la, + 17) 4+ B2 (18a,, + 10)
18 n— + 10 = ’
n=2 a1 (3lay, +17) + B1 (18ay, + 10)
a; (3la, + 17) + B; (18a,, + 10)
18a,_; + 10 = , 19
n—i i1 (3lay + 17) + Bi_y (18a,, + 10) (19)
i1 (31ay, + 17) + Bis1 (18ay, + 10
18an,(i+1)+10:a+1( an + 17) + Biir (18an + ), (20)

; (3lay, + 17) + B; (18a, + 10)

sz (31an + 17) + Bu_s (18a, + 10)
3 (3la, + 17) + B3 (18a, + 10)°

Substituting Eq.(19)into Eq.(15), we obtain

18as + 10 =

7(By) =3 x 4" a2 [a,_9 (3Lan + 17) + Bn_2 (18a, + 10)]*. (21)
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where ag = 0,89 = 1 and a; = 18, 3; = 10. By the expression a,,_1 = 13815,:"—:_170 and Egs. (19)

and (20), we have

a1 = 4loy — 4oy,  Bipr =418 — 4B

Its characteristic equation is u? — 41u 4+ 4 = 0 which have two roots

_ 41+3V185 N _ 41-3V185
o 2 o 2

H1 nd g

and with the general solution
o = cipl +copb, B = dipl + dopdh.

Using the initial conditions ag = 0, 8p = 1 and oy = 18, 51 = 10, yields

(22)

_6VIS5 (4143185 6VIS5 (41-3VI85 )
‘185 2 185 2 ’

555 — 21v/185 \ (41 +3v185) (5554211185 \ [ 41 — 3185 \
Pi= 1110 2 + 1110 2 ' (23)

If a,, = 1, it means that BB,, without any electrically equivalent transformation.
Plugging Eq.(23) into Eq.(21), we have

n—2
518 + 38\/185> (41 + 3«/185)

7(B,) = 3x4"'a? ( = 5

2

n—2
518 — 384/185 41 — 3+/185
+ , n> 2.

37 2 (24)

When n = 1,7 (B;1) = 3 which satisfies Eq.(24).
Therefore, the number of spanning trees in the sequence of Tridiminished icosahedron

graph is given by

-2
518 + 38\/185> (41 n 3\/185> "
37 2

7(B,) = 3x4"'a? (

n—2 2
518 — 38+/185 41 — 3+/185
>1 2
where .
(1672123185 ) (83 4+ 7V/I85) + 4(T — VISH)
a; = , n>1. (26)

n—1
3(1673+1823\/185) (21—1—\/@)—&—48

Inserting Eq.(26) into Eq.(25) we obtain the result. O



Enumeration the Number of Spanning Trees of the Sequence of Some Families of Graphs That Have the Same Average Degree 37

85. Number of Spanning Trees in the Sequences of C,, Graph

Consider the sequence of graphs Cy,Cs, ..., C, constructed as shown in Figure 5. According to
this construction, the number of total vertices |V (C,)| and edges |E (Cy,)| are |V (Cp)| = 9In—6
and |E (Cp,)| = 18 for n—15,n =1,2,---. The average degree of C, is in the large n limit which
is 4.

‘-\—’,-(
& / \\. \\_f'/;‘ ,-'f k
.-"{ N / Y ‘\\ lr.r" N \
/N / \Y/ \
/ \ _/" '\-.*_f' '\_\_ ;
G c,

Figure 9. Some sequences of Cp,

Theorem 5.1 Forn > 1, the number of spanning trees in the sequence of C,, is given by

2
5 35 (s6B1+ 93\-'3705))

i 2
327761 +v3705) (%(—45+ +¥3705) - L(é(s?la— 61\-'3?05)) (600 + 11\-'3705]) (5681 — 933705+ (é(sna —614/3705) )

610091 455217 ¥(131+ 3708)(3713 + 61\-'3705)""')z

Proof We use the electrically equivalent transformation to transform C; to C;_;. Figures

10 — 12 illustrate the transformation process from Cs to C;.

7 /—T—\\
P / \ ~.
~ / (SR \
Va J \\ \\
1 ! // / \ ,
/ 7 I \ \\
1/ / AN
S/ / A A \ I
2 / FARRAN
f S/ N A 2
/ / AN W
A VARV AN \
/ /oaf \a \
/ SN\ N ’
7/ / Y \ A
A s U
L= ~ ,
v 1 N/
\\\ / 7 \\ \\ x"f
\ 1 /
. e
\\ //
“~
\\‘“\_ 1 7 -
- —
H

Figure 10
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3(4a, +1)

3(4a, +1)
a, +1

3a, +

El
2

Figure 11
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SN

b | L

Figure 12

Using the properties given in section 2, we have the following transformations:

3
() = 3] . r(Ha) = 7 (H)
7 (Hy) = 9apT (H), T (Hy) = <3a21+1) T (Hs),
7 (Hs) = 3“92(12 Ly, T (Hg) = 7 (Hs)

ity =9 (MY, o =[St ],

™ (Ho) = (W) T(Hs), 7(C1)=7(Hy).

Combining these ten transformations, we have

7(C2) = 2 (30az + 8)° 7 (C1) .

(27)
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Further
n n 2
7(Cp) = H 2(30a; +8)>7(C1) = 3 x 2" 'a? [H (30a; +8)| (28)
i=2 i=2
where a;_1 = 5330‘3;184,2' =2,3,---,n. Its characteristic equation is 30\? — 45\ — 14 = 0 which
have two roots
45 — /3705 45 + /3705
AM=———— and = ——-——.
60 60
Subtracting these two roots into both sides of a;_1 = 5330‘1(;;:_184, we get
45 — /3705  53a;+14 45— +/3705 ; — 253708
it — _ et e — (61 ++/3705)- L_60__ (99)
60 30a; + 8 60 2 (30a; + 8)
4543705  53a; +14 45+ /3705 ; — V3708
4 — = _owit i R — (61— /3705) L0 __ (30
60 30a; + 8 60 2 (30a; + 8)
a,; — 45—+/3705
Let b; = ——%==-Then by Eqgs. (29) and (30), we get
i 60
3713 + 61v/3705 3713 + 613705 \
by = [ 22TV and by = 22T 2RV
8 8
Therefore, '
(371:'ﬁ+61\/3705)"_Z (45+\/3705) b _ 45—V/3705
3 60 n 60
a; = -
37134613705 \
(),
Thus
(3713+61\/3705>"71 (600+11\/3705> i (457\/3705>
8 135 60 31)
a1 =

8

—1
3713+61/3705 \ 13143705 ) 4 1
116

Using the expression a,,_1 = % and denoting the coefficients of 53a,, +14 and 30a,, +8

as a,, and f3,, we have

30a, + 8 = ag (53a, + 14) + Bo (30a,, + 8)
a1 (53an + 14) + $130a, + 8)

30a,_1+8=
an-1+ oo (53ay, + 14) + Bo (30a, + 8)
0t 14 .
30a,_o + 8 = 22 (53an + 14) + B2 (30a, + 8)
a1 (53ay, + 14) + 51 (30a, + 8)
30a,_; + 8 = i (83an +14) + f; (30a, +8) -

a;—1 (53a, + 14) + Bi—1 (30a,, +8)’
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OG41 (53an + 14) + 67;4_1 (30(ln + 8)

30a_(; 8 = 33
On-(+1) + a; (53an + 14) + B; (30a, +8) (33)
n— n 14 n— n
300, + 8 = 2 (53ay, + 14) + 3,2 (30a, + 8)
n—3(53 + 14) + B3 (30a, + 8)
Substituting Eq.(31) into Eq.(28), we obtain
7 (Cn) = 3 x 2" a2 [an_2 (53an + 14) + Bn_2 (30a, + 8)]7, (34)

where ag = 0,89 = 1 and a; = 30,81 = 8. By the expression a,,_1 = 5330‘;21184 and Eqs. (32)
and (33), we have

a1 = 6loy — 41, Bip1 =615 —48;_1. (35)

The characteristic equation of Eq. (35) is u? — 61 + 4 = 0 which have two roots

_ 6143705 614 V/3705
- === ==

251 nd po

and the general solutions of Eq.(35) are
a; = ey + copth, By = dyph + dopih.

Substituting the initial conditions ag = 0,5y = 1 and a; = 30, 51 = 8, yields

%

)

L 2V3105 <61 + \/3705>l 2./3705 ( 61+ \/3705>
T 2 o247 2

3705 — 453705 \ [ 61+ 3705\ [ 3705 + 45v/3705 \ [ 61 — /3705 \
Bi= 7410 2 + 7410 2 - (36)

If a,, = 1, it means that C, without any electrically equivalent transformation. Plugging
Eq. (36) into Eq.(34), we have

n—2
4693 + 771«3705) (61 + \/3705>
247 2

7(C,) = 3x2"'a? (

(37)

n—2 2
4693 — 7713705 \ [ 61 — /3705
+ 247 2 yn22

When n = 1,7 (C;) = 3 which satisfies Eq. (37). Therefore, the number of spanning trees
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in the sequence of C,, graph is given by

n—2
nel 2 4693 4 7713705 61 + /3705
7(Cn) = 3x2" 'aj 547 5

n—2 2
4693 — 771/3705 \ [ 61 — /3705
* 247 2 ozl

where

-1
371346143705 " 600+11+3705 + 45—+/3705
8 435 60

a; = ,7’L>1.

-1
3713+61+/3705 " 131++v3705 +1
8 116

Inserting Eq.(39) into Eq.(38) we obtain the result.

§6. Number of Spanning Trees in the Sequences of D,, Graph

Consider the sequence of graphs Dy, D>, ..., D, constructed as shown in Figure 7. According
to this construction, the number of total vertices |V (D,,)| and edges |E (D,)| are |V (D,)| =
9n — 6 and |E (D,)| = 18n — 15, n =1,2,---. The average degree of D,, is in the large n limit

which is 4.
,A\
AN
/ N
/ N
y, N
S N\
y, N
/ AN
Vs N
\\
/ p
Y, N
/ N
y, N
y, N
/ AN
/ A
PR A i
N /
\ /!
/ \\ Vs
/ \
. M,
/ N
;f \\\ // AY
/ /
/ /
/ ! \ 4
/ / \
/ S
/- \ / y /,'
/ N\ / S \, S
/ / /
D, D
D, 2

Figure 13. Some sequences of D,,

Theorem 6.1 Forn > 1, the number of spanning trees in the sequence of D,, is given by

(50+3277) " (772! 77(50996 + 865v3877) + (3479 + 59v5477) (7924083 + 120923v3477) + 551(3479 — 5913477 ) (96594537 + 1638137V3477))

16119372(~8512°(3479 + 593477 ) + (2861 + 3913277 ) (3479 + 59\-'34??)“)2

Proof We use the electrically equivalent transformation to transform D; to D;_;. Figure

14 — 16 illustrate the transformation process from Dy to D;.
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3(4a, +1)
L +1

Figure 14
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2(4a, +1)
18a,+5

2da, +1)

3la +3) 30114, +3)
8a;+5 18a,

3a, +1

18a, +5
4a,+1) 6(4a,
18a, @ +5
1
3a, +1 6(4a)+1) 3a, +1 1
18a, +5 185:_.? 18a, +5
1 1
H?
1 1
1la, +3
18a, +5

11a, +3
18a,+5

,

18a,+5 18a,+35
892,719 ’ 92,419

(11a, +3)

3(la,+3
69a,+19

69a,+19

18a, + 5
692,+19

Figure 15
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18a,+5
69a, +19,

2(11a,+3)

69a, +19

8a,+5

69a, +19 m
H,; Hy

69a, +19
Dl

Figure 16

Using the properties given in Section 2, we have the following transformations:

1 3
T(Hl) = 9a27 (Dg), T(Hg) = |:3a2 T 1:| T(Hl),
r(Hy) = 22 (1) r(H) =7 (Hy)
3
ri) =9 (M) ey, ) = | ] ),
() = 7 (Ho), " (Hy) = g oy ()
 (Hy) = 7 (), () =9 (et 5 ) 7 (),
3
7 (Hu) = [M} T(Hy), 7 (Hi2) =7 (Hu),
69a2 + 19

T (Hi3) = { } 7(Hy12), 7(D1)=r7(Hi3).

18 (11ay + 3)
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Combining these fourteen transformations, we have

7 (Dy) = 4(69ay + 19)° 7 (D) . (40)
Further
n n 2
(D) = [[4(69a; +19)* 7 (Dy) = 3 x 4"~ 'a} [H (69a; +19)| (41)
i=2 i=2
where 40a; + 11
a; .
1= ————1=2,3,...,n. 42
Gt 69a; + 197" " (42)
Its characteristic equation is 69A? — 21\ — 11 = 0 which have two roots
21 — /3477 21 + /3477
M=———and \g= ————.
138 138
Subtracting these two roots into both sides of a;_; = éggiﬁé, we get
21 — /3477 40a, + 11 21 — /3477 g — Aot
P _ La;i +11 = (59 V3T D_Om_ (43)
138 69a; + 19 138 2 (69a; + 19)
21 + /3477 40a; +11 21 ++/3477 , — 2Tt
a5 — _ Hai + — (59— V3ATT)- DI (yy)

138 T 69a;+19 138 2(69a; +19)
a; — 21=V3477
Let b; = 75— Then by Egs. (42) and (43), we get

138

3479 4+ 59+/3477 3479 + 593477 \
by = | 2 TOIVIRIE Ny nd by = (SR TOIVERIE)

2 2
Therefore,
3479+50v/3477 \ " (214 VBATT | §, _ 213477
2 138 n 138
a; = n—i
(3479+59\/3477) b —1
2 n
Thus,
1
3479+59+/3477 \ " 21274403477 \ _ ( 21—/3477
2 2553 138
a1 = (45)

-1
34794593477 " 28614393477\ _ 1
2 1702

Using the expression a,,_1 = éggf‘ﬁé and denoting the coefficients of 40a,,+11 and 69a,,+19

as ay,, and f3,, we have

69a, + 19 = ag (40a, + 11) + By (69a, + 19)
ay (40a, + 11) + By (69a,, + 19)
)

69 n— 19 = ’
n—1 o (40a,, + 11) + Bo (69a, + 19
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az (40ay + 11) + B2 (69a, + 19)
ay (40a, + 11) + By (69a,, + 19)°

69an—2 + 19 =

a; (40a,, + 11) + B; (69a,, + 19)
a;—1 (40a, +11) + 3,1 (69a,, + 19)’
Q41 (40an + 11) + B7+1(69 + 19)

a; (40a, + 11) + B; (69a,, + 19) ’

69ay,—; +19 =

69an_(i+1) +19 =

Qp—2 (40an + 11) + Bn—? (Ggan + 19)
an_3(40 +11) + B,_3 (69a,, + 19)

Substituting Eq.(45) into Eq.(41), we obtain

69as + 19 =

7 (Dn) = 3 x 4" a2 [ovp_2 (40ay, + 11) + Bn_s (69a, + 19)])°, (48)

where g = 0,89 = 1 and a1 = 69, 8; = 19. By the expression a,,_1 = ggznﬁé and Eqs. (45)
and (46), we have
Qi1 = 59q; — i1, Biv1 =596 — Bi—1

The characteristic equation of Eq.(48) is u? — 59u + 1 = 0 which have two roots

59+ /3477
e e

nd /i

59 + /3477
p=———— a

and the general solutions of Eq.(48) are
a; = crpil + copth, By = dapii + dapth.

Substituting the initial conditions ag = 0,5y = 1 and a3 = 69, 81 = 19, yields

233477 (504 VBT " 23vB3ATT (59— VBATT\
YT 1159 2 1159 2 ’

1159 — 73/3477\ (59 + 3477\ (1159 + 73477\ (59 — /3477 \
Bi = 2318 2 + 2318 2 - (49)

If a,, = 1, it means that D,, without any electrically equivalent transformation. Plugging
Eq. (49) into Eq.(47), we have

n—2
50996 + 865\/3477> (59 + \/3477>
1159 9

7(D,) = 3x4"'a} (

(50)

n—2 2
50996 — 865+/3477 \ [ 59 — /3477
+ 1159 2 m22
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in the sequence of D,, graph is given by

When n = 1,7 (D1) = 3 which satisfies Eq.(50). Therefore the number of spanning trees

n—2
1o | (50996 + 8653477\ (59 + /3477
7(Dyp) = 3x4" " aj
1159 2
n—2 2
50996 — 8653477 59 — /3477
+ , n>1, (51)
1159 2
where )
(3479+59\/3477>"7 (2127+4o\/3477) _ (217\/3477>
2 2553 138
a = — n>1 (52)
(3479+59\/3477) (2861+39\/3477) _1
2 1702
Inserting Eq.(52) into Eq.(51) we obtain the result. O

87. Numerical Results

Table 1. illustrates some values of the number of spanning trees in the graphs A,,, B,,Cy, and D,,.

n 7 (An) 7 (Bn) 7 (Cn) 7 (Dn)

1 3 3 3 3

2 44376 27648 26934 31212

3 732328128 185150208 200050668 434307072

4 12101944579584 1239020203008 1485574848600 6043816558272

5 199991606950244352 8291475833499648 11031866024955312 84105744275374848

6 3304977193903255289856 | 55486239089142448128 | 81922542024547792224 1170415440635048951808

88. Spanning Tree Entropy

After having explicit Formulas for the number of spanning trees of the sequence of the three
families of graphs A, B,,C, and D,,, we can calculate its spanning tree entropy Z which is a
finite number and a very interesting quantity characterizing the network structure, defined as
in [14] as

For a graph G,

B In7(G)
]

and particularly,

1

7 (Ay) = 5(In[8] + 21n[23 + 6v/14]) = 1.07918497,
2

Z (B,) = 5 In[41 + 3v/185] = 0.9787402606,
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~ TIn[2]
9

2
Z(Cp) — 5 In[61 — V/3705] = 09903046082,

2
Z(Dy) = 5 In[59 + v/3477) = 1060088273

Now we compare the value of entropy in our graphs with other graphs. It is clear that the
entropy of the A,, graph is larger than the other three graphs and the entropy of the B,, graph
is smaller than the other three graphs. In addition the entropy of graphs A,, and D, is larger
than the fractal scale free lattice [15] which has the entropy 1.040 and the entropy of all four
graphs is smaller than two dimensional Sierpinski gasket [16] which has the entropy 1.166 of

the same average degree 4.

89. Conclusions

In this work, we enumerate the number of spanning trees in the sequences of three sequences
of graphs of average degree four based on using electrically equivalent transformations. An
advantage of this method lies in the avoidance of laborious computation of Laplacian spectra
that is needed for a generic method for determining spanning trees.
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Abstract: For any two vertices u and v in a connected graph G, the monophonic distance
dm(u,v) from u to v is defined as the length of a longest © — v monophonic path in G.
The monophonic eccentricity e, (v) of a vertex v in G is the maximum monophonic distance
from v to a vertex of G. A set S C V is a connected monophonic eccentric dominating set
if S is a monophonic eccentric dominating set and the induced subgraph (S) is connected.
The connected monophonic eccentric domination number Yeme(G) is the cardinality of a
minimum connected monophonic eccentric dominating set of G. In this paper, we determine
the connected monophonic eccentric domination number of corona product of some standard
graphs.

Key Words: Monophonic eccentric vertex, monophonic eccentric dominating set, Smaran-
dachely dominating on subgraph H+ or H~, monophonic eccentric domination number,
connected monophonic eccentric dominating set, connected monophonic eccentric domina-

tion number.

