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Neither believe nor reject anything, because any other person has rejected of
believed it. Heaven has given you a mind for judging truth and error, Use it.

By Thomas Jefferson, an American president.
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Abstract Extended: This survey was widely spread after reported at a combinatorial
conference of China in 2006. As a powerful tool for dealing with relations among objectives,
combinatorics mushroomed in the past century, particularly in catering to the need of com-
puter science and children games. However, an even more important work for mathematician
is to apply it to other mathematics and other sciences besides just to find combinatorial be-
havior for objectives. How can it contributes more to the entirely mathematical science, not
Just in various games, but in metric mathematics? What is a right mathematical theory for
the original face of our world? 1 presented a well-known proverb, i.e., the six blind men and
an elephant in the 3th Northwest Conference on Number Theory and Smarandache’s Notion
of China and answered the second question to be Smarandache multi-spaces in logic. Prior to
that explaining, I have brought a heartening conjecture for advancing mathematics in 2005,
i.e., mathematical science can be reconstructed from or made by combinatorialization after a
long time speculation, also a bringing about Smarandache multi-space for mathematics. This
conjecture is not just like an open problem, but more like a deeply thought for advancing the
modern mathematics. The main trend of modern sciences is overlap and hybrid. Whence the
mathematics of 21st century should be consistency with the science development in the 21st
century, i.e., the mathematical combinatorics resulting in the combinatorial conjecture for
mathematics. For introducing more readers known this heartening mathematical notion for
sciences, there would be no simple stopping point if I began to incorporate the more recent
development, for example, the combinatorially differential geometry, so it being published
here in its original form to survey these thinking and ideas for mathematics and cosmolog-
ical physics, such as those of multi-spaces, map geometries and combinatorial structures of
cosmoses. Some open problems are also included for the advance of 21st mathematics by a
combinatorial speculation. More recent progresses can be found in papers and books nearly

published, for example, in [20]-[23] for details.

Key words: combinatorial speculation, combinatorial conjecture for mathematics,

Smarandache multi-space, M-theory, combinatorial cosmos.

AMS(2000): 03C05,05C15,51D20,51H20,51P05,83C05,83E50.

1Received May 25, 2007. Accepted June 15, 2007
2Reported at the 2nd Conference on Combinatorics and Graph Theory of China, Aug. 16-19, 2006, Tianjing,
P.R.China
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§1. The role of classical combinatorics in mathematics

Modern science has so advanced that to find a universal genus in the society of sciences is nearly
impossible. Thereby a scientist can only give his or her contribution in one or several fields.
The same thing also happens for researchers in combinatorics. Generally, combinatorics deals
with twofold:

Question 1.1. to determine or find structures or properties of configurations, such as those

structure results appeared in graph theory, combinatorial maps and design theory,..., etc..

Question 1.2. to enumerate configurations, such as those appeared in the enumeration of

graphs, labeled graphs, rooted maps, unrooted maps and combinatorial designs,...,etc..

Consider the contribution of a question to science. We can separate mathematical questions
into three ranks:

Rank 1 they contribute to all sciences.
Rank 2 they contribute to all or several branches of mathematics.

Rank 3 they contribute only to one branch of mathematics, for instance, just to the graph

theory or combinatorial theory.

Classical combinatorics is just a rank 3 mathematics by this view. This conclusion is despair
for researchers in combinatorics, also for me 5 years ago. Whether can combinatorics be applied
to other mathematics or other sciences? Whether can it contributes to human’s lives, not just
in games?

Although become a universal genus in science is nearly impossible, our world is a combi-
natorial world. A combinatorician should stand on all mathematics and all sciences, not just
on classical combinatorics and with a real combinatorial notion, i.e., combining different fields
into a unifying field ([29]-[32]), such as combine different or even anti-branches in mathematics
or science into a unifying science for its freedom of research ([28]). This notion requires us
answering three questions for solving a combinatorial problem before. What is this problem
working for? What is its objective? What is its contribution to science or human’s society? Af-
ter these works be well done, modern combinatorics can applied to all sciences and all sciences

are combinatorialization.

§2. The metrical combinatorics and mathematics combinatorialization

There is a prerequisite for the application of combinatorics to other mathematics and other
sciences, i.e, to introduce various metrics into combinatorics, ignored by the classical combina-
torics since they are the fundamental of scientific realization for our world. This speculation

was firstly appeared in the beginning of Chapter 5 of my book [16]:

- our world is full of measures. For applying combinatorics to other branch of mathe-
matics, a good idea is pullback measures on combinatorial objects again, ignored by the clas-

sical combinatorics and reconstructed or make combinatorial generalization for the classical
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mathematics, such as those of algebra, differential geometry, Riemann geometry, Smarandache

geometries, - -- and the mechanics, theoretical physics, -- - .

The combinatorial conjecture for mathematics, abbreviated to CCM is stated in the fol-

lowing.

Conjecture 2.1(CCM Conjecture) Mathematical science can be reconstructed from or made

by combinatorialization.
Remark 2.1 We need some further clarifications for this conjecture.

(1) This conjecture assumes that one can select finite combinatorial rulers and axioms to
reconstruct or make generalization for classical mathematics.

(2) Classical mathematics is a particular case in the combinatorialization of mathematics,
i.e., the later is a combinatorial generalization of the former.

(3) We can make one combinatorialization of different branches in mathematics and find
new theorems after then.

Therefore, a branch in mathematics can not be ended if it has not been combinatorialization
and all mathematics can not be ended if its combinatorialization has not completed. There is an
assumption in one’s realization of our world, i.e., science can be made by mathematicalization,

which enables us get a similar combinatorial conjecture for the science.

Conjecture 2.2(CCS Conjecture) Science can be reconstructed from or made by combinatori-

alization.

A typical example for the combinatorialization of classical mathematics is the combinatorial
map theory, i.e., a combinatorial theory for surfaces([14]-[15]). Combinatorially, a surface is
topological equivalent to a polygon with even number of edges by identifying each pairs of
edges along a given direction on it. If label each pair of edges by a letter e,e € &, a surface S
is also identifying to a cyclic permutation such that each edge e,e € £ just appears two times
in S, one is e and another is e~ !. Let a,b,c,--- denote the letters in £ and A, B,C,--- the
sections of successive letters in a linear order on a surface S (or a string of letters on S). Then,

a surface can be represented as follows:

S:( ,A,a,B,a_l,C,---),

where, a € £ A, B,C denote a string of letters. Define three elementary transformations as

follows:
(01)  (Aya,a',B) & (A, B);
(02) (i) (Aa,b,Bb7 a ') (A e, B,ct);
(ii) (A,a,b,B,a,b) < (A, c, B,c);
(03) (z) (AvavB7Caa_17D) <~ (B,mA,D,a_l,C);
(i) (A,a,B,C,a,D) < (B,a,A,C~t a,D71).
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If a surface S can be obtained from Sy by these elementary transformations O;-Os, we
say that S is elementary equivalent with Sy, denoted by S ~pg; Sp. Then we can get the

classification theorem of compact surface as follows([29]):

Any compact surface is homeomorphic to one of the following standard surfaces:
(Py) the sphere: aa™!;

(P,,) the connected sum of n,n > 1 tori:

—1;—1 —1;-1 —13-1,
arbiai by “asbaay by - -apbpa, b,

(Qn.) the connected sum of n,n > 1 projective planes:

a1a1a2a9 * -« ApQAny,.

A map M is a connected topological graph cellularly embedded in a surface S. In 1973,
Tutte suggested an algebraic representation for an embedding graph on a locally orientable
surface ([16]):

A combinatorial map M = (X, 3, P) is defined to be a basic permutation P, i.e, for any
T € Xap, no integer k exists such that P*z = ax, acting on X, 5, the disjoint union of
quadricells Kz of x € X (the base set), where K = {1, «, 8, af} is the Klein group satisfying

the following two conditions:
(i) aP =P la;
(79) the group Uy =< a, 3, P > is transitive on X, 3.

For a given map M = (X, 3, P), it can be shown that M* = (Xj ., Paf) is also a map,
call it the dual of the map M. The vertices of M are defined as the pairs of conjugate orbits
of P action on X, g by the condition (i) and edges the orbits of K on X, g, for example, for
Vo € X,y 8, {z,ax, fz,afz} is an edge of the map M. Define the faces of M to be the vertices
in the dual map M*. Then the Euler characteristic x(M) of the map M is

X(M) = v(M) —e(M) + (M)

where,v(M),e(M), ¢(M) are the number of vertices, edges and faces of the map M, respectively.
For each vertex of a map M, its valency is defined to be the length of the orbits of P action on

a quadricell incident with wu.

For example, the graph K, on the tours with one face length 4 and another 8 shown in
Fig.2.1
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Fig.2.1

can be algebraically represented by (X, g, P) with X, g = {z,v, 2, u, v, w, az, ay, az, au, av, cw,

Bz, By, Bz, Bu, Bv, Bw, afz, aby, afz, afu, afv, afw} and

P = (:v,y,z)(aﬁ:au,w)(aﬁz,aﬁu,v)(aﬁy,aﬁv,aﬁw)
X (o, az, ay)(fr, aw, au)(Bz, av, Bu)(By, fw, fv)

with 4 vertices, 6 edges and 2 faces on an orientable surface of genus 1.

By the view of combinatorial maps, these standard surfaces Py, P,,, @, for n > 1 is nothing
but the bouquet B,, on a locally orientable surface with just one face. Therefore, combinatorial
maps are the combinatorialization of surfaces.

Many open problems are motivated by the CCM Conjecture. For example, a Gauss mapping
among surfaces is defined as follows.

Let S C R3 be a surface with an orientation N. The mapping N :S — R? takes its value
in the unit sphere

5* ={(z,y,2) € R?|2* + y* + 2% = 1}

along the orientation N. The map N :S — S2, thus defined, is called the Gauss mapping.

We know that for a point P € S such that the Gaussian curvature K(P) # 0 and V a
connected neighborhood of P with K does not change sign,

where A is the area of a region B C V and N(A) is the area of the image of B by the Gauss
mapping N : S — S?([2],[4]). Now the questions are

(1) what is its combinatorial meaning of the Gauss mapping? How to realizes it by combi-
natorial maps?
(73) how can we define various curvatures for maps and rebuilt these results in the classical

differential geometry?
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Let S be a compact orientable surface. Then the Gauss-Bonnet theorem asserts that

/LKdazwa(S),

where K is the Gaussian curvature of S.

By the CCM Conjecture, the following questions should be considered.

(i) How can we define various metrics for combinatorial maps, such as those of length,
distance, angle, area, curvature,--- ?
(ii) Can we rebuilt the Gauss-Bonnet theorem by maps for dimensional 2 or higher dimen-

sional compact manifolds without boundary?

One can see references [15] and [16] for more open problems for the classical mathematics
motivated by this CCM Conjecture, also raise new open problems for his or her research works.

§3. The contribution of combinatorial speculation to mathematics

3.1. The combinatorialization of algebra

By the view of combinatorics, algebra can be seen as a combinatorial mathematics itself. The
combinatorial speculation can generalize it by the means of combinatorialization. For this
objective, a Smarandache multi-algebraic system is combinatorially defined in the following

definition.

Definition 3.1([17],[18]) For any integers n,n > 1 and i,1 < i < n, let A; be a set with an
operation set O(A;) such that (A;, O(A;)) is a complete algebraic system. Then the union

n

Ui, 0(4:)

i=1

is called an n multi-algebra system.

An example of multi-algebra systems is constructed by a finite additive group. Now let n be
an integer, 7, = ({0,1,2,--- ,n— 1}, +) an additive group (modn) and P = (0,1,2,--- ,;n—1)

a permutation. For any integer ¢,0 < ¢ <n — 1, define

Ziy1 = P'(Zy)

satisfying that if k + 1 = m in Z1, then P'(k) +; P*(l) = P*(m) in Z;;1, where +; denotes the
binary operation +; : (P*(k), P(l)) — P%(m). Then we know that

is an n multi-algebra system .
The conception of multi-algebra systems can be extensively used for generalizing concep-
tions and results for these existent algebraic structures, such as those of groups, rings, bodies,

fields and vector spaces, - - -, etc.. Some of them are explained in the following.
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~ n
Definition 3.2 Let G = |J G; be a closed multi-algebra system with a binary operation set
i=1

O(é) ={x;,1 <i<n}. If for any integer i, 1 < i < n, (G;; X;) is a group and for Vr,y,z € G
and any two binary operations X and o, X # o, there is one operation, for example the operation

X satisfying the distribution law to the operation o provided their operation results exist , i.e.,

X (yoz)=(xrxy)o(zxz),

(yoz)xax=(yxax)o(zxu),
then G is called a multi-group.

For a multi-group (G,0(G)), G1 C G and O(G1) C O(G), call (G1,0(G1)) a sub-multi-
group of (G,0(G)) if Gy is also a multi-group under the operations in O(G;), denoted by
G1 = G. For two sets A and B, if AN B =0, we denote the union A{JB by A B. Then we

get a generalization of the Lagrange theorem of finite group.

Theorem 3.1([18]) For any sub-multi-group H of a finite multi-group G, there is a represen-
tation set T', T C é, such that

G =il
For a sub-multi-group H of G, x € O(H) and Vg € G(x), if for Vh € H,

gxhnglefl,

then call H a normal sub-multi-group of G. An order of operations in O(é) is said an oriented

operation sequence, denoted by 6(G) We get a generalization of the Jordan-Holder theorem
for finite multi-groups.

. n

Theorem 3.2([18]) For a finite multi-group G = |J G; and an oriented operation sequence
i=1

6(@), the length of maximal series of normal sub-multi-groups is a constant, only dependent

on G itself.

In Definition 2.2, choose n = 2,G1 = G = G. Then G is a body. If (G1; x1) and (Ga; X2)
both are commutative groups, then G is a field. For multi-algebra systems with two or more
operations on one set, we introduce the conception of multi-rings and multi-vector spaces in

the following.

Definition 3.3 Let R = U R be a closed multi-algebra system with double binary operation
i=1
set O(R) = {(+i, x4),1 < i <m}. If for any integers i,j, i # j,1 < i,5 <m, (R;;+i, X4) is a

ring and for Vx,y,z € R,
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(+iy)+jz=x+; (y+;2), (@x;y)xjz2=2%;(y X, z)

and

ex;(Y+jz)=aex;ytje Xz, (Y4+;2) X, x=yX;x+;2X;

provided all their operation results exist, then R is called a multi-ring.  If for any integer
1 <i<m, (R;+;, x;) is a filed, then R is called a multi-filed.

_ k
Definition 3.4 Let V. = |J V; be a closed multi-algebra system with binary operation set

i=1
_ , &
OWV)={(+i,4) |1 <i<m} and F = |J F; a multi-filed with double binary operation set
i=1
O(F) ={(+i, x:) | 1 <i < k}. If for any integersi,j, 1 <i,j <k andVa,b,c €V, ki, ko € F,

1) (Vi +i, -1) is a vector space on F; with vector additive +i and scalar multiplication - ;
’LZ) (a—|—zb)—|—Jc = a—i—i (b—i—jC);

(’LZ’L) (kl —+i kg) i a = kl =+ (kg ‘g a); _
provided all those operation results exist, then V is called a multi-vector space on the multi-filed
F with a binary operation set O(V'), denoted by (V; F).

Similar to multi-groups, we can also obtain results for multi-rings and multi-vector spaces
to generalize classical results in rings or linear spaces. Certainly, results can be also found in
the references [17] and [18].

3.2. The combinatorialization of geometries

First, we generalize classical metric spaces by the combinatorial speculation.

. m
Definition 3.5 A multi-metric space is a union M = |J M; such that each M; is a space with
i=1

metric p; for Vi, 1 <i<m.

We generalized two well-known results in metric spaces.

Theorem 3.3([19]) Let M= U M; be a completed multi-metric space. For an e-disk sequence
i=1
{B(én,xn)}, where €, >0 forn =1,2,3,---, the following conditions hold:
(i) B(er,x1) D Blea,x2) D Bleg,x3) D+ D Blep,Tpn) D -+
(1) lim €, =0.

n—-+0o0o

+oo
Then () Bl(en,xn) only has one point.
n=1

Theorem 3.4([19]) Let M= U M; be a completed multi-metric space and T a contraction on
i=1

M. Then

1 <# ®(T) < m.
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Particularly, let m = 1. We get the Banach fixed-point theorem again.

Corollary 3.1(Banach) Let M be a metric space and T a contraction on M. Then T has just

one fixed point.

Smarandache geometries were proposed by Smarandache in [29] which are generalization of
classical geometries, i.e., these Fuclid, Lobachevshy-Bolyai-Gauss and Riemann geometries may
be united altogether in a same space, by some Smarandache geometries under the combinatorial
speculation. These geometries can be either partially Euclidean and partially Non-Euclidean,

or Non-Euclidean. In general, Smarandache geometries are defined in the next.

Definition 3.6 An axiom is said to be Smarandachely denied if the axiom behaves in at least
two different ways within the same space, i.e., validated and invalided, or only invalided but in
multiple distinct ways.

A Smarandache geometry is a geometry which has at least one Smarandachely denied

aziom (1969 ).

For example, let us consider an euclidean plane R? and three non-collinear points A4, B and
C. Define s-points as all usual euclidean points on R? and s-lines as any euclidean line that
passes through one and only one of points A, B and C. Then this geometry is a Smarandache
geometry because two axioms are Smarandachely denied comparing with an Euclid geometry:

(i) The axiom (A5) that through a point exterior to a given line there is only one parallel
passing through it is now replaced by two statements: one parallel and no parallel. Let L be an
s-line passing through C' and is parallel in the euclidean sense to AB. Notice that through any
s-point not lying on AB there is one s-line parallel to L and through any other s-point lying

on AB there is no s-lines parallel to L such as those shown in Fig.3.1(a).

14 /

L .
/E
1y

(a) (bl
Fig.3.1

(¢1) The axiom that through any two distinct points there exists one line passing through
them is now replaced by; one s-line and no s-line. Notice that through any two distinct s-points
D, E collinear with one of A, B and C, there is one s-line passing through them and through
any two distinct s-points F, G lying on AB or non-collinear with one of A, B and C, there is

no s-line passing through them such as those shown in Fig.3.1(b).

A Smarandache n-manifold is an n-dimensional manifold that supports a Smarandache

geometry. Now there are many approaches to construct Smarandache manifolds for n = 2. A
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general way is by the so called map geometries without or with boundary underlying orientable

or non-orientable maps proposed in references [14] and [15] firstly.

Definition 3.7 For a combinatorial map M with each vertex valency> 3, endow with a real
4
pu(u)’
without boundary, p(u) an angle factor of the vertex u and orientablle or non-orientable if M

number p(u),0 < p(u) < to each vertex u,u € V(M). Call (M,u) a map geometry

1s orientable or not.

Definition 3.8 For a map geometry (M, u) without boundary and faces f1, fa,--+ , f1 € F(M),1 <
1< (M1, if S(M)\{f1, fo,- -+, [} is connected, then call (M, p)~" = (S(M)\{f1, f2,--, fi}, 1)
a map geometry with boundary f1, fa, -+, fi, where S(M) denotes the locally orientable surface
underlying map M.

The realization for vertices u,v,w € V(M) in a space R? is shown in Fig.3.2, where
pm(uw)p(u) < 2w for the vertex u, par(v)p(v) = 2w for the vertex v and par(w)p(w) > 27 for

the vertex w, are called to be elliptic, euclidean or hyperbolic, respectively.

par (w)p(u) = 2w pu(wp(u) > 27

Fig.3.2

On an Euclid plane R?2, a straight line passing through an elliptic or a hyperbolic point is
shown in Fig.3.3.

Fig.3.3

Theorem 3.5([17]) There are Smarandache geometries, including paradozist geometries, non-

geometries and anti-geometries in map geometries without or with boundary.

Generally, we can ever generalize the ideas in Definitions 3.7 and 3.8 to a metric space and

find new geometries.
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Definition 3.9 Let U and W be two metric spaces with metric p, W C U. For Yu € U, if
there is a continuous mapping w : u — w(u), where w(u) € R™ for an integer n,n > 1 such
that for any number e > 0, there exists a number 6 > 0 and a point v € W, p(u —v) < § such
that p(w(u) —w(v)) <€, then U is called a metric pseudo-space if U =W or a bounded metric
pseudo-space if there is a number N > 0 such that Vw € W, p(w) < N, denoted by (U,w) or
(U™, w), respectively.

For the case n = 1, we can also explain w(u) being an angle function with 0 < w(u) < 4w

as in the case of map geometries without or with boundary, i.e.,

w(u)(moddr), if ue W,
2, ifue U\W (%)

wu) =

and get some interesting metric pseudo-space geometries. For example, let U = W = Euclid plane =
>, then we obtained some interesting results for pseudo-plane geometries (>, w) as shown in
the following([17]).

Theorem 3.6 In a pseudo-plane (>.,w), if there are no euclidean points, then all points of

(-, w) s either elliptic or hyperbolic.
Theorem 3.7 There are no saddle points and stable knots in a pseudo-plane plane (>, w).
Theorem 3.8 For two constants po, 0o, po > 0 and 0y # 0, there is a pseudo-plane (3, w) with

Po Po
w(p,0) =2(r — —) or w(p,0) =2(7 + —
(p,0) =2(m 90p) (p,0) =2(m 9op)

such that

is a limiting ring in (>, w).

Now for an m-manifold M"™ and Yu € M™, choose U = W = M™ in Definition 3.9 for
n =1 and w(u) a smooth function. We get a pseudo-manifold geometry (M™,w) on M™. By
definitions in the reference [2], a Minkowski norm on M™ is a function F' : M™ — [0, +00) such
that

(1)  F is smooth on M™\ {0};
(i4) F is 1-homogeneous, i.e., F'(A\u) = AF () for w € M™ and A > 0;
(i13) for Yy € M™ \ {0}, the symmetric bilinear form g, : M™ x M"™ — R with

. 19*F?(y + su+tv)
gy(uvv) = 3 D50t lt=s=0

is positive definite and a Finsler manifold is a manifold M™ endowed with a function F' :
TM™ — [0,400) such that
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(¢) Fis smooth on TM™\ {0} = | {TzM™ \ {0} : T € M™};
(#3) Flrmpm — [0, 4+00) is a Minkowski norm for ¥z € M™.

As a special case, we choose w(T) = F(T) for T € M™, then (M™,w) is a Finsler manifold.
Particularly, if w(Z) = gz(y,y) = F?(x,y), then (M™,w) is a Riemann manifold. Therefore,

we get a relation for Smarandache geometries with Finsler or Riemann geometry.

Theorem 3.9 There is an inclusion for Smarandache, pseudo-manifold, Finsler and Riemann

geometries as shown in the following:

{Smarandache geometries} > {pseudo—manifold geometries}
> {Finsler geometry}

D {Riemann geometry}.

Other purely mathematical results on the combinatorially differential geometry, partic-
ularly the combinatorially Riemannian geometry can be found in recently finished papers
[20] — [23] of mine.

84. The contribution of combinatorial speculation to theoretical physics

The progress of theoretical physics in last twenty years of the 20th century enables human
beings to probe the mystic cosmos: where are we came from? where are we going to?. Today,
these problems still confuse eyes of human beings. Accompanying with research in cosmos, new
puzzling problems also arose: Whether are there finite or infinite cosmoses? Are there just one?
What is the dimension of the Universe? We do not even know what the right degree of freedom
in the Universe is, as Witten said([3]).

We are used to the idea that our living space has three dimensions: length, breadth and
height, with time providing the fourth dimension of spacetime by Einstein. Applying his princi-
ple of general relativity, i.e. all the laws of physics take the same form in any reference system
and equivalence principle, i.e., there are no difference for physical effects of the inertial force

and the gravitation in a field small enough., Einstein got the equation of gravitational field

1
R, — §Rg,w + Mg = —87GTy,,.

where R, = R,, = R

pniv
ort. or: . .
ﬁiu = 6:;:1 - 6,;11 + inrjll/ - qurjxia

1 OGm Agn, OGmn
9 — _gra p P _
mn = 99 ( oun + oum oup )
and R = g¢g""R,,.
Combining the Einstein’s equation of gravitational field with the cosmological principle,

i.e., there are no difference at different points and different orientations at a point of a cosmos
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on the metric 104L.y. , Friedmann got a standard model of cosmos. The metrics of the standard

COSIMOSs are

dr?

ds? = —c?dt* + a*(t)[——
s c +a()[17Kr2

+ 72(d6* + sin® 0dp?))
and

R%(t N
g =1, grr = *%,gw = —r*R%(1) sin” 6.
The standard model of cosmos enables the birth of big bang model of the Universe in
thirties of the 20th century. The following diagram describes the developing process of the

Universe in different periods after the Big Bang.

finy traction
ol 8 second

380,000
yaars

Fig.4.1

4.1. The M-theory

The M-theory was established by Witten in 1995 for the unity of those five already known string
theories and superstring theories, which postulates that all matter and energy can be reduced to
branes of energy vibrating in an 11 dimensional space, then in a higher dimensional space solve
the Einstein’s equation of gravitational field under some physical conditions ([1],[3],[26]-[27]).
Here, a brane is an object or subspace which can have various spatial dimensions. For any
integer p > 0, a p-brane has length in p dimensions. For example, a 0-brane is just a point or
particle; a 1-brane is a string and a 2-brane is a surface or membrane, - - -.

We mainly discuss line elements in differential forms in Riemann geometry. By a geomet-

rical view, these p-branes in M-theory can be seen as volume elements in spaces. Whence, we
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can construct a graph model for p-branes in a space and combinatorially research graphs in

spaces.

Definition 4.1 For each m-brane B of a space R™, let (n1(B),n2(B), - ,n,(B)) be its unit
vibrating normal vector along these p directions and g : R™ — R* a continuous mapping. Now

construct a graph phase (G,w,\) by

V(G) = {p — branes q(B)},

E(G) ={(¢(B1),q(B2))|there is an action between By and Bs},

and

A(q(B1),q(B3)) = forces between By and Ba.

Then we get a graph phase (G,w,A) in R*. Similarly, if m = 11, it is a graph phase for the
M-theory.

As an example for applying M-theory to find an accelerating expansion cosmos of 4-
dimensional cosmoses from supergravity compactification on hyperbolic spaces is the Townsend-
Wohlfarth type metric in which the line element is

ds? = e (—S0dt? + S2dx3) + rEe**Wdsy, |

where

6(0) = —— (K (1)~ 3Aot),

52 = Km’"il e_%)\ot
and
)\OCTC
(m — 1) sin[AoCt + t1]]

with ¢ = /3 +6/m. This solution is obtainable from space-like brane solution and if the
proper time ¢ is defined by ds = S3(t)dt, then the conditions for expansion and acceleration are

K(t) =

% > 0 and Cf;?f > 0. For example, the expansion factor is 3.04 if m = 7, i.e., a really expanding
COSIOS.

According to M-theory, the evolution picture of our cosmos started as a perfect 11 dimen-
sional space. However, this 11 dimensional space was unstable. The original 11 dimensional
space finally cracked into two pieces, a 4 and a 7 dimensional subspaces. The cosmos made the
7 of the 11 dimensions curled into a tiny ball, allowing the remaining 4 dimensions to inflate at

enormous rates, the Universe at the final.
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4.2. The combinatorial cosmos

The combinatorial speculation made the following combinatorial cosmos in the reference [17].

Definition 4.2 A combinatorial cosmos is constructed by a triple (Q, A, T), where

and T = {t;;1 > 0} are respectively called the cosmos, the operation or the time set with the
following conditions hold.

(1) (2,A) is a Smarandache multi-space dependent on T, i.e., the cosmos (£;,0;) is
dependent on time parameter t; for any integer i, > 0.

(2) For any integer i,i > 0, there is a sub-cosmos sequence

(S): Q;D--DQ1 Do

in the cosmos (82, 0;) and for two sub-cosmoses (25, 0;) and (g, 0s), if Qi D Quy, then there
is a homomorphism pa,; o, : (Qij, 0i) — (Qa, O;) such that

(’L) fOT V(Qil, Ol), (QiQ, Ol), (Qig, Ol> S (S), Zf Qi1 Do D Qig, then

P1, Qs = P12 © Pz, Qs

where o denotes the composition operation on homomorphisms.
(13) for ¥g,h € Qy, if for any integer i, pa.q,(g9) = pa.q,(h), then g = h.
(iit) for Vi, if there is an f; € Q; with

PO, N Qy (fz) = PQ;,Q:NQ; (fj)

for integers i, 7,2 (Q; # 0, then there exists an f € Q such that pao,(f) = fi for any integer
7.

By this definition, there is just one cosmos €2 and the sub-cosmos sequence is

R'DR’ODR?’OR!'DR={P}DR; O--- DR DRy = {Q}.

in the string/M-theory. In Fig.4.2, we have shown the idea of the combinatorial cosmos.
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Fig.4.2

For 5 or 6 dimensional spaces, it has been established a dynamical theory by this combina-
torial speculation([24]-[25]). In this dynamics, we look for a solution in the Einstein’s equation

of gravitational field in 6-dimensional spacetime with a metric of the form

2
ds* = —n(t,y, 2)dt* + d*(t, vy, z)dz +02(t,y, 2)dy® + d>(t,y, 2)dz>
k

where dZi represents the 3-dimensional spatial sections metric with & = —1,0,1 respec-
tive corresponding to the hyperbolic, flat and elliptic spaces. For 5-dimensional spacetime,
deletes the indefinite z in this metric form. Now consider a 4-brane moving in a 6-dimensional

Schwarzschild-ADS spacetime, the metric can be written as

2 2
ds? = —h(=)df? + Z-d Y +h~ ()%,
k

where
2 dr?
Ay =7 + 17 + (1= kr?)dy?
k
and
22 M

Then the equation of a 4-dimensional cosmos moving in a 6-spacetime is

. . 4 4
R R Fe) o Mo K5
2= +3(=)? = -3—"2p* — e
7 T3(H) TR PP T3 T
by applying the Darmois-Israel conditions for a moving brane. Similarly, for the case of a(z) #
b(z), the equations of motion of the brane are
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2 .. _ 5 2 . /4,4
PR —dR  VIF PR L O iy = SO 00 ) 1),
P
V1 + d2R? d 8
14+ d?R2=——"(p+p—p),
n‘(*G
+d2R? = (p—=3(p—0)),

where the energy-momentum tensor on the brane is

1
2T

with T = diag(—p, p, p, p, p) and the Darmois-Israel conditions

Ty = hoa T —

2
[K,U.l/] = _I{(G)T#U7
where K, is the extrinsic curvature tensor.

The combinatorial cosmos also presents new questions to combinatorics, such as:

(i) to embed a graph into spaces with dimensional> 4;
(i) to research the phase space of a graph embedded in a space;

(#i1) to establish graph dynamics in a space with dimensional> 4, ---| etc..

For example, we have gotten the following result for graphs in spaces in [17].

Theorem 4.1 A graph G has a nontrivial including multi-embedding on spheres Py D Py D
- D Py if and only if there is a block decomposition G = |8} G; of G such that for any integer

i=1
i, 1 <i<s,
(1) G; is planar;
i+l
(i) for Vv e V(G;), Ne(z) € (U VI(Gy)).
j=i-1

Further research of the combinatorial cosmos will richen the knowledge of combinatorics

and cosmology, also get the combinatorialization for cosmology.
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Abstract: In this paper, we investigate the structures of cycle bases with extremal prop-
erties which are related with map geometries, i.e., Smarandache 2-dimensional manifolds.
We first study the long cycle base structures in a cycle space of a graph. Our results show
that much information about long cycles is contained in a longest cycle base. (1)Any two
longest cycle bases have the same structure, i.e., there is a 1-1 correspondence between any
two longest cycle bases such that the corresponding cycles have the same length; (2)Any
group of linearly independent longest cycles must be contained in a longest cycle base which
implies that any two sets of linearly independent longest cycles with maximum cardinal num-
ber is equivalent; (3)If consider the range of embedded graphs, a longest cycle base must
contain some long cycles with special properties. As applications, we find explicit formulae
for computing longest cycles bases of several class of embedded graphs. As for an embedded
graph on non-orientable surfaces, we obtain several interpolation results for one-sided cycles
in distinct cycle bases. Similar results for shortest cycle bases may be deduced. For instance,
we show that in a strongly embedded graph, there is a cycle base consisting of surface in-
duced non-separating cycles and all of such bases have the same structure provided that
their length is of shortest(subject to induced non-separating cycles). These extend Tutte’s
result [7](which states that in a 3—connected graph the set of induced(graph) non-separating

cycles generate the cycle space).

