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Ezperience is a hard teacher because she gives the test first, the lesson afterwards.

By Law Vernon, a British writer.



International J.Math. Combin. Vol.2 (2010), 01-06

On the Crypto-Automorphism of the Buchsteiner Loops

J. O. Adéniran

(Department of Mathematics of University, Agriculture, Abeokuta 110101, Nigeria)

Y.T. Oyebo
(Department of Mathematics, Lagos State University, Ojo, Nigeria)

Email: adeniranoj@Qunaab.edu.ng, oyeboyt@yahoo.com

Abstract: In this study, New identities of Buchsteiner loops were obtained via the principal
isotopes. It was also shown that the middle inner mapping T, ! is a crypto-automorphism
with companions v and v*. Our results which are new in a way, complement and extend

existing results in literatures.
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§1. Introduction

A binary system (Q, -) is called a loop if a-1 = a = 1-a, Va € Q, and if the equations ax = b and
ya = b have respectively unique solutions = a\b and y = b/a,Va,b € Q. The mappings R,
and L, for each = € @, called respectively the right and left translation mappings, are defined
as yxr = yR, and zy = yL,,Vy € @, they are one-to-one mapping of @ onto Q). It is important
to know that the group generated by all these mappings are called multiplication group MIpQ,
readers should please see [1,10].

Therefore, a loop (Q,-) is called Buchsteiner loop, if V z,y, z € @, the identity

\(zy-2) = (y- 22)/a (L1)

is obeyed. This loop was first noticed by Buchsteiner [3] in 1976. Thereafter much is not heard
of it until 2004, when Piroska Csdgo, et al came up with a comprehensive study on this loop
structure [5,6]. In fact, they presented for the first time, an example of Buchsteiner loop which
is conjugacy closed.

A Buchsteiner loop is isomorphic to all its loops isotopes, hence it is a G-loop. It is not
an inverse property loop, however it satisfies a kind of inverse known as doubly weak inverse
property( WWIP) [5].

1Received April 7, 2010. Accepted May 25, 2010.
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A loop (Q, ) is called doubly weak inverse property (WWIP) if the identity
(@-y)J,-2J)=yJ, (1.2)

holds V z,y € (). Buchsteiner loop is a is a class of G-loop which is defined concisely by an
equation. This makes the study of Buchsteiner loop interesting since G-loop is not known to
be described by a first order sentence [5].

These facts, provided the background to obtain some new identities for Buchsteiner loops.
These identities, were in turn used to show that T, ! is a crypto-automorphism with companion
v and v

Definition 1.1 (1) An isotopism of loops (Q,0) and (,-) with same underlying set, is a triple
(a, B,7y) of permutation of Q satisfying

za-yf=(xoy)y,V z,y € Q. (1.3)

In this case (Q,0) and (Q,-) are said to be isotopic.

(2)An isotopism (v, B,7) is called principal if v = Idg. In such a case 1 € Q is identity of
(Q,0), and if we set la = u and 18 = v, then (77) becomes x oy = x/v-u\y = xR -yL,*!,
Va,y € Q. Here \ and / are left and right division operation in (Q,-). Then the loop (Q,0) is
called principal isotope of (Q,-).

(3) An isotopism («, 3,7) of a loop (Q,-) onto itself is called autotopism. The set Atp(Q)
of all autotopisms of a loop @Q is a group.

(4) A permutation « of Q is an automorphism if « € Aut(Q) or if and only if (o, a, ) €
Atp(Q).

Definition 1.2([4]) Let (Q,-) be any loop. A permutation C' on symmetric group of Q is called

crypto-automorphism of Q if there exist m, t in Q, such that for every x, y in Q, we have

(x-m)C-(t-y)C = (z-y)C. (1.4)

82. Preliminaries

Lemma 2.1([5]) A loop Q satisfy the identity (1.1) if and only if
(L' Rey Ly ' Ry) (2.1)
is an autotopism V x € Q.

Lemma 2.2([5]) A loop (Q,-) satisfies the Buchsteiner identity x\(zy - z) = (y - zz)/x, if and
only if (LY, Ry, Ly R,) € Atp(Q),V z,y,2 € Q.
Theorem 2.1([5]) Let Q be a Buchsteiner loop. ThenV x,y € Q, R, ) = [Lo, Ry] = L'

(y,x)

Note also that, the commutator [L,, Ry], is defined as L, R, = RyLy[L., R)] = L;'R,;'L,R, =
(Lo, Ry] = L;'L, 'Ly, = L., Ry, since from Lemma 2.2, R, 'Ly Ry = L, ' Ly,.
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Theorem 2.2([2]) Let (Q,-,\,/) be a quasigroup. If Q(a,b,0) é Q(e,d,*), then Q(f, g, )
Q((f-b)0/d,c\(a-g)0,0). If (Q,") is a loop, then (f-b)0/d = [f - (a\ch~1)]0 and c\(a - g)0 =
[(dO~1/b) - g0, where a,b,c,d, f, g € Q.

83. Main Results

Our first main result reads:
Theorem 3.1 A loop (Q,-,\,/) is a Buchsteiner loop if and only if the identity

u{z\[(zy)/v - 2]} = {[(uy)/v - u\{(uz)/v-u\(zv)}]/(u\(zv))}v (3.1)
holds Yu,v,x,y,z € Q.