AMS(2010): 05C12.

§1. Introduction

By a graph G = (V, E) we mean a non-trivial finite undirected graph without loops and multiple
edges. The order and size of G are denoted by p and ¢, respectively. For basic graph theoretic
terminology and results we refer to [1, 4]. For any two vertices v and v in a connected graph
G, the distance d(u,v) is the length of a shortest v — v path in G. For each vertex v in G,
define d~(v) = min {d(u,v) : v € V — {v}}. A vertex u (# v) is called a neighbor of v if
d(u,v) = d~(v). A vertex v is said to dominate a vertex u if w = v or u is a neighbor of v.
Since d~(v) = 1 for all v € V, this is equivalent to the standard definition of neighbor. A set
S of vertices of G is called a dominating set if every vertex of GG is dominated by some vertex

1Received February 10, 2025. Accepted May 8, 2025
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in S. Equivalently, a set S C V is a dominating set of G if every vertex in V — S is adjacent to
some vertex in S. A dominating set of G with minimum cardinality is a minimum dominating
set and this cardinality is the domination number v(G). The topic of domination began with
Berge in [1] and Ore in [5]. In 1998, a text book devoted to domination written by Teresa et.
al. [9].

For any two vertices w and v in a connected graph G, the detour distance D(u,v) is the
length of a longest u — v path in G. For each vertex v in G, define D~ (v) = min {D(u,v) :
u€V —{v}}. A vertex u (# v) is called a detour neighbor of v if D(u,v) = D~ (v). A vertex
v is said to detour dominate a vertex u if u = v or w is a detour neighbor of v. A set S of
vertices of G is called a detour dominating set if every vertex of G is detour dominated by some
vertex in S. A detour dominating set of G with minimum cardinality is a minimum detour
dominating set and this cardinality is the detour domination number yp(G). These concepts
were introduced and studied in [3].

A chord of a path P is an edge joining two non-adjacent vertices of P. A path P is called
a monophonic path if it is a chordless path. For any two vertices v and v in a connected graph
G, the monophonic distance d,,(u,v) from u to v is defined as the length of a longest u — v
monophonic path in G. The monophonic eccentricity e, (v) of a vertex v in G is ey, (v) = max
{dm(u,v) : u € V}. The monophonic radius, rad,(G) of G is rad,,(G) = min {e;,(v) : v € V}
and the monophonic diameter, diam,,(G) of G is diam,,(G) = max {e;(v) : v € V}. A vertex
v in G is a monophonic eccentric vertex of u in G if e, (u) = dp,(u,v). A vertex v in G is a
monophonic central vertex if e,,(v) = rad,,(G) and the subgraph induced by the monophonic
central vertices of G is the monophonic center of G. The monophonic distance was introduced
in [6] and further studied in [7].

Let v be any vertex of a connected graph G. The set of all monophonic eccentric vertices
of v is called the monophonic eccentric neighborhood of v and it is denoted by N, (v). The
monophonic eccentric degree of a vertex v is defined as deg.,, (v) = |Ne, (v)|. The minimum
monophonic eccentric degree d., (G) is defined as 0., (G) = min {dege,, (v) : v € V} and the
mazimum monophonic eccentric degree A., (G) is defined as A, (G) = mazx {deg.,, (v) : v €
V}. A set S C V is a monophonic eccentric dominating set if every vertex in V — S has
a monophonic eccentric vertex in S. The monophonic eccentric domination number Ypme(G)
is the cardinality of a minimum monophonic eccentric dominating set of G. These concepts
were introduced and studied in [10, 11]. A set S C V is a connected monophonic eccentric
dominating set if S is a monophonic eccentric dominating set and the induced subgraph (S) is
connected. The connected monophonic eccentric domination number Yeme(G) is the cardinality
of a minimum connected monophonic eccentric dominating set of G [12].

Generally, a dominating, detour dominating or monophonic eccentric dominating set .S of
graph G is Smarandachely dominated on subgraph H < G if G — H is not dominating, detour
dominating, or monophonic eccentric dominating by set S, called a Smarandachely dominat-
ed on subgraph H~, or S is not a dominating, detour dominating or monophonic eccentric
dominating set of graph G but it is a dominating, detour dominating or monophonic eccentric
dominating set S of graph G+ H, called a Smarandachely dominated on subgraph H ~. Partic-
ularly, if H = ), a Smarandachely, detour dominating or monophonic eccentric dominating set
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S on subgraph H is nothing else but dominating, detour dominating or monophonic eccentric
dominating by S. For example, let H = P. If there is an edge e € F(G) such that G — e is
not dominating, detour dominating, or monophonic eccentric dominating by set S, then G is
Smarandachely dominated on a subgraph P, .

Consider the graph G given in Figure 1.1. It is easily seen that no 2-element subset of G
is a connected monophonic eccentric dominating set. The sets {v1,va,v6} and {vs,v4,v5} are
the only minimum connected monophonic eccentric dominating set of G so that yeme(G) = 3.

D) U3

Vg U5
Figure 1.1

The following theorems will be used in the sequel.

Theorem 1.1([10]) IfG=H + K, or K, + H , where H is any connected graph, then

Yeme(G) = Yeme(H).

Theorem 1.2([10]) Let G be a cycle of order p and let p = l(mod 6). Then,

Ve (G) = [§1+71 if1=2,

[g‘ otherwise.

Theorem 1.3([10]) Let G be a wheel of order p and let p = l(mod 6). Then,

§+1 if1=3,

'Yme(G) = _
[]731—‘ otherwise.

Theorem 1.4([10]) For the complete graph K,, Yeme(Kp) = 1.

Theorem 1.5([10]) Let G be a wheel of order p.
(i) If p <9 and p = l(mod 6), then

+1  ifl=3,

p—1

p
Veme(G) = Fig

—‘ otherwise.
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(i) If p > 9, then Yeme(G) = p — 5.

§2. Connected Monophonic Eccentric Domination Number

The corona of two graphs G; and G5 is the graph G = G1 o G2 formed from one copy of G4
and |V (G1)| copies of Go, where the i'" vertex of G is adjacent to every vertex in the it"
copy of Ga. The distance related properties of corona was studied in [8] and the domination

parameters of corona was studied in [2].

Theorem 2.1 Let G be a connected graph of order m and let H be any graph of order n. Then

Yeme(G o H) < m(1+ e (H)).

Proof Let H;, be the i*" copy of H (1 < i < m). Let S; be a minimum monophonic

eccentric dominating set of H;,. In G o H, it is clear that every vertex in H;, is monophonic

m
eccentric dominated by a vertex in S = |J S;. Thus S is a monophonic eccentric dominating
i=1
set of G o H, but the induced subgraph (S) is not connected. Therefore, we consider a set
S =5uU V(G). Clearly, S’ is a connected monophonic eccentric dominating set of G and so

Yeme(G 0 H) <m(1 + Yme(H)). O

Remark 2.2 The bounds in Theorem 2.1 is sharp. For the graph G = C,. o Cs where s = r+3,
Yeme(G) =M1 + Yme(Cs))-

Theorem 2.3 IfG=P, 0 Cs (r>2), then

4 ifr=2,3 and s =3,
- r+7
r+2 if r=2,3 and s=4,5)) or (r>4and3 <s< —5 ),
vcme(G): 9 11
T+ 24 (25 =1 — 8)Yme(Cs) ifr23ands:r;’ "’F‘-; -‘7,..’7_’_37
T(l +’Yme(cs)) ZfS >r+ 3.

Proof Let G be the corona product of P. and Cy. Let uq,us, ..., u, (r > 2) be the vertices
of P, and let C; ¢ v;1,i9,-..,0i 5,01 be the it" copy of Cs (1 < i < r). We prove this
theorem by considering three cases.

T+ 7"

Case 1. 3§s§{

Subcase 1.1 r=2,3 and s = 3.

Let S = {uy,v1,1,v1,2,v1,3}. It is clear that the vertices u; (2 < ¢ <r) and the vertices v; ;
(2 <i<r1<j<s) are monophonic eccentric dominated by a vertex vy ;. Also, the induced
subgraph (S) is connected. Hence S is a minimum connected monophonic eccentric dominating
set of G and 80 Yeme (G) = 4.
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Subcase 1.2 (r=2,3and s=4,5)or (r >4 and 3 <s < P—i-?—‘).

2
If r is even, then the vertices u; (1 < i < §) and v;; (1 <7 < 5,1 < j < s) are
monophonic eccentric dominated by a vertex v, ;; and the vertices u; (Tf < i < r)and

Vi j (7"2"2 <i<rl<j<s)are monophonic eccentric dominated by a vertex vy,;. Then

S = {vij,vr;} is a minimum monophonic eccentric dominating set of G, but the induced
subgraph (S) is not connected. Therefore, we consider a set S = {uy,ug,...,urp US. Clearly,

/ . . . . . . .
S is a minimum connected monophonic eccentric dominating set of G and so

If r is odd, then the vertices u; (1 < i < 7;1) and v;; (1 < i < ’”51,1 < j<s)

are monophonic eccentric dominated by a vertex v, ;, the vertices u; (52 < i < r) and v;

(% <i<r1<j<s)are monophonic eccentric dominated by a vertex vy j, and the vertices

Uria and Urgr (1 < j < s) are monophonic eccentric dominated by both the vertices v; ; and
vr ;. Then S = {vy j,v,;} is a minimum monophonic eccentric dominating set of G, but the
induced subgraph (S) is not connected. Therefore, we consider a set S = {u,ug,...,uryUS.

/. . . . . . .
Clearly, S is a minimum connected monophonic eccentric dominating set of G and so

Yeme(G) =1 + 2.

2 2

Subcase 2.1 r is even.
r+8

Case 2. r>3and s= P+9—‘,F’+H

It can be easily seen that the vertices u; (1 < i < %) and v

(1<i< % —m,1 < j < s) are monophonic eccentric dominated by a vertex v, ;. Similarly,

Let m = s

the vertices u; (%32 < <r) and v;; ("2 + m <i <r,1 < j < s) are monophonic eccentric
dominated by a vertex vy ;. Let Sy (% —m < k < £+m) be a minimum monophonic eccentric
dominating set of C} 5. It is clear that, in G, any vertex in Cj, s (%2 -m < k< §+m)is

monophonic eccentric dominated by a vertex in S and hence

S+m

S = U Sk U{vl,j,vm‘}

k:%fm

is a minimum monophonic eccentric dominating set of G, but the induced subgraph (S) is not
connected. Therefore, we consider a set §° = {u1,ug,...,u-} US. Clearly, S is a minimum

connected monophonic eccentric dominating set of G. Thus

che(G) - ‘S,
= T4 2m Yme(Cs) + 2
8
_ r+2+[2(8—r+ )] me(C)

r+24 (25 =17 —8) Yme(Cs).
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Subcase 2.2 r is odd.
r+7

r—1
2

Let m = s —

. It can be easily verified that the vertices u; (1 < ¢ < ) and v; ;

(1<i< % —m,1 < j < s) are monophonic eccentric dominated by a vertex v, ;. Similarly,

the vertices u; (%32 <i <r)and v;; (“E2 +m <i <r,1 < j < s) are monophonic eccentric

dominated by a vertex vy ;. Also, the vertex u 41 is monophonic eccentric dominated by both

the vertices v1 ; and v, ;. Let Sy, (# —m<k< T;fl -+m) be a minimum monophonic eccentric
dominating set of C}, . It is clear that, in G, any vertex in Cj s (%3 —-m< k< T;zl +m) is

monophonic eccentric dominated by a vertex in S and hence

—1
TT+m

S = U Sk U{UlJ’Uﬂj}

k:#fm

is a minimum monophonic eccentric dominating set of G, but the induced subgraph (S) is not
connected. Therefore, we consider a set §° = {uy,ug,...,ur-} US. Clearly, 5" is a minimum

connected monophonic eccentric dominating set of G. Thus

Yeme(G) = ‘5’
= 14+ 2m—1) Y (Cs) +2

= r42+ {2(8—7u2r7)—1} Yme(Cs)

r+24 (25 =7 —8) Yme(Cs).

Case 3. s > r + 3.

If r is even, then the vertices u; (1 <4 < ) are monophonic eccentric dominated by a vertex

vp; (1 < j < s) and the vertices u; ( TJQFQ < i < r) are monophonic eccentric dominated by a

vertex vy ; (1 < j <s). If r is odd, then the vertices u; (1 < i < T;Ql) are monophonic eccentric
dominated by a vertex v, ; (1 < j < s), the vertices u; (% < i < r) are monophonic eccentric

dominated by a vertex vy ; (1 < j <'s), and the vertex Uris is monophonic eccentric dominated

by both the vertices vy ; and v,; (1 < j <s). Let S (1 < k <r) be a minimum monophonic
eccentric dominating set of Cj . It is clear that, in G, any vertex in Cps (1 < k < 1)
T

is monophonic eccentric dominated by a vertex in Sy and hence S = |J Sk is a minimum

k=1
monophonic eccentric dominating set of G, but the induced subgraph (S) is not connected.
Therefore, we consider a set §° = {ui,ug,...,u.} US. Clearly, S’ is a minimum connected

monophonic eccentric dominating set of G and so

Yeme(G) =17+ 7 Yme(Cs) = 7(1 4 Yme(Cs)). O

The result of the above theorem contains ~,,.(Cs) and we can calculate v,,.(Cs) using
Theorem 1.2.

Note 24 If r = 1, then G = P; o Cs is a wheel. By Theorem 1.5, we have veme(G) =
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fche(Ws+1)~
Theorem 2.5 If G =P, o Wy (r > 2), then

P42 ifd<s< r;ﬂ

_ 11 1
Yeme(G) = r4+24+(2s —1r —10)yme(Ws) ifr >3 and s = r—; -‘,r—; 5

-‘7"' ,7’+4,
(14 Yme(Ws)) if s >r+4.

Proof Since W = Cs_1 + K1, by Theorem 1.1 we have Yeme(Ws) = Yeme(Cs—1). Then by
Theorem 2.1, the required result can be got. O

The result of the above theorem contains 7,,.(W) and we can calculate v,,.(Ws) using
Theorem 1.3.

Note 2.6 If r =1, then G = P; 0 Ws. By Theorem 1.1 we have Yeme(G) = Yeme(Ws).

Theorem 2.7 If G = P.o K, (r > 2), then

r+4
2

J) or (r>6 and s> 1).

(HUEJ if 2<r<5 and 1<s<6—

’chE(G): 4
r+2 if 2<r<5ands>6-— VJF

J) or (r>6ands=1),

2
Proof Let G be the corona product of P. and K. Let uy,ug, - ,u, (r > 2) and
Vi1,Vi2, -,V s be the vertices of P. and the vertices of the ith copy of K, (1 < i < 7),
respectively. We prove this theorem by considering two cases.
r+4
Casel. 2<r<bandl1<s<6- Jor (r>6and s =1.
Let S = {u1,v11,++ ,01,5;U2,V21, " ,V2,6}" - SUg Vs ,UL%J’S}. It is clear that

the vertices u; ([7;1] < i <r) and the vertices v; 3 ({7'2"2] < ¢ <r) are monophonic eccentric
dominated by the vertex vy ;. Also, the induced subgraph (S) is connected. Hence S is a
minimum connected monophonic eccentric dominating set of G and so

Yeme(G) = 2 EJ :

r+4

Case 2. (2§r§5ands>6—{ J)or(r26ands>1).

It is clear that the vertices u; ([T;q < i <) and v, (W;q <i<rl<j<s)are

monophonic eccentric dominated by a vertex vy ;(1 < j < s). Also, the vertices u; (1 <i < {gJ)

and v; (1<i< L%J ,1 < j <'s) are monophonic eccentric dominated by a vertex v ;. Hence
S ={v1;,vr;} (1 <j <s)is a minimum monophonic eccentric dominating set of G, but the
induced subgraph (S) is not connected. Therefore, we consider a set S = {ur,ug, - ,uppUS.
Clearly, S " is a minimum connected monophonic eccentric dominating set of G and s0 Yeme(G) =
T+ 2. O
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Note 2.8 If r =1, then G = P; o K is a complete graph. By Theorem 1.4, yeme(G) = 1.

Theorem 2.9 IfG =P, 0o Ky, (2<r <5), then

4
(n+2)|7] F1<s<s- rt J
_ 2 2
Yeme(G) = r+4
r+2 ifs>5— { 5 J
Proof By an argument similar to Theorem 2.7, the required result can be got. O

Theorem 2.10 If G =P, o0 Ky, (r > 6), then Yeme(G) =7+ 2.

Proof Let G be the corona product of P. and Kj,. Let uj,ug,...,u, (r > 6) and
Vi1,Vi2, " ,Vint1 De the vertices of P. and the ith copy of K1, (1 <4 < r), respectively.
It is clear that the vertices u; ({%1 <4 < r)and v, (Verl—‘ <i<nrl<ji<n+l)
are monophonic eccentric dominated by a vertex vy ;(1 < j < n+1). Also, the vertices u;
(1<i< {%J) and v;; (1 <i < ng ,1 < j < n+1) are monophonic eccentric dominated

by a vertex v, ;. Hence S = {v1j,v,,;} (1 < j < n+ 1) is a minimum monophonic eccentric

dominating set of G, but the induced subgraph (S) is not connected. Therefore, we consider
aset S = {uy,uz, -+ ,u.} US. Clearly, S is a minimum connected monophonic eccentric
dominating set of G and 80 Yeme(G) =7 + 2. O

Theorem 2.11 If G =P, 0 K, (r,m,n > 2), then Yeme(G) =1+ 2.
Proof By an argument similar to Theorem 2.10, the required result can be got. O

Note 2.12 If G = P; o K, 5, then

Yeme (G

) =
Theorem 2.13 Let G=C,oP; (r >

1 if either morn =1,
2 if myn>2.
6) and let r = k(mod 6). Then,

[g Yr—3 if k=23,
che(G) = r
[g Yr—4 if k=0,1,4 and 5.
Proof Let G be the corona product of C, and P;. Let uq,us, - ,u, and v; 1 be the vertices

of O, and the vertices of the i*" copy of Py (1 < < r), respectively. We prove this theorem by

considering six cases.
Case 1. r = 0(mod 6).

Let S = {vm,vm; U7,1,V8,15 " "+ ;717«_571,1)7"_471}. It is easily verified that the vertices wu,_1,
vr_1,1, u3 and vs ; are monophonic eccentric dominated by the vertex vy 1, the vertices ua, v4,1,
u, and v,,1 are monophonic eccentric dominated by the vertex va 1, - - -, the vertices u,—1, vr—1,1,

ur—3 and v,_3 1 are monophonic eccentric dominated by the vertex v,_5; and the vertices u,.,
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Vr.1, Ur_2 and v,_p 1 are monophonic eccentric dominated by the vertex v,_4 1. It is clear that
S is a minimum monophonic eccentric dominating set of G, but the induced subgraph (S) is not
connected. Therefore, we consider a set S = {u1,ug, -+ ,up_q} US. Clearly, S’ is a minimum

connected monophonic eccentric dominating set of G and so
r
Yeme(G) = [g—‘ +r—4.

Case 2. 7 = 1(mod 6).

Let S = {v1,1,v2,1;07,1,V8,15 "+ ;Ur—6,1, Vr—5,1; Ur,1 } U {U1, U2, ,Ur_5;u,}. By an argu-
ment similar to Case 1, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and 80 Veme(G) = [g-‘ +r—4.
Case 3. r = 2(mod 6).