Keywords: Cycle space, longest cycle base, SDR, long cycle.
AMS(2000): 05C30.

81. Introduction

Here in this paper we consider connected graphs without loops. Concepts and terminologies
used without definition may be found in [1]. A spanning subgraph H of G is called an E-
subgraph iff each vertex has even degree in H. It is well known that the set of E-subgraphs of G
forms a linear space € (G) called the cycle space of G. Here, the operation between vectors(i.e.,
E-subgraphs) is the symmetric difference between edge-sets of E-subgraphs. It is clear that the
rank, defined by 8(G) (the Betti number of G), of €(G) is | E(G)| — | V(G)| + 1 and any set
of B(G) linearly independence vectors form a base of €' (G). The length I(B) of a cycle base B

1Received in May,30,2007. Accepted in June, 25, 2007
2Supported by NNSF of China under the granted NO.10671073
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is the sum of length of vectors in it. In particular, the length of an E-subgraph is the sum of
length of edge-disjoint cycles in it. Throughout this paper, we only consider the vectors with
only one cycle. So, the bases considered are all formed by cycles. By a longest base B we mean
1(B) is the length of a maximum cycle base.

Cycle space theory rooted in early research works of Kirchoff’s circuits theory. In the-
ory, Matroid theory is one of motivations of it [10-12], also related with map geometries, i.e.,
Smarandache 2-dimensional manifolds ([5]-[6]). In particular, cycle bases with minimum length
have many applications in structural analysis [2], chemical storage theory [3], as well as fields
such bioscience [4]. In history, classical works concentrated on minimum cycle bases(i.e., MCB).
On the other direction, results for cycle spaces theory on long cycles are seldom to be seen.
What can we say about longest cycle bases? In intuition, a longest cycle base should contain
information about long cycles(especially the longest cycles). Here, in this paper we investigate
the structure of longest cycle bases. Based on a Hall type theorem for base transformation, we
present a condition for a cycle base to be longest.

Theorem A Let B be a cycle base(i.e., vectors of B are all cycles) of G. Then B is longest
if and only if for every cycle C of G:

Vaent(C) = |a|>|C| (1)
where Int(C) is the set of cycles in B which span C.

Note: (1) This condition says that for a longest base B, any cycle can’t be generated by shorter
cycles of B;

(2) One may see that such Hall type theorem is very useful in studies of cycle bases with
particular extremal properties.

The following result shows that any group of linearly independent longest cycles are con-
tained in a longest cycle base. In particular, any longest cycle is contained in a longest cycle
base.

Theorem B  Let C1,Cy,...,Cs be a set of linearly independent longest cycles of graph G.
Then there is a longest cycle base B containing C;,1 < i < s.

If consider the cycles passing through an edge, then after using Theorem A we may see that
for every edge e of a graph G, every longest cycle base must contain a cycle which is longest
among cycles passing through e.

Corollary 1 Any longest cycle of a graph must be contained in a longest cycle base.

Based on Theorem A, we obtain the following unique structure of longest cycle bases.

Theorem C Let By and Ba be a pair of two longest cycle bases of a graph G. Then there is
a 1-1 correspondence ¢ between By and Ba such that for each cycle a € By, |p(a)] = | .

Corollary 2 A graph G’s any two longest cycle bases must contain the same number of
k-cycles, for k = 8, 4, ...,n.

Since the condition (1) of Theorem A implies that a cycle can’t be generated by shorter
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cycles in a longest cycle base, we have the following

Corollary 3 Let By and By be a pair of two longest cycle bases of a graph G. Then the two

subgroups of By and By which contain longest cycles are linearly equivalent.

Corollary 4 Let By and Bs be a pair of two longest cycle bases of a graph G and Ay, Alk be

n n ,
the sets of k-cycles of By and Bz, resp. Then |J Ay is equivalent to |J Ay, for each p = 8, 4,
k= k=
co,M ! !
As applications of Theorems A-C, we will compute the length of longest cycle bases in
several types of graphs. But what surprises us most is that those results are also very useful in

computing cycle bases with particular extremal properties. In particular, we have the following

Theorem D Let G be an embedded graph with By and Ba to be a pair of its longest(shortest)
cycles bases. If By and Bs contain, resp., s and t distinct one-sided cycles, then there is
a longest(shortest) cycle base B with exactly k distinct one-sided cycles for every integer k
between s and t.

Since our results may be applied to any pair of bases, we have

Theorem D' Let G be an embedded graph, and By, Bs be a pair of cycle bases containing,
resp., m and n one-sided cycles. Then G has a cycle base containing exactly k distinct one-sided

cycles for any natural number k between m and n.

A cycle C of an embedded graph G in a surface > is called (surface)non-separating if
>~ — C is connected; otherwise, it is (surface)separating. If one component of Y — C is an
open disc, then C'is contractible or trivial; if not so, C' is called non-contractible. 1t is clear that
a non-separating cycle is also non-contractible. Since a non-separating cycle can’t be spanned

by separating cycles (as we will show later ), we have the following result.

Theorem E A longest cycle base of an embedded graph must contain a longest non-separating
cycle; any longest non-separating cycle is also contained in a longest cycle base; furthermore,
if a pair of longest cycle bases contains, respectively, m and n longest non-separating cycles,
then for every integer k : m < k < mn, there is a longest cycle base containing exactly k longest

non-separating cycles .

On the other direction, if we consider the shortest cycle bases, then interesting properties
on short cycles will appear. We call a graph G in a surface to be LEW-embedded if the length
of shortest non-contractible cycle is longer than any facial walk. It is well known that an LEW-
embedded graph shares many properties with planar graphs [8]. Here, we will present some
more unknown results for cycle bases of LEW-embedded graphs.

Theorem F  Let G be an LEW-embedded graph and By, Ba be a pair of shortest cycle bases.
Then, we have the following results:

(1) For any separating cycle C € B; and non-separating cycle C' € B;, |C'| > | C|;

(2) Both By and By contain exactly v(3") non-separating cycles, where v(>") is the Euler-genus
of the surface >, in which G is embedded; further more, the subsets of separating cycles of By
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and Bs are linearly equivalent;

(3) Both By and By have the same number of shortest non-separating cycles.

If we restrict some condition on an embedded graph, then some unknown results are ob-

tained. For instance, we have the following

Theorem G Let By and Bz be a pair of longest cycle bases of an embedded graph G. If the
length of longest non-separating cycle is longer than that of any separating cycle, then both By

and Bs have the same number of longest non-separating cycles.

A cycle of a graph is induced if it has no chord. A famous result in cycle space theory
is due to W. Tutte which states that in a simple 3—connected graph, the set of induced cycles
each of which can’t separate the graph generates the whole cycle space [9]. If we consider the

case of embedded graphs, then this cycle set may be smaller. In fact, we have the following

Theorem Let G be a 2-connected graph embedded in a non-spherical surface such that its

facial walks are all cycles. Then there is a cycle base consists of induced non-separating cycles.

Remark(1) Tutte’s definition of a non-separating cycle differs from ours. The former defined
a cycle which can’t separate the graph, while the latter define a cycle which can’t separate the
surface in which the graph is embedded. So, Theorem H and Tutte’s result are different. From
our proof one may see that this base is determined simply by (surface)non-separating cycles.
As for the structure of such bases, we may modify the condition of Theorem A and obtain

another condition for bases consisting of shortest non-separating cycles.

Remark(2) Theorem H implies the existence of a cycle base B satisfying
i) All cycles in this cycle base B are non-separating;
ii) The length of this base B is shortest subject to i).

We call a base defined above as shortest non-separating cycle base.

Theorem I Let G be a 2-connected graph embedded in a non-spherical surface such that all
of its facial walks are cycles. Let B be a base consisting of non-separating cycles. Then B is

shortest iff for every non-separating cycle C,
Vaelnt(C)=|C|>|a

where Int(C) is the subset of cycles of B which span C.

Combining Theorems H and I we obtain the following unique structure result for shortest

non-separating cycle bases.

Theorem J Let G be a 2—-connected graph embedded in some non-spherical surface with all
its facial walks as cycles. Let By and Bs be a pair of shortest non-separating cycle bases. Then
there exists a 1-1 correspondence ¢ between elements of By and By such that for every element

a € By, |af = [¢(a)].

Remark From our proof of Theorem J, one may see that if the surface in which the graph is

embedded is non-orientable, then we may find a cycle base consisting of one-sided cycles and
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so, there is a cycle base satisfying
i ) All cycles in the base are one-sided cycles;
ii ) The length of the base is shortest subject to i);
ili) Any pair of cycle bases satisfying 1) and ii ) have the same structure, i.e., there is a 1-1

correspondence between them such that the corresponding cycles have the same length.

82. Proofs of general results

In this section we shall prove Theorems A — C. Firstly, we should set up some preliminaries
works. Let M = (S51,S52,...,5n) be a set of m sets. If each S; contains an element a; such
that a; # a; for i # j, then (a1, as,...,an) is called a SDR of M. The following is a famous
condition for a system of sets to have a SDR.

Lemma 1(Hall’s theorem [7]) Let M = (S1,Sa2,...,Sm) be a system of sets. Then M has a
SDR iff for any k subsets of M, their union has at least k elements, 1 < k < m.

The following is an application of Lemma 1.

Lemma 2 Let By = {a1,q0,...,am}, Ba = {P1, 52, ..., Bm} be a pair of bases of a linearly
vector space Vp, over a field . Then M = (S1,S42,...,Sm) has a SDR, where S; = Int(ay;) is
the set of vectors of Ba which spans a;, 1 < i < m.

Proof  Suppose on the contrary. Then there is an integer number k and k subsets, say
Sl, SQ, ey Sk such that

k
U Sil < k (2)

i=1
This shows that aq, as, ..., ar may be generated by less than k elements of Bs, a contradiction
as desired. 0

Proof of Theorem A  Let B be a longest cycle base of G and C' be a cycle of G. Then there

is a set Int(C) of cycles of B which span C|, i.e., C = > & C;. If there is a cycle C; € Int(C)
C,eC
with |C;| < |C|, then By = B — C; + C is another cycle base with length longer than that

of Bj, contrary to the definition of B. Thus, (1) holds for every cycle of G.  On the other
hand, suppose that B is a cycle base of G satisfying (1) and Bj is a longest cycle base of G.
Let B ={ay,ao,...,an}t, Bi = {v1,72,.--,7m}, m = B(G). Then for each ~; € By, there is
a set Int(y;) of cycles of B which span ;. By Lemma 2, (Int(v1), Int(7y2),...,Int(v,,)) has a
SDR= (o), vy, ..., a,) such that a; € Int(v;),1 < i < m. Then by (1), we have that

gl 2 |l 1<i<m
which implies that [(B) > [(B;) and so, B is also a longest cycle base of G. O

Proof of Theorem B  Let B be a longest cycle base of G such that | BN {Cy,Cs,...,Cs}|
is as large as possible. If |[BN{Cy,Cy,...,Cs}| = s, then C; € Bfor 1 < i < s. B is the
right cycle base. Otherwise, there is an integer k (1 < k < s) such that Cy, ¢ B. Then B has
a subset Int(Cy) spanning Cj. It is clear that Int(Cy) € {C4,Cs,...,Cs}. Hence, there is a
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cycle C; € Int(Cy)\{C1,Cy, ...,Cs}. Since Theorem A shows that a cycle can’t be generated
by shorter cycles in a longest cycle base, we have that |C;| = |Cy|. Thus, By =B—-C;+C} is
a longest cycle base containing more cycles in {C1,Cs,...,Cs} than that of B, a contradiction
as desired. 0

Proof of Theorem C Let By = {C1,Cs,...,Cn}, By = {C,,Cy,...,C..} be a pair of
longest cycle bases of G, m = 3(G). Then for each C; € By, there is a subset Int(C;) C B,
such that C; is spanned by vectors of Int(C}). By Lemma 2, (Int(Ci),Int(Cé), . ,Int(C;n))
has a SDR, say (Cy,Ca,...,Cp) with C; € Int(C}), 1 < i < m. By Theorem A, |C;| <
|Cil, 1<i<m.Letp:C;+— C’; . Then ¢ is a 1-1 correspondence between By and By. Since
both of them are longest, we have that | o(C;)| = | C;| = | Cy], 1 <i < m. This ends the proof

of Theorem C. O

83. Applications to embedded Graphs

In this section, we shall apply the results of § 2 to obtain some important results in graph theory.
We first introduce some definition for graph embedding. Let G be a graph which is topologically
embedded in a surface S such that each component of S — G is an open disc. Such graph
embedding are called 2-cell embedding. We may also define such embedding in another way as
the monograph [8] did. An embedding of a graph is a rotations system m = {m,|v € V(G)} (each
7y is a cyclic permutation of semi-edges around v) with a signature = : B(G) —— {—1,1}. If
a cycle C has even-number of negative signatures, it is called a two-sided cycle; otherwise, it
is called a one-sided cycle. If an embedding permits no one-sided cycles, then it is called an
orientable embedding; otherwise, it is non-orientable embedding. It is clear that a one-sided

cycle is contained in a Md6bius band which bounds a crosscap.

Proof of Theorem D Let By = {a1,a9,..., .} and By = {f1, B2, ..., Bm} be a pair of
longest(shortest) cycle bases of a graph G, m = ((G), such that B; and Bz have s and ¢ one-
sided cycles, resp. Suppose that s < t and k is an integer : s < k < t. We will show that
there exists a longest cycle base B with exactly k one-sided cycles. We apply induction on the
value of | s — ¢ ]. It is clear that the result holds for smaller value. Now suppose that it holds
for values smaller than |s — ¢|. By Lemma 2, (Int(51),Int(52),...,Int(3,,)) has a SDR, say
(Qiy s Qiyy - ooy 0, ) With oy, € Int(8;), where each Int(f;) is the set of cycles of By which span
Bj,1 < j <m. Further, |, | = | 3;] by the definition of By and By,1 < j < m. Since By has
more one-sided cycles than that of Bj, there is a one-sided cycle §; such that Int(f;) contains
a two-sided cycle, say oz;-, of By. In fact, we may choose a;; = a;- by the 1-1 correspondence.
Now let B = By — a;; + ;. Then B is another longest cycle base with exactly s + 1 one-sided
cycles. By induction hypothesis, the result holds. O

Proof of Theorem D’ It follows from the proof of Theorem D. 0

Before our proving of Theorem E, we have to do some preliminary works. First, we have the

following result for surface topology.

Lemma 3 Let G be an embedded graph and C a non-separating cycle of G. Then C' can’t be
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generated by a group of separating cycles .

Proof  Since every separating cycle is two—sided and a one-sided cycle can’t be spanned
by two-sided cycles, we may suppose that C' is a two-sided non-separating cycle. Recall that
C' is non-separating iff G;(C) = G, (C), where G;(C) and G, (C) are, respectively, the left—
subgraph and right—subgraph of C' (as defined in [8]). Suppose that C' may be spanned by a set
of separating cycles. Then C' may also by spanned by a set of facial walks : df1,0f2,...,0fs,

ie.,

C=0f1®0fa®...00fs, Int(C)={90f1,0f2,...,0fs},

This implies that for every edge e of C', e is covered(contained) in exactly one facial walk
of Int(C) = {0f1,0f2,...,0fs } and every edge in {df1,0f2,...,0fs }\E(C) is contained in
exactly two walks in {0f1,0f2,...,0fs }.

Let z € V(C) and e be an edge of C' containing . Then the local rotation of edges incident
toxis I, = (e, e1,e2,...,€p,€pt1,-..,€q), Where e, is another edge of C' having a common
vertex with e. Each pair of consecutive edges forms a corner Ze; xe; 1 containing z. It is clear
that each corner is contained in a region bounded by some facial walk in Int(C). If the corner
Zexey is contained in a region bounded by a facial walk, then each corner Ze; xe;11 (1 < i < p)
is also contained in some facial walk. In particular, e,4; is also contained in a facial walk.
Thus, if a facial walk of Int(C) is on the right-hand side of C' and shares an edge with C, then
all corner together with its edges on the right-side of C' are contained in facial walks of Int(C).
Since each edge of C' is contained in exactly one facial walk of Int(C'), we see that no facial walk
of Int(C) may contain an edge of C' which is in G;(C). Notice that C' is non-separating and
thus there is an path P starting from an edge of G,.(C) containing a vertex of C' and ending
at another edge in G;(C) which contains a vertex of C. This implies that G*, the dual graph
of GG, contains a path P* connecting a pair of facial walks which are on the distinct side of C.
We may choose P* such that it has no edge corresponding to an edge of C. It is easy to see
that the vertices of P* correspond to a set of facial walks of Int(C) which form a facial walk
chain. Hence, the two end—facial walks corresponding to the two end-vertices of P must be in
Int(C). This is impossible since Int(C) has no such pair of facial walks ( containing edges in C')
on distinct side of C'. This ends the proof of Lemma 3. O

Proof of Theorem E Let B be a longest cycle base and C' a longest non-separating cycle. If
C ¢ B, then C is spanned by a set Int(C') of cycles of B. By Lemma 3, Int(C') contains a non-
separating cycle € which is no shorter than that of C'(by (1) of Theorem A ), so |C| = ||
and € is also a longest non-separating cycle. This proves the first part of Theorem E. Now let

Bl = {a17a27'"7am7am+17"'7aﬁ(G)}7

B2 {717725'"a’ynvﬂ)/n+1a"'7'yﬁ(G)}a

be a pair of longest cycle bases with exactly m and n non-separating cycles. Let a;(1 < i < m)
and 7;(1 < j <n) be non-separating cycles of By and B, respectively. Then for each v; € B,
there is a set Int(y;) of cycles of By spanning +;. By the proving procedure of Theorem A, the
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system of sets
(Int(”yl), Int(va),...,Int(v,),... ,Int(’yg(g)))

has a SDR (aj,ay, ...,
B(G). Tt is clear that there is an integer, say k(1 < k < n), such that a;c is separating since

I ,a;j(G)) and further o, € Int(v;) such that || = |v],1 < i <
m < n implies that Bs has more longest non-separating cycle than that of B;. Now consider
the set B3 = By — i, —|—oe;C is a longest cycle base containing exactly n —1 longest non-separating
cycles. Repeating this procedure, we may find a longest cycle base with exactly [ longest non-
separating cycles for each [ : m <[ <n. This ends the proof of Theorem E. O

Proof of Theorem F Let By = {a1,2,...,0m,0my1,...,05)} be a MCB (minimum
cycle base) of an LEW-embedded graph G, where o;(1 < i < m) and a;(m < j < 3(G))
are, respectively, non-separating cycle and separating cycle. Suppose that there are ¢ facial
walks: 0f1,0fa,...,0f,. It is clear that aui1,my2,..., agg) may be linearly expressed
by {0f1,0f2,...,0fs—1}. Let 0f;(1 <i < ¢ —1) be a facial walk. Then 9f; is spanned by
a subset Int(0f;) of By. Since By is shortest, every cycle of Int(0f;) must be contractible by
Theorem A. Thus, {0f1,0f2,...,0f,-1} is linearly equivalent to {11, Gmi2, ..., )}, ie.,
B(G) — m = ¢ — 1(which says that By has exactly v(>_) non-separating cycles, where v(>7) is
the Euler-genus of the host surface > on which G is embedded). This ends the proof of (2).

Let a; and o  be, respectively, non-separating cycle and separating cycle of By such that
| ;| <|aj|. Then oy is spanned by a set Int(«;) of facial walks. It is clear that there is a facial
walk, say oy, of Int(a;) which can’t be generated by vectors in B1\{c;}. It is easy to see that
|0fx] < | cy|(since otherwise, | ;| < |Ofx| will contrary to the definition of LEW-embedded
graph). Hence, B1 — aj + 0fy will be a shorter cycle base, contrary to the definition of B;. So,
we have | ;| > | ;| which ends the proof of (1).

Let

Bl = {al,ag,...,as,aerl,...,ozB(@},

82 — {717727'"77t77t+17"'77ﬁ(G)}7

be a pair of MCBs such that {aq, a9, ...,as} and {y1,72,..., %} are, respectively, the set of
longest non-separating cycles of B; and By. Suppose that s < ¢t. Then for each v;(1 < i < 8(G)),
there is a subset Int(~y;) of By which span ;. By the proving procedure of Theorem A, the
system of sets: (Int(y1),Int(y2),...,Int(vg(s))) has a SDR, say (o/17 0/2, cee a/ﬁ(G)) such that
a; € Int(y;) and |a;] = 7,1 < i < B(G). By (1) we see that each (1 < i < t) is non-

separating which implies that all, a;, . ,a; is a collection of longest non-separating cycles of
G in By. Thus, t < s. This ends the proof of (3). O
Proof of Theorem G It follows from the proving procedure of Theorem E. O

Proof of Theorem H Notice that any cycle base consists of two parts: the first part is
determined by non-separating cycles while the second part is composed of separating cycles.
So, what we have to do is to show that any facial cycle may be generated by non-separating

cycles. Our proof depends on two steps.
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Step 1 Let x be a vertex of G. Then there is a non-separating cycle passing through z.

Let C" be a non-separating cycle of G which avoids . Then by Menger’s theorem, there
are two inner disjoint paths P; and P, connecting 2 and O, Let P,NC" = {u}, P,NC" = {v}.
Suppose further that u g v and v g u are two segments of Cl, where 6') is an orientation of C.

Then there are three inner disjoint paths connecting u and v:
—
Q1=uCv, Q2=vCu, Qz=PUP.

Since C' = @1 U Q2 is non-separating, at least one of cycles Q2 U Q3 and @1 U Q3 is non-

separating by Lemma 3.

Step 2 Let 0f be any facial cycle. Then there exist two non-separating cycles C; and Cs
which span Jf.

In fact, we add a new vertex z into the inner region of 9f (i.e.,int(9f)) and join new edges
to each vertex of f. Then the resulting graph also satisfies the condition of Theorem H. By
Step 1, there is a non-separating C' passing through z. Let u and v be two vertices of C N Jf.
Then u Cv together with two segments of 0 f connecting v and v forms a pair of non-separating

cycles. 0

Proof of Theorem I and J It follows from the proving procedure of Theorem A and C. [J

84. Examples
Next, we will compute the lengths of longest cycle bases in some types of graphs.
Example 1 Let G be a “ Mobius ladder graph 7 embedded in the projective plane as shown

in Fig.1.
TN

Y1 1

Y2 z2

\_/

Fig. 1

It is clear that G is non-planar and 3-regular. There are n quadrangles defined as

(i, Tig1,Yiv1,9i), 1<i<n—1
o =

(xnvylaxlvyn)a t=n
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and n Hamiltonian cycles as

H—{(zi,zit1), (vi, yir1) } + { (@i, v3), (Zig1,0i41)}, 1<i<n—1

($17x27"'axnaynaynfla"'ay27y1)a t1=n
where H is the Hamiltonian cycle (x1,x2,...,%n,Y1,Y2,--,Yn). 1t is easy to see that
Cil) @ H; is the Hamiltonian cycle H .

Case 1 n=0(mod 2).
Claim 1 {Hy, Hs,...,H,} is a linearly independent set.

If not so, one may see that
HoH ®---DH,=0
This implies that
(HioCp) o (H0Ch) @+ @ (Hh @ Cf) =C10C -+ @ Cf
ie.,
nH=H=0,

a contradiction.

Let C be a (2n-1)-cycle which is non-contractible. Since n = 0 (mod 2), we have
Claim 2 C can’t be generated by {Hy, Ha, ..., H,}.

This follows from the fact that C' is a one-sided cycle which can’t be spanned by two-sided
cycles. Then B = {C,Hy,Hs,...,H,} is a longest cycle base. Otherwise, G would have a
longest cycle base which consists of n + 1 Hamiltonian cycles, and so G is bipartite. This is a

contradiction with the fact that G has an odd cycle (z1, 22, ..., Zn, Yn) -
Case 2 n=1(mod 2)
Claim 3 {Hy, Hs,...,H,_1} is a set of linearly independent cycles.

This time, we consider the contractible Hamiltonian cycle H. Then {Hy, Ho, ..., H,—1,H}
is also a set of linearly independent cycles. If not so, H would be the sum of Hy, Ha, ..., Hy_1,
ie.,

H:HI@H2€B"'®H7L—17

that is,

HoCioCio--aC '=HoC) o (H®C;)® (Hior@Cf )
=(n-1)H=0,

Now, we have that
H=CioCio -0 .
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This is impossible(since C{ @ Cf & - @ O ' & Cy = H).
Let H  be a non-contractible Hamiltonian cycle. Then by Claim 2, B = {Hy, Ho, ...,
H, 1,H, H/} is a Hamiltonian base of G.

Example 2 Let us consider the longest cycle base of IC,,, the complete graph with n vertices. It
is easy to see that 3(K,) = 4(n—1)(n—2) = C,2_;, which suggests us to give a combinatorial
explanation of 5(K,). Suppose V(G) = {x1,22,...,2,}. Then K, — 2, = K,,_1, i.e., the
complete graph with n — 1 vertices x1,22,...,2n—1. Let us consider a (n-1)-cycle 8n_1 =
(x1,22,...,2n—1) and z;, z; € V(Cr_1)(¢ < j). Then H;; = xi,l(acn,lxj xian,lxj,l is
a Hamiltonian path of IC,,_;. Now we find B(K,) Hamiltonian cycles defined as C, (i, j) =
(n :Ci_l(aCn_lxj xian_lxj_l) in formal.

Claim 4 If |i— j| > 2, then the set {Cy (i, §)|1 < i< j <n—1} is linearly independent set.

This follows frow the fact that (z;, x;) € E(Cy(i, j)) is an edge which can’t be deleted by

the definition of symmetric difference.

Case 1 n=1(mod 2)

Now the n -cycles Cy, (i, 1+ 1) = (Tpy Tit1, Tit2y e vy X1, L1, T2, -, Z3), (1 < i <n—1)

is linearly independent cycles. Otherwise, we have that
Ch(l,2)®CL(2,3)®...8Ch(n—1,1)=0

which implies NC,,—1 = 0, a contradiction! Based on this and Claim 4, {C, (i, j)|1 <i < j <
n — 1} is a set of linearly independent Hamiltonian cycles.
Case 2 n=0(mod 2)

Although {C,(1, 2),C,(2, 3),...,Cpr(n, 1)} is linearly dependent set of Hamilton cycles,
{Cn(1, 2),C(2, 3),...,Cn(n — 1, n)} is a set of linearly independent cycles. Since K, can’t
have a Hamiltonian base, it’s longest cycle base is {C,, (7, j)|1 < i < j < n}\{C\(n, 1)} together
with a (n-1)-cycle (1, 2, ...,n - 1).

Example 3 Let G be an outer planar triangular graph embedded in the sphere with its
triangular faces fi, fa,..., fo—1. Then it has exactly one Hamiltonian cycle 0f,, here we use
df to denote the boundary of a face f. By Euler’s formula, ¢ — 1 = 3(G), where ¢ is the

number of faces. Let us define a set of cycles as following
Cn = 0/,
Crnr =0fi ®0fo® - ®0fpz, Cpy=0fp1 ®fpr®---DIfo
Coo=0fi®fs® - ®fp 3, Ch o=0fr 1Dfpo® - DIfs
Crk=0/1®0f2® - ®Ofp_r—1

C’r;,fk:8f@71@8f4p72@"'@8fk+1, 1Sk§(p_2
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fi

Fig. 2

’ ’

{CnyCro1, sy Cags JU{Ch 1, Cay e, Crss }y 9 = 0(mod 2)

{CnyCro1, Gy Casa J UGy, C sy, Cria }y 9 = 1(mod 2)

Thus B satisfies the condition of Theorem A. Hence, B is a longest cycle base, and the
length of longest cycle base is

n+2(n—1)+2(n—2)+---+2(n;—?)), © = 0(mod 2)

I(B) =

v =1(mod 2)

4 2
n+2("—1)+2(n—2)+"-+2(n; )+”; ,

Example 4 Again we consider the “ Mobius ladder graph ” in Fig.1. It is clear that the

edge—width(i.e., ew(G)) is n 4+ 1 and there are n + 1 shortest non-separating cycles:

(Y1,92, -« s Yiy Tiy Tig 1y -+, L)y 1<i<n

(Y1,92, -+ Yn, T1), i=n+1
Notice that S(G) = n+ 1 and {C1,Cq,...,Cyhi1} may generate every facial cycle and
every non-contractible cycle of G. Thus, B = {C1,Cs,...,C,} is a shortest non-separating
cycle base with length [(B) = (n+1)2. Although there are many such bases in G, they have the
same structure as we have shown in Theorem J. Since our definition of non-separating cycles on
locally orientable surface refuses the existence of facial cycles in such shortest non-separating
cycle base, there may exist an edge contained in exactly one cycle in such a base. For instance,

the edge (x1,y,) in Fig.1 is contained in exactly one non-separating cycle of such shortest cycle
base.
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81. Introduction

The crossing number cr(G) of a graph G is the smallest crossing number among all drawings
of GG in the plane. It is well known that the crossing number of graph is attained only in good
drawings of the graph related with map geometries, i.e., Smarandache 2-manifolds (see [8] for
details), which are those drawings where no edges cross itself, no adjacent edges cross each
other, no two edges intersect more than once, and no three edges intersect in a common point.
Let ¢ be a good drawing of the graph G, we denote the number of crossings in this drawing of
G by cry(G).

The investigation on the crossing number of a graph is a classical and however very difficult
problem ( for example, see [3]). Garey and Johnson [4] have proved that the problem to
determine the crossing number of a graph is NP-complete. Because of its difficulty, presently
we only know the crossing number of some classes of special graphs, for example: the complete
graphs with small number of vertices ([15]), the complete bipartite graph of less number of
vertices in one bipartite partition ([7],[15]), certain generalized Peterson graphs ([12]), and
some Cartesian product graphs of two circuits([2],[11]-[14]), of path and stars (]9]).

The crossing numbers of complete bipartite graphs K, , were computed by D.J.Kleitman
[7], for the case m < 6. He proved that

er(Kmn) = Z(m,n),ifm <6, where Z(m,n)=|

)

On the crossing number of the complete tripartite graphs, as far as the authors know, there
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only are the following two results: Kouhei Asano [1] proved that
cr(Kisn) =2Z(4,n)+ Lg],and er(Kosn) = Z(5,n) + n;

and Huang [5] recently proves that cr(Ki 4,,) = n(n — 1).
In this paper, using Kleitman’s theorem, we determine the crossing number of complete
tripartite graph K 5, for any integer n > 1. The main result of this paper is the following

theorem.

Theorem 1 (the main result) For any integer n > 1,
n
cr(Kisn) = Z(6,n) +4[ 5]

We now explain some notations. Let G be a graph with vertex set V and edge set E. If
ACE (or ACYV), weuse G(A) to denote the subgraph of G induced by A4; if G is known from
the context, we simply write (A) instead of G(A). For two mutually disjoint subsets X and Y
of V, we use Exy to denote all the edges of GG incident with a vertex in X and a vertex in Y.
For a vertex v, E, denotes all the edges of GG incident with v.

Let A and B be two sets of edges of a graph G. If ¢ is a good drawing of G, we denote
cry(A, B) by the number of all crossings whose two crossed edges are respectively in A and in
B. Especially, cry(A, A) will be denoted by crg(A). If G has the edge set E, the two signs
cry(G) and cry(E) are essential the same.

The following formulas, which can be shown easily, are usually used in the proofs of our

lemmas and theorem.

cry(AUB) = crg(A) + cry(B) + cry(A, B)

1
cre(A,BUC) = cry(A, B) + cry (A, C), @

where A, B and C are mutually disjoint subsets of F.