Let S = {v1,1,v2,1;v7,1,08,1;" -+ ;Vr—1,1,Vr1} U {u1,u2, -+, Up_g;Ur_1,%,}. By an argu-
ment similar to Case 1, it can be easily seen that S is a minimum connected monophonic

eccentric dominating set of G and so

Yeme(G) = [f‘ +1+r—4= [f—‘ +7r—3.
3 3
Case 4. 1 = 3(mod 6).
Let S = {v1,1,v2,1;07,1,U81; -+ ;Ur—2.1,Vr—1,1} U{u1,u2, -+ ,Ur_7; Up_2,Ur_1, U, }. By an

argument similar to Case 1, it can be easily seen that S is a minimum connected monophonic
eccentric dominating set of G and so
r

Yeme(G) = {3

-‘+1+T74:’7§—‘+7‘*3.

Case 5. 7 = 4(mod 6).

Let S = {U1,1702,1;’U7,17U8,1; e ;v’l"f?),la/v’er,l} ) {u17u27 e 7uT*S;u’r‘737u’r‘727u7’717u7”}'
By an argument similar to Case 1, it can be easily seen that S is a minimum connected

monophonic eccentric dominating set of G and so

Yeme(G) = [g] fr—4

Case 6. r = 5(mod 6).

Let S = {v1,1,v2,1;v7,1,V81; -+ ;Vr—a,1, V31 JU{u1, g, - Up 93 Up—a, Up—3, -+ U }. By
an argument similar to Case 1, it can be easily seen that .S is a minimum connected monophonic

qurféL. O

eccentric dominating set of G and s0 Yeme(G) = [3
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Theorem 2.14 Let G = C, o Py (r > 8,5 > 2) and let r = k(mod 8). Then

3r — k

% if2<s<r+land0<k<3,
—k

3r—Fk if2<s<r+land3<k<S8,

Yeme(G) = 2
2r ZfS:T+27
3r if s>r+2.
Proof Let G be the corona product of C, and Ps. Let ui,ug, -+ ,u, and v; 1,052, , Vs

be the vertices of C, and the vertices of the i** copy of Py (1 <1i < r), respectively. We prove
this theorem by considering three cases.

Case 1. 2<s<r+1.
Subcase 1.1 r = 0(mod 8).

Let S = {v1,5, 02,5, 03,5, 4,53 V9,55 V10,55 V11,5, V12,53 " 3 Ur—7,j> Up—6,55 Ur—5,5, Vr—a,5} (1 < j <
s). It is easily verified that the vertices u,_1, vr_1,j, uz and vz ; are monophonic eccentric dom-
inated by a vertex vy ;, the vertices uy, vy j, u, and v, ; are monophonic eccentric dominated by
a vertex vg ;, the vertices u1, vy 4, us and vs ; are monophonic eccentric dominated by a vertex
v3,j, the vertices ua, v ;, ug and vg ; are monophonic eccentric dominated by a vertex vy j,
..., the vertices w,_1, vy_1,;, Ur—5 and v,_5 ; are monophonic eccentric dominated by a vertex
vr_7., the vertices u,, v, ;, ur_4 and v,_4 ; are monophonic eccentric dominated by a vertex
vr_g,;, the vertices uy, vy ;, u,—3 and v,_3; are monophonic eccentric dominated by a vertex
vy_s5,; and the vertices usa, v2 j, ur—2 and v,_s ; are monophonic eccentric dominated by a vertex
Vp_gq,;. It is clear that S is a minimum monophonic eccentric dominating set of &, but the in-
duced subgraph (S) is not connected. Therefore, we consider a set S = {ur,ug, + ,ur_4}US.

N . . . . . .
Clearly, S' is a minimum connected monophonic eccentric dominating set of G' and so

r 3r—8 3r—8+k
cmeGZ* —4= = .

Subcase 1.2 r = 1(mod 8).

Let S = {Ul,j7vz,jw3,j,U4,j;09,j,U10,j,U11,j,U12,j; s ;UrfS,j7Urf7,j7Ur76,j7'UrfS,j} U {Ur,j}
(1 <j <s). It is easily verified that the vertices u,—1, v,—1j, us and v3; are monophonic
eccentric dominated by a vertex vy ;, the vertices uy, v4,j, 4, and v, ; are monophonic eccentric
dominated by a vertex vy ;, the vertices ui, v1 5, us and vs ; are monophonic eccentric dominat-
ed by a vertex v3 j, the vertices ug, vg ;, us and vg ; are monophonic eccentric dominated by a
vertex vy 4, - - -, the vertices u,_1, vr_1,j, Ur—¢ and v,_g ; are monophonic eccentric dominated
by a vertex v,_g j, the vertices u,, v, ;, ur—5 and v,_5 ; are monophonic eccentric dominated
by a vertex v,_7 ;, the vertices u,_g, vr_g j, Ur—4 and v,_4 ; are monophonic eccentric domi-
nated by a vertex v,_g ;, the vertices u,_7, v,_7j, ur—3 and v,_3; are monophonic eccentric
dominated by a vertex v,_5; and the vertices us, vz j, ur—2 and v,_p; are monophonic ec-

centric dominated by a vertex v, ;. It is clear that S is a minimum monophonic eccentric



Connected Monophonic Eccentric Domination Number of Corona Product of Some Standard Graphs 61

dominating set of G, but the induced subgraph (S) is not connected. Therefore, we consider a
set §' = {ui,ug, ..., upr_5;u,.} US. Clearly, S’ is a minimum connected monophonic eccentric

dominating set of G and so

r+1 3r—7 3r—8+k
Yeme(G) = 5 +r—4= 5 = 5 .
Subcase 1.3 r = 2(mod 8).
Let S = {’ULj,’Ugyj,’Ug’jfUzLyj;U9,j7v10,j7v11,j7v12,j; Tt ;Urf‘),j»'Urf&ja'UT77,jva’*67j}U{'UT*1J7
Ur ;i U{ur,u2, -+ Up—g; Ur—1, ur }. By an argument similar to Subcase 1.2, it is clear that S is

a minimum connected monophonic eccentric dominating set of G and so

r+2 3r—6 3r—8-+k
FYC’ULC(G) = 2 +r—4= 2 = 9 .
Subcase 1.4 r = 3(mod 8).
Let S = {'Ul,jaU2,j7'U3,jaU4,j§U9,jaU10,jaU11,jaU12,j§ T ;Ur—lO,jaU7'—9,j7U7'—8,j)UT'—?,j}U{Ur—Q,jv
Up—1,4, U} U {u1,u2, -+, Up_7; Up_2, Ur_1, U, }. By an argument similar to Subcase 1.2, it is

clear that S is a minimum connected monophonic eccentric dominating set of G and so

r+3 3r—5 3r—8+k
Wcme(G): D) +r—4= 9 = 9 .
Subcase 1.5 r = 4(mod 8).
Let
S = {Ulaj’ V2,5, 03,55 V4,55 V9,5, V10,5, V11,5, V12,55 * * * 3 Ur—11,5, Ur—10,5, Ur—9,j, UT—SJ}

UA{vr—755 06, s vr—a g} (J {ua, vz, -+ una}

By an argument similar to Subcase 1.2, it can be easily seen that S is a minimum connected

monophonic eccentric dominating set of G and so

+4 3r—4  3r—k
’che(G)_T‘i'r_ZL: 9 :T
Subcase 1.6 r = 5(mod 8).
Let S = {v1,5,v2,5,V3j,V4,4; V9,5, V10,55 V11,5, V12,45 " 5 Vr—12,5> Vr—11,5> Vr—10,5, Ur—9.5} Ur—4,5
Up—3.4, Up—2.j, Up—1,j } U{U1, U2, , Up_9; Up_a,Ur_3,- -+ ,U,}. By an argument similar to Sub-

case 1.2, it can be easily seen that .S is a minimum connected monophonic eccentric dominating

set of G and so

r+3 3r—5 3r—k
Wcme(G): +r—-4=—=—
2 2
Subcase 1.7 r = 6(mod 8).
Let S = {v1,j,02,j, 3,5, 04,55 V9,7, V10,5, V11,55 V12,53 " * i Ur—13,55 Ur—12,5, Ur—11,5> Ur—10,§5 Ur—5,5.

Up—4,j, Ur—3,5, Vp—2,j } U{u1, U2, -+, Up_10} Up—5,Upr_4," - - , Uy }. By an argument similar to Sub-
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case 1.2, it is clear that S is a minimum connected monophonic eccentric dominating set of G

and so +2 3r—6 3 k
r r— r—
'che(G): 9 +r—4= 5 = D) .

Subcase 1.8 r = 7(mod 8).

Let S = {Ul,ja V2,5, V3,5, V4,55V9 5, V10,5, V11,5, V12,55 * * * 3 Ur—14,5, Ur—13,5, Ur—12,5, Ur—11,5 Ur—6,5
Ur—5,j, Ur—a,j, Ur—3; } U{ui, ug, -+, Ur_11;Up_g, Ur_5, - ,Ur }. By an argument similar to Sub-
case 1.2, it is clear that S is a minimum connected monophonic eccentric dominating set of G
and so +1 3 7 3 k

r r— r—
Yeme(G) = +r—4= = .
2 2
Case 2. s=r+2.
Let S = {vi1,v21, - ,vp1}. It is easily verified that the vertices w,_1, vr—1 4k, us, Vs

(2 <k <s—1) and vy s are monophonic eccentric dominated by the vertex vy 1, the vertices
Ud, Va ke, Up, Ur g (2 <k < s—1) and vy s are monophonic eccentric dominated by the vertex
Va1, - -+, the vertices uy_g, Vy_ak, Uz, V21 (2 <k < s—1) and v, 5 are monophonic eccentric
dominated by the vertex v, ;. It is clear that S is a minimum monophonic eccentric dominating
set of G, but the induced subgraph (S) is not connected. Therefore, we consider a set S =
{uy,ug,...,ur-} US. Clearly, S " is a minimum connected monophonic eccentric dominating set
of G and so

Yeme(G) = 2r.
Case 3. s>r+2.

Let S ={v11,V21, * ,0r1;V1,5, V2,6, " ,Ups}. INT+2 < s < 2r, the vertices u,_1, vr_1x,
ug, v3 (s—r+1<k<r)and vy; (r+1 <! <s) are monophonic eccentric dominated by
the vertex vy, the vertices w4, va g, tr, Upg (s—7+1 < k <r)and vy; (r+1 <1< s)
are monophonic eccentric dominated by the vertex vy 1, ..., the vertices u,_2, vy_o , U2, V2 i
(s—r+1<k<r)and v, (r+1<1[<s) are monophonic eccentric dominated by the vertex
vp,1. Also, the vertices vy ; (1 <1 < s —r) are monophonic eccentric dominated by the vertex
v1,s, the vertices vg; (1 <1 < s —r) are monophonic eccentric dominated by the vertex vg 4,
..., the vertices v,; (1 <1 < s—r) are monophonic eccentric dominated by the vertex v, s.

In s > 2r, the vertices u,_1, us and vy, (L%J < | < s) are monophonic eccentric
dominated by the vertex vy 1, the vertices w4, u,, and vq (Lsg—dJ <l < s) are monophonic
eccentric dominated by the vertex vy 1, ..., the vertices u,_2, ug, and v, (L%J <1 <s)are

monophonic eccentric dominated by the vertex v,.;. Also, the vertices v1; (1 <1 < {%J)

are monophonic eccentric dominated by the vertex vy s, the vertices vy; (1 <1 < LSHJ) are

2
monophonic eccentric dominated by the vertex vo g, ..., the vertices v,; (1 <1 < LsglJ) are
monophonic eccentric dominated by the vertex v, . Hence, it is clear that S is a minimum
monophonic eccentric dominating set of G, but the induced subgraph (S) is not connected.
Therefore, we consider a set S = {uy,ug, - ,u.} US. Clearly, S’ is a minimum connected

monophonic eccentric dominating set of G and 80 Yeme(G) = 3. O
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Theorem 2.15 If G =C,o0Ps (r <7), then

4
(s+1)[a if1<s<7—r—; l
-1 4
3r2 ifr:3,5and7—r+ w<s<r+2,
. r+4
Yeme(G) = 8 if (r=4,6and 7— <s<r+4+2)or (r=7and3<s<8),

7 if r="7and s =2,

2r if s=r+2,

3r if s>r+2.

Proof Let G be the corona product of C, and Ps. Let uy,ug,--- ,u, and v; 1,052, , Vi s

)

be the vertices of C,. and the vertices of the i*" copy of P, (1 < < r), respectively. We prove
this theorem by considering four cases.

4
Casel. 1<s<7— [T; —‘
Let S = {u1,v1,1, -+ ,V1,5;U2, V21, ,V2,5;" " ;u(ﬂ,v(ﬂﬂy'- ’U[ﬂ,s}' It is easily veri-

fied that every vertex in V' — S has a monophonic eccentric vertex in S and the induced subgraph

(S) is connected. Hence S is a minimum connected monophonic eccentric dominating set of G

and 80 Yeme(G) = (s + 1) [g‘ .

r+4

Case 2. 7—{ —‘<s<r+2.

Subcase 2.1 r =3 and 5.

Ifr=3,let S ={v1 ,vej;ur,us}. If r =5, let S = {v1 j,v2,,va;;u1, Uz, us, us}. Then by
an argument similar to Case 1, it is clear that S is a minimum connected monophonic eccentric

dominating set of G and so
3r—1

2
Subcase 2.2 (r =4 and 6) or (r =7 and 3 < s <8).

Yeme (G) =

Let S = {Ul,vl’j;UQ,UQ,j;Ug,Ug}j;U4,U4’j}. Then by an argument similar to Case 1, it
is clear that S is a minimum connected monophonic eccentric dominating set of G and so

Yeme(G) = 8.

Subcase 2.3 r =7 and s = 2.

Let S = {u1,v1 5;U2,v2,1,V2,2; u3,v3 ;. Then by an argument similar to Case 1, it is clear
that .S is a minimum connected monophonic eccentric dominating set of G and s0 Yeme(G) = 7.

Case 3. s=1r + 2.

Let S = {v11,v271, " ,Upr1;U1, U2, - ,Ur}. By an argument similar to Case 2 of Theorem
2.14, it can be easily seen that S is a minimum connected monophonic eccentric dominating
set of G and 80 Yeme(G) = 2r.
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Case 4. s>r+2.

Let S = {v1,1,V21, " ,Ur1;V1,5,V2,5," " ,Vrs; UL, U2, "+ ,Urp. By an argument similar to
Case 3 of Theorem 2.14, it can be easily seen that S is a minimum connected monophonic
eccentric dominating set of G and $0 Yeme(G) = 3r. O

Theorem 2.16 If G = C, o C, (r > 8) and r = k(mod 8), then

w if s<r+2and 0< k<3,
3r—k
’che(G): r2 ifs§r+2and3<k’<8,

(14 Yme(Cs)) if s>r+2.

Proof Let G be the corona product of C, and Cy. Let uy,us, -+ ,u, be the vertices of C,
and let C 50 vi1,v52, -+ ,Vis, Vi1 be the it" copy of C, (1 < i <), respectively. We prove

this theorem by considering two cases.
Case 1. s<r+2.

By an argument similar to Case 1 of Theorem 2.14, the required result can be got.
Case 2. s>r+2.

Let Sk (1 <k <r) be a minimum monophonic eccentric dominating set of Cy, 5. It is clear
that, in G, any vertex in Cj s (1 < k < r) is monophonic eccentric dominated by a vertex in Sy.

Also, the vertices uq,us, - ,u, are monophonic eccentric dominated by a vertex in Sy (1 <

I
k <r) and hence S = |J S is a minimum monophonic eccentric dominating set of G, but the
k=1
induced subgraph (S) is not connected. Therefore, we consider a set S = {ug,ug, -+ ,upUS.

/ . . . . . . .
Clearly, S is a minimum connected monophonic eccentric dominating set of G and so

Wcme(G) = 71(]- + ’Yme(Cs))~ O

The result of the above theorem contains 7v,,.(Cs) and we can calculate 7,,.(Cs) using
Theorem 1.2.

Theorem 2.17 If G =C, o Wy (r > 8) and r = k(mod 8), then

w if s<r+3and 0 <k <3,
3r—k
Yeme(G) = r2 if s<r+3and 3< k<S8,

r(1+yme(Ws)) if s>r+3.

Proof By Theorem 1.1 and by an argument similar to Theorem 2.16, the required result

can be got. O
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The result of the above theorem contains v,,.(Ws) and we can calculate 7y, (Ws) using
Theorem 1.3.

Theorem 2.18 If G =C, o Cs (r <7), then

%MT if r=35and3<s<r+2,

Yeme(G) = 8 if r=4,6,7and 3<s<r+2,

(14 Yme(Cs)) if s >r+2.

Proof Let G be the corona product of C, and Cs. Let uy,usg, -+ ,u, be the vertices of C,
and let C; 50 v;1,052, -+ ,is, Vi1 be the it" copy of Cy (1 < i < r), respectively. We prove
this theorem by considering two cases.

Casel. 3<s<r-+2.
Subcase 1.1 r = 3 and 5.

Ifr =3, let S = {v1 ,v2;ur,us}t. Ifr =25 let §={vy;,v2;,0v4;;u1,us,us,us}. By

an argument similar to Case 2 of Theorem 2.15, it can be easily seen that S is a minimum

p
;‘ + 7.

connected monophonic eccentric dominating set of G and s0 Yeme(G) = {3

Subcase 1.2 r =4,6 and 7.

Let S = {u1,v1,j;u2,v2,j;u3, 3 j; us, va j }. By an argument similar to Case 2 of Theorem
2.15, it clear that S is a minimum connected monophonic eccentric dominating set of G and so
’che(G) =8.

Case 2. s>r+2.
By an argument similar to Case 2 of Theorem 2.16, the required result can be got. g
The result of the above theorem contains v,.(Cs) and we can calculate v,,.(Cs) using

Theorem 1.2.

Theorem 2.19 If G =C, oW, (r <7), then

lrg—‘_*_r ifr=35and4<s<r+3,

Yeme(G) = 8 if r=4,6,7and 4<s<r+3,

(1 + Yme(Ws)) if s>r+3.

Proof By Theorem 1.1 and by an argument similar to Theorem 2.18, the required result

can be got. O

The result of the above theorem contains ,,.(Ws) and we can calculate ~,,.(Ws) using
Theorem 1.3.
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Theorem 2.20 IfG=C,o0 K, or G=C; 0 Ky, ,, and v = k(mod 8), then

L]+ ifr=35
3
8 if r=4,6,7,
che(G): _
w ifr>8and 0<k <3,
3r2—k ifr>8and 3 <k <8.

Proof By an argument similar to Case 1 of Theorem 2.18 and Case 1 of Theorem 2.14, the

required result can be got. O
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Abstract: Let G = (V, E) be a (p, q) graph,

1,2,---, L, if p is even,

M =

1,2,---, =L —2_ ifpisodd

and let x : V(G) — M be a bijection.For each edge xy assign the label [x(z)x(y)].x is called a
fractional product cordial labeling (simply called FP-cordial labeling) if |IL, (0) —II, (1)| < 1,
where II,(1) and II,(0) respectively denotes the number of edges labelled with 1 and not
labelled with 1. A graph with a fractional product cordial labeling is called a fractional
product cordial graph (Simply FP-cordial graph).In this paper we investigate the fractional
product cordial labeling behaviour of snake graphs, helm, sunflower graph and subdivision

of the comb graphs.

Key Words: Triangular snake, quadrilateral snake, slanting ladder, triangular ladder, fan
graph, flower graphs, Smarandachely FP-cordial labeling.

AMS(2010): 05C38, 05C76, 05CT8.

§1. Introduction

We consider finite, simple and undirected graphs only. Several types of cordial related concept
was studied in [1,4-20]. Labelled graph used in several area of science such as: coding theory, x-
ray crystallography, radar, astronomy, circuit design, communication network addressing, data
base management,etc [2]. The notion of FP-cordial labeling has been introduced in [12] and
also FP-cordial labeling behaviour of path, cycle, complete, star, wheel, book with triangle
pages, ladder, comb, double comb, bistar, subdivision of the star and subdivision of the bistar
have been studied in [12]. The number of vertices of a graph G is called the order of G and
number of edges is called the size of G. In this paper we investigate the FP-cordial labeling
behaviour of certain graphs, like subdivision of comb, subdivision of double comb, triangular

snake, quadrilateral snake, slanting ladder, triangular ladder, fan graph, flower graph, sunflower
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graph, helm and closed helm. [z] denotes the smallest integer > x.

82. Preliminaries

Definition 2.1([3]) The subdivision graph S(G) of a graph G is obtained from G by inserting

a new vertex of degree 2 on edge of G.

Definition 2.2([2]) The corona graph G1 ® Gy is the graph obtained from G1 and Gy by taking
one copy of G1 and n copies of Go and joining the it" vertex of G with an edge to the every
vertex in the it" copy of Gy where Gy is the graph of order n.

Definition 2.3([3]) Let G1 and G2 be two graphs with vertex sets Vi and Vo and edge sets
E1 Es respectively. Then the join G1 + G is the graph whose vertex set is V1 U Vo and edge set
is given by E1 U Ey U {uv : u € Viandv € Va}.

Definition 2.4([3]) The product graph G1 X G is defined as follows: Consider any two vertices
u = (ug,us) and v = (v1,v3) in V =Vy x Vo. Then u and v are adjacent in G1 x G whenever

[ur = v1 and ug adjacent to va] or [uz = vo and uy adjacent to vy].

Definition 2.5([2]) The graph L, = P, X Ky is called a ladder with 2n vertices and 3n — 2
edges.

Definition 2.6([2]) The triangular ladder, T(Ly) is a graph obtained from the ladder graph
L,, by adding the edges ujvji1,(1 < j <mn—1) where u;,v;(1 < j<mn),n>1 are the vertices
of L.

Definition 2.7([2]) A slanting ladder S(L,)(n > 2), is the graph obtained from two paths

Ul - - Up and V1V2 - - - Uy, by joining each v; with ujpq, 1 <j<n—1.

Definition 2.8([2]) The graph F,, = P, + K1 is called a fan graph where P, is a path.It has

n + 1 vertices and 2n — 1 edges.

Definition 2.9([2]) The triangular snake T,,(n > 2), is obtained from the path Py, : ujusg - - - Uy,
with V(T,,) = V(P,) U{v; : 1 <i < n—1} and edge set E(T,,) = E(P,) U {uv;, ujp1v; : 1 <
1 <n-—1}.

Definition 2.10([2]) A helm graph H,(n > 3), is a graph obtained from a wheel by attaching

a pendent vertex at each n-cycle vertex.

Definition 2.11([2]) A quadrilateral snake Qn(n > 3), is obtained from the path Py, : ujusg - - - unp,
by replacing every edge of a path by a cycle Cy, in such a way that each pair of vertices (w;, w;t1)
remains adjacent. That is, it is obtained from a path P, by joining u; and u;11 to new vertices

v; and w; respectively, and then joining v; and w; by an edge for 1 <i<n —1.

Definition 2.12([2]) The flower graph Fl,(n > 3), is the graph obtained from a helm H, by

joining each pendent vertex to the apex of the helm.
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Definition 2.13([2]) The sunflower graph S, (n > 3), is obtained by taking a wheel with central
vertex u and the cycle C,, : uyus - - - uyu1 and new vertices vi,vs, - -+ , v, where v; is joined by

vertices Ui, Uit1(modn)- 1hus the sunflower graph Sy, has 2n + 1 vertices and 4n edges.

Definition 2.14([2]) A closed helm CH,(n > 3), is the graph obtained from a helm H, by

joining each pendent vertex to form a cycle.

Definition 2.15([2]) The quadrilateral book graph B(4,n) with n-pages is defined as n copies

of cycle Cy sharing a common edge. The common edge is called the spine or base of the book.

Theorem 2.16([2]) The path P, is FP-cordial if and only if n ¢ {3,5}.

Theorem 2.17([2]) The cycle C,, is FP-cordial if and only if n > 6.

83. Fractional Product Cordial Labeling

Definition 3.1 Let G = (V, E) be a (p,q) graph,

2

2030 53 if p is even,

1,2, 0 2L 55, if p s odd.
and let x : V(G) — M be a bijection. For each edge xy assign the label [x(x)x(y)|. Then, x is
called a fractional product cordial labeling (simply called FP-cordial labeling) if |11, (0) —II,,(1)| <
1, where I1,(1) and I1,(0) respectively denotes the number of edges labelled with 1 and not
labelled with 1. A graph with a fractional product cordial labeling is called a fractional product
cordial graph (simply FP-cordial graph). Otherwise, if |IL,(0) —II,(1)| > 2, such a labeling x
is called a Smarandachely FP-cordial labeling.

Theorem 3.2 The subdivision of the comb P, ® K1, S(P, ® K;) is FP-cordial if and only if
n > 2.

Proof Let V(S(P, ® K1)) =A{x;,yj,2j: 1 <i<2n—-1,1<j <n}and E(S(P, ® K1)) =
{Ziziz1, oryj,y52; 1 1 <i<2n—2,1<j<n,k=1,3,--- ,4n—1}. Then it has 4n — 1 vertices
and 4n — 2 edges.

Assume n > 2. Assign labels 1,2, -+ 2n—1 to the vertices 1, 2, - - , X2,_1 and assign the
labels %, %, SRR %4_2 to the vertices 21, 22, - - , 2,. Now, assign the labels n%_?’, %4-4’ S ﬁ, %
to the vertices y1,42, -, yn. Therefore I, (0) = 2n — 1 and II, (1) = 2n — 1.

Since, S(P; ® K1) & Ps, the proof follows from Theorem 2.16. O

Theorem 3.3 The subdivision of the double comb P, ®2K,, S(P, ®2K) is FP-cordial if and
only if n > 2.

Proof Let V(S(P, ®2K1)) = {z;,v;,w;,y;,2; : 1 <i<3n—1,1<j<n}and E(S(P, ®
K1) = {ziziy1, Teyj, Y25, zpwj, wiv; 1 1 <i<3n—-2,1<j<nk=13,---,6n—1}. Then
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it has 6n — 1 vertices and 6n — 2 edges.
Assume n > 2. Assign labels 1,2,--- n to the vertices vy,v9, -+ ,v, and assign the
labels n 4+ 1,n + 2,--- ,2n to the vertices wy,ws, -+ ,w,. Now, assign labels 2n + 1,2n +

2,---,3n—1 to the vertices 1,22, -+ ,Tp_ 1 and assign the labels %, %, cee n+1 to the vertices
Ty Typly " 5 Top— 1 ‘We now as&gn labels to the vertices z1, 22, - , 2, and

1
n+37 ’ 3n+1

n+27 n+3"" ) 2n+1
to the vertices y1, y2, -+ , Yn. Therefore I, (0) =3n —1

assign the labels 5~ +2, 5
and II, (1) = 3n — 1.
As, S(Py ® 2K7) &2 Ps, the proof follows from Theorem 2.16. O

Theorem 3.4 The quadrilateral book graph B(4,n) is FP-cordial if and only if n > 2.

Proof Let V(B(4,n)) = {u,v,u;,v; : 1 < <n} and E(B(4,n)) = {uv, uu;, vv;, ujv; : 1 <
i <n}. Then, it has 2n + 2 vertices and 3n + 1 edges. This proof is divided into four cases.
Case 1. n is odd and n > 3.

Fix the labels 2,3,1 and 4 respectively to the vertices u,v,uq,v. Assign the labels

5,7,--+,n to the vertices us,us, - ,un—1. Now, assign labels %, é, s n+2 to the vertices
2

Un iy, Un_i g, ", Un. We now assign labels 6,8, -+ ,n+1 to the vertices vy, vs, - - - ;Vnt and

assign the labels 1 5 4, «++, —7 to the vertices vn_ R Therefore, IL, (0) = #

and TI, (1) = 3%t
Case 2. niseven and n > 2.

Fix the labels 2, 3, 1 and 4 respectively to the vertices u, v ul, v1. Assignlabels 5,7,--- ,n+

1 to the vertices ug, us, - -+ ,uz. Now, assign labels £, 1, -+, n+1 to vertices uzn 41, un 42, Un,

respectively We now assign the labels 6,8,---,n to the vertices va,v3, -+ ,vz and assign

the labels % 5 4, e 77#2 to the vertices vni1,vn49, -+ ,v,. Therefore, II,(0) = 3"—2"‘2 and
_ 3n

I, (1) = 3.

Case 3. n=2.

A FP-cordial labeling of B(4,2) is given in Figure 1.

bl

Figure 1
Case 4. n=1.

Since B(4,1) = C4, the proof follows from Theorem 2.17. O
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Theorem 3.5 The triangular snake graph T, is FP-cordial if and only if n > 4.

Proof Let P, : ujusg---u, be the path. Let V(T,,) = V(P,)U{y; : 1 <i <n—1} and
E(T,) = E(P,) U {uyi,yivi+1 : 1 <i < mn—1}. Then it has 2n — 1 vertices and 3n — 3 edges.

This proof is divided into three cases.
Case 1. nis even and n > 4,
Then the following subcases are arises.

Subcase 1. n > 6.

Assign labels 1,3, -+ ,n to the vertices uy, us, - - ,uz and assign the labels %, %, cee %ﬂ
to the vertices uziy,unio, -+ ,u,. We now assign the labels 2,4,---,n — 2 to the ver-
. - 11 1 :
tices y1,ya, - - ,yg_; a121d assign the 1a?l))els4 35 g3 O the vertices Yu Yntigs s Yn-1-
Therefore I1, (0) = %= and II, (1) = =%—=.
Subcase 2. n=4.
A FP-cordial labeling of T} is given in Figure 2.
¢ 1 1
2 3 5
1 3 1 1
2 4
Figure 2
Case 2. nis odd and n > 5.
Assign labels 1,3, -+ ,n — 2 to the vertices uy,us,--- sUn_t, respectively and assign the
labels %, i, cee n}rl to the vertices Ungt, Ungr g5 U Now assign the labels 2,4, --- ,n—1 to
the vertices y1,yo, - - - sYn1 and assign labels %, %, ceey % to vertices Yni g, Yntoy s Un1,

respectively. Therefore, II, (0) = 223 and II, (1) = 323

Case 3. n € {2,3}.

Suppose Tj, € Qype. If n = 2, since T, = ('3, the proof follows from Theorem 2.17. If n = 3,
the vertex labels are 1,2, %, %, i.
vertices then II, (0) = 0 and II, (1) = 6, a contradiction.

Suppose 1 and 2 are the vertex labels of the adjacent vertices then IT, (0) = 1 and IT, (1) = 5,

Suppose 1 and 2 are the vertex labels of the non adjacent

which is also not possible. O

Theorem 3.6 The quadrilateral snake Q,, is FP-cordial if and only if n > 4.

Proof Let P, : ujus---uy, be the path. Let V(Q,) = V(P,) U{v;,w; : 1 <i<n-—1and
E(Q.) = E(Py) U {uv;, viw;, wiu;yq : 1 <4 <n—1}. Then, it has 3n — 2 vertices and 4n — 4

edges. This proof is divided into three cases.
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Case 1. nis even and n > 4.

Assign labels 2,3, -+, ”T'"Q to the vertices ui, ug, -+ ,uz and assign the labels 1, (i) +
2,(242) + 4, , 322 to the vertices vy, vo, - - . Now assign the labels (%£2) + 1, (22) +
3, (3” 4) to the vertices wy, wa, - * - U)ﬂ_l and abblgn the labels 1 5,3 , e niQ to the vertices
UB 41, Uy, Up. We now assign labels n+4, nig, ceey 3n to the vertices wy—1, Wp—2,- - ,wa
and assign the labels n+6, nflo’ . ,3n 5 to the vertices vy_1,vn_2, " VB 4. Therefore,
I1,(0) = 2n — 2 and II (1) = 2n — 2.

Case 2. nisodd and n > 5.
Assign labels 2,3, - - | ”TH to the vertices uy, us, - - - yUn_t and assign the labels 1, ”+5, ”+9,
-, 3825 t0 the vertices vy, va, - - - ,Un=1. Now ass1gn the labels ot ndT L. (3223) to the ver-
tices wy, wa, - - s Wn—1 and asmgn the labels 2, 3, ceey n-24—3 to the vertices u - not gy Unst g, Un.

2
n+5’n+9"" ’3n 1

to the vertices Wn_1

We now assign the labels to the vertices vn— O R L and
2

assign the labels n+7, n+11,~-~ , 3n+1 Wn_i gy s W1 Therefore,

IT,(0) =2n —2 and I, (1) = 2n — 2.

+10

Case 3. n € {2,3}.

Suppose @y, € Qfpe. If n =2, Q2 = C4. Therefore, the proof follows from Theorem 2.17.

In the case of n = 3, the vertex labels are 1,2, 3, ;, 35 411, é If 1,2 and 3 are the vertex
labels of the non adjacent vertices, II, (0) < 1 a contradiction to the size of Q3 is 12.

If 1,2 and 3 are the vertex labels of the adjacent vertices, II, (0) < 3 again a contradiction

to the size of Q3 is 12. O

Theorem 3.7 If n > 2 then the slanting ladder S(L,,) is FP-cordial.

Proof Let V(S(Ly,)) = {xs,y; : 1 <i<n} and E(S(Ly,)) = {TiTit1, YiYit1, TiVit1 : 1 <
i <n —1}. Then it has 2n vertices and 3n — 3 edges. This proof is divided into two cases.

Case 1. nis odd and n > 3.

Assign labels 1,2, - - -, n to the vertices y1, ya, - - - , yn and assign the labels = nl 7ot %, ﬁ
to the vertices @1, 2, -+ ,x,. We have II,(0) = 323 and II, (1) = 223,
Case 2. nis even and n > 2.

Assign labels 1,2,--- ,n to the vertices y1,ys2, - ,yn and assign the labels m’ %, cee %
to the vertices x1,xo, - - . We have T, (0) = 324 and II, (1) = 22-2. O

Theorem 3.8 The triangular ladder T(L,) is FP-cordial if and only if n # 2.

Proof Let V(T(Ly) = {zs,y; : 1 <4 < n}and E(T(Ly)) = {@i%it1, YilYit1, Tilfit1, TiYi
1<i<n-—1}U{z,yn}. Then it has 2n vertices and 4n — 3 edges. This proof is divided into
three cases.

Case 1. n is odd.

Assign labels 1,3, -+ | n to the vertices y1,ya, - - - »Yngt and assign the labels %, ... 2
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to the vertices ynt1 nt1 -+ y,. Now, assign the labels 2,4,--- ., n — 1 to the vertices
Yy 3 +1ay 3 +2 » Y ) ) Ey )
: 101 2 :
L1, T2, Tnd and assign the labels w3 1o the vertices Tntyg, Tnt g Tn.

We have II, (0) = 2n — 2 and II, (1) = 2n — L.

Case 2. nis even and n > 4.

Assign labels 1,3, -+ ,n—1 to the vertices y1, y2, - - ,y2z and assign the labels %, %, SRR niﬁ

to the vertices yz 41,yz42,- -+, yn. Now, assign labels 2,4, -+, n to the vertices z1,x2, - ,z2
ai 1 1 2 H —

and assign the labels =7, =, -+, =37 to the vertices Toiy g, Tnct g5 Tn We have II,, (0) =

2n —1 and II, (1) = 2n — 2.

Case 3. n=2.

11
)99 3"
labels of the non adjacent vertices, II,(0) = 0 and II, (1) = 5, a contradiction. If 1 and 2 are
the vertex labels of the adjacent vertices, II, (0) = 1 and II, (1) = 4, not possible. O

Suppose T'(L2) € Qfpe. In this case the vertex labels are 1,2 If 1 and 2 are the vertex

Theorem 3.9 The fan graph F,, is FP-cordial if and only if n ¢ {2,3,4,6}.

Proof Let P, : ujug - - - u, be the path. Let V(F,) = V(P,) U{u} and E(F,) = E(P,)U
{uu; : 1 < i <n}. Then fan graph has n + 1 vertices and 2n — 1 edges. This proof is divided
into three cases.

Case 1. nis odd and n # 3.
Then, the following subcases are arises.
Subcase 1.1 n > 7.

Consider the central vertex u. Assign the label 3 to u. Now, assign labels 1,2,4,--- , ”T'H to
the vertices uq,us, -« - JUn_1 and assign the labels Un_1 Uy Therefore, II, (0) =

nand IL, (1) =n— 1.

+17'U/anl+2,"' s

Subcase 1.2. n € {1,5}.
If n =1, Fy 2 Py, the proof follows from Theorem 2.16. If n = 5, F5 is FP-cordial labeling

given in Figure 3.

I
Figure 3
Case 2. nis even and n > 8.
For the central vertex u is assigned by 3. Assign labels 1,2,4,---,% to the vertices
Uy, Uz, Un2 and assign the labels %,%,~-~ ’7%4 to the vertices Un2 1, Un2 95" s Un.

Therefore, I, (0) = n — 1 and II, (1) = n.
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Case 3. n € {2,3,4,6}.
Suppose Fj, € Qp. Then, the following subcases are arises.
Subcase 3.1 n =2.
Since Fy = Cj3, the proof follows from Theorem 2.17.

Subcase 3.2 n = 3.

11
1993
I1,(0) = 0 and II, (1) = 5, a contradiction. If 1 and 2 are the vertex labels of the adjacent
vertices, IL, (0) = 1 and II, (1) = 4, again a contradiction.

The vertex labels are 1,2 If 1 and 2 are the vertex labels of the non adjacent vertices,

Subcase 3.3 n =4.

The vertex labels are 1,2, %, %7 i. If 1 and 2 are the vertex labels of the non adjacent

vertices, I, (0) = 0 and II, (1) = 7, a contradiction. If 1 and 2 are the vertex labels of the
adjacent vertices, IT, (0) = 1 and II, (1) = 6, again a contradiction.

Subcase 3.4 n=6.

1111
1293475
2 or 3, I1,(0) < 4 a contradiction to the size of Fg is 11. If the central vertex is assigned by %

or % or % or %, I1,,(0) < 3 again a contradiction to the size of Fg is 11. O

In this case the vertex labels are 1,2,3 If the central vertex is assigned by 1 or

Theorem 3.10 The helm H, is FP-cordial for all n > 3.

Proof Let V(H,) = V(W,)U{z : 1 <i < n} where W,, = C,, + K1, C,, be the cycle
Y2 Yny1, V(K1) = {y} and E(H,) = E(W,) U {y;z; : 1 < i < n}. Then it has 2n + 1
vertices and 3n edges. The proof is divided into two cases.

Case 1. n is odd.