In the next section we shall give some lemmas, and then prove our theorem in the last one.

82. Some Lemmas

Lemma 2.1 Let G be a complete bipartite graph K,, , with the edge set E and the vertex
bipartition (Y, Z), where Y ={y1, -+ ,ym}, and Z = {21, -+, zn}. If ¢ is any good drawing of
G, then

(n—2)ery(E) = Z cre(E\ E,).

Proof The conclusion follows from the fact that in the drawing of K, ,, there are n

drawings of K, ,—1, and each crossing occurs in (n — 2) of them. ]

Lemma 2.2 Let G be a complete tripartite graph K ,,n with the edge set E and the vertex
tm’partition (X7KZ)7 where X = {Ila e 7xs}7 Y = {y17 e aym}7 and Z = {Zlv e 7Zn}' If(b

is any good drawing of G, then we have
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(i) ; ero(E\ B.,) = (n — 2)erg(E) + ; ero(Exy, E..) + 2erg(Exy):
(i7) § cro(B\ Ey,) = (m — 2)erg(E) + § cro(Bxz, By,) + 2erg(Exz)

Proof We only prove (i), because (ii) is analogous by the symmetry of the vertex tripartition
of G. Using the formula (1), we have

cry(E) = crg(Exy UExz UEyyz)
= C’I”¢(Exy)+CT¢(EXZUEyz)+CT¢(Exy,EXZUEyz)
= C’I”¢(Exy) +CT¢(EXZuEyz)+ZCT¢(EX)/,EZI,) (2)

=1

Since (Exz U Eyz) is isomorphic to the complete bipartite graph Kyt with the vertex
bipartition (X UY, Z), it follows from by Lemma 2.1 that

(n—2)6T¢(EnyEyz) = ZCT¢((EXZuEyz)\Ezi) (3)

=1

On the other hand, using the formula (1) again we have

cry(E\ E,,) = C7'¢((EXY UExz U EYZ) \ Ezi)
= cry(Exy) +cre ((EXZ UEyz)\ E(Zi))
+ery (Exy, (ExzUFEyz)\ Em)

= cry(Exy) +cry ((EXZ UEyz)\ Ezi)

+3 erg(Bxy, Es) — crg(Exy, ),

Jj=1

namely, we have

CT¢(E\Ezi) = CT¢(EX)/) —|—CT¢((EXZ UEyz)\Ezi) +ZCT¢(EXY;Ezj) — CT¢(Exy,Ezi) (4)
j=1
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Taking sum for ¢ on the two sides of (4) above, we obtain that

ZC’I‘¢ E\E,) = TLCT¢(EX)/)+ZCT¢((EXZuEyz)\EZi)
i=1 i=1

2

e nCT¢(Exy) + ZCT¢((EXZ U Eyz) \ Ezi) + (n — 1) Z CT¢(EX)/, Ezi)
=1 1=1
= nCTqb(EXY) + ( )CT¢(EXY @] Eyz)

(n—1) ch Exy,E.,) (by (3) above)
i=1

'M3

Cre EXY; z]) - CT(;B(EXYvEZi))
Jj=1

= 20T¢ EXY +ZCT¢ Exvy,FE )
=1

+(n—-2) (CT‘¢(EX)/) +cry(Exz UEyyz) + Z cre(Exy, Ez1)>
i=1

= 2cry(Exy)+ Z cre(Exy, Ez) + (n—2)cry(E) (by (2) above)
i=1
This proves the lemma. 0
Note that in Lemma 2 above, if X is a set containing a single vertex z, then Exy is the

set of edges incident to z, and thus cry(Exy) = 0 by any good drawing ¢.

Lemma 2.3 Let G be a complete tripartite graph K 5, with the edge set E and the vertex
tripartition (X,Y,Z), where X ={x}, Y ={y1,--- ,uys}, and Z ={z1,--- ,zn}. If ¢ is a good
drawing of G satisfying that cry(E) = Z(6,n) + 4 [%} —a for some a. Then we have

5
(1) if n = 2k, then Y cry(Exz, Ey,) > 2k* — 2k + 3a;
i=1

(2) if n =2k + 1, then 25: cro(Exz, Ey,) > 2k* — 4 + 3a.

i=1

Proof Let e; denote the edge xy; for 1 <+¢ <5, and f; denote the edge xz; for 1 < j <n.
Without loss of generality, assume that under the drawing ¢, the reverse clock order of these
five edges ¢; (1 < i < 5) around = is: e; — ea — e3 — e4 — e5. These five edges form five
angles: «; = Ze;xe;+1, where 1 < ¢ < 5 and the indices are read module 5. We see that in
the plane R?, there exists a circle neighbor N(x,e) = {s € R? : ||s — || < &}, where € is a
sufficiently small positive number, such that for any other edge e of K 5, not incident with z,
e can not be located in N(x,¢). Since the graph K 5, has still n edges f; that are incident to
z (1 <j <n),let A; denote the set of all those edges f;, each of which lies in the angle c; (see
the Fig. 1 in the next page). Clearly, we have that |A;| + |Az2| + |A3| + | 44| = n.

In the following, associated with the drawing ¢ of G, we shall produce five new graphs G;,
together with their respective good drawing ¢; (1 < i < 5), where each G; is isomorphic to the
complete bipartite graph K5 ,11. We shall heavily illustrate how to obtain the graph G and
its drawing ¢1, for the rest cases the method is analogous.
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Fig. 1

First, we delete all edges in F),, and the vertex y; from G, and then remove the part of e; lying
in N(z,e) for 2 <1i <5 (not remove the vertex z); add a new vertex z,41 in some location of
es N N(z,e). Now we connected z,4+1 to z and y; (i = 2,3,4,5) by the following way: connect
Zn+1 to & and y4 respectively along the original two sections of e4; connect z,41 to ys by first
traversing through a3 (near to ) and then along the original section of e lying out N(z,¢);
connect z,11 to y2 by successively traversing through a3 and s (near to ) and then along the
original section of ez lying out N(z,e); connect z,11 to ys by first traversing through a4 (near
to ) and then along the original section of es lying out N(z,e). Then we obtain the graph
G, with its a good drawing ¢,. Obviously, GG is isomorphic to K5 ,+1. The following figure 2
helps us to understand the obtained graph Gy and its drawing ¢;, where the dotted line denote
the way how 2,11 is connected to x and y; (2 <i < 5).

Fig. 2

Then it is not difficult to see that
er9,(G1) = ers (B\ By, ) +1 4] + 21 43] + | Aul. (4)

By the symmetry of y;, we can analogously easily obtain the graphs G; and its goods drawings
¢; for 2 <4 < 5. For example, the graph G, together with its good drawing ¢o, is displayed in
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the following figure 3.

Fig. 3

Similarly, for ¢2, ¢3, ¢4 and ¢5, we have respectively the following equalities :

14, (Ga) = cro(E\ Ey,) + [ As| + 2[Aa] + [As] (5)
cr45(Gs) = cro(E\ Eyg) + [Ax] + 2| As] + [A4] (6)
cr4,(Ga) = cro(E\ Ey,) + [Az| + 2[A1] + [As] (7)
crg5(Gs) = cro(E\ Ey;) + [A1| + 2| Aa] + [As] (8)

Since each G; (1 < 4 < 5) is isomorphic to the complete graph K5 ,11, we get that
cry, (G;) > Z(5,n+ 1). Therefore, by (4)—(8) above, we have

5
5Z(5,n+1) < Zcr@(Gi)
i=1

5

5
= Y (BN Ey,)+4> Al

i=1 i=1

5
= Zcm(E\E‘i) +4n
i=1

5

= 3cry(E) + Zcr¢(EXZ, Ey,)+2cry(Exy) +4n  (by Lemma 77 (2))
i=1

5
3erg(E) + ZC%(EXL E,,) +4n (because crg(Exy)=0)
i—1

So it follows that
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5
ZC%(EXZ,E%) > 5Z(5,n+1) —3cry(E) —4n
i=1

= 5Z(5,n+1) —3(Z(6,n) +4 {g} - a) —d4n

2k% — 2k +3a, when n = 2k;

2k? —4+3a, whenn=2k+1

This proves the lemma. O

Lemma 2.4 Let G be the complete tripartite graph K 5, with the edge set E and the vertex
tripartition (X,Y,Z), where X = {z}, Y = {y1,- - ,ys}, and Z = {z1, -+ ,z,}. Assume
that n = 2k + 1, where k > 0. If ¢ is a good drawing of G satisfying that cry(E \ E.,) =
Z(6,n—1)+4[251] for any 1 < j < n, then cry(E) # Z(6,n) +4 [2] — 1.

Proof Assume to contrary that crg(E) = Z(6,n) +4 [%] — 1. By using the formula (2) in
the proof of lemma 2.2, we have

5

n
Z(G,n) +4 [5} —-1= CT‘¢(E) = CT¢(Exz) +CT‘¢(EXY UEyz) + ZCT‘¢(Exz,Eyi).
i=1

Since (Exy U Eyyz) is isomorphic to the complete bipartite graph Kj,4+1, we have that
cre(Exy UPEyz) > Z(5,n+ 1). Noting that cry(Exz) = 0, we thus have

5
> ero(Exy, Ey,) < Z(6,n) + 4 [g} —1-Z(B,n+1)=2k> -1
i=1

On the other hand, by our assumption that cr4(E) = Z(6,n)+4 [2]—1, and that n = 2k+1,

5
with the help of Lemma 2.3(ii) we have Y cry(Exz, Ey,) > 2k* — 1. This implies that
i=1

> ers(Bxz, By) =2k — 1 (9)

=1

Since (E \ E.;) is isomorphic to the complete tripartite graph K ,, 1 with the vertex tri-
partition (X,Y,Z \ {z;}), applying the formula (2) in the proof of Lemma 2.2 to the graph
(E\ E.;), we have

5
cro(E\ Ezy) = cry (EX<Z\{ZJ~}>) +erg (EXY U EY(Z\{zm) +D_er (EX<Z\{ZJ-}>, EL)

i=1
where By = Ex(y,} U E(2\(;}){u:)-
Since (Exy U By (z\{z,})) is isomorphic to the complete bipartite graph K ,, cr (EXY U

Ey(Z\{zj})> > Z(5,n). Again, since Ex(z\(,}) is the set of edges incident to x, we have that
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cre (EX(Z\{ZJ.})> = 0 by the good drawing ¢. Therefore we have

5

> (EX<Z\{ZJ.}), EL) = crg(BE\ By —cry (EX<Z\{ZJ-}>) —cry (EXY U EY(Z\{ZJ-»)
i=1

= ry(E\ E.) —crg (EXY U EY(Z\{Zj}))

-1
< Z(6,n—1)+4 {" } — Z(5,n)
= 2k* -2k
That is to say, we have
5
ZCT‘¢ (EX(Z\{Zj})7 Eél) < 2k% — 2k (10)

i=1

Because Ex(.;3 UEy;}{y,} is the set of edges incident to z;, crg(Ex (.}, E{z;1{y,}) = 0 by the
good drawing ¢. Note that E; = E,, \ E{. y(,,}- Hence, we have

cry(Exz, By) = cre(Exz, Ey) + cro(Ex(z\ (1) Btz i)
= (ers(Bxi By) + ero(Bx i), By, ) + ero(Bxa a1 Bz )
= crg(Ex(z\(=1) By) +ro(Ex(zy: By, \ Bz yyiy)
Ferg(Exz\(z1) Biz;y (i)
= cro(Exz\(z)): By,) + o (Ex ey, By,) — o (Ex 2,y Bz vy
terg(Bxz: Bpzyiyy) — cro(Ex iz Bz 1))
= ro(BExz\(z1) Ey) + cro(Exyzy), By,) + cro(BExz, Bz )

Taking sum for 7 on two sides of the last equality above, we have

5 5 5

> erg(Exz,By) = Y cro(Exngsy By) + Y cre(BExgs,y, By,)
1=1 1=1 1=1
5
+ > ero(Bxz, Bie )
i=1

Combining with (9) and (10) above, we then obtain that

5 5
22 — 1 < 2k? — 2k + ZCT¢(EX{Zj}, Eyl) + ZCT¢(Exz, E{Z]}{Uz}) (11)

i=1 i=1

Again, taking sum for j on the two sides of the inequality (11) above, and noticing n =
2k + 1, we get that
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n n 5 n 5
(2k2—1) < Z 2k2—2k +ZZCT¢ EX{ZJ}, vi +ZZCT¢ Exz,E{Z]}{yl})

-

j=1 j=1 j=1i=1 j=11i=1
5 n
= (2k+1 2I€2—2k +Z(ZCT¢ EX{zj}v yz))
i=1  j=1
5
+> (Z cry(Exz, E{zj}{yl}))
=1 g=1
5 5
= (2k+ 1)K —2k)+ > _cre(Bxz, By) + Y cro(BExz, Ezy.y)
i=1 i=1
5
= (2k+1)(2k% = 2k) + Y crg(Exz, Ey,)
i=1
5
+ Z (cr¢(EXZ, E,)—cry(Exz, EX{yi}) (because Ez ¢,y = By, \ Exgy,y)
i=1

5
= (2k+1)(2k° = 2k) + 2 _ cry(Exz, Ey,)
i=1
(This is because Exz U Exyy,} is the setof edges incident to x, by the good
drawing ¢ ,cry(Exz, Ezqy,y) = 0 for any 1 <i <5)

= (2k+1)(2k* — 2k) +2(2k* = 1)  (by (9) above)

Therefore, it follows that (2k + 1)(2k — 1) < 2(2k? — 1). This is a contradiction for any
real number k, and proving the conclusion. 0

83. Proof of Theorem 1

Let the complete tripartite graph Kj 5, having the edge set E and the vertex tripartition
(X.Y,Z), where X = {a}, Y ={y1,--- ,ys}, and Z = {z1,--- , 2z, }. To show that cr(K15,) <

Z(6,n)+4 [%] , we consider a drawing of K1 5, as a immersion into R?, satisfying the following:

(1) é(z) = (0,1);

(2) ¢(yi) = (0, (=1)"),i = 1,2,8(ys) = (¢,—2),6(ys) = (¢, 3), d(ys) = (2¢,4),where € is a
sufficiently small positive;

(3) 6(z;) = (1) [&+],0).

For example, a drawing of K 5 5 on the plane is shown in the Fig.4. It is not difficult to
see that crg(E) = Z(6,n) 4+ 4 [2]. This thus shows that cr(K15,) < Z(6,n) +4 [2]. In order
to prove the theorem, we only need to prove the conclusion that cry(K1,5,) > Z(6,n) +4 [2]
for any good drawing ¢. Assume to contrary that there is a good drawing ¢ of K 5 , satisfying
cry(Ki5m) = Z(6,n) + 4 [2] — a, where a > 1. We now consider the following two cases,
according to as n is even or odd.

Claim 1 The desired conclusion is true when n (= 2k) is even.
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Subproof By our assumption that cry(K15.,) = Z(6,n) +4 [%] — a, it then follows from
Lemma 2.3(7) that

Z crg(Epz, By,) > 2k* — 2k + 3a.

=1

Fig. 4

Note that crg(Exz) = 0 by the good drawing ¢. Since (Exz U Eyz) is isomorphic to
the complete bipartite graph Ks .41 with the vertex bipartition (Y, X U Z), we have that
cro(Exy UEyz) > Z(5,n+1). Using the formulas (2) in the proof of Lemma 2.2, we get that

Z(G,n)+4[g}fa = cry(E)

= CT¢(Exz) + CT’¢(EXY U Eyz) + ZCT¢(EXZ7Eyi)
i=1

Y

Z(57n+ 1) + Z(EXZ7E2J1)
1=1

5
Therefore, Y cry(Exz, E(y;)) < 2k*—2k—a. So, we get that 2k* —2k+3a < 2k* -2k —a,
=1

i=
namely, a < 0. This contradicts to the hypothesis that a > 1, proving the claim.
Claim 2 The desired conclusion is true when n (= 2k + 1) is odd.

Subproof. Since n is odd, by Lemma 2.3(i¢) we first have

5
ZC%(EXLE(%)) > 2k% — 4 + 3a
i=1
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Similarly, using the formulas (2) in the proof of Lemma 2.2, we get that

Z(6,n)+4 [g} —a = crg(B)
5
= Z(5an+1)+ZCT¢(EXZ7Eyz)7

i=1

5
which follows that Y (Exz, E,,) < 2k? — a. Hence, we get that 2k? — 4+ 3a < 2k? — a, namely
i=1
a < 1. Since a > 1 by our assumption, this implies that a = 1, and thus it must be that

crs(E) = Z(6,n) + 4 [g} 1 (12)
Again, with the help of the formula (1), we have

cry(E) = cry(Exy UExzUPEyz)

C’I“¢(Exy) + CT¢(EXZ U Eyz) + CT¢(EX)/,EXZ U Eyz)

C’I“¢(Exy) + CT¢(EXZ U Eyz) + Z CT¢(EX)/, Ezi)

i=1
Since (Exz U Ey z) is isomorphic to the complete bipartite graph K¢, with the vertex bipar-
tition (X UY, Z), it has that cry(Exz U Eyz) > Z(6,n). Noting that cry(Exy) = 0 by the
good drawing of ¢, we thus have

n

Z(6,n) + 4 [g} —1=crg(E) = Z(6,0) + Y erg(Exy, Es,),

i=1

which follows that

;c%(EXy, E.) < Z(6,n) + 4 {5} —1-Z(6,n) =4k — 1 (13)

Combining with Lemma 2.2(7), we have

Z cro(E\E;) = 2cry(Exy)+ Zcr¢(EXy, E..)+ (n—2)crg(E)
i=1 =1

= > crs(Exy, E) + (n = 2)erg(E)  (because cry(Exy) = 0)
1=1

< 4k—1+(n-2) (2(6, n)+4 [g} - 1) (by (12) and (13) above)

n—1

- n(Z(6,n—1)+4[ b (because n = 2k + 1)

That is to say, we have

icrd,(E\Ezi)gn(Z(&n—l)—i—él[n;1]> (14)

i=1
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On the other hand, since, for any 1 < ¢ < n, (E\ E(z;)) is isomorphic to the complete
tripartite graph K 5 ,-1, and since n — 1 is even, it follows from the truth of Claim 1 that
cry(E\ E.) > Z(6,n — 1) + 4 [251] for any 1 < i < n. Combined with (14) above, it must
happen that cry(E \ E.,) = Z(6,n — 1) + 4 [251] for any 1 < i < n. This, together with n
being odd and (12) above, contradicts Lemma 2.4, proving this claim.

Therefore, the proof of Theorem 1 is finished. 0
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Abstract: A Smarandache geometry is a geometry which has at least one Smarandachely
denied axiom(1969), i.e., an axiom behaves in at least two different ways within the same
space, i.e., validated and invalided, or only invalided but in multiple distinct ways and a
Smarandache n-manifold is a n-manifold that support a Smarandache geometry. Iseri pro-
vided a construction for Smarandache 2-manifolds by equilateral triangular disks on a plane
and a more general way for Smarandache 2-manifolds on surfaces, called map geometries was
presented by the author in [9] — [10] and [12]. However, few observations for cases of n > 3
are found on the journals. As a kind of Smarandache geometries, a general way for con-
structing dimensional n pseudo-manifolds are presented for any integer n > 2 in this paper.
Connection and principal fiber bundles are also defined on these manifolds. Following these
constructions, nearly all existent geometries, such as those of Fuclid geometry, Lobachevshy-
Bolyai geometry, Riemann geometry, Weyl geometry, Kdihler geometry and Finsler geometry,
...,etc., are their sub-geometries.

Key Words: Smarandache geometry, Smarandache manifold, pseudo-manifold, pseudo-
manifold geometry, multi-manifold geometry, connection, curvature, Finsler geometry, Rie-
mann geometry, Weyl geometry and Kahler geometry.

AMS(2000): 51M15, 53B15, 53B40, 57N16

81. Introduction

Various geometries are encountered in update mathematics, such as those of Euclid geometry,
Lobachevshy-Bolyai geometry, Riemann geometry, Weyl geometry, Kdihler geometry and Finsler
geometry, ..., etc.. As a branch of geometry, each of them has been a kind of spacetimes in
physics once and contributes successively to increase human’s cognitive ability on the natural
world. Motivated by a combinatorial notion for sciences: combining different fields into a
unifying field, Smarandache introduced neutrosophy and neutrosophic logic in references [14] —

[15] and Smarandache geometries in [16].

Definition 1.1([8][16]) An aziom is said to be Smarandachely denied if the axziom behaves in
at least two different ways within the same space, i.e., validated and invalided, or only invalided
but in multiple distinct ways.

A Smarandache geometry is a geometry which has at least one Smarandachely denied

1Received May 5, 2007. Accepted July 25, 2007
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aziom (1969 ).

Definition 1.2 For an integer n,n > 2, a Smarandache n-manifold is a n-manifold that support

a Smarandache geometry.

Smarandache geometries were applied to construct many world from conservation laws as
a mathematical tool([2]). For Smarandache n-manifolds, Iseri constructed Smarandache mani-
folds for n = 2 by equilateral triangular disks on a plane in [6] and [7] (see also [11] in details).
For generalizing Iseri’s Smarandache manifolds, map geometries were introduced in [9] — [10]
and [12], particularly in [12] convinced us that these map geometries are really Smarandache 2-
manifolds. Kuciuk and Antholy gave a popular and easily understanding example on an Euclid
plane in [8]. Notice that in [13], these multi-metric space were defined, which can be also seen
as Smarandache geometries. However, few observations for cases of n > 3 and their relations
with existent manifolds in differential geometry are found on the journals. The main purpose
of this paper is to give general ways for constructing dimensional n pseudo-manifolds for any
integer n > 2. Differential structure, connection and principal fiber bundles are also introduced
on these manifolds. Following these constructions, nearly all existent geometries, such as those
of Fuclid geometry, Lobachevshy-Bolyai geometry, Riemann geometry, Weyl geometry, Kdhler
geometry and Finsler geometry, ...,etc., are their sub-geometries.

Terminology and notations are standard used in this paper. Other terminology and nota-
tions not defined here can be found in these references [1],[3] — [5].

For any integer n,n > 1, an n-manifold is a Hausdorff space M™, i.e., a space that satisfies
the T3 separation axiom, such that for Vp € M", there is an open neighborhood U,,p € U, C
M™ and a homeomorphism ¢, : U, — R" or C", respectively.

Considering the differentiability of the homeomorphism ¢ : U — R’ enables us to get the
conception of differential manifolds, introduced in the following.

An differential n-manifold (M™, A) is an n-manifold M™, M™ = |J U;, endowed with a C"
differential structure A = {(Uq, po)|a € I} on M™ for an integer rfvlith following conditions
hold.

(1) {Uu;« € I} is an open covering of M™;

(2) For Vo, € I, atlases (Uy,pa) and (Ug, g) are equivalent, i.e., Uy, (\Ug = 0 or
Ua (U # 0 but the overlap maps

vay' 1 9sUanu,) — ¢s(Us) and wppr': 0s(Uanu,) = a(Ud)

are C";

(3) A is maximal, i.e., if (U, ) is an atlas of M™ equivalent with one atlas in A, then
(U,p) € A

An n-manifold is smooth if it is endowed with a C°° differential structure. It is well-known

that a complex manifold M is equal to a smooth real manifold M?2" with a natural base

o 0
2 1<i<
(ol 1<i<n)

for T, M, where T}, M denotes the tangent vector space of M at each point p € M.
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82. Pseudo-Manifolds

These Smarandache manifolds are non-homogenous spaces, i.e., there are singular or inflection
points in these spaces and hence can be used to characterize warped spaces in physics. A
generalization of ideas in map geometries can be applied for constructing dimensional n pseudo-
manifolds.

Construction 2.1 Let M"™ be an n-manifold with an atlas A= {(Up, pp)|lp € M™}. For Vp €
M™ with a local coordinates (x1, 2, ,2y), define a spatially directional mapping w : p — R"™

action on ¢, by

w:ip— @(p) =wlep) = (Wi,ws2, -+ ,wn),

i.e., if a line L passes through p(p) with direction angles 01,60s,--- |0, with azes e1,ea, - e,
in R™, then its direction becomes

s U

U
91—?4-01,92—74-027'“,9n—7+0n

after passing through o, (p), where for any integer 1 <1i < n, w; = ¥;(moddr), ¥; > 0 and

m, if 0<w; <2m,
0; =
0, if 2m <w; <A4m.

A manifold M™ endowed with such a spatially directional mapping w : M™ — R™ is called an

n-dimensional pseudo-manifold, denoted by (M™, A“).

Theorem 2.1 For a point p € M"™ with local chart (Uy, ), @y = @p if and only if w(p) =
(27ky, 2mka, - - -, 27k, ) with k; = 1(mod2) for 1 < i< n.

Proof By definition, for any point p € M", if ¢(p) = p,(p), then w(py(p)) = wp(p).
According to Construction 2.1, this can only happens while w(p) = (27ky, 27ks, -, 27ky,)
with k; = 1(mod2) for 1 <i <n. O

Definition 2.1 A spatially directional mapping w : M™ — R"™ is euclidean if for any point p €
M™ with a local coordinates (x1,x2,- -+ , &), w(p) = (27k1, 27k, - - - , 27ky,) with k; = 1(mod2)

for 1 <i < n, otherwise, non-euclidean.

Definition 2.2 Let w : M™ — R™ be a spatially directional mapping and p € (M™, A¥),
w(p)(moddr) = (w1, wa, -+ ,wyn). Call a point p elliptic, euclidean or hyperbolic in direction e;,
1<i<nifo<w; <2, w; =27 or 2w < w; < 4m.

Then we get a consequence by Theorem 2.1.

Corollary 2.1 Let (M", A”) be a pseudo-manifold. Then yy = p, if and only if every point

m M"™ is euclidean.
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Theorem 2.2 Let (M™, A¥) be an n-dimensional pseudo-manifold and p € M™. If there are
euclidean and non-euclidean points simultaneously or two elliptic or hyperbolic points in a same

direction in (Up, pp), then (M™, A%) is a Smarandache n-manifold.

Proof On the first, we introduce a conception for locally parallel lines in an n-manifold.
Two lines Cy, Cy are said locally parallel in a neighborhood (U,, ¢,) of a point p € M™ if ¢, (Ch)
and ¢, (Cs) are parallel straight lines in R™.

In (M™, A¥), the axiom that there are lines pass through a point locally parallel a given
line is Smarandachely denied since it behaves in at least two different ways, i.e., one parallel,
none parallel, or one parallel, infinite parallels, or none parallel, infinite parallels.

If there are euclidean and non-euclidean points in (U,, pp) simultaneously, not loss of
generality, we assume that u is euclidean but v non-euclidean, w(v)(moddm) = (w1, wa, - ,wy)
and wy # 2m. Now let L be a straight line parallel the axis e; in R™. There is only one line
C. locally parallel to ¢, ' (L) passing through the point u since there is only one line ¢, (C,)
parallel to L in R™ by these axioms for Euclid spaces. However, if 0 < w; < 27, then there
are infinite many lines passing through u locally parallel to ¢, YL) in (U, pp) since there are
infinite many straight lines parallel L in R"™, such as those shown in Fig.2.1(a) in where each

straight line passing through the point @ = ¢, (u) from the shade field is parallel to L.

et Lz\
L— & L — = N
(a) (b)

Fig.2.1

But if 2 < wy < 4w, then there are no lines locally parallel to cpzjl(L) in (Up, pp) since there
are no straight lines passing through the point 7 = ¢, (v) parallel to L in R"™, such as those

shown in Fig.2.1(b).
Y, b

L

/

'lq'C-'l

L

<1

Fig.2.2

_
If there are two elliptic points u, v along a direction O, consider the plane P determined
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by w(u),w(v) with O in R”. Let L be a straight line intersecting with the line uv in P. Then
there are infinite lines passing through w locally parallel to ¢, (L) but none line passing through
v locally parallel to ¢, Y(L) in (U, ¢p) since there are infinite many lines or none lines passing
through @ = w(u) or T = w(v) parallel to L in R™, such as those shown in Fig.2.2.

Similarly, we can also get the conclusion for the case of hyperbolic points. Since there exists
a Smarandachely denied axiom in (M™, A¥), it is a Smarandache manifold. This completes the
proof. O

For an Euclid space R", the homeomorphism ¢, is trivial for ¥p € R". In this case, we
abbreviate (R", A“) to (R™,w).

Corollary 2.2 For any integer n > 2, if there are euclidean and non-euclidean points simulta-
neously or two elliptic or hyperbolic points in a same direction in (R™, w), then (R™,w) is an

n-dimensional Smarandache geometry.

Particularly, Corollary 2.2 partially answers an open problem in [12] for establishing
Smarandache geometries in R3.

Corollary 2.3 If there are points p,q € R? such that w(p)(moddm) # (2,2, 27) but w(q)(modir) =
(27k1, 2ko, 27ks), where k; = 1(mod2),1 < i < 3 or p,q are simultaneously elliptic or hyper-

bolic in a same direction of R3, then (R3,w) is a Smarandache space geometry.

Definition 2.3 For any integer r > 1, a C" differential Smarandache n-manifold (M™, A¥) is
a Smarandache n-manifold (M™, A“) endowed with a differential structure A and a C" spatially
directional mapping w. A C°° Smarandache n-manifold (M™, A¥) is also said to be a smooth

Smarandache n-manifold.

According to Theorem 2.2, we get the next result by definitions.

Theorem 2.3 Let (M™, A) be a manifold and w : M™ — R™ a spatially directional mapping
action on A. Then (M™, A%) is a C" differential Smarandache n-manifold for an integer r > 1
if the following conditions hold:

(1) there is a C" differential structure A = {(Uy, pa)|la € I} on M™;

(2) wisCT;

(3) there are euclidean and non-euclidean points simultaneously or two elliptic or hyperbolic

points in a same direction in (Up, pp) for a point p € M™.

Proof The condition (1) implies that (M™, A) is a C" differential n-manifold and conditions
(2), (3) ensure (M", A¥) is a differential Smarandache manifold by definitions and Theorem
2.2. O
For a smooth differential Smarandache n-manifold (M", A“), a function f: M"™ — R is

said smooth if for Vp € M™ with an chart (U, ¢;),

o)™ () (U,) — R”

is smooth. Denote by S, all these C*° functions at a point p € M".
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Definition 2.4 Let (M™, A¥) be a smooth differential Smarandache n-manifold and p € M™.
A tangent vector v at p is a mapping v : p — R with these following conditions hold.

(1) Vg,h €S, YA € R, v(h+ Ah) =v(g) + Mv(h);
(2) Vg,h € Sp,v(gh) =v(g)h(p) + g(p)v(h).

Denote all tangent vectors at a point p € (M", A) by T, M™ and define addition+and
scalar multiplication-for Vu,v € T, M", A € R and f € S, by

(u+0)(f) = ulf) +ov(f), Qu)(f) =A-ulf).

Then it can be shown immediately that 7}, M™ is a vector space under these two operations+and-.
Let p € (M™, A¥) and v : (—e,e) — R"™ be a smooth curve in R with v(0) = p. In
(M™, A¥), there are four possible cases for tangent lines on ~ at the point p, such as those

shown in Fig.2.3, in where these bold lines represent tangent lines.

-

T%%Tﬁ KZ
{a) (b)

(c) (d)
Fig.2.3

By these positions of tangent lines at a point p on v, we conclude that there is one tangent
line at a point p on a smooth curve if and only if p is euclidean in (M™, A¥). This result enables

us to get the dimensional number of a tangent vector space T, M™ at a point p € (M", A“).