For the central vertex y is assigned by n-2',-1' Assign labels 1,2,--- ,n to the vertices
Y1,Y2, - ,Yn and assign the labels
11 2 2 1
2’37 'n—1"n+3" ‘n+2
to the vertices z1, 2o, - - - , z,,. Therefore,
3n—1 3 1
I, (0) = r and IL (1) = ntl
2 2
Case 2. n is even.
Consider the central vertex y. Assign labels % to y. Now, assign the labels 1,2,--- ,n to
the vertices y1, 2, -, yn and assign the labels
11 2 2 1
273’ 'n—2"n+4+2’ "n42
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to the vertices z1, 22, - - - , z,,. Therefore,

=

1
9

Figure 4

Theorem 3.12 The flower graph Fl,, is FP-cordial if and only if n > 4.

Proof Let V(Fl,) = {u,v;,w; : 1 <i<n} and E(Fl,) = {uv;, v;v;41, v,ws,uw; : 1 <@ <
n — 1} U {uvy,, 0105, Vpwy, vwy, }. Then, it has 2n + 1 vertices and 4n edges.

Assume n > 4. Consider the central vertex u. Assign the label 1 to u. Now, assign

labels 2,3,--- ,n — 1,1 n to the vertices v1,va,- -+ ,v, and assign the labels %, 1, L
the vertices wy,, w1, ws - -+, wyp—1. We have II, (0) = 2n and II, (1) = 2n.
When n = 3, suppose F'l,, € Qgp.. Then, the vertex labels are 1,2, 3, %, %, i, % In the case

1,2 and 3 are the vertex labels of the non adjacent vertices then II, (0) < 4, a contradiction to
the size of Fl3 is 12. But in the cases 1,2 and 3 are the vertex labels of the adjacent vertices
then II, (0) < 1 again a contradiction to the size of Fl3 is 12. O

Corollary 3.13 The sunflower graph S, is FP-cordial if and only if n > 4.

Proof Let V(Sn) = {7, 4,2 : 1 < i < n} and E(S,) = {2yi, Yi¥i+1,Yit12i = 1 < i <
n— 1} U{axyn, y12,}. Then it has 2n + 1 vertices and 4n edges. Assume n > 4. Let

2

1 1 . .
1203 g if p is even,

11 2 : :
5535 7@, lfplS odd

and let x : V(Fl,) — M be the FP-cordial labeling of flower graph in Theorem 3.12. Defined

*

X* 2 V(Sn) = M by x*(x) = x(u), x*(y:;) = x(vi) where 1 < i < n, x*(2;) = x(w;) where
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*

1 <4 < n. Since x is FP-cordial labeling, x* is also a FP-cordial labeling of the sunflower
graph S,.
In the case of n = 3, there does not exist a FP-cordial labeling of the sunflower graph as

in Theorem 3.12. O

Example 3.14 A FP-cordial labeling of Si2 is shown in Figure 5.

=1l

|~

—

[i

Figure 5

Corollary 3.15 The closed helm CH,, is FP-cordial if and only if n > 4.

Proof Let V(CH,) =V (H,) and E(CH,) = E(H,) U{ziziy1 : 1 <i<n—1}U{z12,}.
Then it has 2n + 1 vertices and 4n edges. Let n > 4. Take the vertex set of helm graph H,
as in Theorem 3.10. Clearly, the FP-cordial labeling x in Theorem 3.12 is also a FP-cordial
labeling of closed helm.

For the case of n = 3, as in Theorem 3.12, there does not exist a FP-cordial labeling of the
closed helm graph. O
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Abstract: We introduce the new concept of modulo two square mean labeling. A graph
is said to be modulo two square mean labeling, if there is a function ¢ from the vertex set
of G to {1,2,3,--n}, ¢' from the edge set of G to {1} where ¢ (uv) = [M—‘ mod
2. In this paper we Prove that the modulo two square mean labeling of some path related
graphs and H—graph with more than 3 vertices. Additionally, we provide a C' + 4 program

designed to determine the modulo two square mean labeling for the above mentioned graphs.

Key Words: Square sum labeling, mean labeling, root mean square labeling, Smaran-

dachely mean labeling.

AMS(2010): 05C78, 05C85.

81. Introduction

In this paper, we consider only simple, finite, undirected and non-trivial graph G = (V(G),E(G))
with the vertex set V(G) and the edge set E(G). Labeling of a graph G is an assignment integers
to vertices or edges or both following certain rules. A useful survey on graph labeling by
J.A.Gallian (2015) can be found in [1]. Labeled graph has its own applications in various fields
such as engineering, technology, etc. A particular type of labeling becomes more interesting
if there arises a number of problems that kindles the interest of the researchers. Prominent
among the types of labeling is square sum labeling [2],[3], [4], [5]. In this paper we deal only
finite, simple, connected and undirected graphs obtained through graph operations. Another
labeling has been introduced by Somasundaram and Ponraj [6] the notion of mean labeling of

graphs. A graph G with p vertices and ¢ edges is called a mean graph if there is an injective

1Received November 15, 2024. Accepted May 16, 2025
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function f from the vertices of G to {0,1,2,--- , ¢} such that when each edge uv is labeled with

M, if f(u)+ f(v) is even,
w, if f(u)+ f(v) is odd

then the resulting edge labels are distinct. Generally, let V' C V(G). If G\V’ has a mean
labeling ¢, then ¢ is called a Smarandachely mean labeling respect to V’ on G. The concept
of root square mean labeling has been introduced by S. S. Sandhya, S. Somasundaram and S.
Anusa in 2014. Meena. S and Mani. R investigated this labeling for some cycle related graphs.

§2. Basic Definitions

We use the following definitions in the subsequent section to prove the main result.

Definition 2.1([4]) A path is a trail in which all vertices are distinct.

Definition 2.2 The H-Graph of a path P,,n > 3 is obtained from two copies of vi,v2,v3, - Up

and uy, us, us, -+ - Uy by joining the vertices QEES and Ungt by an edge if n is odd and the vertices

vz and Uz if n is even.

83. Main Results

Theorem 3.1 The graph P,,n > 2 is a modulo two square mean labeling.

Proof Let v (P,) = {v;/1 <i < n} be the vertex set and E (P,,) = {e; = 1,1 <i <n—1}is
the edge set. The graph has n vertices and n-1 edges.
Let f: v — {1,2,---n} by defining the vertex labeling f (v;) = {i¢ forl < i < n}. Then

i _ | f)P+fwig1)? . .
the induced edge labels are f(e;) = | =5~ | mod 2,1 <i<n—1fore; € P, ifn > 2.
Then for every e € E(P,) is f (e;) = {1}. Hence f is a modulo two square mean labeling. O
Illustration 3.1 A modulo two square mean labeling of Ps is shown in Figure 1.

1 1 1 1

Figure 1. Modulo two square mean labeling of P;

Program 1

# include <iostream>
# include <cmath>
int main()

{
int n, x[100],y[100],v[100],i;
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std::cout << ”Enter The Number of Vertices n = ”;
std::cin>> n;

for(i=1; i <=mn; i++)

{

std::cout<< ”\n The Path of the Vertices of v|” << i << "] =" << i << ”\n";
x[i]= (*)+((+1)*(i+1));

yli]=ceil(float(x[i])/2);

}

for(i = 1;i <=mn;i++)

{

std:: cout<< ?\n” <<”The Square of the Edges of e(” << i <<”) =" << yli];
std:: cout<< P\t\t” <<” Edges of e(” << i << 7)) =" << y[i]%2;
std::cout<< "\n”; }

return 0;

}

Theorem 3.2 A graph G obtained by attaching each vertex of P, to the central vertex of K1 o
is a modulo two square mean labeling.

Proof Let G = P,, ® K1 2 be a graph obtained from a path P, with vertices u; and joining
the vertices v;, w; of K for the vertices u; of P,,, 1 < ¢ < n respectively.
Define f: V(G) — {1,2,3,---3n} to be

flu;)=3i—11<i<n,
fvi))=3i—21<i<n,
flw)=3i1<i<n.

by the definition of modulo two square mean labeling. The edges get labels
f(uguigr) = {W-‘ mod 2,1 <i<n-—1,
f (uv;) = [Ww mod 2,1 < ¢ < n,

I (uw;) = {W—‘ mod 2,1 < <n.
Clearly, f admits modulo two square mean labeling. O

Illustration 3.2 A modulo two square mean labeling of P3 ® K o is shown in Figure 2.

1 3 4 6
1 1 1 1
1 1
2 )

Figure 2. Modulo two square mean labeling of Pz ® K o
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Program 2

# include <iostream>

# include <cmath>

int main()

{

int n, i,c=0; int v[100],u[100],w[100];

int e1[100],e2[100],e3[100],e4[100],e5[100],e6[100];
std::cout<< ”Enter the Number of Vertices = ”;
std::cin>>n;

for (i=1;i<=n;i++)

{

i|=3%i-2;

[i}=
|=3%i-1;

—

v
u
std::cout<< ”\t The Vertices of v[’ << i << 7] =" << vli];
std::cout<< ”\t The Vertices of u[” << i <<”] =" << ulil;

std::cout<<” \t The Vertices of w[’” << i << 7] =" << wli];
std::cout<< " \n”;

std::cout<< "\n”;

for (i = 154 <=n;i++)

{

e3[i]=((u[i[*uli])+(v[i]*v[i));

ed[i]= ceil( float (e3[i])/2);

std::cout<<”\n Edges addition of e[’ << i << 7] =7 << e3[i] << "\t\t”;
std::cout<< "\t\t Edges of e[ << i << 7] =7 << ed[i]%2 << \t7;
}

for (1 =1;i <=mn;i++)

{

eb[i]=((ui[*uli])+(w{i]*wfi]));

e6[i]= ceil( float (e5]i])/2);

std::cout<< ”\n Edges addition of e[” << i+n <<”] =" << eb[i] << "\t\t”;
std::cout<< "\t\t Edges of e[” << i+n <<”] =7 << e6[i]%2 << "\t";

}

for (i=1; ij=n-1; i++)

{

elfil=((ulil*ufi])+(ufi+1*ufi+1]));
e2[i]= ceil( float (elli])/2);

std::cout<< "\n Edges addition of e[’ << 2xn+1i << 7] =" << elli] << "\t\t”;
std::cout<< "\t\t Edges of e[” << 2xn+1i<<”] =" << e2[1]%2 << "\t”;
}

return 0;

81
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}

Theorem 3.3 The graph K, 2 ® P, is a modulo two square mean labeling.

Proof Let G = K; 2 ® P, be a graph obtained by joining a pendant vertex of a path P,
with a star K » and let u be the central vertex of K 2. Let ui, us be the other vertices of K »
and let vy, v, - - - v, be the vertices of P,.

Define f: V(G) — {1,2,3,---n + 2} as follows:

flur) =1 and f(uz) =2, f(u=1v1)=3,

floig1)=3+d and 1 <i<n-—1

by the definition of modulo two square mean labeling. They are labeled as

F () = [f(m)%gf(vl)ﬂ mod 2,

f (ugvy) = {Ww mod 2,

f (wivig1) = [W—‘ mod 2,1 <i<n-—1.
Clearly, G admits modulo two square mean labeling. O

Illustration 3.3 A modulo two square mean labeling of K; 2 ® P3 is shown in Figure 3.

Figure 3. Modulo two square mean labeling of K 2 ® P3

Program 3

# include <iostream>
# include <cmath>
int main()

{

int n, i,j,c=0;

int v[100],u[100],w[100];
int e1[500],e2[500];
std::cout<< ”Enter the Number of Vertices of path Graph = 7;
std::cin>>n;

ul[l]=1;

u[2]=2;

v[1]=3;

std::cout<< ”\n The Vertices of u[” << 1<<”] ="

<< ull];
std::cout<< "\n The Vertices of u[” <<2<<7] =" << u

[2];
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std::cout<< "\n\n The path Vertices of v[” << 1 << 7] =" << v[l];

for (i=1i <=n—-1;i++)

{

v[i+1]=34+i;

std::cout<< ”\n The path Vertices of v[’ << i+1<<”?] =" << v[i 4+ 1];
}

std::cout<< " \n”;

el[1]=((u[1]*u[1])+(v[1]*v[1]));

e2[1]=ceil( float (el[1])/2);

std::cout<< "\n Edges addition of e[’ << 1 << "] =" << el[l] << "\t";
std::cout<< "\t\t Edges of e[” << 1 << 7] =" << e2[1]%2 << "\t”;
e1[2)=((uf2]*uf2])+ (v[1]*V[1);

e2[2]= ceil( float (e1[2])/2);

std::cout<< "\t\t Edges addition of e[’ << 2 << "] =7 << el[2] << "\t
std::cout<< "\t\t Edges of e[’ << 2 << "] =7 << €2[2]%2 << "\t”;

for(i =1;i <=n—1;i++)

{

el[i+2]=((v[i]*v[i])+ (v[i+1]*v[i+1]));
e2[i+2]= ceil (float (el[i+2])/2);

std::cout<< ”\n Edges addition of e[’ << i+ 2 << 7] =" << el[i+ 2] << "\t";
std::cout<< "\t\t Edges of e[” << i+2 << 7] =7 << e2[i + 2]%2 << "\t

}

return 0;

}

Theorem 3.4 The graph H, with odd n and n > 3, is a modulo two square mean labeling.

Proof Let H,,n > 3 be a H-Graph with vertex set {uy,ug,us, - un,v1,v2,0s, - Up}

and edge set {ujuit1,v0i41|1 < i < nm—1}U {UnTH v%ifnisodd}. Define f : v(G) —
{1,2,3,--- .2n} by

fo)=n+i, 1<i<n

by defining the edge labels

fle:) = {W-‘mod2forl<i<n—1,

fleign_) = [W—‘ mod2 forl1<i<n-—1,

Un+1 )2+f( Un2+1

flean—1) = P( — )T mod 2.

Then, for every e € E(P,,) is f(e;) = 1. Hence, the graph H,, , n > 3 and n is odd has a modulo

two square mean labeling. O
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Illustration 3.4 A modulo two square mean labeling of Hj is shown in Figure 4.

1 .« 10
1 1
29 *9
1 1
3 8
1 1
4 . 7
1 1
5 e * 6

Figure 4. Modulo two square mean labeling of Hy

Program 4

# include <iostream>

# include <cmath>

int main()

{

int n, i,j,c=0; int v[100],u[100];

int e1[100],e2[100],e3[100],e4[100],e5[1],e6[1];

std::cout<< ”Enter the Number of Vertices of H-Graph with odd Number of vertices = ”;

std::cin>>n;

for (i =1;i <=n;i+ +)
{

uli]=i;

v[i]=n+i;

}

for (i =1;i <=mn;i++)

std::cout<< ”\n The Vertices of u[” << i << 7] =7 << ulil;
std::cout<< " \n”;

for (i =154 <=n;i++)

std::cout<< "\n The Vertices of v[” << i << 7] =" << v[il;
std::cout<< "\n”;

for(i=1;i <=n—1;i++)

{

elfij=((ufi*ufi})+(ufi+1]*ufi+1]));

e2[i]= ceil( float (elli])/2);

std::cout<< ”\n Edges addition of e[’ << i << 7] =7 << elfi] << "\t";
std::cout<< "\t\t Edges of e]” << i << 7] =7 << e2[i]%2 << "\t”;

}
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for(i=1;i <=n—1;i++)
{

e3[i[=((v[iI*v{i)+(v[i+1]*v[i+1]));

ed[i]= ceil( float (e3]i])/2);

std::cout<< "\n Edges addition of e[’ <<n+i—1<<”]| =
std::cout<< "\t\t Edges of e[’ <<n+1i—1<<”]

}

7 << edli] << P\
=7 << ed[i]|%2 << "\t7;

e5[1]=((v[(n+1)/2]*v[(n+1)/2])+(u[(0+1)/2]*u[(n+1)/2]));

e6[1]= ceil( float (e5[1])/2);

std::cout<< ”\n Middle Edges addition of e[’ <<n+i—1<<”] =" << eb[l] << ”\t";
std::cout<< "\t\t Edges of e[” <<n+i—1<<”] =" << eb[1]%2 << "\t”;
return 0;

}

Theorem 3.5 The graph H,, ® K o

labeling.

where n is odd and n > 3 is a modulo two square mean

Proof Let G = H, ® K2 where H,, is a H—graph with vertices u1,us2,us, - -u, and

V1, V2,3, - Uy for 1 <7 < n. Let t;, s; be the vertices of K o attached at u;, and z;,y; be the

vertices of K o joined at v;. Define f: V(G) — {1, 2,

are as follows:
ft)=3i—2,1<i<n.,

f(s;)) =3i,1<i<n.,

f

~

(
(
flu) =3i-1,1<i<n.,,
(
(
(

f

by the definition of a modulo two square mean labeling

to be

fluty) = [f(“i)?f(t")ﬂ mod 2,

Flugs;) = f(ui)Z;f(Sif-‘ mod2,

f('Uixi) = f(”z)zgf(zz)z—‘ mod 27

f(viyi) = _f(vi)zgf(yi)z-‘ mod 2,

Ticp) =31—2,n+1<i<2n.,

Viep) =3i—1,n+1<i<2n.

-+« ,6n}, then the label to the vertices

. We define the edge labels are defined

fluiuizr) = [W—‘ mod2, 1<i<n-—1,
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f@wwﬁ[ﬂwﬂimﬂﬁwmwz l<i<n—l,

f(“ﬁf‘kf(vm)rz
2 2

f(UnTHUnTH): [ 5 —‘mon, if n is odd.

Hence, the edge label satisfying the a modulo two square mean labeling and H,, ® K 2 has

a modulo two square mean labeling. O

INlustration 3.5 A modulo two square mean labeling of Hs ® K 2is shown in Figure 5.