Theorem 2.4 For any point p € (M™, A*) with a local chart (Uy, ), ¢p(p) = (323, ,22),
if there are just s euclidean directions along €;,,€;,,--- ,€;, for a point , then the dimension of

T,M™ is
dimT,M"™ = 2n—s
with a basis

0
{ Oxti

_ o=, 0OF . .
lp | 1§J§S}U{@|p7@|p [1<l<nandl+#i;1<j<s}
Proof We only need to prove that

d , o ot . .
{%b|1SJ§S}U{@,w|p|1§1§nandz¢zj,1g]gs} (2.1)

is a basis of T,M™. For Vf € Sy, since f is smooth, we know that
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n 867'f
@) = f@)+ Y- )
i=1 !
< o fosif
0 0
+ ”221(%' —x;)(xj —x3) dz: Oz, + Rij. ok
for Vo = (z1,22,- -+ ,2n) € ¢p(Up) by the Taylor formula in R"™, where each term in R; ;... »

contains (z; — a9)(z; — ) -+ (xx — 7)), & € {+, =} for 1 <T <n but | #i; for 1 < j < s and
€; should be deleted for [ =14;,1 < j <.

Now let v € T,M™. By Definition 2.4(1), we get that

n 861f

o) = o)+ Y -5 L)
(Y ey~ ) LT (R )

i,7=1

Application of the condition (2) in Definition 2.4 shows that

d o¢ f 0
oY i =atey —aH G T —o

ij=1
and
U(RLJ". k) = 0
Whence, we get that
- o f - 0%
() = ol G ) = 3o vlen) () (22)
The formula (2.2) shows that any tangent vector v in T, M™ can be spanned by elements
in (2.1).
All elements in (2.1) are linearly independent. Otherwise, if there are numbers a',a?,- - | a*,
af, aj , a;, Gy - ,aj{_s, a,,_ such that
> 0 . 0%
Zaijazi-+. oo Z . K 3$i|p:07
Jj=1 J 141 02,00 is,1<i<n

where ¢; € {+, —}, then we get that

. 9 .9
S D St AR
j:1 25 7

iF#41 i, is,1<i<n
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for 1 <j < s and

G iz, s, 1<i<n

for i # i1,49,- -+ ,is,1 < i < n. Therefore, (2.1) is a basis of the tangent vector space T, M" at

the point p € (M™, A%). O
Notice that dim7,M"™ = n in Theorem 2.4 if and only if all these directions are euclidean

along eq,es, - ,e,. We get a consequence by Theorem 2.4.

Corollary 2.4([4]-[5]) Let (M™,A) be a smooth manifold and p € M™. Then

dimT, M™ =n

with a basis
0 .
{@b | 1<i<n}

Definition 2.5 For Vp € (M"™, A%), the dual space Ty M™ is called a co-tangent vector space
at p.

Definition 2.6 For f € Sy,d € TyM™ andv € T,M", the action of d on f, called a differential
operator d : S, — R, is defined by

Then we immediately get the following result.

rrn

Theorem 2.5 For any point p € (M™, A*) with a local chart (Uy, ), ¢p(p) = (329, ,20),
if there are just s euclidean directions along €;,,€i,,--- ,€;, for a point , then the dimension of
TyM™ is

dimT;M" = 2n—s

with a basis

{da'i], |1<j < S}U{dfxi,,dﬂvﬂp |[1<i<nandl#i;,1<j<s},
where

0 o

@b) = 0j and deixl|p(@|p) = 0;

dIl|P( J

fore e {+,-}H1<i<n.

83. Pseudo-Manifold Geometries

Here we introduce Minkowski norms on these pseudo-manifolds (M™, A¥).
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Definition 3.1 A Minkowski norm on a vector space V' is a function F': V — R such that
(1) F is smooth on V\{0} and F(v) >0 for Vv € V;
(2) F is 1-homogenous, i.e., F(Av) = AF(v) for YA > 0;
(3) for all y € V\{0}, the symmetric bilinear form g, : V x V. — R with

0*F
gy(ua 1)) = Z 8y18(33)
0]

is positive definite for u,v € V.

Denote by TM"™ = U T,Mm.
peE(M™,Av)

Definition 3.2 A pseudo-manifold geometry is a pseudo-manifold (M™, A¥) endowed with a
Minkowski norm F on TM™.

Then we get the following result.

Theorem 3.1 There are pseudo-manifold geometries.

Proof Consider an eucildean 2n-dimensional space R?". Then there exists a Minkowski
norm F(T) = || at least. According to Theorem 2.4, T, M™ is R*T2("=%) if (p) has s euclidean
directions along e, es, - - - ,e,. Whence there are Minkowski norms on each chart of a point in
(M™, A¥).

Since (M™, A) has finite cover {(Uq, ¢o)|la € I}, where I is a finite index set, by the

decomposition theorem for unit, we know that there are smooth functions h,,« € I such that

Zhazlwithoghagl.
acl

Choose a Minkowski norm F* on each chart (Uy, ¢o). Define

heFe, if peU,,
0, if p&U,

F, =

for Vp € (M™, ¢*). Now let

F:ZFa.

acl
Then F' is a Minkowski norm on T'M™ since it satisfies all of these conditions (1) — (3) in
Definition 3.1. 0
Although the dimension of each tangent vector space maybe different, we can also introduce

principal fiber bundles and connections on pseudo-manifolds.

Definition 3.3 A principal fiber bundle (PFB) consists of a pseudo-manifold (P, AY), a projec-
tion w: (P, AY) — (M, Ag(w)), a base pseudo-manifold (M, Ag(w)) and a Lie group G, denoted
by (P, M,w™, G) such that (1), (2) and (3) following hold.
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(1) Thereis a right freely action of G on (P, AY), i.e., for¥g € G, there is a diffeomorphism
Ry : (P, AY) — (P, AY) with Ry(p¥) = p¥g for ¥p € (P, AY) such that p*(g192) = (p*g1)g2 for
Vp € (P, AY), Yg1,92 € G and p¥e = p* for some p € (P™, AY), e € G if and only if e is the
identity element of G.

(2) The map 7 : (P, AY) — (M, Ag(w)) is onto with m=(w(p)) = {pglg € G}, w1 = wo,
and regular on spatial directions of p, i.e., if the spatial directions of p are (wi,wa, - ,wy),
then w; and 7(w;) are both elliptic, or euclidean, or hyperbolic and |t~ (7 (w;))| is a constant
number independent of p for any integer i,1 <i < n.

(3) ForVz e (M, Ag(w)) there is an open set U with x € U and a diffeomorphism T
(m)"HUT@)) — U™ x G of the form Ty(p) = (7(p*), 5.(p*)), where s, : 7~ H({U™@) — @
has the property s,(p“g) = su(p*)g for Vg € G,p € = 1(U).

We know the following result for principal fiber bundles of pseudo-manifolds.

Theorem 3.2 Let (P, M,w™,G) be a PFB. Then

(P’ M’ wﬂ_? G) = (P’ M’ 7T7 G)
if and only if all points in pseudo-manifolds (P, AY) are euclidean.

Proof For Vp € (P, AY), let (Up,¢p) be a chart at p. Notice that w™ = 7 if and only if
@y = pp for Vp € (P, AY). According to Theorem 2.1, by definition this is equivalent to that

all points in (P, A{) are euclidean. O

Definition 3.4 Let (P, M,w™,G) be a PFB with dimG = r. A subspace family H = {Hp|p €
(P, AY),dimH,, = dimT,y M} of TP is called a connection if conditions (1) and (2) following
hold.

(1) ForVp € (P, AY), there is a decomposition

T,P =H, PV,
and the restriction m|p, : Hy, — TrM is a linear isomorphism.

(2) H is invariant under the right action of G, i.e., forp € (P, AY), Vg € G,

(Rg)*p(Hp) = Hpyg.

Similar to Theorem 3.2, the conception of connection introduced in Definition 3.4 is more

general than the popular connection on principal fiber bundles.

Theorem 3.3(dimensional formula) Let (P, M,w™,G) be a PFB with a connection H. For
Vp € (P, AY), if the number of euclidean directions of p is Ap(p), then

(dimP — dimM)(2dimP — Ap(p))
dimP '

dimV,, =
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Proof Assume these euclidean directions of the point p being e1, ez, -+, ey, (). By defi-
nition 7 is regular, we know that m(e1), 7(ez), - ,m(ex,(p)) are also euclidean in (M, AT(L‘))).
Now since

7 (n(er)) = 7 (w(es)) = -+ = 7 (w(exp ) = 4 = constant,

we get that Ap(p) = uAar, where Ay denotes the correspondent euclidean directions in (M, AT(L‘))).
Similarly, consider all directions of the point p, we also get that dimP = pudimM . Thereafter

dimM
dimP
Now by Definition 3.4, T,P = H, P V,, ie.,

Am = Ap(p).  (3.1)

dimT, P = dimH,, + dimV,,. (3.2)

Since i |m, : H, — TrpyM is a linear isomorphism, we know that dimH, = dim7 ) M.

According to Theorem 2.4, we have formulae

dimT, P = 2dimP — Ap(p)
and

dimM
dimP

dimT,r(p)M = 2dimM — /\M = 2dimM — )\p (p)

Now replacing all these formulae into (3.2), we get that

dimM

2dimP — Ap(p) = 2dimM — TP

Ap(p) + dimV,.

That is,

(dimP — dimM)(2dimP — Ap(p))
dimP '

dimV,, =
We immediately get the following consequence by Theorem 3.3.
Corollary 3.1 Let (P,M,w™,G) be a PFB with a connection H. Then for Vp € (P, AY),
dimV),, = dimP — dimM
if and only if the point p is euclidean.

Now we consider conclusions included in Smarandache geometries, particularly in pseudo-

manifold geometries.

Theorem 3.4 A pseudo-manifold geometry (M™, p*) with a Minkowski norm on TM™ is a
Finsler geometry if and only if all points of (M™, %) are euclidean.
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Proof According to Theorem 2.1, g = ¢, for Vp € (M™", ¢*) if and only if p is eucildean.
Whence, by definition (M™, ¢p*) is a Finsler geometry if and only if all points of (M™, p*) are
euclidean. U

Corollary 3.1 There are inclusions among Smarandache geometries, Finsler geometry, Rie-

mann geometry and Weyl geometry following

{Smarandache geometries} O {pseudo— manifold geometries}
> {Finsler geometry} D { Riemann geometry}

D {Weyl geometry}.

Proof The first and second inclusions are implied in Theorems 2.1 and 3.3. Other inclusions
are known in a textbook, such as [4] — [5]. O

Now we consider complex manifolds. Let z* = z¢ + /—1y*. In fact, any complex manifold
M is equal to a smooth real manifold M?" with a natural base {%, a%i} for T, M at each
point p € M. Define a Hermite manifold M to be a manifold M endowed with a Hermite
inner product h(p) on the tangent space (7, M, J) for ¥p € M, where J is a mapping defined
by

0 0 0

0
J(5le) = 8_yi|p’ J(a—yiho) =5l

at each point p € M for any integer 7,1 < i < n. Now let

h(p) = 9(p) + V=1x(p), pe M.
Then a Kdhler manifold is defined to be a Hermite manifold (M, h) with a closed  satisfying

K(X,Y) = g(X,JY), VX,Y € T,M" Vp € M.

Similar to Theorem 3.3 for real manifolds, we know the next result.

Theorem 3.5 A pseudo-manifold geometry (MF,¢p*) with a Minkowski norm on TM™ is a
Kahler geometry if and only if F is a Hermite inner product on M with all points of (M™, ¢*)

being euclidean.

Proof Notice that a complex manifold M is equal to a real manifold M?". Similar to the
proof of Theorem 3.3, we get the claim. O
As a immediately consequence, we get the following inclusions in Smarandache geometries.

Corollary 3.2 There are inclusions among Smarandache geometries, pseudo-manifold geometry

and Kahler geometry following

{Smarandache geometries} O {pseudo— manifold geometries}

D {Kahler geometry}.
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84. Further Discussions

Undoubtedly, there are many and many open problems and research trends in pseudo-manifold
geometries. Further research these new trends and solving these open problems will enrich one’s
knowledge in sciences.

Firstly, we need to get these counterpart in pseudo-manifold geometries for some important

results in Finsler geometry or Riemann geometry.

4.1. Stokes Theorem Let (M™, A) be a smoothly oriented manifold with the Ty aziom hold.
Then for Vo € A=Y (M™),
/ dw = w.
Mn OM™

This is the well-known Stokes formula in Riemann geometry. If we replace (M™, A) by (M™, A¥),

what will happens? Answer this question needs to solve problems following.

(1) Establish an integral theory on pseudo-manifolds.
(2) Find conditions such that the Stokes formula hold for pseudo-manifolds.

4.2. Gauss-Bonnet Theorem Let S be an orientable compact surface. Then

//SKda =27x(S),

where K and x(S) are the Gauss curvature and Euler characteristic of S This formula is
the well-known Gauss-Bonnet formula in differential geometry on surfaces. Then what is its

counterpart in pseudo-manifold geometries? This need us to solve problems following.

(1) Find a suitable definition for curvatures in pseudo-manifold geometries.
(2) Find generalizations of the Gauss-Bonnect formula for pseudo-manifold geometries,

particularly, for pseudo-surfaces.

For a oriently compact Riemann manifold (M??, g), let

_ (_1)17 61-11"'11-2;79. X /\/\Q .
= 722;D7T;Dp' 11...12;0 1112 12p—112p)
Ty, i

where §;; is the curvature form under the natural chart {e;} of M?? and

1, if permutation i, - - - 79, is even,
i1, 402 . . . ..
010 5,0 =4 —1, if permutation iy - - - igp is odd,
0, otherwise.

Chern proved that!4—1]

Q = x(M?P),
M2p
Certainly, these new kind of global formulae for pseudo-manifold geometries are valuable to

find.
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4.3. Gauge Fields Physicists have established a gauge theory on principal fiber bundles
of Riemannian manifolds, which can be used to unite gauge fields with gravitation. Similar
consideration for pseudo-manifold geometries will induce new gauge theory, which enables us
to asking problems following.

Establish a gauge theory on those of pseudo-manifold geometries with some additional con-
ditions.

(1) Find these conditions such that we can establish a gauge theory on a pseudo-manifold
geometry.

(2) Find the Yang-Mills equation in a gauge theory on a pseudo-manifold geometry.

(2) Unify these gauge fields and gravitation.
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Abstract: In this paper, we study the minimum cycle base of the planar graphs obtained
from two 2-connected planar graphs by identifying an edge (or a cycle) of one graph with the
corresponding edge (or cycle) of another, related with map geometries, i.e., Smarandache
2-dimensional manifolds. Also, we give a formula for calculating the length of minimum

cycle base of a planar graph N(d, \) defined in paper [11].

Key Words: graph, planar graph, cycle space, minimum cycle base.
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81. Introduction

Throughout this paper we consider simple and undirected graphs. The cardinality of a set A
is |A|. Let’s begin with some terminologies and some facts about cycle bases of graphs. Let
G(V, E) be a 2-connected graph with vertex set V and edge set E. The set £ of all subsets of E
forms an | E|-dimensional vector space over GF'(2) with vector addition X®Y = (XUY)\(XNY)
and scalar multiplication 1e X = X,0e X = () for all X,Y € £. A cycle is a connected graph
whose any vertex degree is 2. The set C of all cycles of G forms a subspace of (£, @, e) which is
called the cycle space of G. The dimension of the cycle space C is the Betti number of G, say
B(@G), which is equal to |E(G)| — |[V(G)| + 1. A base B of the cycle space of G is called a cycle
base of G.

The length |C| of a cycle C' is the number of its edges. The length [(B) of a cycle base B
is the sum of lengths of all its cycles. A minimum cycle base (or MCB in short) is a cycle base
with minimal length. A graph may has many minimum cycle bases, but every two minimum
cycle bases have the same length.

Let G be a 2-connected planar graph embedded in the plane. G has |E(G)| — |V (G)] + 2

faces by Euler formula. There is exactly one face of G being unbounded which is called the

1Received July 8, 2007. Accepted August 18, 2007
2Supported by NNSF of China under the granted NO.10671073 and NSF of Jiangsu’s universities under the

granted NO.07KJB110090
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exterior of G. All faces but the exterior of G are called interior faces of G. Each interior face
of G has a cycle as its boundary which is called an interior facial cycle. Also, the cycle of G

being incident with the exterior of G is called the exterior facial cycle.

We know that if G is a 2-connected planar graph embedded in the plane, then any set of
|E(G)| — |[V(G)] + 1 facial cycles forms a cycle base of G. For a 2-connected planar graph, we
ask whether there is a minimum cycle base such that each cycle is a facial cycle. The answer
isn’t confirmed. The counterexample is easy to be constructed by Lemma 1.1. Need to say
that Lemma 1.1 is a special case of Theorem A in the reference [10] which is deduced by Hall

Theorem.

Lemma 1.1 Let B be a cycle base of a 2-connected graph G. Then B is a minimum cycle
base of G if and only if for any cycle C of G and cycle B in B, if B € Int(C), then |C| > |B],
where Int (C') denotes the set of cycles in B which generate C'.

For some special 2-connected planar graph, there exist a minimum cycle base such that
each cycle is a facial cycle. For example, Halin graph and outerplanar graph are such graphs.
A Halin graph H(T') consists of a tree T embedded in the plane without subdivision of an edge
together with the additional edges joining the 1-valent vertices consecutively in their order in
the planar embedding. It is clear that a Halin graphs is a 3-connected planar graph. The

exterior facial cycle is called leaf-cycle.

Lemma 1.2[9,12] Let H(T) be a Halin graph embedded in the plane such that the leaf-cycle
is the exterior facial cycle. Let F denote the set of interior facial cycles of H(T). Then F is a

minimum cycle base of H(T).

A planar graph G is outerplanar if it can be embedded in the plane such that all vertices

lie on the exterior facial cycle C.

Lemma 1.3[6,9] Let G(V, E) be a 2-connected outerplanar graph embedded in the plane with
C as its exterior facial cycle. Let F be the set of interior facial cycles. Then F is the minimum
cycle base of G, and [(F) = 2|E| — |V].

Apart from the above mentioned minimum cycle bases of a Halin graph and an outerplanar
graph, many peoples researched minimum cycle bases of graphs. H. Ren et al. [9] not only gave
a sufficient and necessary condition for minimum cycle base of a 2-connected planar graph, but
also studied minimum cycle bases of graphs embedded in non-spherical surfaces and presented
formulae for length of minimum cycle bases of some graphs such as the generalized Petersen
graphs, the circulant graphs, etc. W.Imrich et al. [4] studied the minimum cycle bases for
the cartesian and strong product of two graphs. P.Vismara [13] discussed the union of all the
minimum cycle bases of a graph. What about the minimum cycle base of the graph obtained
from two 2-connected planar graphs by identifying some corresponding edges? This problem
is related with map geometries, i.e., Smarandache 2-dimensional manifolds (see [8] for details).

We will consider it in this paper.
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82. MCB of graphs obtained by identifying an edge of planar graphs

Let G7 and G2 be two graphs and P; be a path (or a cycle) in G; for ¢ = 1,2. Suppose the
length of P; is same as that of P». By identifying P, with P, we mean that the vertices of P,

are identified with the corresponding vertices of P, and the multiedges are deleted.

Theorem 2.1 Let Gi and G2 be two 2-connected planar graphs embedded in the plane. Let
e; be an edge in E(G;) such that e; is in the exterior facial cycle of G; for i = 1,2. Let G be
the graph obtained from G1 and Go by identifying e1 and es such that Gs is in the exterior of
G1. If the set of interior facial cycles of G;, say F;, is a minimum cycle base of G; fori=1,2,

then F1 U Fy is a minimum cycle base of G.

Proof  Obviously, the graph G is a 2-connected planar graph and each cycle of F; U Fy is
a facial cycle of G. Since |E(G)| = |E(G1)|+|E(G2)|—1and |[V(G)| = |V(G1)|+|V(G2)| -2, G
has [E(G)| = [V(G)|+2 = (IE(G1)| = [V(G1) |+ 1)+ (IE(G2)| = [V(G2)|+ 1) +1 = | Fa[+]|F2| +1
faces. So |F| = |Fi| + |F2| = |E(G)| — |V(G)| + 1, and F is a cycle base of G.

Now we prove that F is a minimum cycle base of G. Suppose F' is a cycle of G and
F=f®fo® & fy, where f; € F for j =1,2,--- ,q. By Lemma 1.1, We need to prove
|F| Z |fJ| fOI'j: 1527"' ,q.

If E(F) C E(Gy) (or E(G2)), then f; isin Fq (or Fo) for j =1,2,---,¢. By the fact that
Fi is a minimum cycle base of G; for i = 1,2 and Lemma 1.1, |F| > |f;| for j =1,2,--- ,q.

Let e be the edge of G obtained by e; identified with es. Suppose e = {uv}. If edges of
F aren’t in (G; entirely, then F' must pass through v and v. So e U F' can be partitioned into
two cycles, say Iy and F,. Suppose E(F;) C E(G;) for i = 1,2. Then |F| > |F;| for i = 1, 2.
Suppose F} = fi1® fo®---® fp and Fo = fpop1 @ fp42 @ --- @ fy. By the fact that F; is a
minimum cycle base of G; for i = 1,2 and Lemma 1.1, |F| > |Fy| > |fi| for i = 1,2,--- ,p and
|F| > |Fa| > |filfori=p+1,p+2,--- ,q.

Thus we complete the proof. O

Applying Theorem 2.1 and the induction principle, it is easy to prove the following con-
clusion.

Corollary 2.1 Let Gy,Ga, -+, Gy be k(k > 3) 2-connected planar graphs embedded in the
plane. Let e; be an edge in E(G;) such that e; is in the exterior facial cycle of G; for i =
1,2,--- k. Let G| be the graph obtained from G1 and G2 by identifying e; with es such that
G+ is in the exterior of Gy, Let G% be the graph obtained from G’ and G5 by identifying es with
some edge in the exterior face of G} such that Gs is in the exterior of G', and so on. Let G be
the last obtained graph in the above process. If the set of interior facial cycles of G;, say Fi, is

a minimum cycle base of G; fori=1,2,--- k, then U¥_| F; is a minimum cycle base of G.
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Fig.2.1

Remark: In Theorem 2.1, if e; is replaced by a path with length at least two and e by the
corresponding path, then the conclusion of the theorem doesn’t hold. We consider the graph
H shown in Fig.2.1, where H is obtained from H; and H, by identified P; = ujususus with
Py = vyvgu3vy. For the graph H, let C' = xy20w32421 and D = x1yxyxy. Since |C| > |D|, the
set of interior facial cycle of H isn’t its minimum cycle base by Lemma 1.1.

Furthermore, if e; is replaced by a cycle and ez by the corresponding cycle in Theorem
2.1, then the conclusion of Theorem isn’t true. The counterexample is easy to construct, which
is left to readers. But if GG; is a special planar graph, similar results to Theorem 2.1 will be

shown in the next section.

83. MCB of graphs obtained by identifying a cycle of planar graphs

An r x s cylinder is the graph with r radial lines and s cycles, where > 0,s > 0. A 4x 3
cylinder is shown in Fig.3.1. The innermost cycle is called the central cycle. r x s cylinder take
an important role in discussion of the minor of planar graph with sufficiently large tree-width

in paper[10].

Fig.3.1

Theorem 3.1 Let Gy be an r x s(r > 4) cylinder embedded in the plane such that C' is its
central cycle. Let Ga be a planar graph embedded in the plane such that the exterior facial
cycle D has the same vertices as that of C. Let G be the graph obtained from Gy and Gs by
identifying C' and D such that G2 is in the interior of G1. If the set of interior facial cycles of
Ga, say Fa, is its a minimum cycle base, then the set of interior facial cycles of G, say F, is

a minimum cycle base of G.
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Proof At first, F is a cycle base of G. We need prove F is minimal.

Let F; = F\Fz. Obviously, each element of F; has length 4. Suppose F is a cycle of
Gand F = f1® fo® - D fy, where f; € F for j = 1,2,---,q. If we prove |F| > |f;] for
7=1,2,---,q, then F is a minimum cycle base of G by Lemma 1.1.

Let R be the open region bounded by F', and R’ be the open region bounded by C' (or D)

of Gy (or G3). We consider the following four cases.

Casel R NR=0.

Then F is a cycle of G and F is generated by F1 . Since the girth of Gy is 4, |F| > |f;| =4
forj=1,2,--- ,q.

Case 2 R' CR.

Then |F| > |C| > 4, because the number of radial lines which F' crosses can’t be less than
the number of vertices of C. For a fixed f;, if it is in the interior of C' then |f;| < |C| < |F|
by Lemma 1.1, because F> is a minimum cycle base of G. If f; is in the exterior of C, then
il =4 So |fil < |Fl for j= 1,2, q

Case3 RCR.

Then F is a cycle of G. By Lemma 1.1, |F| > |f;| for j =1,2,--- ,q.

Case 4 R NR#0and R is not in the interior of R.

Then F' must has at least one edge in E(G2)\E(C) and at least three edges in E(G1). So
|F| > 4. No loss of generality, suppose fi1, f2,-- -, fp are cycles of {f1, fa,---, f4} that are in
the exterior of C'. Since |f;| =4, |F| > |f;| for j =1,2,--- ,p.

Next we prove |F| > |fj] for j=p+1,p+2,--- ,q, where f; is in the interior of C'

Fig. 3.2

Let R” = R\ (R'NR). R’ may be the union of several regions. Let R” = RiyURyU---UR;
satisfying the condition that R; N R; is empty or a point for ¢ # j,1 < i,j < [. Let B; be the
boundary of R; for i =1,2,--- ,[. Then B; is a cycle in the exterior of C. For a fixed B;, there
may be many vertices of B; in V(F) N V(C), which can be found in Fig.3.2. We select two

vertices u; and v; of B; satisfying the following conditions:
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(1) w; and v; are in C}

(2) there is a path of B;, say P;, such that its endvertices are u; and v; and P; is in the
exterior of C;

(3) if M; is the path of B; deleted E(F;), and if M/ is the path of C' such that its
endvertices are u; and v; and M/ is internally disjoint from B;, then M; is in the interior of the
cycle which is the union of M/ and P;.

Note that M; may contains many disjoint paths of C, suppose they are Qi,Q%, -, Q.
Let x,y be two vertices in P;, which are adjacent to u;, v; respectively.

Obviously, x,y are in G1. Let P/ be the subpath of P; between = and y. Considering the
number of radial lines (including radial line x,y lie on) which P/ crosses is not less than the
number of vertices of Ui_, Q%, |P;| > |P/| > Z;:l Q3.

Since R’ N R may be the union of some regions, we suppose R "R =Dy UDsU---U D,.
Let Ay, Ao, -+, As be boundaries of D1, Do, --- , D, respectively. For a fixed A;, its edges may
be partitioned into two groups, one containing edges of F, denoted as A, another containing
edges of C, denoted as AY. Then

Soolal = Y AR+ 147
S A Sl

< Y an+Y n
< |F
Hence |F| > |A;| for i = 1,2,---,s. Since any A; is a cycle of G2 and F; is a minimum
cycle base of Ga, |A;| > |f;| for j = 1,42, -+ ,in, by lemma 2.1, where {i1,42,--- ,in} C
{p+1,p+2,---,¢}. Hence, |F| > |fps;| fori=1,2,--- q—p.
By the previous discussion and Lemma 1.1, F is a minimum cycle base of G. 0

Since the minimum cycle base of a cycle is itself, a minimum cycle base of an r x s(r > 4)
cylinder embedded in the plane is the set of its interior facial cycles by Theorem 3.1, and the
length of its MCB is 7+ 4r(s — 1) = r(4s — 3).

By Lemmas 1.2, 1.3 and Theorem 3.1. we get two corollaries following.

Corollary 3.1 Assume an r x s(r > 4) cylinder, a Halin graph H(T) are embedded in the
plane with C the central cycle and C' the leaf-cycle of H(T) containing the same vertices as C,
respectively. Let G be the graph obtained from the r X s cylinder and H(T') by identifying C
and C" such that H(T) is in the interior of the r x s cylinder. Then a minimum cycle base of

G is the set of interior facial cycles of G.

Corollary 3.2 Assume anrxs(r > 4) cylinder, a 2-connected outplanar graph H be embedded
in the plane with C' the central cycle and C’ the exterior facial cycle containing same vertices
as C of H containing the same vertices as C, respectively. Let G be the graph obtained from the
rx s cylinder and H by identifying C and C' such that H is in the interior of the v < s cylinder.
Then a minimum cycle base of G is the set of interior facial cycles of G. Furthermore, the

length of a MCB of G is r(4s —5) + 2|E(H)| .
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Proof Let F be the set of interior facial cycles of G. By Theorem 3.1, F is a minimum
cycle base of G. F can be partitioned into two groups F; and Fs, where Fj is the set of
interior facial cycles of H and Fs the set of 4-cycles. Then the length of a MCB of G is
UF)=UF)+U(F)=4r(s—1)+2|E(H)|— |V(H)| = (4s — 5)r + 2|E(H)]. O

As application of Corollary 3.1, we find a formula for the length of minimum cycle base of
a planar graph N(d, A), which can be found in paper[10].

When )\ > 1 is an integer, the graph Yy is tree as shown in Fig.3.3. Thus Yy has 3 x 2!
1-valent vertices and Yy has 3 x 2* — 2 vertices. If 1-valent vertices of Yy are connected in their
order in the planar embedding, we obtain a special Halin graph, denoted by H(\).

Suppose a (3 x 2271) x d cylinder is embedded in the plane such that its central cycle C
has 3 x 22~ vertices. The graph obtained from (3 x 2*~1) x d cylinder and H(\) with leaf-cycle
C' containing 3 x 221 vertices by identifying C' and C’ such that H(\) is in the interior of
(3 x 2271) x d cylinder is denoted as N(d, ). N. Roberterson and P.D. Seymour[10] proved
that for all d > 1, A > 1 the graph N(d, A) has tree-width < 3d + 1.

Y Y2

Fig.3.3

Theorem 3.2 The length of minimum cycle base of N(d,\)(A >2) is 3(d — 1) x 2 1 + 9 x
22 —3 x 21 —6.

Proof Let F be the set of interior facial cycles of N(d,\). Then F is a minimum cycle
base of N(d, \) by Corollary 3.1.

Let F1 be a subset of F which is the set of interior facial cycles of N (1, ) (a Halin graph).
Then Fj consists of 3 (2A+1)-cycles and 3x 27 (2A—2j—1)-cycles for j = 0,1,2,--- , A —2.

Let Fo = F \ F1. Then each cycle of F; has length 4. Since the leaf-cycle of N(1,\) has
3 x 2271 vertices, there are 3(d — 1) x 2*~1  4-cycles in F; all together. The length of F is

A—2 .
(F) = D 3x2TN@A-2 —1) 3N+ 1) +4x3(d—1) x 2
A2 s A—2 . A—2
— J+1 _ 0f j B Atl
= B N2y T e YT ) (6A+3) +3(d - 1) x 2

= 3[(A2* —2)) —2(A —3)27 1 —4 221 4]
+ (A +3)+3(d—1) x 2!
3(d—1)x2ML 9 x 2t —3x 221 6

Hence, the length of minimum cycle base of N (d, \) is 3(d—1) x 2 149 x 22 —3x2*~1—6.0]
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81. Introduction

As a localized Euclidean space, an n-manifold M"™ is a Hausdorff space M", i.e., a space
that satisfies the T, separation axiom such that for Vp € M™, there is an open neighborhood
Up,p € Uy C M" and a homeomorphism ¢, : U, — R". These manifolds, particularly, differ-
ential manifolds are very important to modern geometries and mechanics. As an immediately
application of Smarandache multi-spaces ([8]), also the application of the combinatorial spec-
ulation for classical mathematics, i.e. mathematics can be reconstructed from or turned into
combinatorialization([3]), combinatorial manifolds were introduced in [4], which are the gen-
eralization of classical manifolds and can be also endowed with a topological or differential

structure as geometrical objects.

Now for an integer s > 1, let ni,ns, -+ ,ns be an integer sequence with 0 < ny < ngy <
S

.-+ < ng. Choose s open unit balls B{'*, By?,---, B where (| Bl' # () in R™Tn2tm A
i=1

unit open combinatorial ball of degree s is a union

S
B(ny,ng, -+ ,ng) = U B!,
i=1

1Received June 5, 2007. Accepted August 15, 2007
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Then a combinatorial manifold M is defined in the next.

Definition 1.1 For a given integer sequence mi,no, - ,Nm,m > 1 with 0 < np < ng < -+ <
N, & combinatorial manifold M is a Hausdorff space such that for any point p € M, there is

a local chart (Up,¢p) of p, i.e., an open neighborhood U, of p in M and a homoeomorphism
Pp * Up - B(”l(?)a”&(?)a o 7ns(p)(p)) with {nl(p)anQ(p)7" : 7ns(p)(p)} - {n17n27' o 7n77i

and UN{nl(p),ng(p), —ngpy(P)} = {n1,n2, -+ ), denoted by M(ny,ng,--- ,nm) or M
peM
on the context and

A= AUy, @p)lp € M(na,n2, -+ 1))}
— R s(p)
an atlas on M(ny,na, -+ ,ny). The mazimum value of s(p) and the dimension s(p) of () B}
i=1

are called the dimension and the intersectional dimensional of M(nl,ng, <+ Ny at the point

~

p, denoted by d(p) and d(p), respectively.

A combinatorial manifold M is called finite if it is just combined by finite manifolds with-
out one manifold is contained in the union of others, is called smooth if it is finite endowed

with a C°° differential structure. For a smoothly combinatorial manifold M and a point

— — s(p)
p € M, it has been shown in [4] that dimT,M (ni,n2, -+ ,nm,) = s(p) + > (n; — 5(p)) and
=1

— s(p)
dimT; M (ny,ng2, - ,nm) = 5(p) + ;(nz — 5(p)) with a basis
a S(p) Uz a

(g <i<sonUlU U (gghl1<i<s)

. oz
i=1 j=3(p)+1

or

s(p)

ari<j<seUlU U {aii, 1< <s)

i=1 j=3(p)+1

for a given integer h,1 < h < s(p). Denoted all k-forms of M(ny,na,--- ,nm) by A¥(M) and

A u-s) o
A(M) = kE—Bo AF(M), then there is a unique exterior differentiation d : A(M) —

A(M) such that for any integer k > 1, d(A*) C A*+1(M) with conditions following hold similar

to the classical tensor analysis([1]).

(1) d is linear, i.e., for Vi, € A(M), AER,

d(p + M) = dp A + Ay
and for ¢ € A’“(M),w € A(M)v

d(e A) = dp+ (D)o A dy.
(ii) For f € AO(M), df is the differentiation of f.
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(iii) 2 =d - d = 0.
(iv) d is a local operator, ie., if U C V C M are open sets and o € A¥(V), then d(aly) =
(da)lu-

Therefore, smoothly combinatorial manifolds poss a local structure analogous smoothly
manifolds. But notes that this local structure maybe different for neighborhoods of different
points. Whence, geometries on combinatorial manifolds are Smarandache geometries([6]-[8]).

There are two well-known theorems in classical tensor analysis, i.e., Stokes’ and Gauss’

theorems for the integration of differential n-forms on an m-manifold M, which enables us

/dwz/ w
M oM

for a w € A"~ 1 (M) with compact supports and

/(divX)u:/ ixp
M oM

for a vector field X, where ix : A*TY(M) — A¥(M) defined by ixw(Xy, Xo,--+, Xi) =
(X, X1, -, Xg) for w € A¥1(M). The similar local properties for combinatorial mani-

knowing that

folds with manifolds naturally forward the following questions: wether the Stokes’ or Gauss’
theorem is still valid on smoothly combinatorial manifolds? or if invalid, What are their modified
forms for smoothly combinatorial manifolds?.

The main purpose of this paper is to find the revised Stokes’ or Gauss’ theorem for combi-
natorial manifolds, namely, the Stokes’ or Gauss’ theorem is still valid for n-forms on smoothly
combinatorial manifolds M if 71 € Hp(n,m), where #5;(n,m) is an integer set determined
by its structure of a given smoothly combinatorial manifold M. For this objective, we first
consider a particular case of combinatorial manifolds, i.e., the combinatorial Euclidean spaces
in the next section, establish a relation for finitely combinatorial manifolds with vertex-edge
labeled graphs and calculate the integer set #7;(n, m) for a given vertex-edge labeled graph in
Section 3, then generalize the definition of integration on manifolds to combinatorial manifolds
in Section 4. The generalized form for Stokes’ or Gauss’ theorem, also their counterparts on
graphs can be found in Section 5. Terminologies and notations used in this paper are standard
and can be found in [1] — [2] or [4] for those of manifolds and combinatorial manifolds and [6]

for graphs, respectively.

82. Combinatorially Euclidean Spaces

As a simplest case of combinatorial manifolds, we characterize combinatorially Fuclidean spaces

of finite and generalize some results in Euclidean spaces in this section.

Definition 2.1 For a given integer sequence ni,na, -+ Ny, m > 1 with 0 < np <ng < -+- <

N, @ combinatorially Euclidean space f{(nl, <o M) 18 a union of finitely Fuclidean spaces
m

U R™ such that for ¥p € R(ni, - ,nm), p € N R™ with m = dim( () R™) a constant.
=1

i=1 1= =1
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By definition, we can present a point p of R by an m X n,, coordinate matrix [Z] following
Withx“:%forlgigm,lglgﬁl.

P gl pl(m)+) pln o 0
B 221 L 72 x2(m+1) p2n2 L 0
7] =

pml mm xm(erl) pmnm =l mnm

For making a combinatorially Fuclidean space to be a metric space, we introduce inner

product of matrizes similar to that of vectors in the next.

Definition 2.2 Let (A) = (aij)mxn and (B) = (bij)mxn be two matrizes. The inner product
((A),(B)) of (A) and (B) is defined by

((4),(B)) = Zaijbij'

Theorem 2.1 Let (A),(B),(C) be m x n matrizes and « a constant. Then
(1) (A,B)=(B,A);

(2) (A+B,C)=(A,C)+(B,C);

(3) (a4, B) = a(B,A);

(4) (A, A) > 0 with equality hold if and only if (A) = Oyxn.

Proof (1)-(3) can be gotten immediately by definition. Now calculation shows that

<A5A> :Zafj ZO
0]

and with equality hold if and only if a;; = 0 for any integers 7, j,1 < i < m,1 < j < n, namely,
(A) = Opxn- O

Theorem 2.2 (A),(B) be m x n matrizes. Then

((4),(B)* < ((4). (4)) (B), (B))

and with equality hold only if (A) = A(B), where X is a real constant.

Proof 1f (A) = A(B), then (A, B)® = A2 (B, B)> = (A, A) (B, B). Now if there are no
constant A enabling (A) = A(B), then (A) — A(B) # Ouxp for any real number A. According
to Theorem 2.1, we know that

ie.,
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Therefore, we find that

namely,

Corollary 2.1 For given real numbers a;;,b;;, 1 <i<m,1<j < n,
O aibi)* < O a;)O_bl).
4,J 4, ,J

Let O be the original point of f{(nl, -+« Ny). Then [O] = Opxn,,. Now for Vp,q €
~ —
R(ni,--- ,nm), we also call Op the vector correspondent to the point p similar to that of
— =
classical Euclidean spaces, Then pg = Og — Op. Theorem 2.2 enables us to introduce an angle

between two vectors pg and wo for points p, g, u,v € f{(nl, Cee M)

Definition 2.3 Let p,q,u,v € ﬁ(nl, <+, Nym). Then the angle 6 between vectors PG and wv is

determined by

cosf =

under the condition that 0 < 0 < 7.
Corollary 2.2 The conception of angle between two vectors is well defined.

Proof Notice that

(lp] = la); [u] = [v))* < ([p) — [a], [p] — [a]) ([] = [v] [u] = [o])
by Theorem 2.2. Thereby, we know that
([p] — lg, [u] = [v]) <1
~ VAPl = ldl I = [a]) ([u] = [o], [u] = [v])

Therefore there is a unique angle # with 0 < § < 7 enabling Definition 2.3 hold. O

For two points p, ¢ in f{(nl, <+ Ny), the distance d(p, ¢) between points p and ¢ is defined
to be v/([p] — [q], [p] — [g]). We get the following result.

Theorem 2.3 For a given integer sequence ny,Na, - , Ny, m > 1L with 0 < ny < ng < -+ < Ny,
(R(n1,- -+ ynm);d) is a metric space.

Proof We need to verify that each condition for a metric space holds in (R(ny, - -+ , ny,); d).
For two point p,q € R(n1,- -+ ,nm), by definition we know that

d(p,q) = /{lp] — lal, [p] — [a]) = 0
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with equality hold if and only if [p] = [¢], namely, p = ¢ and

d(p,q) = V/([p] — la] Ip) — [a)) = /(] — [p], [d] — [p]) = d(q,p).

Now let u € f{(nl, -+ ,Ny,). By Theorem 2.2, we then find that

(d(p, u) + d(u, p))*

[ul) + 2+/([p] — [u], [p] = [u]) {[u] - [q], [u] - [q])

= ([p] = [ul, [p] -
+ ([ul = gl [u] — [a])
z ([Pl = [ul, [p] = [ul) + 2 ([p] = [u], [u] = la]) + {[u] —[g], [u] — [a])
= (Ip] = lal, [p] — la) = &*(p, 9).
Whence, d(p,u) + d(u,p) > d(p,q) and (f{(nl, ceeny);d) s a 1~Iletric space. O
By previous discussions, a combinatorially Euclidean space R(ny,na, - -+, ny,) can be turned

m

to an Euclidean space R™ with n = m+ Y (n; —m). It is the same the other way round, namely
i=1

we can also decompose an Euclidean space into a combinatorially Euclidean space.

Theorem 2.4 Let R™ be an Fuclidean space and ny,na, - -« , Ny, integers with m < n; < n for

1 <i < m and the equation

m + Z(n -
i=1

hold for an integer m,1 < m < n. Then there is a combinatorially Fuclidean space f{(nl, Ng, -,
Nm) such that

R" 2 R(ni,no, M-

Proof Not loss of generality, assume the coordinate system of R™ is (z1,z2,- - ,x,) with

a basis {e1,ea, -+ ,e,}. Since

- Z(” —m
i=1

Choose

Rl - <817827"' y €y €1, 7en1>;
R2 = <e17e27"' 7e’r/ﬁ7enl+luen1+27"' 7en2>;

R3 = <e17e27" : 7e’r/ﬁ7eng+lue’ﬂ2+27' o 7e’ﬂ3>;
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Rm = <e13e27 My, 1 41,€n,, 42,0 7enm> .

Calculation shows dimR; = n; and dim( () R;) = m. Whence f{(nl,ng, S M) IS a

=1
combinatorially Euclidean space. By Definitions 2.1 — 2.2 and Theorems 2.1 — 2.3, we then get
that

R" 2 R(ni,no, -+ ,Nym)- O

§3. Determining J75;(n, m)

Let M (n1,--+ ,nm) be a smoothly combinatorial manifold. Then there exists an atlas ¢ =

{(Ua, [pa))le € I} on M(ny,--- ,ny) consisting of positively oriented charts such that for
~ s(p) ~

Va € 1, s(p) + Z:l(nZ —5(p)) is an constant ng for Vp € U, ([4]). The integer set J7;(n, m)

is then defined by

Hig(n,m) = {ng_|a €I},

Notice that M(nl, “++, Ny is smoothly. We know that 7#5;(n, m) is finite. This set is important
to the definition of integral and the establishing of Stokes’ or Gauss’ theorems on smoothly
combinatorial manifolds. We characterize it by a combinatorial manner in this section.

A wertex-edge labeled graph G([1,k],[1,1]) is a connected graph G = (V, E) with two map-
pings

TV —={1,2,--- k},

T E—{1,2,---,1}
for integers k and [. For example, two vertex-edge labeled graphs with an underlying graph Ky

are shown in Fig.3.1.

Fig.3.1
For a combinatorial finite manifold M(nl, No, -+ Nyy) With 1 <ngp <ng < -+ < npyym >
1, there is a natural 1 — 1 mapping 6 : M(nq,ne, -, nm) — G([0, 1], [0, 7)) determined in

the following. Define
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V(G([0,nm], [0, 1)) = Vi [ Ve,

where V7 = {n; — manifolds M" in JT/[/(nl,nQ, <o ny)|l <@ <m} and Vo = {isolated inters—
ection points Opyn; ppms of M™, M™ in M (ni,ng2, - ,ny) for 1 < 4,5 < m}, and label each
n;-manifold M™ in V4 or O in V3 by 71 (M"™) = n;, 71(O) = 0. Choose

E(G([0, 1), [0,n])) = Ex | Bz,

where Ey = {(M™, M™)|dim(M™ (YM"™) > 1,1 <1i,j <m} and Ey = {(Opmi pmi, M™),
(Ongmi pami s M™)|M™ tangent M™ at the point Opgn; pmy for 1 <id,j < m}, and for an edge
(M™, M™) € Ey or (Opgni pri, M™) € Ea, label it by 7o (M™, M™) = dim(M™ (Y M"7) or 0,

respectively. This construction then enables us getting a 1—1 mapping 6 : M (n1,ng, -+, Ny) —
G([0, 1], [0, M) -
Now let H(ni,na, -+ ,n,,) denote all finitely combinatorial manifolds M (ny,na, -+, Ny

and let G[0, n,,] denote all vertex-edge labeled graphs G([0, 1], [0, 1y, |) with conditions follow-
ing hold.

(1) Each induced subgraph by vertices labeled with 1 in G is a union of complete graphs
and vertices labeled with 0 can only be adjacent to vertices labeled with 1.
(2) For each edge e = (u,v) € E(G), 12(e) < min{r (u), 71 (v)}.

Then we know a relation between sets H(n1,ne, -+, ny) and G([0, 1], [0, 7m]).

Theorem 3.1 Let1 <n; <ng < -+ < ny,m > 1 be a given integer sequence. Then ev-
ery finitely combinatorial manifold M e H(ni,na, - ,nm) defines a vertez-edge labeled graph
G([0, 1], [0, nm]) € G[0, ny]. Conversely, every vertex-edge labeled graph G([0, 1], [0, ny]) €
G[0,n.,] defines a finitely combinatorial manifold M € H(ny,na, -+ ,ny) with a 1 — 1 map-
ping 0 : G([0, n], [0, nm]) — M such that 6(u) is a 6(u)-manifold in M, 7, (u) = dimf(u) and
T2 (v, w) = dim(0(v) N O(w)) forYu € V(G([0, nm], [0, 1)) and ¥ (v,w) € E(G([0, ], [0, 1m)]))-

Proof By definition, for VM € H(ni,na, -+ ,ny) there is a vertex-edge labeled graph
G([0, nn], [0, nn]) € G0, 7], [0,72]) and a 1 — 1 mapping 6 : M — G([0,nm], [0, 7m])
such that 6(u) is a 6(u)-manifold in M. For completing the proof, we need to construct
a finitely combinatorial manifold M € H(ny,na, - ,nm) for YG([0, nm], [0, nm]) € G0, np)
with 71(u) = dimf(u) and 72(v,w) = dim(f(v) () O(w)) for Yu € V(G([0,nmw],[0,nn])) and
V(v,w) € E(G([0,n],[0,7,])). The construction is carried out by programming following.

STEP 1. Choose |G([0,nm],[0,n:m])] — |Vo| manifolds correspondent to each vertex w with a
dimensional n; if 71 (u) = n;, where Vo = {ulu € V(G([0, nm], [0, 7)) and 71 (u) = 0}. Denoted
by V> all these vertices in G([0, ny,], [0, n,,,]) with label> 1.

STEP 2. For Vu; € V1 with 71 (u1) = ng,, if its neighborhood set N (10,1,,.1,[0,m,]) (21) (1 Va1 =

{vi,v?, .- ,Uf(ul)} with 71 (v1) = n11, 71 (v3) = n1ay -+, Tl(vf(ul))

= Nis(u;), then let the
manifold correspondent to the vertex u; with an intersection dimension 7 (u;v}) with manifold

correspondent to the vertex v} for 1 <i < s(u;) and define a vertex set A; = {uy}.
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STEP 3. If the vertex set A; = {uy, ug, -+ ,u;} C V>1 has been defined and V>1 \ A; # ), let
upy1 € Vo1 \ Ay with a label n;,, . Assume

(NG (0, 0]y (i) [\ Va1) \ A = {0} 1,071, vty
with 7 (U}H) =n411, T (’Ul2+1) =N41,2, 0,71 (Uf&”l)) = M4 1 s(ury,)- Lhen let the manifold

correspondent to the vertex u;41 with an intersection dimension 75 (w410} 1) with the manifold
correspondent to the vertex Uzi+1a 1 < < s(uj41) and define a vertex set Ajpq = A J{wiy1}-

STEP 4. Repeat steps 2 and 3 until a vertex set A, = V>; has been constructed. This
construction is ended if there are no vertices w € V(G) with 7 (w) = 0, i.e., V>1 = V(G).
Otherwise, go to the next step.

STEP 5. For Vw € V(G([0, ], [0, 7m])) \ Va1, assume Ne((0,n,1,[0,nm]) (W) = {wi, wa, -+, we .
Let all these manifolds correspondent to vertices wi, ws, - -+, w, intersects at one point simul-
taneously and define a vertex set Ay, | = A, J{w}.

STEP 6. Repeat STEP 5 for vertices in V/(G([0, 7], [0, 7)) \ V>1. This construction is finally

ended until a vertex set Ay, , = V(G[ni,na,---,nm,]) has been constructed.

A finitely combinatorial manifold M correspondent to G([0, ], [0, m4]) is gotten when

A7, ), has been constructed. By this construction, it is easily verified that M € H(ni,na, -+ M)
with 71 (u) = dimf(u) and 72 (v,w) = dim(6(v) () 0(w)) for Yu € V(G([0, 1], [0,n,])) and
V(v,w) € E(G([0, 1], [0,n:,])). This completes the proof. O

Now we determine the integer set %M(n, m) for a given smoothly combinatorial manifold
M(nyi,n2, -+ ,ny). Notice the relation between sets H(ny, na, -+ ,Ny) and G([0, 1y, ], [0, 72m])
established in Theorem 2.4. We can determine it under its vertex-edge labeled graph G([0, n,],
0, 7))

Theorem 3.2 Let M be a smoothly combinatorial manifold with a correspondent vertex-edge
labeled graph G([0,mm], [0, nm]). Then

d(p)
%ﬁ(nam) C {TLl,TLQ,"’ ,nm} U {d(p)+2(n —

d(p)>3,peM

U{m(w) +71.(0) = m2(u, 0)[V(u,v) € E(G(0, mn], [0, 10])) }-

Particularly, if G([0, nyp], [0,ny]) is Ks-free, then

Hp(n,m) = {n(wu e V(G([Oanm]v [0,7m]))}
U{ﬁ + 71 (v) — 72(u, )|V (u,v) € E(G([0, 0], [0, 7))}

Proof Notice that the dimension of a point p € M is
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by definition. If d(p) = 1, then n, = n;,1 < j < m. If d(p) = 2, namely, p € M™ N M" for

1 <4,7 < m, we know that its dimension is

i +nj —d(p) = 71 (M™) + 7 (M™) — d(p).

Whence, we get that

d(p)
%j\‘j(nvm) - {Tll,ng,-” anm} U {d(p)+2(nz -

3(10)234)61\7

U{ﬁ + 71 (v) — 72(u, v)|V(u,v) € E(G([0,nm], [0, 7))}

Now if G([0, nn], [0, nyy]) is K5-free, then there are no points with intersectional dimension>
3. In this case, there are really existing points p € M™ for any integer 7,1 < i < m and
qge M™NMm™ for 1 <4i,7 <m by definition. Therefore, we get that

Hip(n,m) = {r(wlue V(G([Oanm]v [0,mm]))}
U{ﬁ + 71 (v) — 72 (u, v)|V(u,v) € E(G([0, 0], [0, ,])) .0

For some special graphs, we get the following interesting results for the integer set f%fﬁ(n, m).
Corollary 3.1 Let M be a smoothly combinatorial manifold with a correspondent vertex-edge

labeled graph G([0,1m], [0, nm]). If G([0,1m], [0, ]) 2 P2, then

Hip(nym) = {7 (ui), 1 < i < pH () + 71 (winr) = ma(us, uip)[1 < i < p—1}

and if G([0,ny,], [0, ny]) = CP with p > 4, then
Hyi(n,m) = {m(u;),1 <7 < p} U{n(ul) + 71 (uit1) = T2(ui uia) |1 < i < p,i = (modp)}.

84. Integration on combinatorial manifolds

We generalize the integration on manifolds to combinatorial manifolds and show it is indepen-

dent on the choice of local charts and partition of unity in this section.

4.1 Partition of unity

Definition 4.1 Let M be a smoothly combinatorial manifold and w € A(M) A support set
Suppw of w is defined by
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Suppw = {p € M;w(p) # 0}

and say w has compact support if Suppw is compact in M. A collection of subsets {C;|i € I} of
M is called locally finite if for each p € M there is a neighborhood U, of p such that U,NC; = ()

except for finitely many indices i.

A partition of unily on a combinatorial manifold M is defined in the next.

Definition 4.2 A partition of unity on a combinatorial manifold M is a collection {(Ui, g:)|i €
I}, where

(1) {Uili € I} is a locally finite open covering of M;
(2) gi € Z (M), gi(p) >0 for Yp € M and suppy; € U; for i € I;
(3) Forpe M, 3 gi(p) = 1.

For a smoothly combinatorial manifold M, denoted by G []Tj | the underlying graph of its
correspondent vertex-edge labeled graph. We get the next result for a partition of unity on

smoothly combinatorial manifolds.
Theorem 4.1 Let M be a smoothly combinatorial manifold. Then M admits partitions of
unaty.

Proof For YM € V(G[M)), since M is smooth we know that M is a smoothly submanifold
of M. As a byproduct, there is a partition of unity {(Ug; 95| € Ins} on M with conditions
following hold.

(1) {U$]a € Ing} is alocally finite open covering of M;

(2) ¢%;(p) >0 for Vp € M and suppg$; € Uy, for o € In;

(3) Forpe M, Zi:gﬁw(p) =1

By definition, for Vp € M, there is a local chart (Up, [¢p]) enable ¢, : U, — B™1 |JB™2 - --
U B"s» with B"1 (B2 (---(B""® # (). Now let Ui, » Uty U]%S(p) be s(p) open
sets on manifolds M, M € V(G[M]) such that

peUy=JUs, - @1
=1
We define

S(p) = {U,'| all integers a enabling (4.1) hold}.

Then

= U S = {Uyla € I(p)}

peM
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is locally finite covering of the combinatorial manifold M by properties (1) — (3). For YU, €

S(p), define

oug =) > ([T ons:,)

821 {i1,ig, - ,is}C{1,2,-+ ,s(p)} h=1

and

O'Ugt
> oy

VeS(p)

Jug =

Then it can be checked immediately that {(UJ, gue)lp € M, € I(p)} is a partition of unity
on M by properties (1)-(3) on g and the definition of gye. O

Corollary 4.1 Let M be a smoothly combinatorial manifold with an atlas A = {(Va, [pa])|a €
f} and to, be a CF tensor field, k > 1, of field type (r,s) defined on V,, for each o, and assume
that there exists a partition of unity {(U;, ;)i € J} subordinate to A, i.c., for Vi € J, there
exists a(i) such that U; C V). Then for Vp € M,

t(p) = Zgita(i)
is a C* tensor field of type (r,s) on M

Proof Since {U;]i € J} is locally finite, the sum at each point p is a finite sum and ¢(p)
is a type (r,s) for every p € M. Notice that ¢ is C* since the local form of ¢ in a local chart

(Va(i) ; [@a(i) ]) is

Zgita(j)u
J

where the summation taken over all indices j such that Vi) (V) # 0. Those number j is
finite by the local finiteness. O

4.2 Integration on combinatorial manifolds

First, we introduce integration on combinatorial Euclidean spaces. Let f{(nl, <+ ,ny) be a

combinatorially Euclidean space and

T:ﬁ(nl,--- Mo —>f{(n1,--- M)

a C' differential mapping with

The Jacobi matrixz of f is defined by

ol
% - [A(nk)(uu)]v
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KA
where A(nk)(uu) = gT—

xHY

Now let w € TY(R(n1,- -+ ,nm)), a pull-back 7*w € T (R(n1,- -+ ,ny)) is defined by

T*w(alv az,--- 7a7€) = w(f(al)v f(aQ)v T vf(ak))

for Vai,as,--- ,ar € R.
Denoted by n = m+3 (n;—m). If 0 < I < n, recall([4]) that the basis of A(R(ny, - nm))
i=1
is
{e“ A e /\~~~/\eil|1 <t <idge-- <1y STL}
for a basis ey, ea,--- , e, of f{(nl, -++,ny,) and its dual basis e!,e?,---  e". Thereby the di-
mension of A(R(ny, - ,nyy,)) is
(m+ > (ni —m))!
noy i=1
: N+ 3 (ng — i) — 1))
i=1
Whence A"(R(nq,---,nm)) is one-dimensional. Now if wy is a basis of A"(R), we then

know that its each element w can be represented by w = cwy for a number ¢ € R. Let
7:R(n1, -+ ,nm) — R(ny, -+ ,ny) be a linear mapping. Then
AR, nm)) — AR, man)

is also a linear mapping with 7w = ¢7*wy = bw for a unique constant b = detr, called the
determinant of 7. It has been known that ([1])

Py
detT = det(%)

for a given basis e, ez, - , e, of ﬁ(nl, -+ ) and its dual basis e!,e? .- e".

~ m
Definition 4.3 Let R(ni,na, -+ ,nm) be a combinatorial Euclidean space,n = m—+ Z (n;—m),
U C R(ny,ng, - ,nm) and w € A"(U) have compact support with -

w(z) = Wpa, viy ) (i vi, YAt N A dh i i

relative to the standard basis e*”, 1 < p <m,1 <v < n,, of f{(nl,ng, S M) with e = e”

for 1 < u < m. An integral of w on U is defined to be a mapping fﬁ f— fﬁ f € R with

Aw=/@@@1mV II dz',  (4.2)

p>mA1,1<v<n;

where the right hand side of (4.2) is the Riemannian integral of w on U.

For example, consider the combinatorial Euclidean space R(3,5) with R¥NR? = R. Then
the integration of an w € A7(U) for an open subset U € R(3,5) is
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/w:/ w(z)drtde*2da' de*?da® de** da®.
U UN(R3URS)

Theorem 4.2 Let U and V' be open subsets of f{(nl, <o ngy) and T : U — V is an orientation-

m
preserving diffeomorphism. If w € A™(V') has a compact support forn =m+ Y. (n; —m), then

=1
/T*w = /w.

Proof Let w(x) = Wiy, i) (i viy ) A0 Ao Adatin¥in € A™(V). Since 7 is a diffeo-
morphism, the support of 7*w is 77! (suppw), which is compact by that of suppw compact.

T*w € A™(U) has compact support and

By the usual change of variables formula, since 7*w = (wo 7)(detT)wy by definition, where
wo =dz' Ao Adx™ A de D A dg (72 A oA da ™ A A da™m | we then get that

/ Tw = / (wor)(detT)ﬁd:c” 11 dat”

v=1 p>m+1,1<v<n,
- / .
O

Definition 4.4 Let M be a smoothly combinatorial manifold. If there exists a family {(Usy, [¢a]|a €
D)} of local charts such that
(1) U Ua=1;
acl _
(2) forVa,B € I, either Uy(\Ug =0 or Uy (Ug # 0 but for ¥Yp € U, (\Ug, the Jacobi

matriz

der( 22l S ¢

then M ‘is called an oriently combinatorial manifold and (Uy, [pa]) an oriented chart for Vo € I.
Now for any integer n € J#5;(n, m), we can define an integral of n-forms on a smoothly

combinatorial manifold M(nl, Cee ).

Definition 4.5 Let M be a smoothly combinatorial manifold with orientation € and (U; )
a positively oriented chart with a constant ng € J5;(n, m). Suppose w € A"0 (M), U C M has
compact support C cU. Then define

Le= el @3

Now if €37 is an atlas of positively oriented charts with an integer set H5;(n,m), let
P = {(Us, ¢arga)|la € I} be a partition of unity subordinate to €. For Yw € A"(M),
n € H57(n,m), an integral of w on P is defined by
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/ﬁw = Z/gaw. (4.4)

acl
The next result shows that the integral of n-forms for Vn € J#3;(n, m) is well-defined.

Theorem 4.3 Let M(nl, “o,ny) be a smoothly combinatorial manifold. For n € 55;(n,m),
the integral of n-forms on M(n1,--- ,ny) is well-defined, namely, the sum on the right hand
side of (4.4) contains only a finite number of nonzero terms, not dependent on the choice of

Gy and if P and Q are two partitions of unity subordinate to 65y, then

M’
P Ja

Proof By definition for any point p € M(nl, -+ Ny), there is a neighborhood ﬁp such
that only a finite number of g, are nonzero on ﬁp. Now by the compactness of suppw, only
a finite number of such neighborhood cover suppw. Therefore, only a finite number of g, are
nonzero on the union of these (7,,, namely, the sum on the right hand side of (4.4) contains only
a finite number of nonzero terms.

Notice that the integral of 7i-forms on a smoothly combinatorial manifold M (n1, « )

~ s(p) ~
is well-defined for a local chart U with a constant ng = s(p) + Z:l(nl —35(p)) for Vp e U C

M(ny, -+ ,nm) by (4.3) and Definition 4.3. Whence each term on the right hand side of (4.4)
is well-defined. Thereby [ pw is well-defined.

Now let P = {(Ua, 0arga)la € I} and Q = {(Vs, 03, hs)|3 € J} be partitions of unity
subordinate to atlas ¢7; and %7 with respective integer sets H47(n,m) and %A%(n, m). Then
these functions {gohg} satisty gohg(p) = 0 except only for a finite number of index pairs (o, 3)

and

ZZgahg(p)zl, for Vp € M(ny,--- ,nm).
o 8

Since > =1, we then get that
B

foom X S o
;;/gahﬁw/éw.

O

By the relation of smoothly combinatorial manifolds with these vertex-edge labeled graphs

established in Theorem 3.1, we can also get the integration on a vertex-edge labeled graph

G([0, 1], [0, nm]) by viewing it that of the correspondent smoothly combinatorial manifold M

with AYG) = AY(M), Hu(n,m) = 57 (n,m), namely define the integral of an n-form w on
G([0,nm], [0, n4m]) for m € 7% (n, m) by
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[ )
G([0:nm],[0,nm]) M

Then each result in this paper can be restated by combinatorial words, such as Theorem 5.1
and its corollaries in next section.

Now let ny,ng,---,n,, be a positive integer sequence. For any point p € M, if there is a
local chart (ﬁp, [¢p]) such that [¢,] : U, — B™ JB™ |J---|UB"™ with dim(B™* (\B™(---()
B™m) = m, then M is called a homogenously combinatorial manifold. Particularly, if m = 1,

a homogenously combinatorial manifold is nothing but a manifold. We then get consequences

for the integral of (m + Y (n; — m))-forms on homogenously combinatorial manifolds.

Corollary 4.2 The integral of (m+ > (n; —m))-forms on a homogenously combinatorial man-
i=1
ifold M(ny,na, -+ ,Nuy) is well-defined, particularly, the integral of n-forms on an n-manifold

is well-defined.

Similar to Theorem 4.2 for the change of variables formula of integral in a combinatorial
Euclidean space, we get that of formula in smoothly combinatorial manifolds.

Theorem 4.4 Let M(m y M2yt M) and J\Nf(kl, ko, -+, ki) be oriently combinatorial manifolds
and 7 : M — N an orientation- -preserving diffeomorphism. If w € Ak( ) k e (k1) has

compact support, then T*w has compact support and

forfe

Proof Notice that suppr*w = 7~ (suppw). Thereby 7*w has compact support since w has
so. Now let {(U;, :)|i € I} be an atlas of positively oriented charts of M and P = {g;|i € I} a
subordinate partition of unity with an integer set 57 (n,m). Then {(7(Us), psom1)]i € I} is
an atlas of positively oriented charts of N and Q {gioT1} is a partition of unity subordinate

to the covering {r(U;)|i € I'} with an integer set 5~ (k,1). Whence, we get that

(M)

/T*w — Z/giT*w:Z/%*(giT*w)
Z/S"w «(gioT™ M—Z/QpZOT «(gioT 1)w=/w.