1 3 4 6 7 9 10 12 13 15
*
\
ﬁ\\v/g 1\1/4 ! }\\//Z :\\J//Z
\\
b, v
2 5 8 11 14

23 26 29
z}//\\s 3//\\§ 1/ \1 >//\\i }//\\i
16 18 19 2122 24 25 27 28 30

Figure 5. Modulo two square mean labeling of Hs ® K7 2

Program 5

# include <iostream>

# include <cmath>

int main()

{

int n, 1,j,¢=0; int v[100],u[100],w[100],t[100],s[100],x[100],y[100];
int e1[100],e2[100],e3[100],e4[100],e5[100],e6[100],e7[100],e8[100];
int €9[100],e10[100],e11[100],e12[100],e13[100],e14[100];
std::cout<< ”Enter the Number of Vertices of H-Graph with odd Number of vertices = ”;
std::cin>>n;

for (i = 1;i <=mn;i+ +)

{

t[i]=3*i-2;

s[i]=3*i;

ufi]=3%-1;

}

for (l=n+1;i <=2xn;i++)

{

x[i-n]=3%i-2;

y[i-n]=3%};

1=
=
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v[i-n]=3%i-1;

}

std::cout<< "\n”;

for (i =1;i <=mn;i++)

{

std::cout<< "\t The Vertices of t[’ << i << 7] =7 << t[i];
std::cout<< "\t The Vertices of u[” << i << 7] =7 << ulfil;
std::cout<< ”\¢ The Vertices of s[” << i <<?] =" << s[i];
std::cout<< "\n”;

}

std::cout<< 7\n”;

for (i=n+1;i<=2%*n;i+ +)

{

std::cout<< "\t The Vertices of z[" << i—n <<’ =" <<z
std::cout<< 7\t The Vertices of v[” << i—n <<7] =" << v[i —nl;
std::cout<< 7\t The Vertices of y[” <<i—n<<”] =" <<y
std::cout<< ”\n”;

}

std::cout<< "\n”;

for(i = 1;i <=mn;i++)

{

elfi]=((ufi/*ufi)+(t[]*t[]));

e2[i]= ceil(float (el[i])/2);

std::cout<< 7\n Edges addition of e[” << i << "] =7 << el[i] <<\t
std::cout<< 7\t Edges of e]” << i << 7] =7 << e2[i]%2 << "\t”;

}

for(i = 1;i <=mn;i++)

{

e3[i]=((ufi]*ufi])+(s[i]*s[i]));

ed[i]= ceil( float (e3]i])/2);

std::cout<< ”\n Edges addition of e[” << n+1i << "] =" << e3[i] << "\t7;
std::cout<< "\t Edges of e[” << n+1i<<7] =7 << ed[i]%2 << "\t”;

}

for(i = 1;i <=mn;i+ +)

{

e5[i]=((v[i[*v[i)+(x[i]*x[i]));

e6[i]= ceil( float (e5]i])/2);

std::cout<< ”\n Edges addition of e[’ << 2xn+1i <<”] =" << eb[i] << "\t";

std::cout<< "\t Edges of e[” << 2xn+1i<<7] =7 << eb6[i]%2 << "\t";

}
for (i =1;i <=n;i++)

{

87
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eT[il=((v iV +(y[il*y[i]));
e8[i]= ceil( float (e7[i])/2);

std::cout<< ”\n Edges addition of e[” << 3xn+1i << 7] =" << eT[i] << "\t";
std::cout<< "\t Edges of e[” << 3xn+1i<<7] =7 << e8[i]%2 << "\t";

}

for (i=1i<=n—1;i++)

{

e9[i]=((u[iJ*uli])+(ufi+1]*ufi+1]));
e10[i]= ceil( float (e9]i])/2);

std::cout<< "\n Edges addition of e[’ << 4dxn+i<<”] =" << e9[i] << 7\t";
std::cout<< "\t Edges of e[” << 4dxn+1i<<”] =7 << el0[i|%2 << "\t";

}

for(i=1;i <=n—-1;i++)

{

el1[i]=((v[i]*v[i]))+(v[i+1]*v[i+1]));
el2[i]= ceil( float (ellli])/2);

std::cout<< "\n Edges addition of e[’ << 5xn —1+1i<<7] =" << ell[i] << 7\t7;
std::cout<< "\t Edges of e[” << b5xn+i—1<<?] =" << el2[i|%2 << "\t”;
}

eB3[=((v[(n+1)/2]*v[(n+1)/2])+(u[(n+1) /2]*u[(n+1) /2]));
eld[1]= ceil( float (el13[1])/2);

std::cout<< ”\n Middle Edges addition of e[” << 6xn—1 << 7] =" << el3[1] << ”\t";
std::cout<< "\t Edges of e[” << 6xn—1<<”] =" << eld[1]%2 << "\t";

return 0;

}

84. Conclusion

In this Paper, we have introduced the new concept of modulo two square mean labeling of path,
path related graphs and H — class graphs. This new approach will be helpful to attack standard
conjectures and unsolved open problems.
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§81. Introduction

Bagdasaryan [1] showed the following result involving the Pochhammer symbol [2-4] and the

gamma function [5-8]:

For k,p,q € N,p > q, we have

r (%> _1-(p—qk A
r (k(z;%m) E b k—l_mz-i-;i-(k—l)mk Ftmat
(k—14+ma+--+mp)! [(92—(g—p)2]™
mal- - my! [ 2! ]
{(Q)kl(;_(qlg! P)k1] o [(q)k—k(?—p)k} k ’ O

R

where the sum runs over all partitions of (k — 1)
In this note, we obtain a simpler expression for such ratio of gamma functions.

§2. Ratio of Gamma Functions

In fact, we know [7] the property I'(z + 1) = 2I'(z). Then, it is natural the following sequence

1Received October 27, 2024. Accepted May 18, 2025
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of products

F(l—i—qkz) :F(l—p+qk+1>
b p

B 1—p+qkr(1—p+qk>

p p
1— _
_ p+qkr(1 2p+qk+1),
p p
1—p+qk1—2p+qkr<1—2p+qk>
p p p
1-— 1— 1-—
_ ptak kp—i—qk:r( k:le—qk)7 @)
p p p
and therefore
F<1+qk> 1
b
—_— = —(1 k — 1 k—2p)(1 k—3p)---(1 k—k
1“(1—<P—q>k) L+ ak=p)(1+gk = 2p)(1+qk = 3p)--- (14 gk — kp)
P
1k
= = [1+ak—rp)
p r=1
B {1—p+qk}
p k
- L—p+qgk\™
=5 () , (3)
m=1 p

as an alternative to the expression (1), with the participation of the descending factorial function
and the Stirling numbers of the first kind [7], [9]. If we observe the sequence (2) it is clear that
(3) is valid for p and ¢ arbitrary real numbers with p # 0, and £k =1,2,3,---.

Besides, we have the relation [7] following

re
5o = VA (4)

whose application for 5 = prqk implies the property

r () p—1-gk
(e = (=) . 5)

T (1—(p—q)k' p
P
which is compatible with (3) because we have the general relation

[2]e = (=1)*(~2)r.

Consequently, the equalities (3) and (5) are alternatives to (1).
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Abstract: The graph G = (V, E) consists of p vertices and ¢ edges. Let

p is even

[T

p= L
5=, pisodd,

and I' = {£1,+2,...,+p}. Consider a function A : V — T that allocates unique labels
from I' to the various vertices of V' when p is even and allocates a unique labels in I' to
p — 1 vertices of V, repeating a label for the remaining one vertex when p is odd. Then,
the labeling as mentioned above is called a pair mean cordial labeling (PMC-labeling) if for

every edge uv of G, there is a labeling

AFA) g Aw) + A) is even,
w if A(u) + A(v) is odd

such that [Sy, — Sx¢| < 1, and a Smarandachely PMC-labeling if [Sx, — Sac| > 2, where
SAl and SAT are denoted the number of edges labelled with 1 and the number of edges not
labelled with 1, respectively. A graph G that has a pair mean cordial labeling is called a
pair mean cordial graph (PMC-graph). In this research paper, we prove the existences of
the PMC-labeling of some tree related graphs like the X-tree, Y-tree, prism of wheel graph,

subdivision of bistar graph and coconut tree.

Key Words: X-tree, Y-tree, prism of wheel graph, subdivision of bistar graph, coconut

tree.

AMS(2010): 05C38, 05C76, 05CT8.

§1. Introduction

All graphs considered in this paper are simple, finite and undirected. Let G = (V(G), E(G)) be
a graph with p = |V(G)| vertices and ¢ = |E(G)| edges where V(G) and E(G) denote the vertex

1Received January 4, 2025. Accepted May 20, 2025
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set and edge set of a graph G. For all terminologies and notations of graph theory, we refer the
book of Harary [4]. The idea of graceful labeling was introduced by Rosa in [12]. Further results
on the radio number of trees were explored in [1]. Janani and Ramachandran [5] have worked
on relatively prime edge labeling of graphs. Sunitha and Sheriba [14] have been investigated
the Gaussian tribonacci R-graceful labeling of the path, comb, coconut tree, regular caterpillar
graph, Bistar graph and subdivision of Bistar graph. Zeen [15] proved that the existence of
edge d-graceful labeling for some cyclic related graphs like wheel graph, prism graph, double
wheel graph, prism of the wheel graph, gear graph, closed helm, butterfly graph, alternate
triangular cycle and friendship graph. The concept of cordial labeling was introduced by Cahit
in [2]. Some new families of 3-equitable prime cordial graphs were discussed in [13]. Product
cordial graph in the context of some graph operations on gear graph have been investigated
in [7]. Prajapati et al. [8] have studied the SD-prime cordial labeling of Kj-snake and related
graphs. For a dynamic survey on graph labeling, we follow the book of Gallian [3]. Also we
have introduced a PMC-labeling in [9] and the PMC-labeling behavior of more graphs like web
graph, jewel graph, sun flower graph, flower graph, tadpole graph, dumbbell graph, umbrella
graph, butterfly graph, jelly fish, triangular book graph, quadrilateral book graph, triangular
snake, alternate triangular snake, quadrilateral snake and alternate quadrilateral snake have
been investigated in [9-11]. In this paper, we investigate the PMC-labeling behavior of some
tree related graphs like the X-tree, Y-tree, prism of wheel graph, subdivision of bistar graph

and coconut tree.

82. Preliminaries

We present a few fundamental definitions that are essential for the upcoming section.

Definition 2.1([14]) The coconut tree CT,,,, is a graph obtained by connecting the center
vertex of K1, with a pendant vertex of the path Pp,.

Definition 2.2([14]) The bistar graph By, , is obtained from Ko by attaching m pendant edges
to one end of Ko and n pendant edges to the other end of Ks.

Definition 2.3([14]) The subdivision of bistar graph S(By, ) is obtained by subdividing each
edges of a bistar graph By, .

Definition 2.4([5]) The Y-tree Y, is a tree of three paths with exactly three vertices of degree
one, one vertex of degree three and other vertices of degree two.

Definition 2.5([5]) The X-tree X,, is a tree of four paths with exactly four vertices of degree
one, one vertex of degree four and other vertices of degree two.

Definition 2.6([15]) For n > 3, let {ug,u1,us,...,u,} be the vertices of the wheel graph W,
with hub vertez uy and {vo,vi,va,...,v,} be the vertices of W; a copy of the wheel graph W,
with hub vertex vo. The prism of the wheel graph W,,, PW,, is obtained by joining ug of W, to
the corresponding vertex vy of WT/L and each u; of Wy, to the corresponding verter v; of W,/L for
alli=1,2,...,n. te., PW,, = Ko x W,,.
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83. Main Results

Theorem 3.1 The X-tree X,, is a PMC-graph for all n.

Proof The vertex set and edge set of the X-tree X,, denoted by V(X,,) = {uo, wi, vs, Ti, y; |
1 <i<n}and E(X,) = {uou1, uov1, UoT1, UoY1, UiUit1, ViVit1, TiTip1, YiYiv1 | 1 <4 <n—1}
respectively. Then, X, has 4n edges and 4n + 1 vertices. Let A(ug) = 2, Alz;) = —1,
A(z3) = —n — 1 and A(y,) = 1. We have consider the two cases.

Case 1. n is odd.

First, assign the labels —1,—2,--- | *"2*1 and 3,4,---, "T% respectively according to the
vertices uy,us, ..., u, and Us, uq, - ,up—1. Then, assign the labels 22 247 'n + 2 and
_"2_3, _"2_5,...,711 to the vertices vi,vs, - ,v, and wvo,vy,...,v,_1 respectively. Also, as-
sign the labels —n — 2,—n — 3, -+, % and n+ 3,n+4,..., 3”2“ corresponding to the
vertices o, T4, ,Tp_1 and x5, x7,...,T,. Assign the labels #, %, --+,—2n and

%, %, -+ 2n to the vertices y1,¥ys, - ,Yn and yo,ys, - , Yn—_1 respectively.

Case 2. n is odd.

Assign the labels —1, -2,---, =" and 3,4, - - -, "TH according to the vertices uq, ug, - -+ ,up—1
and ug,uy4, - ,U,. Then, assign the labels _"2_2, _"2_4,~~ ,—n and "T"‘G, "T"‘S, coon 4+ 2 to
the vertices vy,vs, -+ ,vp_1 and vo, vy, -+ ,v, respectively. Consequently, assign the labels
-n—2,—nm—3,---, % andn+3,n+4, -, 37" corresponding to the vertices zs, x4, - , T,
and x5, 7, -+ ,T,_1. Finally, assign the labels %, %, -+, 2n and %, ’3’2“6, s, —2n
to the vertices 1,93, -+ ,¥n_1 and Yo, Y4, - ,Yn_2 respectively. In both cases, we have Sy, =
2n = SAT and the proof is complete. O

Example 3.2 A PMC-labeling of the X-tree X4 is given in Figure 1.

Figure 1

Theorem 3.3 The Y-tree Y,, is a PMC-graph for all n.

Proof The vertex set and edge set of the Y-tree Y,, are denoted by V(Y,,) = {uo, u;, v;, w; |
1 <i<n}and E(Y,) = {uoui, ugv1, upx1, Uilli+1, 0;Vi11, Wiwit1 | 1 <4 < n — 1} respectively.
Then, Y,, has 3n edges and 3n + 1 vertices. Let A(ug) = 2 and A(w,) = 1. We have consider
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the two cases.
Case 1. n is odd.

First, assign the labels to the vertices u;,1 <14 < n as in case (i) of Theorem 3.1. Then,

assign the labels _"2_3, _”2_5, -« ,—n—1and "7+5, "7”7 -+ ,n+1 to the vertices vy, vs, -+ , v,
and vg, vy, -+ ,vy_1 respectively. Subsequently, assign the labels —n — 2,—n — 3,-- -, %
andn+2,n+3,---, 3"2“ corresponding to the vertices wi, w3, -+ , w,_2 and wo, Wyq, -+ , Wp_1-

Hence Sy, = 3%+ and Sae = Sntl
Case 2. n is even.

Next, assign the labels to the vertices u;,1 < ¢ < n as in Case 1 of Theorem 3.1. So,

assign the labels _”2_27 %‘4, -+« —n and ”7"‘4, "T"‘ﬁ, -+« n—+ 1 to the vertices vy,v3, *+ ,Vn_1
and vg, vy, -+ , v, respectively. Label the vertex w; by —n — 1. Consequently, assign the labels
-n—2,-n—3,---, *7‘3” andn+2,n+3,---, 37” corresponding to the vertices wo, wy, - -+ , Wy_o
and w3, ws, -+ ,wy_1. Thus, Sy, = 37” = SA;.

Example 3.4 A PMC-labeling of the Y-tree Y5 is given in Figure 2.

Figure 2

Theorem 3.5 The prism of wheel graph PW,, is not PMC-graph for all n > 3.

Proof Let us consider the prism of wheel graph PW,,, n > 3. Let V(PW,,) = {ug, vo, s, v; |
1 <i < n} and E(PW,,) = {ugvo, upt;, uovs, wiv; | 1 <7 < n} U {ujtitr, untty, 0,041, vpv1 |
1 <4 < n — 1} denote, respectively, the vertex set and edge set of the prism of wheel graph
PW,. Then, PW, has 5n + 1 edges and 2n + 2 vertices. Suppose that the prism of wheel
graph PW, is a PMC-graph. We have the maximum possible number of edges designated with
a label 1 is 2n — 1. Consequently, the minimum number of edges that are not designated with
a label 1 is 3n + 2. Therefore, SAT — SAI >n+3>6 > 1, acontradiction arises. O

Theorem 3.6 The subdivision S(By, ) of bistar graph By, n is a PMC-graph for all m and n.

Proof Let V(S(Bmn)) = {uo,u, s, T0,00,v5,y; | 1 < ¢ < mandl < j < n} and
E(S(Bm,n)) = {uwowi, zu;, uoxo, ovo, voy;j, yjv; | 1 <i <mand1l < j < n} denote, respective-
ly, the vertex set and edge set of the subdivision of bistar graph S(B,, ). Then, S(By, ) has
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2m+2n+2 edges and 2m + 2n + 3 vertices. Let A(ug) = 2, A(vg) = —m —n—1 and A(zg) = 1.

Next we assign the labels 2,3,...,m + 1 and —1,—2,--- ,—m to the vertices uy,us, -, Un
and x1,Z9,- -+ , Ty, respectively. Consequently, assign the labels —m —1,—m —2,--+- | —m —n
and m+2,m+3,--- ,m+n+1 corresponding to the vertices vy, v, -+ ,v, and y1,Y2, - , Yn-
Thus,SAlzm—l—n—&—l:SAg. O

Example 3.7 A PMC-labeling of the subdivision of bistar graph S(Bs 4) is given in Figure 3.

Figure 3

Theorem 3.8 The coconut tree CT(m,n) is a PMC-graph for every m,n with |m —n| < 3.

Proof Let V(CT(m,n)) = {u;,v; | 1 < i < m,1 < j < n} and E(CT(m,n)) =
{uitig1,upv; 1 1 < i <m—1,1 <j <n}. Clearly, the coconut tree CT(m,n) has m +n — 1
edges and m + n vertices.

Case 1. |m—n|=0.
Then, m = n. We have to show that CT(m,n) is a PMC-graph.

Subcase 1.1 m is odd.

Let us assign the labels 2,3, --- ,mT“‘?’ and —1,-2,---, _"3“ according to the vertices
UL, U, 5 Uy and U, Ug, - -+, Upm—1. Next, assign labels _"5_1, _m2_3, -+, —m and mT'%, mT”,
- ,m corresponding to the vertices vy, v, - s Umg1 and Ums, Vmis, U1 Label the

vertex v, by 1.

Subcase 1.2 m is even.

If m = 2, define A(uy) = 2, A(ug) = —1, A(v1) = —2 and A(vy) = 1. Therefore,
Sa, = 1 and Sp; = 2. If m > 2, we assign the labels 2,3,---, ™2 and —1,-2,... =
to the vertices wy,us, -+ ,Um_1 and us,uy, - - , U, respectively. Further, assign the labels
_"QL_Q, _"5_4, -+« ,—m and mTH, mT'HS, -+, m corresponding to tIie vertices UL, V2, U and
Umiz, Umta, U1 Label the vertex v, by 1. In each cases, Sy, = m and Sy; =m — 1.

Case 2. |m —n|=1.
Then, m—n=1orm—n=—1.

Subcase 2.1 m —n=1.
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Then we have to prove that CT(m,m — 1) is a PMC-graph. Define A(u;) = 1. If m is odd,

we assign the labels 2,3, -+, 2t and —1,-2,--. , =2+ to the vertices us,us, -+ , Upm—1 and
. : —m—1 —m—3 +3 m45
us, us, "+, Um respectively. Now, assign the labels —5—, ="5==,--- | —m+1 and #53=, 5=, - - |
m — 1 corresponding to the vertices v, v, -+ ,Vm-1 and Vm+1,Vm+s, -+ ,Vm_o. Then label the
2 2 2
vertex v,,—1 by 2. If m is even, let us assign the labels 2,3, --- ,mT“ and —1,—2,--- ,%*2
to the vertices wug, g, , Uy and ug,us, -+, Uy,_1 respectively. Also, we assign the labels
=, =m=2 ... —m41and 4, mES . m — 1 corresponding to the vertices vy, vg, -+ vz
and Vmt2,Vmt4, -+ ,Vm_o. Finally label the vertex v,,—; by 2. Hence Sp, = m — 1 and
2 2

SAf =m—1.
Subcase 2.2 m —n = —1.

We have to show that CT(m,m + 1) is a PMC-graph. If m is odd, assign the label-
s to the vertices u;, 1 < ¢ < m as in Subcase 2.1 of Case 2. Next, we assign the labels

—m=l —m=3 ... _m and %,%7~~ ,m to the vertices v1,v2, - ,Vm+1 and Vm+s, Vmis,
2 2 2

2 0 2
-, Up, respectively. Then, label the vertex v,,11 by mT'H If m is even, then assign the la-

bels to the vertices u;, 1 < i < m as in Subcase 2.1 of Case 2. Also we assign the labels

—_m —m=2 m+6 |
207 2 2

v, correspondingly. Finally, label the vertex vp,41 by =*. Consequently, S, =m = SA?'

c,—Mm and mTH, -, mto the vertices V1,V2,* y Um+2 and Vm+4,Um+6,* ",
2 2 2

Case 3. |m—n|=2.
Then,m —n=2orm—n= —2.
Subcase 3.1 m —n = 2.

Now we have to prove that CT(m,m — 2) is a PMC-graph. Assign the labels to the
vertices u;, v, 1 <i<m,1<j<m—2 as in subcase (7) of case (ii). Hence Sp, =m — 1 and

SA; =m — 2.
Subcase 3.2 m —n = —2.