85. A generalized of Stokes’ or Gauss’ theorem

Definition 5.1 Let M be a smoothly combinatorial manifold. A subset D of]q is with boundary

if its points can be classified into two classes following.
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Class 1(interior point Intﬁ) For ¥p € IntD, there is a neighborhood \7p of p enable
V, cD.

Case 2(boundary dD) For Vp € 8D, there is integers i, v for a local chart (Uy; [@,]) of
p such that " (p) = 0 but

Uy N D = {qlg € Up, 2™ >0 for V{r,\} # {u,v}}.
Then we generalize the famous Stokes’ theorem on manifolds in the next.

Theorem 5.1 Let M be a smoothly combinatorial manifold with an integer set 7#5;(n,m) and
D a boundary subset of M. For ¥n € J5;(n,m) if w € A™(M) has a compact support, then

/@:/w
D 8D

with the convention faﬁ w =0 while 9D = 0.

Proof By Definition 4.5, the integration on a smoothly combinatorial manifold was con-
structed with partitions of unity subordinate to an atlas. Let %3; be an atlas of positively
oriented charts with an integer set J#5;(n,m) and P = {(Uq, ¢a,go)|la € I} a partition of

unity subordinate to ¢73;. Since suppw is compact, we know that

/5 dw = O%/f) d(gaw),

w = g JaW.
/85 ~/af> “
acl

and there are only finite nonzero terms on the right hand side of the above two formulae.

‘/~ C:’:(gaw) = /~ JaW
D oD
for Yo € 1.

Not loss of generality we can assume that w is an n-forms on a local chart (U, [¢]) with a

Thereby, we only need to prove

compact support for n € J#5;(n, m). Now write

n

—_—

w=> (=)', . drrinvin Ao AdzFinVin A A datin Vi

iy Vig, ’
h=1

where dz#in"n means that dz#n"n is deleted, where

ine{l, - ,ny, Ly +1)),---,(Iny), 2(Ay + 1)), -+, (2n2),- -+, (Mmny) }.

Then
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n
aw“ih Vip

dw = OxMinVin
h=1

dztiva Ao Adatiatia . (5.1)

Consider the appearance of neighborhood U. There are two cases must be considered.
Case 1 UNOD =10

In this case, faﬁ w=0and U is in M\ D or in IntD. The former is naturally implies that
fD (gaw) = 0. For the later, we find that

/ o = Z/ I gyt dgn e (5.2)

Notice that f - aﬁz%d:r‘“h Yin = 0 since wy, ,,, has compact support. Thus [7dw =0 as
v 3

desired.
Case 2 UNOD #10

In this case we can do the same trick for each term except the last. Without loss of

generality, assume that

U(\D = {qlq € U,z"="= (q) > 0}

and

U()0D = {qlq € U,a""» (q) = 0}.

Then we get that

oD UnoD

n
—_—
= E (-t / Wyy vy, AP A NdgBinVin A N dat iR YR
= h " 'h
he1 UnaD

= (—1)571/ LWy, dztiati A A dat i
vnoD " "
since dz#n"in(q) = 0 for ¢ € U N dD. Notice that R~ = OR" but the usual orientation

on R"~! is not the boundary orientation, whose outward unit normal is —ej; = (0,---,0,-1).
Hence

/ w=— / Wyi vy (xhin¥in ... Jatia—1Vino 0)dxtin¥i .. cdxtia-1Vina
oD or7 "
+

On the other hand, by the fundamental theorem of calculus,
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Vi ) )
[ g
Rn—1 X

— / 1 Wy, v, (xiu‘llyll N e B R T O)dxl‘n Vip oL dgMin-1YVin—1
RTL

Since w,, ,,  has a compact support, thus

/ w = —/ Wiy v, (ghiva .. ,xtia—1Vino 0)dxHin?n .. cdptia-1Via-a
U Re-1 "

Therefore, we get that

/@:/w
D 8D

This completes the proof. 0

Corollaries following are immediately obtained by Theorem 5.1

Corollary 5.1 Let M be a homogenously combinatorial manifold with an integer set %M(n, m)
and D a boundary subset of M. Forn € J;(n,m) if w € A" (M) has a compact support, then

/@:/w
D oD

particularly, zf]Tj is nothing but a manifold, the Stokes’ theorem holds.

Corollary 5.2 Let M be a smoothly combinatorial manifold with an integer set 5 (n,m).
For n € #55(n,m), ifw € A"(M) has a compact support, then

/w:O.
M

By the definition of integration on vertex-edge labeled graphs G([0,ny,], [0, 7)), let a
boundary subset of G([0, ny,], [0, ny,]) mean that of its correspondent combinatorial manifold

M. Theorem 5.1 and Corollary 5.2 then can be restated by a combinatorial manner as follows.

Theorem 5.2 Let G([0, ], [0, 1)) be a vertex-edge labeled graph correspondent with an integer
set Ha(n,m) and D a boundary subset of G([0,nm],[0,nm]). For Vi € Ha(n,m) if w €
A" (G([0,1n], [0, 10])) has a compact support, then

/@:/w
D 8D

with the convention faﬁ w =0 while 9D = 0.

Corollary 5.3 Let G([0,nm],[0, 7)) be a vertez-edge labeled graph correspondent with an
integer set #5(n,m). ForVn € #5(n,m) if w € A"(G([0,nm), [0,nm,])) has a compact support,
then
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/ w=0.
G([0,nm][0,nm])

Similar to the case of manifolds, we find a generalization for Gauss’ theorem on smoothly

combinatorial manifolds in the next.

Theorem 5.3 Let M be a smoothly combinatorial manifold with an integer set H5;(n, m), D
a boundary subset of M and X a vector field on M with a compact support. Then

/(diVX)VZ/ ixv,
D oD

where v is a volume form on M, i.e., nonzero elements in A™(M) for n € A5 (n,m).

Proof This result is also a consequence of Theorem 5.1. Notice that

(divX)v = Jixv + ixglvv = Jixv.

According to Theorem 5.1, we then get that

/f) (divX)v = /8 _ixv.
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Abstract: Let G be a simple graph with diameter four,if G does not contain complete
subgraph K3 of order three. We prove that the Betti deficient number of G, {(G) < 2.
i.e. the maximum genus of G, vm(G) > %B(G) — 1 in this paper, which is related with

Smarandache 2-manifolds with minimum faces.
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§81. Preliminaries and known results

In this paper, G is a finite undirected simple connected graph. The maximum genus vas(G) of
G is the largest genus of an orientable surface on which G has a 2-cell embedding, and £(G) is
the Betti deficiency of G. To determine the maximum genus v,/ (G) of a graph G on orientable
surfaces is related with map geometries, i.e., Smarandache 2-manifolds (see [1] for details) with
minimum faces.

By Xuong’s theory on the maximum genus of a connected graph, £(G) equal to 5(G) —
2vm (G), where 8(G) = |E(G)| — |[V(G)| + 1 is the Betti number of G. For convenience, we use
deficiency to replace the words Betti deficiency in this paper. Nebesky[2] showed that if G is a
connected graph and A C E(G), let v(G,A) = ¢(G — A)+b(G — A) — |A| — 1, where ¢(G — A)
denotes the number of components in G — A and b(G — A) denotes the number of components
in G — A with an odd Betti number, then we have £(G) = max{v(G, A)|A C E(G)}.

Clearly, the maximum genus of a graph can be determined by its deficiency. In case of that
&(G) <1, the graph G is said to be upper embeddable. As we known, following theorems are
the main results on relations of the maximum genus with diameter of a graph.

Theorem 1.1 Let G be a multigraph of diameter 2. Then £(G) < 1.

Skoviera proved Theorem 1.1 by a different method in [3] — [4].
Hunglin Fu and Minchu Tsai considered multigraphs of diameter 3 and proved the following

theorem in [5].

IReceived July 24, 2007. Accepted August 25, 2007
2Supported by the NNSF of China under the granted No.10571013
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Theorem 1.2 Let G be a multigraph of diameter 3. Then £(G) < 2.

When the diameter of graphs is larger than 3, the Betti deficiency of G is unbounded. The
following investigations have focused on graphs with a given diameter and some characters.

Some results in this direction are presented in the following.

Theorem 1.3([16]) Let G be a 3-connected multigraph of diameter 4, then £(G) < 4.
Theorem 1.4([16]) Let G be a 3-connected simple graph of diameter 5. Then £(G) < 18.

Yuanqiu Huang and Yanpei Liu proved the following result in [6].

Theorem 1.5 Let G be a simple, K3-free graph of diameter 4, then £(G) < 4, where K3-free

graph means that there are no spanning subgraphs K3 in G.

The main purpose of this paper is to improve this result.

82. Main result and its proof

Nebesky’s method is useful and the minimality property of the edge subset A in this method
plays an important role. For convenience, we call a graph with (G) > 2 a deficient graph.
Any set A C F(G) such that v(G, A) = £(G) will be called a Nebesky set. Furthermore, if A is

minimal, then it will be called a minimal Nebesky set.

Lemma 2.1([5]) Let G be a deficient graph and A a minimal Nebeskyj set of G. Then

(a) b(G—A) = c(G—A) > 2. More, if G is a simple graph then every component of G — A
contains at least three vertices;

(b) the end wvertices of every edge in A belong to distinct components of G — A;

(¢) any two components of G — A are joined by at most one edge of A;

(d) £&(G) =2¢(G — A) — |A] — 1.

With the support of Lemma 2.1, we are able to construct a new graph based on the choice
of A. Let G be a deficient graph and A a minimal Nebesky set of G. G4 is called a testable
graph of G if V(G 4) is the set of components of G — A and two vertices in G4 are adjacent if
and only if they are joined in G by an edge of A. We shall refer the vertices of G4 to as the
nodes of G 4, and u,v4,...are typical notation for the nodes.

Lemma 2.2 Let G be a deficient graph and A a minimal Nebesky set of G. Then

§(G) =2p(Ga) —q(Ga) — 1,

where p(Ga) and q(G 4) are the numbers of nodes and edges of G a, respectively.

Proof By the definition of G 4, we know that p(G4) = ¢(G—A) and ¢(G4) = |A|. Applying
Lemma 2.1, we find that

§(G) =2¢(G = A) = [A][ =1 =2p(Ga) — q(Ga) — 1. O
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Lemma 2.3 If G is triangle-free, there exvist a wa € V(G4) such that 2 < |E(wa, A)| < 3,
where E(wa, A) denotes the set of edges of G4 incident with wa.

Proof Let T,,, denote the component of G — A which corresponds to w4 in G 4. By Lemma
2.1 |V(Ga)| > 2. If for all wa € V(Ga4), there is |E(wa, A)| > 4, then

Al=5 X 1Blwa A= 2V(Ga)l
wa€V(Ga)
Applying Lemma 2.1 and the definition of G4, £(G) = 2V (Ga) — |A| =1 < —1, a contradiction.
For G is connected, |E(wa, A)] > 1. If |[E(wa, A)] = 1, let E(wa, A) = {e}, e = fh,f €
V(T,,),h € V(T5,),04 € V(G4). By Lemma 2.1, 3(T,,) is odd and T, is simple and
triangle-free, there exists f € V(T,,,) such that f # f,ff & E(G). Similarly, there exists
B € V(T,,) such that " # h,hh' ¢ E(G). Since e is a bridge, dg(f ,h') > 5, a contradiction.
So we get that 2 < |F(wa, 4)] < 3. 0

Theorem Let G be a simple, triangle-free graph of diameter 4, then £(G) < 2, i.e., the
mazimum genus of G, yu(G) > 36(G) — 1.

Proof Let I={H|H is a simple graph of diameter 4 and does not contain a spanning
subgraph K3 with £(G) > 2 }. We claim that II is an empty set. Suppose it is not true, let
G € 11 be with minimum order. Clearly, G is a deficient graph. Now let A be a minimal Nebesky
set. Applying Lemma 2.1(a), each component of G — A has odd Betti number. Thus, each
component of G — A must be a quadrangle. Otherwise, there exists a graph [V (G')| < |V(G)].
Now let T, , denote the component of G — A which corresponds to x4 in G4 for each node
S V(GA).

By Lemma 2.3, choose z4 € V(G 4) with 2 < |E(za4,A)| < 3, and define Dy = {z4},D; =
N(za) and Dy = V(Ga) — N(z4). We call z € V(G) a distance k vertex, if min {d(x, z)|z €
V(T.,)} = k and denote E(D;,D;) = {zaya € E(Ga)lza € D; and ya € D;}, where 0 <
i,7 < 2 (Note that the order of 24 and y4 is important throughout of the proof). We also need
the following definitions.

A1={xaya € E(D2, Dq)| there exists a distance 1 vertex of T,, adjacent to a distance 2
vertex of T}, ,, or a distance 2 vertex of T}, adjacent to a distance 3 vertex of T}, and a distance
1 vertex of T,,, for some wa € Dy — {ya}}.

As={xaya € E(D2, D3)| x4 is not incident with any edge of A; and y4 is incident with
one edge of A; and T}, contains a vertex both adjacent to a vertex of T, and a vertex of T, ,
for some ug € D1} U{xaya € E(D2,D3)| x4 is not incident with any edge of A; and yg4 is
incident with at least two edges of A;}.

As={zaya € E(D1, D1)| there exists a distance 2 vertex of T, , adjacent to a distance 1
vertex of Ty, }.

Now, according to these edge subsets A1 — A3 of E(G4), we define a directed graph G—A>
based on G 4:

(i) V(Ga) = V(Ga);

(i1) if zays € E = (Uf:1 A;) U(D1, Do), then join two arcs from y4 to za;
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(ii) if zaya € E(Ga) — E', then let (z4,y4) and (ya,z4) be arcs of Ga.
By this definition, it is easy to see that

Z deg(xa) = Z deg™ (za),

A€V (Ga) EAEV(G—,L;)

where deg™ (z4) denotes the in-degree of x4 in G—A). Therefore, the in-degree sum of GTA) gives

2 )
9(Ga) . .
Now, we count the in-degree sum of G4. Let 24 be an arbitrary node in V(G y4).

(1) za € Dg. Then deg~ (z4) = 0 clearly.
(2) wa € Dy. The situation is divided into the discussions ()-(iv) following.
(i) x4 is not incident with edges of Ay, but incident with edges of As.

Case 1 x4 is incident with at least two edges of As, then deg™(z4) > 4.

Case 2 x4 is incident with one edge e of As. Let z1y1 be an edge of E(G) which corresponds
to the edge e. Accordingly, T, is a quadrangle and 2 < |E(za,A)| < 3. Then there exist
z1 € V(T,,) and deg(z1) = 2. We know that d(z1,21) =4 in G. Let V(T,,) = {1, 22, 3,24}
In T,,, 2o must be incident with an edge of E(G4) — E' such that d(zs,2) < 4(in fact

TA
d(xg,21) = 4). Similar discussion can be done done for vertices x5 and z4. So deg™ (x4) > 4.

(79) x4 is not incident with edges of A; |J As.

/

Let V(T,,) = {1,202, 25,24}. In T, ,, x1 must be incident with an edge of E(G4) — E
such that d(z1,21) < 4(in fact d(x2,z1) = 4). Similar discussion can be done done for vertices

29,23 and x4. So deg™ (x4) > 4.
(#41) x4 is incident with edges of Ay, but not incident with edges of As.
Case 1 x4 is incident with at least two edges of Ay, then deg™(z4) > 4.

Case 2 x4 is incident with one edge e of A;. Let x1y; be an edge of F(G) which corresponds
to the edge e. Let V(T,,) = {x1, 22, x3,24} and d(z1,21) > 3. In Ty, it supposes that z3 is
not incident with 2, then 23 must be incident an edge of E(G4). Let this edge be ¢ . Then
¢ € BE(G4)—E',and ¢ contributes one de-agree. So deg™(x4) > 3(in fact, when deg™ (z4) = 3,
¢ € E(Dy,Dy)).

(iv) x4 is incident with edges of A; and As.
Case 1 x4 is incident with at least two edges of Ay, then deg™(z4) > 4.

Case 2 x4 is incident with one edge e of A;. Let z1y; be an edge of E(G) which corresponds
to the edge e. Let V(Ty,,) = {z1,22, 23,24} and d(z1,21) > 3. In T,,, it supposes that x3
is not incident with 1, then z3 must be incident with an edge of E(G4). Let this edge be
¢. Then ¢ € Ay or ¢ € E(Ga) — E'. In the former, ¢ must contributes two de-agree for
24. In the latter, ¢ contributes one de-agree. So deg™(x.4) > 3(in fact,when deg™(x4) = 3,
¢ € E(Dy,Dy)).

Hence, for x4 € Dsy, deg™(za) > 3
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Let M={x4 € Dsldeg (z4) = 3}. We get that

> deg(wa) = 4|Dy| — |M].

rAED2

(3) rA € Dy,

By the definition of GTA) , the edge connects Dy and D; contributes two de-agree for x 4.
Let z131 be an edge of E(G) corresponds to this edge(y; € E(T%,)).

Let V(Ty,) = {z1,22,23,24}. In Ty, it supposes that xg is not incident with x;. In T,
there exists zo € V(T.,) so that if d(x3,22) < 4. If 23 does not connect zo though xo or x4,
3 must be incident with one edge of E(G4). Let that edge be e. Then e € E(G4) — E" and
deg(xza) > 3. If 23 connects zo though x9 or x4, x5 or x4 is incident with one edge of E(G4).
Let that edge be e. Then e € E(G4) — E or e € As, and e contributes at least one de-agree.
So deg(za) > 3.

Hence, for all x4 € Dy,

> deg(za) > 3|Dy| + |M].

rA€ED:

Now by discussions (1) and (2), we get that

2q(Ga) = > deg(a)
zA€V (G a)

A|Da| — [M|+ 3|D1| + M|
4p(Ga) — |D1| — 4
AP(G ) —T.

Y

Applying Lemma 2.2 again, we get that (G) = 2p(G4) — 1 — q(Ga) < 2, also a contradic-
tion. This completes the proof. 0

To see that the upper bound presented in our theorem is best possible, let us consider the
following family of infinite graphs, as depicts in Fig. 1. There are even paths with length 2
from m to n. Thus, this graph is triangle-free with diameter 4. It is not difficult to check that
its Betti deficiency are equal to 2.
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Fig.1
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Abstract: Let G be a connected graph of order n, and NC2(G) denote min{|N (u)UN (v)] :
dist(u,v) = 2}, where dist(u,v) is the distance between v and v in G. A cycle C' in G is
called a dominating cycle, if V(G)\V (C) is an independent set in G. In this paper, we prove
that if G contains a dominating cycle and 6 > 2, then GG contains a dominating cycle of
length at least min{n, 2NC2(G) — 1} and give a family of graphs showing our result is sharp,
which proves a conjecture of R. Shen and F. Tian, also related with the cyclic structures of

algebraically Smarandache multi-spaces.
Key words: Dominating cycle, neighborhood union, distance.
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81. Introduction

All graphs considered in this paper will be finite and simple. We use Bondy & Murty [1] for
terminology and notations not defined here.

Let G = (V, E) be a graph of order n and C be a cycle in G. C is called a dominating
cycle, or briefly a D-cycle, if V(G)\V(C) is an independent set in G. For a vertex v in G, the
neighborhood of v is denoted by N(v), and the degree of v is denoted by d(v). For two subsets
S and T of V(G), we set Np(S) = {v € T\S : N(v) NS # 0}. We write N(u,v) instead of
Ny (gy({u,v}) for any u,v € V(G). If F and H are two subgraphs of G, we also write Np(H)
instead of Ny (p) (V(H)) In the case F' = G, if no ambiguity can arise, we usually omit the
subscript G of Ng(H). We denote by G[S] the subgraph of G induced by any subset S of V(G).

For a connected graph G and u,v € V(G), we define the distance between u and v in
G, denoted by dist(u,v), as the minimum value of the lengths of all paths joining v and v in
G. If G is non-complete, let NC(G) denote min{|N(u,v)| :uv ¢ E(G)} and NC2(G) denote
min{|N (u,v)| : dist(u,v) = 2}; if G is complete, we set NC(G) =n—1and NC2(G) =n—1.

In [2], Broersma and Veldman gave the following result.

Theorem 1([2]) If G is a 2-connected graph of order n and G contains a D-cycle, then G has
a D-cycle of length at least min{n,2NC(G)} unless G is the Petersen graph.

For given positive integers ni,ne and ns, let K(ni,n2,n3) denote the set of all graphs
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of order ny + ng + n3 consisting of three disjoint complete graphs of order n;, ne and ns,
respectively. For any integer p > 3, let J;" (resp. J5°) denote the family of all graphs of order
2p + 3 (resp. 2p+4) which can be obtained from a graph H in K(3,p,p) (resp. K(3,p,p+1))
by adding the edges of two triangles between two disjoint triples of vertices, each containing
one vertex of each component of H. Let J1 = {G : G is a spanning subgraph of some graph in
J} and Jo = {G : G is a spanning subgraph of some graph in J5'}. In [5], Tian and Zhang
got the following result.

Theorem 2([5]) If G is a 2-connected graph of order n such that every longest cycle in G
is a D-cycle, then G contains a D-cycle of length at least min{n,2NC2(G)} unless G is the
Petersen graph or G € J1 U Js.

In [4], Shen and Tian weakened the conditions of Theorem 2 and obtained the following
theorem.

Theorem 3([4]) If G contains a D-cycle and § > 2, then G contains a D-cycle of length at
least min{n,2NC2(G) — 3}.

Theorem 4([6]) If G contains a D-cycle and § > 2, then G contains a D-cycle of length at
least min{n, 2NC2(G) — 2}.

In [4], Shen and Tian believed the followings are true.

Conjecture 1 If G satisfies the conditions of Theorem 3, then G contains a D-cycle of length
at least min{n, 2NC2(G) — e(n)}, where e(n) =1 if n is even, and e(n) = 2 if n is odd.

Conjecture 2 If G contains a D-cycle and § > 2, then G contains a D-cycle of length at
least min{n, 2NC2(G)} unless G is one of the exceptional graphs listed in Theorem 2. And the
complete bipartite graphs Ky, m+q (¢ > 1) show that the bound 2N C2(G) is sharp.

In this paper, we prove the following result, which solves Conjecture 1 due to Shen and
Tian, also related with the cyclic structures of algebraically Smarandache multi-spaces (see [3]
for details).

Theorem 5 If G contains a D-cycle and 6 > 2, then G contains a D-cycle of length at least
min{n, 2NC2(G) — 1} unless G € Ji.

Remark The Petersen graph shows that our bound 2NC2(G) — 1 is sharp.

82. Proof of Theorem 5

In order to prove Theorem 5, we introduce some additional notations.

Let C be a cycle in G. We denote by C the cycle C with a given orientation. If u,v € V(C),
then uz')v denotes the consecutive vertices on C' from u to v in the direction specified by
C. The same vertices, in reverse order, are given by vCu. We will consider uCv and vCu

=
both as paths and as vertex sets. We use u™ to denote the successor of v on C' and u~ to
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denote its predecessor. We write u*? := (u™)" and u=2 := (u™)~, etc. If A C V(C), then
At ={vt v e A} and A~ = {v™ :v € A}. For any subset S of V(G), we write NT(S) and
N~(S) instead of (N(S))™ and (N(S)) ™ ,respectively.

Let G be a graph satisfying the conditions of Theorem 4, i.e. G contains a D-cycle and
0 > 2. Throughout, we suppose that

——G@ is non-hamiltonian and C' is a longest D-cycle in G,
—V(C)] < 2NC2AG) - 2,

——R =G\V(C) and z € R, such that d(z) is as large as possible.
First of all, we prove some claims.

By the maximality of C' and the definition of D-cycle, we have
Claim 1 N(x) C V(C).

Claim 2 N(z)NN™T(z) =N(z)N N (x) = 0.

Let vy, va,...,v; be the vertices of N(z), in cyclic order around C. Then k > 2 since
§ > 2. For any i € {1,2,...,k}, we have v;” # v, (indices taken modulo k) by Claim 2. Let
—
u; = v, w; = v; 1, (indices taken modulo k), T; = u; Cwy, t; = |Tj].

Claim 3 Ng(y1) N Ng(y2) =0, if y1, y2 € NT(x) or y1, y2 € N~ (z).In particular, NT(z) N
N(u;) = N~ (z) N N(w;) = 0.

For any 4,5 € {1,2,...,k}(i # j), we also have the following Claims.
Claim 4 Each of the followings does not hold :

(1) There are two paths P;wj,z] and Pylu;, 27 ], (2 € vj+16’>vi) of length at most two

that are internally disjoint from C' and each other ;

(2) There are two paths P;[w;, 2] and Pslu;, z1] (2 € vj41 81}1) of length at two that are

internally disjoint from C' and each other ;

(3) There are two paths Py [u;, z] and Ps[uj, 2] (z € ujavi) of length at most two that are

internally disjoint from C' and each other, and similarly for Py [u,, 2] and Psluj, z7] (2 € u;ravj)
Claim 5 For any v € V(G), we have dg(v) < 1.

If not, then by Claim 1, there exists a vertex, say v, in C such that dg(v) > 1. Let
21,22 € Nr(v), then |N(z1,x2)] > NC2(G).

First, we prove that |N(x1,22) N NT(z1,22)] < 2. Otherwise, let 41, y2 and y3 be three
distinct vertices in N(x1,22) N Nt (z1,22). By Claim 2, we know y; € N(xzq1) N NT(z3) or
y; € N(x2) N NT (1) for any i € {1,2,3}. Thus, there must exist i and j (i # j,i,7 € {1,2,3})
such that y;,y; € N(z1) N Nt (a2) or y;,y; € N(z2) N NT(z1). In either case, it contradicts
Claim 3. So we have that |N(x1,z2) N N (21, z2)| < 2.
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Now we have

=
38
Vv

|N(I1, IQ) U N+(I1, I2)|
Z 2|N(I1,{E2)|—2
> 2NC2(G) -2,

so V(C) = N(x1,22) UNT(x1,22) by assumption on [V(C)|, and in particular, N(z1,z2) N
N+t (z1,22) = {y1,y2}.Therefore y; € N(x1) N NT(x2) and yo € NT(z1) N N(z2).

Now, we prove that dr(vt) < 1,dr(v™) < 1. If not,suppose dr(v™) > 1, let 21,22 €
Ng(v™), by Claim 1 and V(C) = N(z1,22) U Nt (21, 22), N(21,22) € NT(x1,22), so we have
x1 (or z2) € N(v™2). Using a similar argument as above, we have z; (or z2) € N(v=2), which
contradicts Claim 3. Thus, we have dg(v™) < 1; similarly, dr(vT) < 1.

Now, we consider N(z2,v~) U N~ (z1,v").Since dist(z2,v™) = dist(z1,vT) = 2 and
IN(z2,v7)| > NC2(G), N~ (z1,vT)| = |[N(z1,vT)] > NC2(G). We prove that |[N¢(z2,v7) N
Ng (z1,v7)] < 1. Let 2z € {Ne(z2,v7) N Ng (z1,07) P\ {yy }-

We consider following cases.

(i) Letz ey Cy2 if zzy € E(G) and 2127 € E(G), or za9 € E(G) and vzt € E(Q),
or v z € E(G) and z12" € E(G), each case contradicts Claim 3; if v™2 € E(G) and vt z" €
E(G), then C' = xlyz_(aﬁ +C v gygxgvxl is a D-cycle longer than C,a contradiction.

(ii) Let z € y Cyl , if 23z € E(GQ) and z12T € E(G), or z2z € E(G) and vtzT €
E(G), both contradict Claim 3; if v~z € E(G) and :vlz € E(G), it contradicts Claim 3; if
v~ xy € E(G) and zTvt € E(G), then ' = T141 C’v 2Cvtz +C’y1 xovwy is a D-cycle longer
than C, for z € va)yf; and C' = x1y5 CutztCu szQ:rgvxl is a D-cycle longer than C' for
PSS yga)v_.

So, we have |N¢(x2,v7) N N (21,0 )| <1 Moreover yl,y2 ¢ N(z2,v" ) UN"(z1,0).
Otherwise, if y; € N(v™), then C' = z1y5 C’ylv OyQIle C’vxl is a D-cycle longer than C.
By Claim 2, y; ¢ N(z2) UN~(z1,v"), so we have y; ¢ N(z3,v~) U N~ (z1,v"). By Claims 1
and 3 we have y, ¢ N(x2,v”)U N (x1,v"). Thus, we have

V(C) > [|Ne(za,v7) UNg(z1,07)] +2
> |Ne(az,v7)|+ [Ng(z1,07)] =142
= |N(x2, v )\Ng(z2,v7)| + |N(z1,v")\Ng(21,v7)| + 1
> 2NC2AG) -2+ 1

= 2NC2(G) -1,

a contradiction with |V (C)| < 2NC2(G) — 2. So, we have dr(v) < 1, for any v € V(G).
Claim 6 t; > 2.

If t;, = 1 for all of 4, then Ng(u;) = 0 for all of ¢ (if not, let z € Ng(u;) for some ¢, by
Claim 1 and Claim 5 N(z) C V(C) and ujz € E(G) for some j. then, z € Ng(u;) N Ng(u;),
a contradiction). Then N(u;) N N (u;) = 0( otherwise, y € N(u;) N N*(u;), then C" =
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xviHE’)y*uiyE’)vix is a D-cycle longer than C'). Moreover, we have N(x) N NT(x) = 0 by
Claim 2, N*(z) N N(u;) = N*(u;) N N(x) = 0 by Claim 3. Hence, N(z,u;) N N*(z,u;) = 0.
So we have

[V(C)| > |N(2,u;) UNT(z,u;)| > 2|N(x,u;)| > 2NC2(G),
a contradiction. So we may assume t; = 1 for some i, without loss of generality, suppose t; = 1
and Ng(wy) # 0. Let y € Ng(wy), choose y1 € N(y) such that N(y) N (yfawk_) = (). Using a
similar argument as above and dr(u;) < 1, by Claim 5, we have

[V(C)| = |No(x,u1) UNS (2, u1)| > 2NC2(G) — 2.

So V(C) = Ne(z,u1) U Néf(x,ul). Similarly, we know that V(C') = N¢(x,u1) U N (x,uq).
Moreover, uiw, € E(G). If |yf8w,§| =1, then C' = xvggylywkw,;ulle is a D—cycle longer
than C, a contradiction. So we may assume that |yf6w,§| > 2.

Now, we consider N¢(y,y;) U NG (2, u1). Since dist(y,y;) = dist(z,u1) = 2, |N(y,y | >
NC2(G), N~ (x,u1)| = |N(x,u1)| > NC2(G). Moreover, we have v1,v2 ¢ Ne(y, yi7 )UNG (2, u1)
and Nc(y,yi) N Ng(z,u1) € {wi}. In fact, vi ¢ N(y,y!) by Claims 3 and 5, if v; €
N~ (z,u1), then vz € E(G) or v;ju; € E(G), which contradicts to Claims 2 and 3. So
v1 & Ne(y, yi )UNG (z,u1):if va € Ne(y, 4y ), then vay™ € E(G) by Claim 5, which contradicts
to Claim 4. If vo € N5 (x,u1) then vy € N(x,u1), which contradicts to Claims 2 and 3. So
v2 & Ne(y,y17) U NG (z,u1). Suppose z € Ne(y,y17) N NG (2, u1)\{wy}. Now, we consider the
following cases.

(i) ze€ ’Uga)yl_. If yz € E(G) and 22" € E(G), then, it contradicts to Claim 3. Put

— —
yzCugrviuzt Cwgy if y2z € E(G)andu, 2% € E(G);
C' = xz+8y1ywk<5yf'z<5v1x if y 2 € E(Q) andzz* € E(G);
— +—> <— + . +
2vy C 2y Cwrpyyr CzTugvie  if yi 2z € E(G) and ui 2™ € E(G).