We have to show that CT'(m,m + 2) is a PMC-graph. If m is odd, assign the labels

2,3, @ and —1,—2,--- | _”3“ according to the vertices uy, us, - -+ , U, and U, Ug, -+, Upp—1.
Next, assign the labels %ﬁl, %*3, ,—m — 1 and mT%,mT”,~-~ ,m + 1 to the vertices
V1, V2,00, Umds and Umts, UmaTs s Ut respectively. Then label the vertex vy, 42 by 1. If
m is even, we assign the labels 2,3,--- ,mT“ and —1,-2,--+, =" corresponding to vertices
UL, U3, Um—1 and ug, Ug, - -+, Uy. Moreover, we assign the labels %‘2, %_4, e, —m—1
and mTH, mT'HS, ---,m+ 1 according to the vertices vy, vo, - - yUms2 and Umtd, Umts ;= U1

Finally label the vertex v,,4+2 by 1. Therefore, SAl =m and SAf =m+ 1.
Case 4. |m —n|=3.
Then, m—n=3orm—n=—3.
Subcase 4.1 m —n = 3.
We have to show that CT'(m, m+3) is a PMC-graph. Define A(u;) = —m+2 and A(uz) = 1.

If m is odd, we assign the labels 2,3, ..., mT'H and —1,—2,---, _";"'3 according to the vertices

U3, Us, ** 5 Uy and Ug, Ug,* -, Um—1- Next, we assign the labels %ﬂ,%*l,-“ ,—m + 3
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and Vm_1,Umi1, o, Un—q to the vertices vy, vs,... ) Um_3 and m+3 m;5,~-~ ,m — 2 rebpec—
tively. Then label the vertex v,,_3 by 1. If m is even, then ass1gn the labels 2,3,..., % and
-1,-2,--- m+ corresponding to the vertices ug, us, -+ ,Um_1 and ug, ug, - -+ , Upy,. Further,
we assign the labels =, T 2 ... —m+3and %“'2, mTH, -+ ,m— 3 according to the vertices
V1, V2, U and v¥,v%, -+ Um—_yq. Finally, label the vertex v,,_3 by 1. Subsequently,
Sa, = SAc m — 2.

Subcase 4.2 m —n = —3.

We have to show that CT'(m,m+ 3) is a PMC-graph. Now assign the labels to the vertices
Ui, V5, 1 <i<m, 1 <j<m+2 asin Subcase 3.1 of Case 3. If m is odd, then label the vertex
m—1 "Tf m is even, label the vertex v,,;3 by mTH Hence SAl = SAg =m+1. O

Theorem 3.9 The coconut tree CT(m,n) is not PMC-graph for every m,n with n —m > 4.

Proof 1If possible, let CT(m,n) is a PMC-graph. If the edge uv receives the label 1, the
possible results are either A(u) + A(v) =1 or A(u) + A(v) =

Case 1. n —m is odd.

Then, the maximum possible number of edges designated with a label 1 is m + 1. Subse-
quently, the minimum number of edges that are not designated with a label 1is ¢ — (m+1) =

n — 2. Therefore, Sye —Sp, >n—2— (m+1)=n—m—3>2>1, we get a contradiction.
Case 2. n —m is even.

Then, the maximum possible number of edges designated with a label 1 is m. Consequently,
the minimum number of edges that are not designated with a label 1 is ¢ — m =n — 1. Thus,
Sae =Sa, 2n—1—m=n—m—12>3>1, a contradiction arises. O

Theorem 3.10 The coconut tree CT(m,n) is a PMC-graph for every m,n with m —n > 4.

Proof Clearly, the coconut tree CT(m,n) has m +n — 1 edges and m + n vertices.
Case 1. m =0 (mod 4).
Subcase 1.1 n =0 (mod 4).

Let us assign the labels 2,3, - - - 7%’”‘4 and —1,-2,.-., === according to the vertices
UL, Uy, Umtn—2 and Uz, Ug, - - s Umdgn . Label the vertex Umdtnta by *’"%H. Also we as-

2
sign the labels

—mon=8 mintd apd —men—l2 mintl2 g the “ertices Umtpts, Umipto and

Umints, Uminiio respectively. This process Should be repeated until the label 1is a851gned to

Uy,. Subsequently, assign the labels %‘2, m+2 and ﬂ, m—“ corresponding to the vertices
v1, v and vz, v4. This process should be repeated until the labels 5, mT’L” are assigned to
Un—1,Un-
Subcase 1.2 n =1 (mod 4).
Assign the labels 2,3, -+, 24T and —1, -2, , =2=1EL {6 vertices ug, ug, -+ , Umntr
—m—n—7 —m—n—3 2

and us, Uy, - - - s Umin respectively. So assign the labels according to the

4 b
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vertices Um+nts,Umints. Assign the labels 7"“4”*11, m+2+11 and *m*4"*15, m+z+15 to the
2 2

vertices Umtn+7, Umtnts and Umtn+11, Umtnt13 respectively. This process should be repeated
2 2 2 2

7r2L 2 7n+2 and —'rn 47 7n+4

until the label 1 is assigned to u,,. Subsequently, assign the labels

according to the vertices vy, v2 and vz, vy respectively. This process should be repeated untll

the labels M L"l are assigned to v,_o,v,_1. Finally, label the vertex v, by *m%”“

9

Subcase 1.3 n =2 (mod 4).

Assign the labels 2,3, -+, ™46 and —1, -2, ... | =1=1E2 {6 the vertices ui, ug, -+ , Umtn
2

and ug,Uyq, -+ ,Umin—2 respectively. Then, assign the labels _’”Z”_G, _mjl"_z according to
2

—m—n—10 m+4n+410 —m—n—14 m+4n+14
1 , e and 1 v 4

the vertices Umint2, Uminta. Next, assign the labels
to the vertices Umtnto, Umints and Umtnt10, Umins1z respectively. This process should be
repeated until the label 1 is assigned to u,,. Subsequently, assign the labels to the vertices v;,
1 <7 <n asin Subcase 1.1 of Case 1.

Subcase 1.4 n =3 (mod 4).

Also assign the labels 2,3, - | %’”5 and —1,—-2,--- | _m%”_l according to the vertices
UL, U3, "y Umin—1 and Ug, Ug, - ,Umint1. Label the vertex Umins by M Next, assign
2
the labels *m%”*g, %’”9 and *m*4”*11, ml”*” according to the Vertlces Umtnts , Umtnt?
2 2

and Umtnto , Umdtniin - This process should be repeated until the label 1 is assigned to w,,.
Consequently, assign the labels to the vertices v;, 1 < j < n as in Subcase 1.2 of Case 1.

Case 2 m =1 (mod 4).
Subcase 2.1 n =0 (mod 4).

Now, assign the labels to the vertices u;, 1 <7 < m — 2 as in Subcase 1.2 of Case 1. Then,

assign the labels =—5—,1 according to the vertices um—1,um. Label the vertex v; by m+1

Assign the labels _"; 3, m3 gpd =m=5 mT'% to the vertices vy, v3 and vy, vs respectively. ThlS

2 2
process should be repeated until the labels _m%"l'l, %"_1

—m— n+1

are assigned to v,_s,v,_1. Finally,

label the vertex v,, by
Subcase 2.2 n =1 (mod 4).

In this case, assign the labels to the vertices uw;, 1 < i < m — 2 as in Subcase 1.3 of

Case 1. Then, assign the labels Ll , 1 according to the vertices u,,_1,u,,. Label the vertex

v1 by m+1 Also, assign the labels M, m—'l'?’ and —"5= —m=5 m—% corresponding to the vertices
Vg, U3 and v4, 5. This process should be repeated unt1l the labels =, m;” are assigned to
Un—1,Un-

Subcase 2.3 n =2 (mod 4).

Assign the labels to the vertices u;, 1 <47 < m—2 as in Subcase 1.4 of Case 1. Next, assign

the labels _73_17 1 according to the vertices u,,_1, u,,. Consequently, assign the labels to the

vertices v;, 1 < j < n as in Subcase 2.1 of Case 2.
Subcase 2.4 n =3 (mod 4).

Subsequently, assign the labels to the vertices u;, 1 < i < m — 2 as in Subcase 1.1 of Case
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—m—1
2

the vertices vj, 1 < j < n as in Subcase 2.2 of Case 2.

1. Also, assign the labels , 1 corresponding to the vertices t,, 1, u,. Assign the labels to

Case 3. m =2 (mod 4).
Subcase 3.1 n =0 (mod 4).
This proof is consistent with Subcase 1.3 of Case 1.
Subcase 3.2 n =1 (mod 4).
This proof is consistent with Subcase 1.4 of Case 1.
Subcase 3.3 n =2 (mod 4).
This proof is consistent with Subcase 1.1 of Case 1.
Subcase 3.4 n =3 (mod 4).
This proof is consistent with Subcase 1.2 of Case 1.
Case 4. m =3 (mod 4).
Subcase 4.1 n =0 (mod 4).
This proof is consistent with Subcase 2.3 of Case 2.
Subcase 4.2 n =1 (mod 4).
This proof is consistent with Subcase 2.4 of Case 2.
Subcase 4.3 : n =2 (mod 4).
This proof is consistent with Subcase 2.1 of Case 2.
Subcase 4.4 n =3 (mod 4).

This proof is consistent with Subcase 2.2 of Case 2. O

Example 3.11 A PMC-labeling of the coconut tree CT'(8,4) is given in Figure 4.

Figure 4

84. Conclusion

The PMC-labeling behavior of some tree related graphs like the X-tree, Y-tree, prism of wheel
graph, subdivision of bistar graph and coconut tree have been investigated in this paper. It is

still available to future work to establish the PMC-labeling for more graph families.
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Abstract: Spivey obtained an identity for Bell numbers, here we give an elementary proof
of it and we show that it gives a recurrence relation for Z;‘:O ijLj ], which shows that these
quantities involving the Stirling numbers of the second kind are linear combination of the

B(k).
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§1. Introduction

Spivey [1]-[4] gave a combinatorial proof of the identity following

Blm+n) =351 ) st B, )

3=0 k=0
for the Bell numbers [5],[7] and
B(n)=)_ s, (2)
q=0

where S is a Stirling number of the second kind [6]-[12].
On the other hand, we know the Dobinski’s formula [6], [7], [13]-[15] following

oo n

ZS,[LQ]:L"I =e” ﬁxk, n >0, (3)
q=0 k=0

1Received November 30, 2024. Accepted May 24, 2025
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which for x = 1 implies the expression

1 X kn
Bn)=-5S"2.
(n) e];)k:!

Spivey [1] comments that the quantities

Ar :Z]TS%], 7"20,
=0

(5)

for a given m = 0,1,..., can be expressed as a linear combination of Bell numbers. In Sec. 2

we use (4) to give an elementary proof of (1), and we deduce a recurrence relation for (5), in

harmony with this affirmation of Spivey.

82. Spivey’s Identity

Here we exhibit a simple demonstration of (1). First, we perform the following calculation

k=j q=0 r=0 r=0

Besides, let’s remember the property ([6], [16])

Then

|
Q| =
NE

n
3%
gk
=
|
=

in according with (1).

From (1),
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then in this recurrence relation for the quantities (5) we can employ n = 0,1,2,--- to obtain

each A, as a linear combination of Bell numbers. In fact, for a given integer m,

m+ 1) B(m),
m+2) — 2B(m + 1),
m +3) —3B(m + 2) + B(m),and so on (9)

Now, the Euler’s operator ( scd%)m ([6],[15],[16],[17]) can be applied to (3) to deduce the

following explicit formula for (5),

A= 30 () S aspisi, mn), (10)

which is compatible with the values (9); we can consider that (10) is the inversion of (8). The

combination of (9) and (10) implies interesting identities. For example,

n—1

Z on—k (Z)B(k:) =B(n+2)— B(n+1)— B(n),

k=0

nz 3nk (Z)B(lc) =B(n+3)—-3B(n+2)+2B(n+1)— B(n). (11)
k=0

Spivey [18] obtained the following property

n m

ST (=1EEmSE = ST (171888, (12)

k=0 =0

which can be seen as companion of (10), and for m = 1 gives the known relation for the
harmonic numbers ([6], [19], [20])

n n L ( 1)n+1 (2)
— § Frsk) — =55 (13)
k=0

in terms of Stirling numbers of the first kind ([3], [6], [7], [19], [20]).
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Abstract: The evolution of decision-making processes and medical diagnosis has been sig-
nificantly influenced by advances in fuzzy soft set theory (FSS) and its extensions. This
paper delves into the use of interval-valued intuitionistic fuzzy soft matrices (IVIFSMs) to
improve the accuracy and reliability of medical diagnoses, focusing on viral diseases. Usu-
ally, traditional methods struggle with the uncertainties and complexities of medical data.
Therefore, building upon the integration of fuzzy set theory and soft set theory, IVIFSM
offers a sophisticated approach to handling uncertainties inherent in medical data. This
study demonstrates how IVIFSM can provide healthcare professionals with a more robust
tool to make informed decisions, thereby improving diagnostic results. Through a detailed
examination of theoretical foundations, methodological innovations, and practical applica-
tions, this article underscores the potential of IVIFSM to revolutionize medical diagnosis

and decision-making frameworks.
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§1. Introduction

In these days, the pattern of decision-making and medical diagnosis has undergone a significant
transfiguration with the approach of fuzzy set theory and its consequent extensions. Having
accurate and trustworthy decision-making tools is essential for medical diagnosis. Conventional
techniques frequently find it difficult to handle the ambiguity and complexity of medical data.
This has led to the research of fuzzy soft sets and their variations. However, in current days,
almost all of our substantial problems in modern life, such as socio-economic development,

medical discipline, and engineering fields of study, we experience uncertainties, inexact circum-

1Received March 1, 2025. Accepted May 26, 2025
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stances, and ambiguity, which involve rough data, and a certain amount of these problems are
predominantly humanistic. Over the last few years, several theories and methodologies have
been exhibited to act with certain ambiguity and inexact data, like probability theory, fuzzy
set theory, fuzzy sets and systems, soft set theory, etc. Lotfi Zadeh [1] introduced the notion of
Fuzzy set theory, which provided a way to handle uncertainty and imprecision in various fields.
Then the concept of intuitionistic fuzzy set (IFS) theory was introduced by K. T. Attanassov [2],
in which each element of IFS is formed with membership and non-membership degrees between
0 and 1, offering an even preferable way to model and analyze uncertain information. After
a while, Attanasov and Gargov [3] bring out the concept of interval-valued intuitionistic fuzzy
set (IVIFS), which is an extension of IFS; and draw out the membership and non-membership
degrees with intervals between 0 to 1. However, traditional fuzzy sets theory and fuzzy systems
had limitations when addressing more complex and ambiguous scenarios. To address these chal-
lenges, Molodstov [4] introduced the soft set theory, which offers a new mathematical method
to manage uncertainties without relying on traditional probabilistic approaches. Researchers
like Maji [5-7] and Roy [8] furthered the idea of the soft set by combining fuzzy set theory
with soft set theory, creating the concept of fuzzy soft sets (FSS) and those properties of fuzzy
soft union, intersection, complement, etc. This combination allowed for more sophisticated
handling of uncertainty through operations like intersection, union, and complement, making
these theories more applicable to real-world problems, especially in decision-making and medi-
cal diagnosis. Afterward, Ahmad and Kharal [9] develop and enhance the analysis of Maji on
FSS, which include study of the union, intersection, De Morgans Inclusions and De Morgans
Laws in FSS theory. In the study of Neog and Sut [10] they demonstrated the concept of fuzzy
soft sets and complement of fuzzy soft set in a new away that accommodated every obligation
of complement of a classical set. In recent years, implementation of FSS in several fields of
discipline and humanistic circumstances has been analyzed by many researchers [11-16]. In [13]
De et.al. revised and review Sanchezs [15,16] method of medical diagnosis focuses onto intu-
itionistic fuzzy set. Base on intuitionistic fuzzy soft set Saikia et.al. [14] modified De et.al. [13]
method. Moreover, Chetia and Das [11] analyze Sanchezs [15,16] proposed method of medical
diagnosis founded on IVFSS to develop the methodology of De et.al. in [13]. The notion of
interval-valued intuitionistic fuzzy soft set (IVIFSS) was introduced by mathematician Jiang
et.al. [17].

Though decision-making to engineering and medical applications, matrices are very effec-
tive for addressing various everyday problems, traditional matrices, often face challenges with
uncertain issues. To overcome these challenges, Chetia and Das [12] proposed intuitionistic fuzzy
soft matrices (IFSM), which come with operations and properties designed to handle this uncer-
tainty better. Hereinafter Zulqarnain et. al. created a decision-making method [18-20] known
as the interval-valued fuzzy soft max-min decision-making method that uses interval-valued
fuzzy soft matrices to improve decision-making and medical diagnoses and includes comparing
the performance of fuzzy soft matrices with interval-valued fuzzy soft matrices. Meenakshi
and Kaliraja [21] provided techniques to apply Sanchezs approach to medical diagnosis us-
ing interval-valued fuzzy matrices, in which they introduced the arithmetic mean matrix of an

interval-valued fuzzy matrix and applied Sanchezs [15, 16] method directly to this mean matrix,
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showing how it can be effectively used for medical diagnosis. Focus on IFSMs Zulgarnain et.al.
[20, 22, 23] proposed a disease diagnosis methodology, in which IFSM is utilized for diagnosis
in patients who suffer from different diseases.

All these innovative ideas are used in our study to provide a unique approach to identi-
fying diseases according to the data exhibited. The research initiative intends to increase the
precision and dependability of medical diagnosis by utilizing interval-valued intuitionistic fuzzy
soft matrices focus on to Zulgarnain et.al. proposed method [23] for medical diagnosis, which
provides healthcare workers with improved instruments for making informed decisions. This
research is built on the basic principles of IVIFSs, IVIFSMs and their combination provides a
comprehensive framework for dealing with uncertainties in medical diagnosis. To do so, in sec-
tion 2 we give an abridge discussion of theoretical foundations of IVIFSs, IVIFSSs and IVIFSMs.
In sections 3, we explore the methodological developments of these concepts and developed an
established methodology based on IVIFSMs to get an optimal result for medical diagnosis. In
Section 4, we demonstrate a hypothetical example to illustrate the execution functioning of the
proposed method with a particular focus on their role in improving decision-making processes
and the accuracy of medical diagnosis. The discussion and consequences are narrated in Section
5.

82. Preliminaries

In the following, we concisely review some basic concepts of IFS, IVIFS, soft set (SS), intu-
itionistic fuzzy soft set (IFSS), IVIFSS and IVIFSM that will be applied in the subsequent
section. For convenience in this study, we assume Ny = {1,2,3,--- ,r}, No = {1,2,3,--- s},
and N3 = {1,2,3,--- ,t}, in all respects.

Definition 2.1 Let K be the domain of objects. An IFS v in K defined as the ordered triplet

v={(, (@), () | @ € K}, (1)

where p, : K — [0,1] and v, : K — [0, 1] described the membership and non-membership grade
according to the objects o € K and the relation p, (o) + v, () < 1 holds for each o € K.

Definition 2.2 Let K be the domain of objects. An IVIFS v in K defined as the ordered triplet

v={(a, (), (a)) | a € K}, (2)

where i, (a) = [uL(a), p¥ ()] € [0,1] and v, (o) = [yE(a),7Y ()] C [0,1] are intervals and the
relations 0 < pk(a) < p¥(a) < 1,0 < vE(a) < 4Y(a) <1 and pY(a) + v (a) < 1 holds for
each a € K.