(i) =z € ylaw;, then z € N(y;") since N(y) N (yfaw;) = (. Let zy; € E(G) and 27T €
Ne(z,ur). Since V(C) = Ne(z,u1) U NG (z,u1), So yi € Ne(z,ur) U NG (2, ur). If wyyf €

E(G) then C' = xvggylywkgyf'ulle is a D—cycle longer than C', a contradiction; if zy," €
E(G), then it contradicts with Claim 3. Then, y;7 € N~ (z,u;). If 227 € E(G) and y %z €
(@),

E(G), then it contradicts to Claim 3; Put
:Cy+25>zyf<5ulz+<5le if ¥ %2 € B(G) and uy2t € E(G);
C' = xvga)yfzgyf'zul(aﬁx if y2u; € B(G) and z2t € E(G);
:zrvga)erz(a F20,2+C if 32 E(G) and te BEG
120y u1zt Cuyz if y“uy € E(G) and u1zt € E(G).
In any cases, C’ is a D-cycle longer than C, a contradiction. Therefore, v1,vs ¢ Ne(y, yi U
Ng (z,u1), Ne(y,y) N NG (z,u1) € {wy}. Hence, we have

V(@) > INc(y,y) UNg (w1,u1)] +2

> |Ne(y,yi)| + INGg (z1,u1)| — 1+ 2

= [N, y)\Nr(y, y1)| + [N (z1,u1)\Nr(z1, u1)| +1
> 2NC2(G) -2+ 1

— 2NO2(G) -1,
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a contradiction with |V (C)| < 2NC2(G) — 2.
Claim 7 If Ule Ng(y;) # 0, then Ng(y;) # 0 for all ¢ € {1,2,...,k}, where y; = u; (w;,

respectively).

If not, without loss of generality, we assume that Ng(ui) # () and Nr(ug) = 0. Suppose
x1 € Nr(u1) and y € N(z1) (y # u1). Then dist(z1,y") = dist(z1,y~) = 2 and [N (z1,y™")| >
NC2(G), IN(z1,y7)| = NC2(G).

Case 1 N(z1)N (ufa)vk) = 0.

If not, we may choose y,y € N(x1) N (ufa)vk), such that N(xz1) N (ufa)y’) = 0. We

define a mapping f on V(C) as follows:

vo ifwv e ukay_;
flv)y=19 vt ifve yz')wk_l;
y~  if v =wvg.
Then |f(Ne(x,ur))| = |Ne(z,ur)| = |N(x,ur)] > NC2(G) by Claim 1 and the assumption
Ng(ur) = 0. Moreover, we have f(N¢(z,ur)) N N(z1,y~) C {wg,u1}. In fact, suppose that
z € f(Ne(x,ug)) N N(z1,y~ )\{wk,u1}. Obviously, z # v1,y~ by Claims 2 and 4. Now we

consider the following cases.
— —
(i) If z € up, Cwy,, then z € N (ug) since N(z) N (ur Cwy) = 0. Put

— — — .
upzt Corzv, Curz2Cuy if x12 € E(G);

C'= — — — —
upzt Coyavg Cyziuy Cy~2Cuy,  if y~2z € BE(G).
(19) If z € ufﬁy‘Q, then zy~ € E(G) since N(x1) N (ufﬁy‘) = (. Put

— — —
uy Czy~ CzTav; Cyziug if xz% € E(Q);

C' = — — — —
w1 Czy~ Cztuy, Corav, Cyxiuy  if ugz™ € E(G).

(i73) If z € y*+ Cug, we put

ula)zfxvlgleul ifrz~ € E(G) and z1z € E(G);
o ula)y_za)lez_(ayxlul if 227 € E(G) and y~z € E(G);
ulaz_ukalevkgleul if upz— € E(G) and 21z € E(G);
— — — —
u1 Cy~2Cuogav; Cupz™ Cyxiur i ugz™ € E(G) and y~z € E(G).

In any cases, C is a D-cycle longer than C, a contradiction. Therefore, we have f(N¢(z, ug))N
N(z1,y~) C {wg,u1}. By Claims 2 and 4, we have u; ¢ N(x,ux) and v1 ¢ N(z1,y~). Then
vy € f(Neo(x,ug)) UN(z1,y ). Hence, by Claim 6 we have

V()| > [f(Ne(z,ux))UNeo(z1,y7 )| +1
> |f(Ne(w,uk))| + [Ne(zr,y7 )| —2+1
> 2NCO2(G) - 2.
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So, we have V(C) = Neg(x1,y7) U f(Ne(x,ug)) U {v1}, No(z1,y~) N f(Ne(z, ug)) =
{wy, u1}. Hence, y~wy € E(G) and upu; € E(G) since t; > 2.

Now, we prove that Nr(y~) = 0. If not, there exist y1 € Nr(y~ ),z € No(y1) (= #y~) b
Claim 1 and § > 2.

Subcase 1 N(y;) N (u18y72) =0.

If not, we choose z € N(y;), such that N(y1) N (z+8y_2) = (). Therefore we can define a
mapping f1; on V(C) as follows:

N
v ifveu;Czhy

—
vt ifv ez P2PCwp_r;
22 i =y

2t ifv=wuy.

Using an argument as above , we have | f1 (N (z, ug)| > NC2(G). Moreover, we have 2+, vy, y ¢
Ne(y1,27) U fi(Ne(z,ug)) and Ne(yi,2T) N fi(Ne(z,uk)) € {212, y7,w}. Clearly, 2+ ¢
Ne(y1,27). If 27 € fi(Ne(x,ug)), then, uy € Neo(z,ug), a contradiction. y101 ¢ E(G) by
Claim 5. If v12T € E(G), since y, 2+ € Nt (y;), the two paths yziu; and 2T v, contradict with
Claim 4; By Claims 2 and 4 , we have y ¢ N(y1,2"), ify € fl(Nc(:zz ug)) then Yy~ € No(z,up),
by Claim 3 y~ ¢ N(z), so y~ € N(ug), then C" = zvy nylul Cy e C’le is a D —cycle
longer than C, a contradiction. So we have z*,v1,y ¢ No(y1,27) U fi(Ne(z,ug)). Suppose
s € No(y1,27) 0 fi(Ne(z, k) \{22, 5™, wi}

Now, we consider the following cases.

(1) se y+5}vk. If y15 € E(G) and xs~ € E(G) then it contradicts with Claim 4. We put

— — — — .
zvg Csyry” Curx1yCs~ up Corx if y18,urs” € E(GQ);
, — — — — .
C'=< w57 Cyxiui Czyry~ CzTsCux if 275,257 € E(G);
— — — — — .
v CszT Cy~y12Curz1yC s up Coyr if 27 s,ups™ € E(Q).

(7i) s € ukawk_l. We have s € N~ (uy) since N(z) N (ukawk) = (.Put

, kagyxlulay_ylsguks‘*gle if y1s,ups™ € B(G);
C' = — — — — — .
av, Cyxiuy Czy1y~ CztsCupsT™ Cuoyr if 2T s,ups™ € E(G);

(iii) s € ui Cy=2. If yis, 0™ € E(G) then contradicts to Claim 4. If yis,ups™ € E(G),
then
' = kagyzlula)syly*(aﬁukale

N
is a D—cycle longer than C, a contradiction. If s € 2T Cy~, we put

, xs_gz“‘sa)y_ylz(aulxlya)le if 2%s,s72 € E(G);
C'= — — — — —
2vg Cyziu Czyry~ Cszt Cs u Corz if 27s, s u, € E(G).
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N
If s € u; Cz, we put

, xs"’a}zyly_(az"’s(aulxlya)le if z%s,xsT € E(G);
C'= — — — — — .
v Cyziuy Cszt Cy~y12CsTup Coir if 27s,ups™ € E(G).

In any cases, C' is a D—cycle longer than C, a contradiction. Hence, by Claim 5 we have

V(O

Y

|f1(Ne(z,ux)) U Ne(yr, 27)| +3
|fiNe (@, uk))| + [Ne(yr, 2 1)) = 3+3
> 2NC2(G) -1,

Y

a contradiction. So N(y1) N (ulay*) = (),
Subcase 2 N(y;) N (yz')vk) = 0.

If not, we may choose z € N(y1) N (ya)vk), such that N(y;) N (ya)zf) = (). Therefore, we
can define a mapping f2 on V(C) as follows:

. = —

vt ifvewnCy2Uz” Cw_q;
— —

vT ifveytCz2Un) Cug;
z~ if v=wg;

f2(v) = ,
v if v =wug;
272 ifu=y;
Uy ifv=y~

Using a similar argument as above , we have | fa(No (2, ug))| > NC2(G). We consider N¢ (y1, 2~ )U
f2(Ne(z,ur)), then vi,ul ¢ Neo(y1,27) U fa(Ne(z,ur)), and No(yi,27) N fa(Ne(z,ug)) C
{y~,wi}. In fact, v1 ¢ N(y1,27) by Claims 4, 5 ; if v; € fo(N(z,ug)) then ur € N(z,ur),
a contradiction; if uf € N(z7), then the paths yziu; and z’uiIr contradict with Claim 5; if
uf € fo(Ne(z,ur)), then ug € N(x,ug), a contradiction. So we have vy, u], ¢ Nc(y1,27) U

f2a(Ne(z,ug)). For s € No(y1,27) N fa(Ne (@, ug))\{y—,wr}, we consider the following cases.

()Ifse ulgy. We have s € N(z7) since N(y1) N (ulay_2) = (. Put

— — — —
xs” Cuyr1yCzsCy yr12Cuix if s7x € E(G);

)

C'= — — = — —
v Czyny~ CszCyriu Cs up Corz if s7u, € E(G).

(ii) If s € wp C'vy, then st € N (ug) since N(z)N (ukawk) = (). Put

— — — — — .
v C2y1y~ CugzyCz=sCups™ Cuoiw if 27s € E(Q);

¢’ = — — — —
2vp Cyziu; Cy~y18Cugs™ Corx if y15 € E(G).

— —
(iii) If s € yC' 22, then we have s € N(27) since N(y1) N (yCz=2) = 0. Put

— — — —
21yC sz~ CsTav, Czy1y~ Cuiay if zsT € E(G);

C'= — — — —
2vp Czy1y” CurriyCsz sTup Cow if ugs™ € E(G).
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(i) If s € 276)1);@. If y15, 28~ € E(G) then it contradicts to Claim 4. We put
— — — —
zv Csyry” CurxryCs™ up Corx if y18,urs™ € E(G);
’ — «— — — .
C'=< x5 Czyry Curz1yCz"sCuiz if z27s,s7x € E(G);
— — — — — .
a2vp Csz~ Cyziur Cy~y12C s up Coix if 278, s ug € E(Q).

In any cases, C' is a D-cycle longer than C, a contradiction. Therefore, we have Ul,uf, ¢
Ne(y1,27) U fo(Ne(z,ug)), and Ne(yi,27) N0 f2(Ne (@, ur)) € {y~, wi}. So

[V(C)] > |Nc(yr,27)U fa(Ne(z,up))| + 2
> |Nc(y1,27)| + [Ne(z,up)| —2+2
> 2NC2(G) —1,

a contradiction with |V (C)| < 2NC2(G) — 2. Hence, N(y1)\{y~} C (ukaul)
Subcase 3 N(y;) N (uka)ul) = 0.

If not, we may choose z € N(y;) N (ukgul), such that N(y1) N (z*?ul) = (). We define a
mapping f3 on V(C) as follows:

vT ifove y*?vk U ué@z*;

vt ifue z+25>y_2;
fa() =< =zt if v =,

Uk if v=uy;

22 ifu=y".

Using a similar argument as above , we have |f3(Nc(z,ur))| > NC2(G). Moreover, 2+, uf ¢
Ne(y1,27) U fs(Ne(z,ur)), No(yi, 2%) N fs(Ne(z,ug)) C© {y~,wi}. In fact, clearly, 2™ ¢
Ne(yr, 2 1), if 21 € f3(Ne(z,ug)), then u, € No(x,uy), a contradiction; if uf € No(yi1,27),
then uf € N(z%) since No(y1) N (y’zguk) = 0,80 C" = xlyazylyfgufzﬂLZ’}ulxl is a
D —cycle longer than C, a contradiction; if u] € f3(N¢(z,ux)) then u; € Ne(z,u),a con-
tradiction; so we have zT,uf & Ng(y1,27) U f3(Ne(w,ui)). Suppose s € Ne(yr,zT) N
f3(Ne(z,uk))\{y—, wr}. Now, we consider the following cases.
(i)If s e vk5)2+, then We have sTuy € E(G) since N(z) N (uka)wk) ={. Put

— — — — .
v Cyziu Cy~y1sCupst Corx if y15 € E(G);

C' = — — — — — .
v Cyxius Cy~y12CsTur Csz™Cuyz if 27s € E(G).

(1) If s € z+28w;, then we have s uy,sz™ € E(G) since N(z) N (ukgwk) = N(y1) N
=
(27 Cv1) = 0. Put

, — — «— S 4=
C" = 2vpCyziu1 Cy~ y12Cugs™ CzTsCurx

-2 + : -2y
(133)If s € up Cy~2, then we have sz™ € F(G) since N(y1) N (uy Cy~2) = 0. Put
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— — — —
x5~ Curx1yCzyry~ Cszt Cox if xs~ € E(G);

C'= — — — — — .
av Cyxiuy Cs™up Czyy~ Cszt Cow if ups™ € E(G).

(i) If s € ya)vk, then we have szt € F(G) since N(y;) N (ya)vk) = (.Put

xs*Bz'yly’gulxlyasz*E}le if zsT € E(G);

' = — — — — — .
vy, Cstup Czypy™ CurryCszt Cow if ups™ € E(G).

In any cases, C’ is a D—cycle longer than C, a contradiction. Therefore we have N¢ (y1, 27)N
f3(Ne(z,u)) € {y~,wk}. So we have

[V(C)| > |Ne(yi,2T)U f3(Ne(x, ug)| + 2
> |No(y1, 27| + |[Ne(z,ug)] — 2+ 2
> 2NC2(G) - 1,

a contradiction with |V (C)| < 2NC2(G) — 2. Hence, N(y;) N (ukgvl) = 0.

Thus, N(y1) = {y~}, which contradicts to § > 2. Therefore, we know that Nr(y~) = 0.
So we have
V(@) = [f(Ne(@,ur))UNe(zr,y )| +1
2 [f(No(z,ur))[ + [Ne(z,y7 ) —2+1
= [N(@,ue)\Nr(z, ur)| + [N (z1,5" )\Nr(z1,57)[ - 1
= [N(@,up)| + [N(z1,y7) =1
> 2NC2(G) -1,

a contradiction. So we have N(z1) N (ufﬁvk) = (), hence, N(z1) C ukaul.
Case 2 N(z1)N (ukavl) = 0.
Otherwise, since viz1 ¢ E(G), we can choose y,y € uka)wk, such that N(z1)N (y“‘E'}vl) =
(). Therefore, we can define a mapping g on V(C') as follows:
v ifve ufa)y,
vt ifoe y+5}wk;
if v =wuq,
Y if v=u;.

Using a similar argument as before, we have |g(N¢(z,ux))| > NC2(G), y* ¢ g(Ne(x,uy)) U
N(z1,y") and g(Ne(z,ug)) N N(z1,y+) C {u1}. Hence, by Claim 6 we have

V(C) > lg(No(z,ug)) UN(z1,y")| +1
> |g(Ne(z,up))| + |N(zy,y)| —1+1
> 2NC2(G) - 1,
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a contradiction. So N(z1) N (ukgvl) = (). Then N(z1) = {u1}, which contradicts to § > 2.

Claim 8 If z1 € Ng(uq) and N(z1) N (uf?vk) # 0, then [{upul,y~wr} N E(G)| = 1 for

First we have d(z1,y~) = 2 and [N (z1,y7)| > NC2(G).Let upui ¢ E(G). Now we define
a mapping f on V(C) as follows:

— —

v=  ifveu?Couu?Cy;
. —

vt ifveyCwg_q;

Y if v=uy;

f)=qy ifo=uy

U1 ifvzu:;

vy if v=ul;

up  if v=uq.

Then |f(Nco(z,ur))| = |Ne(z,ur)| > NC2(G) — 1 by Claim 5. Moreover using a similar
argument as in Claim 7, we have f(N¢(z,ur)) N N(z1,y~) € {wg,ur,y}. But we have
y o1, ug € f(Ne(z,ur))UN (21,3~ ) by the choice of y Claims 2 and 4, respectively. Therefore,
by Claim 5 we have

V() = [f(Ne(w,ur))UNe(r,y™ ) +3
> |f(Ne(w,ux))| + |No(z1,y7)[ —3+3
> INC2(G) - 2.

So V(C) = f(Ne(x,uk)) U Ne(x1,y~) U {v1,y~ ,ux} by the assumption on |[V(C)|, and in
particular, f(N¢(z,ux)) N Ne(z1,y~) = {wk, u1,y}. Therefore, y~wy, € E(G). Using a similar
argument as above, we have if y~wy, ¢ F(G), then upuf € E(G).

Claim 9 There exists a vertex z with 2 ¢ V(C) such that Ng(u;) = Nr(w;) = 0.

We only prove Ng(u;) = 0. If not, we may choose z ¢ V(C) such that min{¢;} is as
small as possible. By Claim 7, without loss of generality, suppose that t; = min{¢;} for the
vertex z. Let #1 € Ng(u1),z2 € Ng(ug). By Claims 2 and 3, © # 21,22;71 # x2. And
by Claim 5 and the choice of x, we have N(z;) N (ukgvl) = (,for i = 1,2. Since § > 2,
N(z1)N (ufa)vk) # (). Choose y € N(xz1) N (uka)vk) such that N(z1) N (ufayf) = (), then
d(z1,y~) =2 and |N(x1,y7)| > NC2(G). By Claim 8, we have uiu] or y~wy € E(G).

First we prove that N(z2) N (yavk) = (). If not, we may choose z € y+8vk_ such that
N(z2) N (z*?vk) = ( by Claim 5. Then d(x2,2") = 2 and |N(z2,27)| > NC2(G). Now we
define a mapping f on V(C) as follows:
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— —
v™ ifveuf Cy~ Uzt2Cu;
. — —
vt ifveyCz™ Uu, Cwy;

y ifv=z
v, ifv =2zt

up if v = wq;

y~  ifv=wuy.

Then |f(Nco(z2,21))| = |[Ne(xa,27)] > NC2(G) — 1 by Claim 5. Moreover using a similar
argument as in Claim 7, we have f(N¢(w2,2")) N N(z1,y7) C {ui,y}. But y~,vp,v1 ¢
f(Ne(xa,2T)) U N(z1,y ), otherwise, u1z* € E(G) or y vy € E(G) or ztw, € E(G) by
Claim 5, and hence the D-cycle

— — —
w1 C zwouy, Corzvg, C 2wy if uiz™ € B(G);

, — = 4 = .
C'=q wizyCoy CufupCuy ify v, € E(G);

— — —
v C 2T wy, CugzezCorx if 27wy, € E(G).

is longer than C, a contradiction. Therefore, by Claim 5 we have

V()]

Y

|f(No(z2,27)) U Ne(z1,y7)| +3
|f(No(z2,27))| + |No(z1,y7 )| —2+ 3
> 2NC2(G) - 1,

Y

which contradicts to that |[V(C)| < 2NC2(G) — 2. So we have N(z3) N (yavk) = (). Hence
—
N(z2)uf Cy™) U {ug}.
— —
Now, we prove that N(z2) N (u] C_y)‘) = (. In fact, we may choose z € uf Cy2
with z € N(x3) such that N(xs) N (uf C27) = 0. (Since may~ ¢ E(G), otherwise, ¢’ =
— — —

up Cy~xoug Cvrzv, Cyxiuy is a D-cycle longer than C a contradiction.) Then d(xg,27) = 2
and |[N(zq,z7)| > NC2(G). We define a mapping g on V(C) as follows:

— . =1
v ifv €zt Cuy;
—
vt ifveu,Cz72
v if v = z;

w, ifv=2z".

Then we have |g(N¢(x2,27))| > NC2(G)—1 by Claim 5. Moreover using a similar argument as
in Claim 7, we have g(N¢(z2,27))NN (21,5~ ) € {u1}. But vy, ur ¢ g(Neo (22,27 ))UN (21,97 ),
otherwise since uy ¢ g(Nc(x2,27))UN(21,y7), wgz~ € E(G) by Claims 2 and 4, and hence the
D-cycle uy C’z*wkg ukxgzz’)vkxvlul is longer than C', a contradiction. Therefore, by Claim 5

we have
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V(C) > |g(No(w2,27)) N N(z1,y7 )| +2
> |g(Ne(w2,27))| + |N(x1,y7 )| —1+2
> 2NC2(G) - 1,

which contradicts to that |V (C)| < 2NC2(G) — 2. So we have N (z3) N (ufﬁy‘) = 0.
Therefore, N(z2) = {uy}, which contradicts to § > 2.

Claim 10 For any = ¢ V(C),t; > 3.

Otherwise, there exists a vertex z,z ¢ V(C), such that min{¢;} = 2 by Claim 6. Note
that the choice of the vertex x in Claim 9, we have Ng(u;) = Ng(w;) = 0 for the vertex
x. Without loss of generality, suppose t1 = 2, then N (u1) N No(w) = {u1} by Claim 4,
N(z) N N*(z) = 0 by Claim 2, and N (u1) N N(z) = N~ (z) N Ne(wy) = 0 by Claim 3.
Hence, N (x,u1) N N¢(x,w1) = {u1}. We also have |N¢(z,u1)| > NC2(G) and [No(z,wy)| >
NC2(G) since d(x,u1) = d(z,w;) = 2. Then

V()

Y

ING (z,u1) U Ne(z,wr)]
|Nc (2, u1)| + [Ne(z,wi)| — 1
> INC2(G) -1,

Y

which contradicts to that [V(C)| < 2NC2(G) — 2.
k
By Claim 10, we have |V(C)| =k + > t; > 4k. Thus we get the following.
i=1

Claim 11 For any z,z ¢ V(C),

V(C)| _ 2NC2AG) -2
4 - 4

d(z) < | = (NC2(G) —1)/2.

Claim 12 uu; ¢ E(G), for the vertex z as in Claim 9.

In fact, if ufu; € E(G), then the cycle u;rgvjxviguju;r is a longest D-cycle not containing
u;, by Claim 9. Thus d(u;) < (NC2(G) —1)/2 by Claim 11. So we have

NC2(G) < [N(z,u))| < d(x) + d(u;) < NC2(G) — 1,

a contradiction. We choose z as in Claim 9, and define a mapping f on V(C) as follows:

_
vt ifveu Cog
—
v™ifv € ul Cor;
fv) = ot
uyp  if v = vy
vy if v = uy.
Then |f(N¢(z,ur))| > NC2(G) and |Neo(z,u1)| > NC2(G) by Claim 10. Moreover, we
have f(Nco(z,ux)) N Ne(z,u1)qv2,vs, ..., v, wi}. By Claims 2, 4, and 12, we also have
(z

ug,ud, ... ul | & f(Ne(z,uk)) U Ne (2, ur). Therefore, we have
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V()| = [f(No(w,uk))UNe(z,ur)| +k—2
> [f(Ne(z,ug))| + |Ne(z,ur)| =k +k -2
> INC2A(G) - 2.

So
V(C) = f(Neo(x,ur)) U No(z,ur) U {ug, ug, .. .,u;ctl}

by the assumption on |V (C)|, and in particular,
F(Ne(z,uk)) " Ne(z,ur) = {va,vs, ..., vk, Wk}

Then wywg, upwig—1 € E(G).
Claim 13 £ = 2.

If there exists v € V(C)\{v1,vx} , by partition of V(C), we have v*? € f(Ng(z,uy)) U
=
Ne(z,u)U{ugd ,ud s oou) ) Ifot? € No(z,up), then v2u; € E(G), and the cycle ujvt2C oz
vCuy is a D-cycle not containing v by Claim 9. Thus d(v") < (NC2(G) —1)/2 by Claim 11.

So we have

NC2(G) < |N(z,v")| <d(z) +d(vt) < NC2(G) — 1,
a contradiction.So v+ € N (z,uy), which contradicts to Claims 2,3. Hence we have k = 2.
Claim 14 Each of the followings does not hold :

(1) There is u € ulavg, such that uTu; € E(G) and u~us € E(G).
(2) Thereis u € U26U1, such that u~uy € E(G) and uTus € E(G).
(3) Thereis u € U28U1, such that uTw; € F(GQ) and u~ws € E(G).

There is u € ulavg, such that utwse € E(G) and u~w; € E(G).

3
(4

— — ~— ~—

If not, suppose there is u € ula)vg, such that utu; € E(G) and v us € E(G). We define a
mapping h on V(C) as follows :

+ Cu- +c

v ifveu Cuuy Uu™ Cwy;
. A

v ifv € uy Cuy;

ut if v = v

v1  if v = us;

up  ifv=wu;

u ifv:u;

Then |h(Ne(x,us2))| > NC2(G) and |Ne(x,u1)| > NC2(G). Moreover we have uy ¢ N (2, uq)U
h(N(x,u2)), and N(z,ur) N h(N(x,u2)) C {va,u™}. In fact, clearly u; ¢ N(z,u1), if uy €
h(N(z,u2)), then v € N(z,uz), a contradiction. Let s € N(z,u1) N h(N(x,uz))\{ve,u™},
if s € ufavg N N(z,u1) N A(N(z,u2))\{ve,u"} then su; € E(G) and s~ uy € E(G); or if
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s € uzawg AN (z,u1) Nh(N(z,us3)), then su; € E(G) and sTus € E(G), both cases contradict
to Claim 3. So uy & N(z,u1) Uh(N(z,uz2)), N(z,u1) N h(N(z,us2)) C {ve,u’}. Hence

|V(C)| > |h(Nc(I,u2)) U Nc(w,u1)| +1
> |MNe(z,u2))| + [No(@,ur)] —2+1
> 2NC2(G) -1,

a contradiction. Similarly, (2), (3) and (4) are true.
Claim 15 N(ug)N (ulgwl_) = N(uj) N (’U,QE)’LU;) = 0.

If not, we may choose z € N(uz) N (ulawf), such that N(uz) N (ulaz*) = (). then
u1z € E(G) (if not, u1z ¢ E(G) then uzz~ € E(G) by partition of V(G), which contradicts
the choice of z ) and N (u1)N (z+6w1) = () (if not, we may choose s € N(u1)N (z+5>w1), such
that N(uq) N (z+5>s_) = () since zTu; ¢ E(G). So s"u; ¢ E(G),by partition of the V(C),
s 2us € E(G). Which contradicts Claim 14 ) Moreover ui”a}z C N(u1), and zavg C N(uz).
Similarly , we have y € uzawg,such that usy,u1y € E(G) and N(uy) N (uzay*) = N(ug2) N
(y+6w2) =0, yCuv C N(up) and uga)y C N(ug).

Now we define a mapping g on V(C) as follows:

. - —
vt ifv e v, Cwy;
. —
v-  if v € uy Cwy;
g(v) = ,
vg  if v = we;

wy if v =0y,

Using similar argument as above , consider N(z,wi) U g(N(x, wz)), there exists u € V(C),
such that wyu, weu € E(G) . Without loss generality, we may assume u € ulgwl, Moreover
then N(wsz) N (u*?wl) = N(wp) N (ulgu’) = (), and v Cu C N (ws), uCuy C N(wy). Let
u#z lfue z?w;, u~ug € E(G) by partition of V(C') since uuy ¢ E(G), which contradicts
to Claim 4 ; if u € ulﬁz, then ¢/ = xvgwluﬁwfugawgu_gle is a D-cycle longer than
C, a contradiction. If u = 2, since 2™%u; ¢ E(G), 2z us € E(G) by partition of V(C), which
contradicts to Claim 4. Hence N (uz) N (ulgw;) = (). Similarly N(ui) N (uzawf) =0.
By Claim 15 we have

Claim 16 If there exists z € vlz’)vg, such that usz € E(G), then uyz € E(G) and ufaz C
N(uy), zawl C N(uz). similarly if there exists z € 02601, such that usz € E(G), then
u1z € B(G) and uérg')z C N (uz), zawz C N(uy).

Proof of Theorem 5

Now we are going to complete the proof of Theorem 5. We choose x as in Claim 9. By
Claim 13, we know that k = 2.

First we prove that there exists u € V(C) such that uy,uz € N(u). If there is not any
u € V(C)\{va,w1,us} such that ugu ¢ E(G), then wyu; € E(G) (if not, w *us € E(G) by



Long Dominating Cycles in Graphs 109

partition of V/(C)). If uyw; ¢ E(G) then ugw; € E(G), so we have uy,us € N(wy ); if there
is u € V(C), such that ugu € E(G) then, by Claim 16, uju € E(G), hence uy,uz € N(u).

By Claim 16, clearly, there are not z € uy 6w1, Yy e U25)w2, such that yz € E(G).

So we have G € J;. The proof of Theorem 5 is finished.
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81. Introduction

Let G be a simple and undirected graph with vertex set V and edge set E. The crossing
number cr(G) of the graph G is the minimum number of pairwise intersections of edges in all
drawings of GG in a plane, which are related with parallel bundles in planar map geometries, i.e.,
Smarandache spherical geometries (see [6]-[7] for details). It is well known that the crossing
number of a graph is attained only in good drawings , means that no edge crosses itself, no two
edges cross more than once, no two edges incident with the same vertex cross, no more than
two edges cross at a point of the plane, and no edge meets a vertex which is not one of its
endpoints. It is easy to see that a drawing with the minimum number of crossings (an optimal
drawing) is always a good drawing. Let D be a good drawing of the graph G, we denote the
number of crossings in D by ¢rp(G). Let A and B be disjoint edge subsets of G. We denote
by ¢rp(A, B) the number of crossings between edges of A and B, and by ¢rp(A) the number
of crossings whose two crossed edges are both in A. Let H be a subgraph of G, the restricted
drawing D|py is said to be a subdrawing of H. As for more on the theory of crossing number, we
refer readers to [1] and [2]. In this paper, we also use the term region in non-planar drawings.
In this case, crossings are considered to be vertices of the map.

Let G; and G2 be two disjoint graphs. The union of G; and G5, denoted by G + G», has
vertex set V(G1) UV (G2) and edge set E(G1) U E(G2), and the join of G; and G5 is obtained
by adjoining every vertex of GG; to every vertex of G5 in G 4+ G5 which is denoted by G V G»
(see [3]).

Let K,, , denote the complete bipartite graph on sets of m and n vertices, P, the path of

length n and C,, the cycle with m vertices.

From these definitions, following results are well-known.

1Received August 6, 2007. Accepted September 10, 2007
2Supported by the key project of the Education Department of Hunan Province of China (05A037)
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Proposition 1.1 Let Gy be a graph homeomorphic to Gy. Then cr(Gy) = cr(Gs).
Proposition 1.2 If Gy is a subgraph of Ga, then cr(G1) < cr(Ga).

Proposition 1.3 Let D be a good drawing of a graph G. If A, B and C are three mutually
disjoint edge subsets of G, then we have

(1) erp(AUB) =crp(A) 4+ crp(4, B) + crp(B);

(2) erp(AUB,C) =crp(A,C) + erp(B,C).

Proposition 1.4([4]) If G has n vertices and m edges with n > 3, then cr(G) > m — 3n + 6.

Computing the crossing number of graphs is a classical problem , and yet it is also an
elusive one. In fact, Garey and Johnson in [5] have proved that to determine the crossing
number of graphs is NP-complete in general. At present, the classes of graphs whose crossing
numbers have been determined are very scarce.

On the crossing number of the complete bipartite graphs K, ,,, Zarankiewicz gave a draw-
ing of K,, , in [8] which demonstrates that

er(Konn) < Zm,m) = 21 5]

and conjectured cr(K,, ) = Z(m,n), Which is called the Zarankiewicz conjecture. More pre-

cisely, Kleitman proved in [9] that if m <6 and m < n, cr(Kp.n) = Z(m,n).

As we known, results for the join of graphs are fewer, particularly, Bogdan Oporowski
proved ¢r(C5 V C5) = 6 in [4]. Based on this, we begin to consider the crossing numbers of the
join of P,, and P,, C,, and P,, C,, and C,, and get the following theorems which consist of
these main results in this paper.

Theorem A Ifm > 1,n>1 and min{m,n} <5, then

er(Po v P = [ 212,

Ifm>3,n>1 and min{m,n+ 1} <6, then

er(Cn v P = [T P21 4

and if m > 3,n >3, min{m,n} <6, then

m m—1 n n-—1

cr(Cm\/Cn):LEH 3 JLEH B)

1+2.

Theorem B If the Zarankiewicz conjecture is held for m > 7 and m < n, then if m > 1,n >
1, min{m,n} > 6,

m, m+1 n n+1

e AR

cr(Pn, VP, =| 1|

ifm>3,n>1 min{mn+1}>7,

m m-—1 n n+1

er(Con v P) = LI =S +1
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and if m >3,n >3, min{m,n} >7,

er(Cn v o) = T B 2

82. Some Lemmas

Lemma 2.1 (1) There exists a good drawing Dy of P,V P, for given integers m > 1 andn > 1
such that

m, m+1 n n+1
T}

(2) There exists a good drawing Do of Cy, V P, for given integers m > 3 and n > 1 such
that

erp, (P V Pp) = |

m m—1 n n+1

crpy(Cm V o) = |5l 15— 1l51l—

(3) There exists a good drawing Ds of Cp, V C,, for given integers m > 3 and n > 3 such
that

I+ 1

ey (Cn v C) = I | P 21N e,

Proof By Fig.2.1-Fig.2.3, the conclusions are immediately held. O
Lemma 2.2 cr(Cs v Cs) = 3.

Proof From Lemma 2.1(3), c¢r(C5V C3) < 3. We know C5V (5 has 6 vertices and 15 edges,
then cr(Cs V C3) > 15 — 3 x 6 + 6 = 3. Therefore the conclusion is held. O

In the following Lemmas, let G be a connected graph with V(G) = {z1, z2,..., 2, (n > 3)}
and C,, a cycle with V(Cy,) = {y1, 92, - .-, Ym - Then we know that V(C,,VG) = V(C,, )UV(G)
and E(Cp, VG) = E(C,,) UE(G)U E*, here E* = {z;y;li =1,2,...,n; j =1,2,...,m}.

Lemma 2.3 For any good drawing D of Cy, V G,
cr(Cm VG) > crp(E*) > er(Kmn)-

Proof Since the edge-induced subgraph of E* is K, ,, the conclusion is evident. O

Lemma 2.4 Let ¢ be an optimal drawing of Cp, V G. Then cry(E(Cy,)) = 0.

Proof We assume there exists an optimal drawing ¢ of Cy,, V G such that cry(E(Cp,)) # 0.
Then m > 4 and there exist two crossed edges e, f € E(C,,). We assume that e = y;v;, f = yryi,
where i, j, k, [ are distinct. For convenience, we denote the crossing between e and f by v. Since
Cp, is 2-connected, there exist two paths Py and P, connected y; and vy, y; and y;, respectively
and P;(i = 1,2) does not pass v. In the following, we shall produce a new good drawing ¢’ of
Cm V G (see Fig.2.2 below).
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Fig.2.3

At first, we connect y; to y; sufficiently close to the section between y; and v of e and
the section between y; and v of f, then we get a new edge ¢’ = y;;. Analogously, we can get
another new edge f’ = y;yx. Secondly, we delete two original edges e and f. In this way, we
produce a new good drawing ¢’ of C,, V G such that the crossing v in ¢ is deleted in ¢', the
other crossings in ¢ are not changed in ¢’ and there is no new crossing occurring in ¢’, then we
get that cry (Ch, V G) = cry(Cy V G) — 1, contradicts to that ¢ is an optimal drawing. O

Fig.2.2

Lemma 2.5 Let ¢ be a good drawing of C, VG such that cry(E(Cyn)) =0, cre(E(Ch), E(G)) =
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0 and cry(E(Cp,), E*) < 1.

(1) If erg(E(Cr), E*) = 0, then crg(Cr, V G) > in(n —1)| 2] 252 |;

(2) If crg(E(C), E*) =1, then crg(Cr, VG) > 2(n—1)(n — 2)[ 2| [ 251 ] + 1.

Proof Since cry(E(Cy,)) = 0, the subdrawing ¢|c,, divides the plane into two regions.
As cry (E(Ch,), E(G)) = 0 and G is connected, any vertex z; of G lies in the same region, say
the finite region. For convenience, let E' = {z;y;]j = 1,2,...,m} for i = 1,2,...,n. Then
cry(E') = 0. Since E* = U E', we find that crg(E*) = Y1 i pen crg(EY E).

(¢) Since cry(E(Cp), E*) =0, then for any i = 1,2,...,n, x;y; does not cross any edge in
E(C,,). For any integers i,k, 1 <i < k < n, x; must be connected to each y; (j = 1,2,...,m),
these m edges connecting z; to all y; € V/(C),) which divide the finite region into m subregions,
we know that x; lies in one of these subregions. Thus the m edges connecting xj, to y; must
cross the edges adjacent to z; at least [ 2| 1 | times (see Fig.2.3 below). Then cry(E*, E*) >
2[5 ). S0 erg(Cn V' G) > erg(E") = Yocycpn oro(EY, E¥) > dnfn — 1) 2 ][ 252 ]. Our
conclusion (1) is held.

" i T,

T " e, Ua

!
I b

Y FA Y e
Iln' .__J_.*-'.M{L_ i . - I'|
i L -_-_.-:{l' .-__-' Lo |

- . L

| [ e _"ll o |
I P Y 1 . |
1 - Fa Y ™= . |
i ] i Ty I = |

_— L

e I TPy

Fig.2.3

(1) Since cry(E(Cp,), E*) = 1, there exists only one k € {1,2,...,n}. Without loss of
generality, we assume that k& = n such that for some j € {1,2,...,m}, x,y; crosses exactly one
edge in E(C,,). For any integer ¢ = 1,2,...,n — 1, ;y; does not cross any edge in E(C,).
Similar to (i), for 1 < i < k < n—1, crg(E, E*¥) > [2][2]. Then crg(Cp V G) >
ro(E*)+1> 3 ipeng cre(BLER) +1 > 2(n—1)(n —2)[ 2 ][ 251 ] + 1. Our conclusion
(2) is held too. - O

83. Proofs

Proof of Theorem A

(1) If n =1, P, V Py is a planar graph, the conclusion is held.
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If n > 2, from Lemma 2.1(1) we know cr(Pp, V P,) < [ %] ]| 2] |2 ], Since P, is
connected, combining with Lemma 2.3, ¢r(P,, V P,) > cr(Km+1
> |

or(Kmrin1) = [5]175H[5]1%5H]. Then er(Py v P)

+1). For min{m,n} < 5,

%J L—“J [3]1%5H]. So the

2 2 2 2 2

conclusion is held.

(2) From Lemma 2.1(2), we know that cr(Cp, V P,) < |2 ][ 2L | [ 2] | 2] + 1.

Ifn=1,c(Cy,V P) <1, and Cp V P, has a subgraph which is homeomorphic to K5,
then the conclusion is held.

If n > 2, since P, is connected, combining with Lemma 2.3 and min{m,n + 1} < 6,
cr(Co V Py) > [ 2] |2 [ 2][ 2L ]. We assume there exists an optimal drawing ¢ such that
ry(Cnm V Pp) = | 2] 22|22 ]. By Lemma 2.3 and min{m,n + 1} < 6, cry(E*) >

BRI While

cre(Co, V Py) = crg(BE(Cp)) + crg(E(P,)) + crge(E™)
+  rg(E(Cm), E(Py)) + crg(E(Cn), ET) + crg(E(F,), EY),

we get crg (E(Ch,)) = 0, cry(E(Cp), E(Py)) = 0 and cry(E(Cy), E*) = 0, combining with
Lemma 2.5(1), crg(Cr VP,) > sn(n+1)[ % ][ 25 |. It is easy to check that $n(n-+1)[ 2] | = |
> |22 [ 2] [ 2] for integers m > 3 and n > 2, a contradiction. Thus the conclusion is
held.

(3) By Lemma 2.2, we have determined the crossing number of C5 Vv C3. Without loss of
generality, we can assume n > 4 in the following arguments.

From Lemma 2.1(3) we know that cr(Cy, V Cy) < [ %]
connected, by Lemma 2.3 and min{m,n} <6, er(C,, VCy) > L%J | ==
there exists an optimal drawing ¢ such that

n-l) 4+ 2. Since G, is

| L%J | %5 2=l | We assume

m ., m— m m—1 n n-—1

L2H JSCTga(Cm\/On)SLEJLTHgH 5

By Lemma 2.3 and min{m,n} <6, crp(B) > [ 2] 221 2] [ 22 ).
By Lemma 2.4, c¢ry(E(Cp,)) = 0 and cry(E(Cp)) = 0. As cry(Cr, V Cy) = cry(E(Cp)) +
cro(E(Cp)) 4+ cro(E*) 4+ cry (E(Crm), E(Cp)) + cryo(E(Cp ), E*) 4+ cryo (E(Cy), E*), we get that

1+ 1

o (B(Cp), E(Cr)) <1, cry(E(Cy), E*) < 1.

If cry(E(Cp), E(Cy)) = 1, since Cy, and C,, are vertex-disjoint cycles, then they cross at least
twice, also a contradiction. So cr,(E(Cp,), E(Cy)) = 0.

If cry, (E(Cpy), E*) = 0, by Lemma 2.5(1), crg(Cr, VCy) = in(n—1)[ 2] | 2. Tt is easy
to check that sn(n — 1) 2 ][ 251 ] > [2 ][ 21| 2] | 252 ] + 1 for integers m > 3 and n >4, a
contradiction.

If cr,(E(Cp), E*) = 1, by Lemma 2.5(2), cry(Cp, V Cp) > 5(n —
it is also easy to check that 2(n—1)(n—2)[ 2 |[ 21 +1 > [ 2] |22 [ 2] 252
and n > 4, a contradiction too. So the conclusion is held.

This completes the proof of Theorem A. O
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Proof of Theorem B

If the Zarankiewicz conjecture is held for integers m > 7 and m < n, then the crossing number
of Ky is Z(m,n) for m > 7 and m < n, so the proof of Theorem B is analogous to the proof
of Theorem A. O

Notice that these drawings D1, Do and D3 in Fig.2.1—2.3 are optimal drawings of P, V P,
for integers m > 1 and n > 1, C,, V P, for integers m > 3 and C,, V C,, for integers m > 3 and
n > 3, respectively.
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Abstract: A hamiltonian graph G of order n is k-ordered for an integer k,2 < k < n if for
every sequence (v1, vz, ..., i) of k distinct vertices of G, there exists a hamiltonian cycle that
encounters (v1, vz, ..., vg) in order. For any integer k >1, let G =Zs;_1 denote the additive
group of integers modulo 3k — 1 and C the subset of Zsj_1 consisting of these elements
congruent to 1 modulo 3. Denote by And(k) the Cayley graph Cay(G : C). In this note, we
show that And(k) is a 4-ordered hamiltonian graph.
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81. Introduction

All groups and graphs considered in this paper are finite. For any integers n > 3 and k,2 <
k < n, a hamiltonian graph G of order n is k-ordered if for every sequence (v1,vs,...,vx) of k
distinct vertices of G, there exists a hamiltonian cycle that encounters (vi,ve, ...,v;) in order.
Let G =Zsj—1 denote the additive group of integers modulo 3k —1 with £ > 1 and C the subset
of Zsp_1 consisting of these elements congruent to 1 modulo 3. We denote the Cayley graph
Cay(G : C) by And(k) in this note.

For Yv;,v; € V(And(k)), d(v;)=d(v;)=k, v; ~ v; if and only if j —i = £1(mod 3).
We have known that the diameter of And(k) is 2 and the subgraph of And(k) induced by
{0,1,2,...,3(k — 1) — 2} is And(k — 1) by results in references [2] — [3]. Therefore, we can get
And(k — 1) from And(k) by deleting the path 3k — 4 ~ 3k — 3 ~ 3k — 2. As it has been shown
also in [2], there exist 4-regular, 4-ordered graphs of order n for any integer n > 5. In this note,
we research 4-ordered property of And(k).

82. Main result and its proof

Theorem And(k) is a 4-ordered hamiltonian graph.

Proof We have known that And(k) is a hamiltonian graph. For any S = (z,u,v,w) C
VI[And(k)] = {0,1,2,...,3k—2}, it is obvious that there is a hamiltonian cycle C' that encounters
the vertices of .S, not loss of generality, we can assume it passing through these vertices in the

order (z,u,v,w). By a reverse traversing, we also get a hamiltonian cycle that encounters the

1Received August 16, 2007. Accepted September 18, 2007
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vertices of S in the order (z,w,v,u). Notice that there are six cyclic orders for (z,u,v,w) as

follows:
(x, u,v,w), (z,w,v,u);
(I, w, u7 v)7 ('r? v? u, w);
(x,u,w,v), (2, v, w,u).

Here, in each row, one is a reversion of another.

Our proof is divided into following discussions.

Firstly, we show that there is a hamiltonian cycle C' that encounters the vertices of S in
the order (z, v, u,w).

Case 1 v —u=0(mod3)

Notice that v—(u—1) =v—u+1 = 1(mod3), v ~ (u—1), (v+1)—u =v—u+1 = 1(mod3),
(v+1) ~ u in this case. There exists a hamiltonian cycle

r=0,1,2,3,...,u—1l,v,v—1v—2 .., u,v+ 1,0+ 2,..w,.. 3k —2

in And(k) encountering vertices of S in the order (x,v, u, w).
Case 2 v —u = 1(mod3)

In this case, v — (u—3) =v—u+3=1(mod3) ,v ~ (u—3), (v+1)—(u—2)=v—u+3 =
1(mod3) , (v+1) ~ (u—2). We find a hamiltonian cycle

r=0,1,2,..,u—3,v,v—1,..,u,u—1L,u—2,v+ 1, v+2,..w,...,.3k — 2

in And(k) encountering vertices of S in the order (x, v, u, w).
Case 3 v —u = 2(mod3)

Since v—(u—2) =v—u+2=1(mod3), v ~ (u—2), (v+1)—(u—1) = v—u+2 = 1(mod3),
(v41) ~ (u—1) in this case. We have a hamiltonian cycle

xr=0,1,2,..,u—2,v,v—1,...,u,u—1L,v+1,v+2,..w,..,3k—2

in And(k) encountering vertices of S in the order (x, v, u, w).

By traversing this cycle in a reverse direction, there is also a hamiltonian cycle that en-
counters the vertices of S in the order (x,w,u,v).

Next, we show that there is also a hamiltonian cycle C' that encounters the vertices of S

in the order (x,u,w,v).
Case 1l w—v=0(mod3)
Notice that w—(v—1) = w—v+1 = 1(mod3), w ~ (v—1), (w+1)—v = w—v+1 = 1(mod3),

(w4 1) ~ v in this case. We find a hamiltonian cycle

x=0,1,2,..,u,..,vo—Lww—1 . 0,w+1,w+2 .. 3k—2
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in And(k) encountering vertices of S in the order (x,u,w,v).
Case 2w —v = 1mod3

In this case, (w+1) —(v—2) =w—v+3 = 1(mod3), (w+1) ~ (v—-2), (W+2)—(v—1) =
w—v+ 3= 1(mod3), (w+2) ~ (v—1). There exists a hamiltonian cycle

r=0,1,2, .. u,....,v—2,w+1L,w,w—1,...,v,v—1,w+2,..3k—2

in the graph And(k) encountering vertices of S in the order (z,u, w,v) if w # 3k —2,u # v — 1.
While w = 3k — 2,u = v — 1, notice that (3k —2) — v = 1(mod3), 3k — v = 0(mod3) and
v=0(mod3). Sou+5=(v—1)+5=v+4=1(mod3), u+ 5~ 0. The cycle

x=0,1,2,3,. . u,u+4,u+3,u+2,u+6,u+7,..,3k—2v(u+1),u+5,0

in And(k) is a hamiltonian cycle encountering vertices of S in the order (x,u,w,v).
Case 3 w—v = 2(mod3)

By assumption, (w+1)— (v—1)=w—v+2=1(mod3), (w+1) ~ (v—1), (w+2)—v =
w— v+ 2= 1(mod3), (w+ 2) ~v. We get a hamiltonian cycle

x=0,1,2,..,u,...,vo—lL,w+1lL,ww—1,..,0v,w+2,..3k—2

in And(k) encountering all vertices of S in the order (x,u, w,v) if w # 3k —2,u # v—1. Now if
w=3k—2,u=v—1, w—v = 2(mod3), notice that (w—2)—u=(w—-2)—(v—1)=w—v—-1=
I(mod3), (w—=2)~u,w—(u—1)=w—-(v—1-1)=w—v+2=1(mod3), w ~ (u—1),
(w—3)—0 = (3k—2)—3 = 3k—5 = 1(mod3), (w—3) ~ 0, (3k—2)—(u+1) = 3k—3—u = 2(mod3),

u— 0 = 1mod3), u ~ 0. There is also a hamiltonian cycle

z=0,u,w—2,w—Lwu—1.,Lv,o+1lv+2 ., w-—30

in And(k) encountering vertices of S in the order (x, u,w,v).

By traversing the cycle in a reverse direction, we also find a hamiltonian cycle that en-
counters the vertices of S in the order (x, v, w,u).

This completes the proof. O
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81. Introduction

A drawing D of a graph G on a surface S consists of an immersion of GG in S such that no edge
has a vertex as an interior point and no point is an interior point of three edges. We say a

drawing of G is a good drawing if the following conditions hold:

(1) no edge has a self-intersection;
(2) no two adjacent edges intersect;
(3) no two edges intersect each other more than once;

(4) each intersection of edges is a crossing rather than tangential.

The crossing number cr(G) of a graph G is the smallest number of pairs of nonadjacent
edges that intersect in a drawing of GG in the plane. An optimal drawing of a graph G is a
drawing whose number of crossings equals cr(G).

Now let G and G5 be two vertex-disjoint graphs. Then the union of G; and G2, denoted
by G1 | G2, is a graph with V/(G1 |J G2) = V(G1) UV (G2) and E(G1 U G2) = E(G1) U E(G2).
The Cartesian product G1 x G of graphs G and G has vertex set V(G1xG2) = V(G1)xV(G3)
and edge set E(G1 x Ga) = {{(ui,v;), (un, v)}(u; = up and vjv, € E(G2)) or (v; = vy, and
uup, € E(G1))}. A circuit C of a graph G is called non-separating if G/V(C') is connected,
and induced if the vertex-induced subgraph G[V(C)] of G is C' itself. A circuit is called to be
an induced non-separating circuit if it is both induced and non-separating. For definitions not

explained in this paper, readers are referred to [1]. The following result is obvious by definitions.

Lemma 1.1 If C is an induced non-separating circuit of G, then C' must be the boundary of a

face in the planar embedding.

The problem of determining the crossing number of a graph is NP-complete. As we known,
the crossing number are known only for a few families of graphs, most of them are Cartesian

products of special graphs. For examples,

1Received August 15, 2007. Accepted September 20, 2007
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er(Cs x C3) = 3 (Harary et al, 1973, see [5]);

er(Cs x Cy) = n (Ringeisen and Beinekein, 1978, see [9]);

)
)

cr(Cy x Cy) = 8 (Dean and Richter, 1995, see [3]);
)

er(Cy x Cy) =2n, cr(Ky x Cp) = 3n (Beineke and Ringeisen, 1980, see [2])
Let S,—1 and P, be the star and path with n vertices, respectively. Klesc [6] proved that
er(Sa x Pp) =2(n—2) and cr(Sy x Cp,) = 2(n — 1). He also showed that c¢r(Ka 3 x S,) = 2n
[7] and cr(K5 x P,) = 6n in [7]. Peng and Yiew [4] proved that ¢r(Ps; x P,) = 4(n — 1).
In this paper, we extend these results to the product G; x P,,,1 < j < 2 for two special
graphs shown in Fig.1 following.

Gy Go G7

Fig.1

For convenience, we label these six vertices on their outer circuits of G; consecutively by
integers 1,2, 3,4,5 and 6 in clockwise, such as those shown in Fig.1. Notice that for any graph
Gi,i =1,2, G; x P, contains n copies of GG;, denoted by G{(l < j <n) and 6 copies of P,. We
call the edges in Gf black and the edges in these copies of P, red. For j = 1,2,---n — 1, let
L(j,7+ 1) denote the subgraph of G; x P,, induced by six red edges joining Gf to G‘ZH. Note
that L(j,7 + 1) is homeomorphic to 6 Ks.

82. The crossing number of G; x P,

By joining all 6 vertices of GG; to a new vertex x, we obtain a new graph, denoted by G7. Let
T7 be the six edges incident with x, see Fig.1. We know G = G1 |JT* by definition.

Lemma 2.1 cr(Gy) = 2.

Proof A good drawing of G shown in Fig.2 following enables us to get ¢r(G7) < 2. We
prove the reverse inequality by a case-by-case analysis. In any good drawing D of G} , there
are only three cases, i.e., crp(G1) =0, erp(G1) =1 or erp(Gy) > 2.

Case 1 c¢rp(Gy)=0.

Use Euler’s formula, f = 6 and we note that there are 6 induced non-separating circuits
1231, 2342, 3453, 4564, 12461, 13561. So there are at most 4 vertices of G; on each boundary.
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Joining all 6 vertices to x, there are 2 crossings among the edges of G; and the edges of T* at
least. This implies er(G7) > 2.

Case 2 crp(Gy) =1.

There are at most five vertices of G; on each boundary. Joining all 6 vertices to x, there

are at least one crossing made by edges of Gy with edges of T*. So cr(G5) > 2.

Case 3 crp(Gyp) > 2.
Then cr(G}) > 2. Whence, cr(GF) = 2. =

(N @ T/
N O NGy ©
(/) [

us U5

CTVI x P3 K2)3 X SQ
Fig.2

Lemma 2.2 In any good drawing of G1 X P,, n > 2, there are at least two crossings on the
edges of GY fori=1,2,---n.

Proof Let w; denote the number of crossings on the edges of G for i = 1,2,---n and
H, = (V(G)HUV(GY™))a,xp, fori=1,2,---n— 1. First, we prove that w,, > 2. Let T’ be a
graph obtained by contracting the edges of G?_l in H,_; resulting in a graph homeomorphic
to GT.

By the proof of Lemma 2.1, w,, > er(T’) = er(Gy) = 2. For i = 1,2,---n — 1, let T; be
the graph obtained by contracting the edges of szrl in H; resulting in a graph homeomorphic
to G%. Similarly, by Lemma 2.1, we get that w; > er(T;) = er(Gj) =2fori=1,2,---n—1. O

Lemma 2.3 If D is a good drawing of G1 x P,, in which every copy of G1 has at most three

crossings on its edges, then D has at least 4(n — 1) crossings.

Proof Let D be a good drawing of G; x P, in which every copy of G; has at most three
crossings on its edges. We first show that in D no black edges of G cross any black edges of
G{ for i # j. If not, suppose there is a black edge of G crossing with a black edge of G{. Since
D is a good drawing and every edge of G is an edge of a cycle, there exists a cycle induced by
V(GY) which contains a black edge crossing with at least two black edges of G{. Now delete
the black edges of G%. The resulting graph is either

(1) homeomorphic to Gy X P,—1 for i =2,3,---n— 1; or
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(2) contains a subgraph homeomorphic to Gy x P,_1 for i =1 or i = n.

Since every copy of G; in GG; X P, has at most three crossings on its edges, the drawing of

the resulting graph has at most one crossing on the edges of G{. Contradicts to Lemma 2.2.

Next, we show that no black edge of G crosses with a red edge of L(t — 1,t) for t # i and
t # i+ 1. If not, suppose that in D there is a black edge of G, (i # t or i # t — 1) crossing
with a red edge of L(t — 1,t). Then the red edge crosses at least two black edges of G%, for
otherwise, in D, the subdrawing D(G?}) separates two G; and G¢ is crossed by all six edges of
L(t—1,t), a contradiction. Therefore, the red edge crosses at least two black edges of Gi. Thus,
D contains a subdrawing of a graph homeomorphic to G1 x P; induced by V(G4 1) [JV(GY) or
V(G U V(G with at most one crossing on the edges of G. Also contradicts to the Lemma
2.2.

Fori=2,3,---n—1, let
Q' = (V(GTHUV(GDHUVI(GT))eixp,-
Thus, Q° has six red edges in each of L(i — 1,i) and L(i,i + 1), and ten black edges in each of
Gi7', GY and GI'. Note that Q' is homeomorphic to Gy x Ps. See Fig.2 for details.

Denote by Q¢ the subgraph of Q' obtained by removing nine edges uaus3, Uzt4,uste,v203,
V34, V406, Wows, w3wy and wawg. Notice that Qf: is homeomorphic to K 3 xS, such as shown
in Fig.2.

In a good drawing of G; x P,, define the force f(Q%) of @ to be the total number of

crossing types following.

(1) a crossing of a red edge in L(i — 1,4) |JL(,i + 1) with a black edge in G¢;

(2) a crossing of a red edge in L(i — 1,4) with a red edge in L(7,7+ 1);

(3) a self-intersection in G?.

The total force of the drawing is the sum of f(Q%) for i = 2,3,---n — 1. It is readily seen
that a crossing contributes at most one to the total force of a drawing.

Consider now a drawing D! of @ induced by D. As we have shown above, in D’ no
two black edges of different GY and GY, for z,y € {i — 1,4,i + 1} cross each other, no red
edge of L(i — 1,4) crosses a black edge of G4 and no red edge of L(i,i + 1) crosses a black
edge of Gi_l. Thus, we can easily see that in any optimal drawing D! of Q% there are only
crossing of types (i) , (ii) or (iii) above. This implies that in D, for every ¢, i =2,3,---n — 1,
F(QY) > er(Kaz x S3) = 4 ([7]), and thus the total force of D is 77 f(QL) > 4(n — 2).

By lemma 2.2, in D there are at least two crossings on the edges of G} and at least
two crossings on the edges of GT. None of these crossings is counted in the total force of D.
Therefore, in D there are at least Z;:; f(QL) +4 > 4(n — 1) crossings. O

Theorem 2.1 ¢r(Gy x P,) =4(n—1), forn > 1.

Proof The drawing in Fig.3 shows that ¢r(G; x P,,) < 4(n — 1) for n > 1.
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Gl X Pn
Fig.3

We prove the reverse inequality by the induction on n. First we have cr(Gy x Py) =
4(1 — 1) = 0. So the result is true for n = 1. Assume it is true for n = k, £ > 1 and suppose
that there is a good drawing of G1 X Pyy1 with fewer than 4k crossings. By Lemma 2.3, some
G must then be crossed at least four times. By the removal of all black edges of this G, we
obtain either

(1) a graph homeomorphic to G; x Py for i =2,3,---n—1; or
(2) a graph which contains the subgraph G; x Py for i =1 or i = n.

The drawing of any of these graphs has fewer than 4(k — 1) crossings and thus contradicts
the induction hypothesis. O

83. The crossing number of G3 x P,

By joining all 6 vertices of G to a new vertex y, we obtain a new graph denoted by G3.

G2XP3

Fig.4

Lemma 3.1 ¢r(G3) = 3.

Proof A good drawing of G3 in Fig.4 shows that cr(G5) < 3.|V(G3)| =7, |E(G3)| = 18.
Apply
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[E(G3)| +2 x er(G5) < 3 x ([V(G3] + er(G3)) — 6,
it follows that ¢r(G%) > 3. Therefore cr(G35) = 3. O

Lemma 3.2 In any good drawing of Go X P,, n > 2, there are at least three crossings on the
edges of G fori=1,2,---n.

Proof Using the same way as in the proof of Lemma 2.2 just instead of GY by G%), we can
get the result. 0

Lemma 3.3 If D is a good drawing of G X P, in which every copy of Go has at most five

crossings on its edges, then D has at least 6(n — 1) crossings.

Proof Let D be a good drawing of Gy x P, in which every copy of G5 has at most five
crossings on its edges. We first show that in D no black edges of G crosses with any black
edges of Gé for i # j. if not, suppose there is a black edge of G% crossing with a black edge of
Gg. Since D is a good drawing and there are four disjoint paths between any two vertices in
G, there are at least four crossings on the edges of Gé crossed with edges of G%. Now delete
the black edges of G%. Then the resulting graph is either

(1) homeomorphic to Go x P,,_q for i =2,3,---n—1; or

(2) contains a subgraph homeomorphic to G x P,_;1 for i =1 or i = n.

Since every copy of Go in G2 X P, has at most five crossings on its edges, the drawing of
the resulting graph has at most one crossing on the edges of G{. Contradicts to Lemma 3.2.

Next, we show that no black edge of G} is crossed by a red edge of L(t —1,t) for t # i and
t # i+ 1. If not, suppose that in D there is a black edge of G%, (i # t or i #t — 1) crossed by a
red edge of L(t —1,t). Then the red edge crosses at least four black edges of G%, for otherwise,
in D, the subdrawing D(G%) separates two G2 and G% is crossed by all six edges of L(t —1,t),
a contradiction. Therefore, the red edge crosses at least four black edges of G%. Thus, D
contains a subdrawing of a graph homeomorphic to Go x P induced by V(G5 1) |JV(G%) or
V(GL) U V(G with one crossing on the edges of G at most. Contradicts to Lemma 3.2.

Fori=2,3,---n—1, let

Q' = (VG H V) UVGE)) axp.-

Thus, Q" has six red edges in each of L(i —1,i) and L(i,i + 1), and twelve black edges in each
of G”{l, G%, and Gé“. Note that Q' is homeomorphic to G x Ps. See Fig.4 for details.

It is easy to see that G x Ps contains a subgraph homeomorphic to G; x Ps, denoted by
Qi. In a good drawing of Go x P,, define the force f(Q%) of Q° to be the total number of
crossing types following.

(1) a crossing of a red edge in L(i — 1,4) |JL(,i + 1) with a black edge in G&;

(2) a crossing of a red edge in L(i — 1,4) with a red edge in L(i,7+ 1);

(3) a self-intersection in G%.

The total force of the drawing is the sum of f(Q) for i = 2,3,---n — 1. It is readily seen

that a crossing contributes at most one to the total force of the drawing.
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Consider now a drawing D’ of Q' induced by D. As we have shown previous, in D’ no
two black edges of G% and GY, for z,y € {i — 1,i,i + 1} cross each other, no red edge of
L(i — 1,4i) crosses with a black edge of G5t and no red edge of L(i,i + 1) crosses with a black
edge of Gg_l. Thus, we can easily see that in any optimal drawing D! of Q% there are only
crossings of types (i), (i¢) or (i7i) above. This implies that in D, for every i, i = 2,3,---n—1,
F(Q%) > er(Gy x P3) = 8, and thus the total force of D is 77 f(Q%) > 8(n — 2).

By lemma 2.2, in D there are at least three crossings on the edges of G} and at least
three crossings on the edges of G%. None of these crossings is counted in the total force of D.
Therefore, there are at least 2?2—21 f(QY) +6 > 6(n — 1) crossings in D. O

GgXPn

Fig.b

Theorem 3.1 ¢r(Ge x B,) =6(n—1), forn > 1.

Proof The drawing in Fig.5 following shows that ¢r(Ge x P,) < 6(n — 1) for n > 1. We
prove the reverse inequality by the induction on n. First we have ¢r(Go x P1) =6(1 —1) = 0.
So the result is true for n = 1. Assume it is true for n = k, £ > 1 and suppose that there is a
good drawing of G x Pyy1 with fewer than 6k crossings. By Lemma 2.3, some G% must then

be crossed at least six times. By the removal of all black edges of this G5, we obtain either
(1) a graph homeomorphic to Go x Py for i =2,3,---n—1; or
(2) a graph which contains the subgraph Go x Py for ¢ =1 or ¢ = n.

The drawing of any of these graphs has fewer than 6(k — 1) crossings and thus contradicts
the induction hypothesis. O
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Imagination is more important than knowledge.

By Albert Einstein, an American theoretical physicist.
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