Definition 2.3 Let K be the domain of discourse and o be the set of parameters with w C
o. A pair (Q,w) is studied as a soft set under the domain of discourse K, where Q : w —
P(K), such as Q(e) = ¢, if € ¢ w and P(K) represent the power set of K.

By harmonizing the idea of IFS with soft set theory Maji et al. [7] present the notion of
IFSS.
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Definition 2.4 Let K be the domain of discourse and o be the set of parameters with w C o.

A pair (Q,w) is studied as an intuitionistic fuzzy soft set on the domain of discourse K, where
Q:w— S(K) such that Qe) =0 if e ¢ w

and S(K) represents the set of all intuitionistic fuzzy subsets of K. Conventionally, for every

€ € w, Qe) describes an intuitionistic fuzzy subset of K and can be formed as

Q(e) = {(a7/1152(5)(a)77§2(e) (a)) | (ORS K}7

where pige) () and Yoo () explain the membership and non-membership degree of o, respec-
tively. The collection of every IFSS on K according to the parameter set w C o is acquainted
as the intuitionistic fuzzy soft class and is denoted as IFSC(K, o).

Definition 2.5 Let K be the domain of discourse and o be the set of parameters with w C o.
A pair (Q,w) is studied as an interval-valued intuitionistic fuzzy soft set on the domain of
discourse K, where

Q:w— QY(K) such that Qe) =0 if e ¢ w

and SS(K) represents the set of all interval-valued intuitionistic fuzzy subsets of K. Conven-
tionally, for every e € w, Q(e) describes an interval-valued intuitionistic fuzzy subset of K and

can be formed as
Qe) = {(a, pae) (@), Yo (@) | @ € K},

where pige) () and Yoo () explain the membership and non-membership degree of o, respec-
tively. The collection of every IVIFSS on K according to the parameter set w C o is acquainted

as the interval-valued intuitionistic fuzzy soft class and is denoted as IVIFSC(K, o).

Definition 2.6 For the set of parameters o = {e1,€9,...,e,}, the complement of o is elicited

by —o and is illustrated as —o = {—e1,—ea, ..., me,}, where —e; = not €;.

Definition 2.7 We elicit the complement of an IVIFSS (Q,w) as (Q,w)C and is described as

where the mapping Q° : ~w — IS(K) is formed as
98(5) = {{, pa(-e) (@), Ya(-e)(@)) | @ € K and ¢ € —~w}.

Definition 2.8 Let K = {a1, a2, -+ ,ay} be the domain of discourse and o = {e1,e2, -+ ,&n}
be the set of parameters with w C o. Presume (Q,w) to be a FSS in the fuzzy soft class (K, o).
Then, the matriz form of F.SS (w,Q) is defined as wmxn = {®jtmxn, wherei =1,2,--- ,m
and j =1,2,--- ,n. Here

0 ifej dw

Q5 = )
wila;) ife; €w

and p;(oy) stands for the membership degree of a; for the fuzzy set Q(e;).
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Definition 2.9 Let K = {«a;}, be the domain of discourse and o be the set of parameters
withw C o = {e;}]_;. Presume (Q,w) to be an IVIFSS over K. Then, the matriz form of the
IVIFSS (Q,w) is defined as wmxn = {®jtmxn, 1 =1,2,--- ;mand j =1,2,--- ,n. Here

([030]’[1a1]) if&?j%b.)

Here [uf(ai),ugj(ai)] and [WJ-L(ozi),'y]U(ai)] explain the membership and non-membership
degree of each «; for the IVIFS Q(g;).

Definition 2.10 Consider two IVIFSMs wmxn = {0ij }mxn and ©mxn = {Bijtmxn. Then, the

addition and subtraction of Wy xn and Emxn are defined as

w+ ¢ = ([max(ul, pk), max(n], pJ)], [min(y5, %), min(vJ,7J)]) (3)

and

Ww—=@= ([min(:uf;a Hf;% min(,ug, /-Lg)L [max(mfa 75)7 max(’yg, Vg)]) (4)

Definition 2.11 Consider two IVIFSMs wyxn = {®ij }mxn and @mxn = {Bij}mxn- Then, the

mazr-min composition of Wy xn and mxn 1S defined as
wxp = ([max(min(u], 1)), max(min(pg, uf))], [min(max(v5,~%)), min(max(v7,77))]). (5)

Definition 2.12 Consider two IVIFSMs wpxn = {ij }mxn and @mxn = {Bij}mxn. Then, the

geometric mean (GM) of Wmxn and Omxn s defined as

wo = (/1 - s\ 1l - 1) AL - Y - AYD). (6)

In particular, the GM of wmxn = {Qij}mxn s given as

CM(wmocn) = (k- ul /2 1Y) (7)

Definition 2.13 Consider two IVIFSMs wpxn = {®ij}mxn and @mxn = {Bij}mxn- Then, the
harmonic mean (HM) of wmxn and ©mxn is defined as
) : (8)

2.~L AL 9 AU U

ww( vE AL 297 AT
2. L. U 2. L .U

HM(CL)) — ( #’w /‘Lw ’Yu.) ’YUJ > . (9)

WA W+

2-plpl 2o pl - pl
ph+pl 7 g+ ug

)

In general, the HM of wmxn = {Qij }mxn 1S given as
U )

[ A s
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83. An Ideal Model for Medical Diagnosis Based on IVIFSS

In the following, we construct an ideal model to obtain a congenial result for medical diagnosis
based on IVIFSS. Assume S = {¢; }sen, to be the set of r syndromes of s diseases D = {d;}jen,.
Let, P = {pr}ren, be the set of patients who view the syndromes. In accordance to the
discipline the diagnosis model can be evaluated methodically like and so.

Step 1. At the outset, we describe an IVIFSS (€y,w;) over S = {¢;}ien,, that provide
a syndrome-disease relation matrix (SDRM) R1 = (p;;)rxs, manifested from IVIFSS (4, wq)

and is form in the following way

dq do ... dg

€1 |P11 P12 - Pis
Ri=(pighes = 2 |P21 P20 P
Er Pri Pr2 Prs

where pi; = ([i5,Yij], [2ij, wij]) with 0 < zi; <y <1,0 < 255 <w;; < land 0 < g5 +w;; < 1.
Correspondingly, a relation matrix Ro = (xij)rxs called non syndrome-disease relation

matrix (NSDRM), is constructed from (Q;,w;)¢, complement of (Q;,w;) and is formed as

dq do ... dg

€1 (X111 X120 Xis

Ro = (Xi)ws = =2 |20 X220 X
Er Xri1 Xr2 Xrs

where x;; = ([2i5, wi;], [Tij, yij]) in accordance to p;; = ([xij, Yis], [2ij, wij]) and 0 < z;; < w;; <
1,0< 2 <y <land 0 <y +wy; <1

Step 2. Thereafter, we demonstrate other IVIFSS (Q9,ws) and its complement <QQ,W2>B
over P = {pi}ren,. That come up with, a patient-syndrome relation matrix (PSRM) N =
(€ki)txr, and a patient-non syndrome relation matrix (PNSRM) Ny = (Cki)ixr, in accordance

to (Qg,ws) and (D2, w2)C, respectively and illustrated like as

€1 135} e Er

pr |§1n 12 oo &

N1 = (Eri)ixr = p2 |&a1 S22 o or
pe &1 G2 0 Sir

where ki = ([, Brils [Mkis Oki]), with 0 < o < Bri < 1,0 < Ay < gy < 1and 0 < B + g <
1.
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Correspondingly,

€1 &9
p1 |C11 G2
No = (Guidoer = P2 |1 @

pe |G G2

where Cri = ([Akis Oril, (i, Bri]), according to §ui = ([, Bril, [Awis Oxi]) with 0 < ags < Bri

L,0< A <0 <land 0 < B + 0k < 1
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Step 3. Hereinafter, utilizing Def.(2.11) and relation matrices R1 = (pij)rxs, R2 =

(Xij)rxss N1 = (Eki)ixr and No = (Cki)exr, we evaluate four relation matrices Wy = (g,%j)th =
N * R, Wa = (sp;)ixs = N1 % Ra, Wi = (6)ixs = Na * Ry, and Wy = (5;)ixs = Na * Ry,

which are manifested in the following way

dy
1
P1 |11

1
Wi = (G)ixs =N+ Ry = P2 |21

1
Dbt St1

where, each

do
1
S12

1
S22

1
St2

ds
1
Sis

1
S2s

Sts

g,ij = &ki * pij = ([max(min(aki,xij)),max(min(ﬁki,yij))}, [(min(max()\ki,zij)),min(max(§ki,wij))]).

dy
2
P11 |S11

2
Wy = (glgj)th :Nl * Ro = P2 |62

2
Dt St1
where, each

do
2
S12

2
S22

2
Si2

ds
2

Sis
2

S2s

2
Sts

g,fj = &hi * Xij = ([max(min(oeki,zij)),max(min(ﬁki7wij))], [(min(max()\ki,xij)),min(maX(5ki,yij))])~

dq

3
D1 S11

3
Ws = (G¢))ixs = No xRy = P2 |21

3
Dbt St1

dy
3
S12

3
S22

3
St2

ds

3
S1s

3
$2s

Sts
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where, each

i = Chi % pij = ([max(min()\ki,xij)),max(min(éki,yij))], [(min(max(aki,zi]-)),min(max(ﬁki,wij))]).

di dy ... ds

4 4 4

P1 [S11 Si2 ST

%% 4 4 4
4 G G e G

4= (%j)th =Nyx Ry = P2 [S21 S22 s

4 4 4

Pt [Si1 Sip 0 Sis

where, each

gﬁj = Chi * Xij = ([max(min(/\ki,zij)),max(min(dki,wij))}, [(min(max(aki,xij)),min(max(ﬂki,yij))]),
and Wy, Wy, W3 and W, are named as patient syndrome disease matrix (PSDM), patient
syndrome non-disease matrix (PSNDM), patient non-syndrome disease matrix (PNSDM) and
patient non-syndrome non-disease matrix (PNSNDM), gradually.

Step 4. Next, applying Eq.(7), we compute the GM of each gﬁj of the exhibited relation
matrices {W,};_, obtained from step 3 and that can be recount as

Gy = GM(W,) = GM(sf)) (\/M M, \/ i %>“234. (10)

In this case fht and st represent the fuzzy membership degree and fuzzy reference degree
J J
of each (ﬁ > respectively.
Step 5. Calculate the membership value (MV) matrices of all the four Gy in the following
way
Yo = MV(Gr) = MV(GM(sh)) = {0, ~ %)} rorm (11)

here 11, — L U apnd~f = L
where pce Pop o o @ d g, Vet 7<£7

Step 6. Based on Step 5, the diagn051s score value matrices (DSVM) S; and Ss of the
obtained membership values Y, are exhibited as

Sl Y3 and Sg = Y2 - Y4. (12)

Step 7: Using DSVMs obtained in Step 6 compute the total score value matrix (TSVM) and
is derived as
0: (Tkj)txs :Sl 752. (13)

Step 8. Focus on the total scores value matrix of all ¢ patients according to the s diseases,
find

7/Jm:mjax(7—kj) mfx(sl(]?k, i) — S2(pk, dj)) - (14)

which conclude that patient py is suffering from the disease d,,, where 1 < m < s.

Step 9. If same values of 1, acquire in different rows, then go to Step 1 and reiterate
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the method by reevaluating the syndrome of the patients.

84. Explicative Case Illustrations

In this section, we illustrate an exegetical case of study to evaluate the effectual mode of the
developed model for disease diagnosis. Presume, three patients P = {p1, p2,ps} are admitted
in a clinic with syndromes S = {e1,e2,e3} and the probable diseases associated with these
syndromes are D = {dy,ds}. According to the circumstances, the developed diagnosis model
can be exhibited orderly thus and so.

Step 1. Foremost, we illustrate an IVIFSS (Q4, D) over S = {g;}3_,, where Q; : D —
I3(S). This illustration provides a SDRM R1 = (p;;)3x2 obtained from IVIFSS (Q;, D) and
is formed as

([0.6,0.7),[0.1,0.2])  (]0.6,0.65],[0.2,0.3])
Ri = (pij)s,o = |([0.5,0.6],(0.2,0.3]) ([0.4,0.5],[0.4,0.5)) | ,
([0.2,0.3],]0.6,0.7])  ([0.7,0.8],[0.1,0.2])

where pi; = ([T, Yi5]; [215, wiz]) with 0 < 25 < gy <1, 0 < 255 < wy; < 1, and 0 <
¥ij + wi; < 1. Correspondingly, NSDRM Ro = (xij)3x2 is constructed from <Ql,D>c, called
the complement of (€, D) and is formed as

([0.1,0.2],0.6,0.7]) ([0.2,0.3],[0.6,0.65])
Ra = (Xij)any = |([0.2,0.3],[0.5,0.6])  ([0.4,0.5],[0.4,0.5)) | ,
([0.6,0.7],0.2,0.3])  ([0.1,0.2],[0.7,0.8])

where Xij = ([Zij, wij], [l'ij,yij}) in accordance to Pij = ([-rijyyij]a [zij,wij}) and 0 < Zij < Wi <
1,0 < <yiy <1,0 <wiy +yi; < 1

Step 2. Next, we demonstrate the IVIFSS (Qg,S) and its complement (£, 5)C over
P = {pp}3_,, where Q5 : S — IS(P). Those come up with a PSRM N = (&;)3x3 and a
PNSRM A3 = ((kj)ax3 in accordance to (€2, .S) and its complement (Q2, S)C, respectively, and
are formed like as

([0.2,0.3],0.6,0.7)  ([0.5,0.6],[0.2,0.3])  ([0.3,0.4],[0.5,0.55])
N1 = (&;j)3xs = [([0.3,0.4],[0.5,0.55]) ([0.4,0.5],[0.4,0.45])  ([0.5,0.6],[0.2,0.25]) | .
([0.6,0.7],0.2,0.25])  ([0.4,0.6],[0.2,0.3])  ([0.4,0.45], [0.45, 0.5])

where & = ([aky, Brjls [Mrj, Okj]) with 0 < gy < Brj <1, 0 < Ay < 0; < 1, and 0 <
Bij + dx; < 1. Correspondingly,

([0.6,0.7],0.2,0.3])  ([0.2,0.3],[0.5,0.6])  ([0.5,0.55],[0.3,0.4])
Nz = (Cij)sxs = |([0.5,0.55],0.3,0.4]) ([0.4,0.5],[0.4,0.5]) (]0.2,0.25],[0.5,0.6]) | .
([0.2,0.25],[0.6,0.7))  ([0.2,0.3],[0.4,0.6]) (]0.45,0.5],[0.4, 0.45))
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where (i; = ([Mkj, Okjls [k, Brj]) according to &k; = ([oj, Brjls [Mkjs Oks]), with 0 < ag; <
Bri < 1,0 < Ay <Oy < land 0 < Bij + 0p; < 1.

Step 3. Thereafter, employing Def.(2.11) and relation matrices R1,R2, N7 and Ny we
evaluate four composition relation matrices Wy = (§;ij)3><2 =N xRy, Wy = (§]3j)3><2 =N *xRa,
W3 = (§,§j)3><2 =Ny xR, and Wy = (§;§j)3><2 = N3 * Ry, which are built in the following way

([0.5,0.6],0.2,0.3])  ([0.4,0.5],[0.4,0.5))
Wi = | ([0.5,0.6],0.2,0.3])  ([0.5,0.6],[0.2,0.25)) ] ,
([0.6,0.7],0.2,0.25))  (]0.6,0.65],[0.2,0.3])

where, each

Shj = Ei * pij = [max(min(ag, zi;)), max(min(Bui, yi;))], [min(max(Aei, zi;)), min(max(Sxi, wiz))].

([0.3,0.4],[0.5,0.55])  (]0.4,0.5],[0.4,0.5))
W2 = | ([0.5,0.6],[0.2,0.3])  ([0.4,0.5],(0.4,0.5]) |,
([0.4,0.5],[0.4,0.5])  ([0.4,0.45],[0.45,0.5))

where, each

Sij = &ni ¥ Xij = [max(min(ai, 257)), max(min(Bri, wiz))], [min(max (A, xi;)), min(max(3x, yi;))] -

([0.6,0.7],[0.2,0.3])  ([0.6,0.65],[0.2,0.3])
Ws = |([0.5,0.55],[0.3,0.4])  ([0.5,0.55],]0.3,0.4]) | ,
([0.2,0.3],[0.4,0.6])  ([0.45,0.5],0.45,0.5])

where, each

g,i’j = (ki * pij = [max(min()\ki,xij)),max(min(éki,yij))], [min(max(aki,zij)),min(max(ﬁki,wij))}.

([0.5,0.55],0.3,0.4])  (]0.2,0.3],[0.5,0.6])
Wi= | ([0.2,0.3],(0.5,0.6])  ([0.4,0.45],[0.4,0.5)])] .
([0.45,0.5],[0.4,0.45])  ([0.2,0.3],[0.4, 0.6])

where, each
Gij = Cri * Xij = [max(min(Ans, 2i;)), max(min(dxs, wi;))], [min(max(aks, :;)), min(max(Bri, yi;))] -

Here, W1, Wy, W3 and Wy are named as PSDM, PSNDM, PNSDM and PNSNDM, respectively.
Step 4. Next, employing Eq.(10) we compute the Gy of the exhibited relation matrices
{W;}}_, obtained from step 3 and that can be computed as

(0.55,0.24)  (0.45,0.45) (0.35,0.52) (0.45,0.45)
Gi= [(0.45,042) (0.55,0.22)| , G2 = [(0.55,0.24) (0.45,0.45)| ,
(0.65,0.22)  (0.62,0.24) (0.45,0.45)  (0.42,0.47)
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(0.65,0.24)  (0.62,0.24) (0.52,0.35)  (0.24,0.55)
Gs = [(0.52,0.35) (0.52,0.35)|, Ga= [(0.24,0.55) (0.42,0.45)
(0.24,0.49)  (0.47,0.47) (0.47,0.42)  (0.47,0.47)

Step 5. In the following, using Eq.(11) we calculate the membership value MV matrices
of all the four G, thus and so

031 0 -0.17 0 0.41 0.38
Y1 =10.03 033|, Y2=]0.31 0 , Ys3=1017 017],
0.43 0.38 0 —0.05 -025 0

0.17 —-0.31
Yy={-031 -0.03
0.05 0

Step 6. Next, utilizing Eq.(12) the DSVMs S; and Ss of the obtained membership values

Y, are computed as

—-0.1 —-0.38 —-0.34 031
S1=|-014 016 |, S2=1]0.62 0.03
0.68  0.38 —-0.05 —-0.05

Step 7. Using Eq.(13) and DSVMs obtained in Step 6 determine the TSVM

024 —-0.69
0= 1-076 0.13
0.73 0.43

Step 8. Focus on the total scores value matrix of all three patients according to the
two diseases and Eq.(14), we conclude that patient p; and ps are suffering from disease d; and

patient ps suffering from disease ds.

85. Conclusions

In our work, focus on Zulgarnain et.al. proposed method [23] and IVIFSM we develop a disease
diagnosis model to diagnose illness in patients through a detailed examination of theoretical
foundations, methodological innovations, and practical application. The established method-
ology provides a mathematical model in which the relation matrices are typically formed with
IVIFSM, which is an extension of Zulgarnain et.al. proposed method [23] and increases the

precision and dependability of medical diagnosis.
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