Proof Suppose (@, -,\,/) is a Buchsteiner loop with any arbitrary principal isotope (Q, o)
such that z oy = 2R, ' - yL;' = z/v - u\y,V u,v € Q. Buchsteiner loops are G-loops [5].
Now choose u,v € @ such that (Q,0) is loop isotope of (@, ). Therefore, we have z\[(z o y) o
d=lyoonljz = a\[(@Ry - yLy )R - 2Ly = Ryt - 2By - 2Ly ") L; " /2. Now
choose p such that z\[(zR,! - yL Y )R, - 2L, = p = [yRy - (2R, - oL )L Y /x, then
(xR, -yL )R, - 2L =zop & [yR,t - (2R, - 2L V)L '] = pox. Solving these two

separately and equating the answers give

u[(z/o)\{([(z/v) - (\y)]/v) - (W\2)}] = [{(y/v) - (u\[(z/v) - (u\2)])}/ (u\z)]v

Setting ¢’ = z/v = v =22,y =u\y = wy =y and 2/ = u\z = wuz’ = z in the last
expression gives

u{z\[(&"y')/v - 2T} = {[(uy') /v - u\{(u2") /v - u\(@"0) }] / (u\(z"v)) }o

which is the required identity if 2/, y’and 2’are respectively replaced by z,y and z

Conversely, let (@Q,-) be a loop which obeys equation (3.1), working upward the process of
the proof of necessary condition, we obtain the Buchsteiner identity relation for any arbitrary
u, v-principal isotope (@, o) of (@, ). |

Lemma 3.1 Let (Q,-) be a loop. Then
(1) Q is a Buchsteiner loop if and only if, ¥V x,u,v € Q, the triple
(2) In particular, Q is a Buchsteiner loop if Yu,v € Q, the triple
(RULUR'lea LuRglR(u\'u) L;17 LU«R'LTIR(’U,\U)) € Atp(Q) (33)

Proof (1) Suppose the @Q is a Buchsteiner loop, then equation (3.1) of Theorem 3.1 holds

in (Q,-). Expressing the equation in term of autotopism gives (3.2). Conversely, suppose the
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autotopism (3.2) holds in @, V u,v € Q, taking any y,z € Q it implies that, yR,L,; 'L, R, ! -
zLuRglR{u\(m)}L;l = (yz)L;lLuRglR{u\(m)}, the rest is simple.

(2) Suppose the @ is a Buchsteiner loop, then equation (3.1) of Theorem 3.1 holds in (@, -),
hence the autotopism (3.2) holds in Q. The required result is obtained if we set = 1 in this

autotopism. O

Theorem 3.2 Let (Q,-) be a loop, (Q,0) an arbitrary principal isotope of (Q,-) and (Q, *) some
isotopes of (Q,-). Then (Q,-) is a Buchsteiner loop if and only if the commutative diagram
(RN LN D)

@, (Ro,I,I) (Q, %) (n,m,m) (Q,0) (u\v)” )

. . . . ? . . ? . . . .
left principal isotopism isomorphism principal isotopism
holds, where n = LuRglR(u\v),Vu, v E Q.

Proof Suppose (@, -) is a Buchsteiner loop, by Lemma 3.1(2) the autotopism (3.3) holds in
(@) Thus, (RoLuRy", LuR; Ry Ly s LuRy Riawy) = (Ro, L) (m,m.m) (R )0 Lt D),
where n = L, R, 1R(u\v). Expressing this in terms of composition supplies the prove of the
necessity. Conversely, suppose the commutative diagram holds in @, we only need to show
that the autotopism (3.3) holds in (Q, ). This is obtained by component multiplication of the

compositions of the commutative diagram. O

Theorem 3.3 A Buchsteiner loop (Q, -, \, /) obeys the identities: ((uz)/v)-(u\v) = u{(u][(u\v)/v-
z])/v - (u\v)} and u{[u\(yv)l/v} = {(y - v\[(u/v) - (u\v)])/(w\v) }o.

Proof From Theorem 3.2, observed that (@, o) and (Q,*) are principal and left prin-
cipal isotopes of (Q,-) respectively and n = L,R; 1R(u\v) is an isomorphism. Therefore
(Q,1,v,0) 0 (Q,u,u\v, *). Let (Q,y, z, A) be an arbitrary principal isotope of (Q, -), comparing
these with the statement of Theorem 2.2, we have a =1, b=v,c=u, d=u\v, f =y, g =2
and 0 = n = LyR; ' R(,\). Using these we can compute: c\(a - g)0 = u\(1- 2)L R, R0y =
u\{((uz)/v) - (u\v)} and [(d07/b) - 9]0 = [{(u\v)(LuRy ' Rve) ' }/v - 2] LuRy Rinw) =
{(ul(w\v)/v-z]) /v}(w\v). Hence c\(a-g)0 = [(dO~/b)g]0 < u\{((uz)/v)-(u\v)} = {(u[(w\v)/v-
z]) /v (u\v)e((uz)/v) - (u\v) = uw{(u[(u\v)/v - z])/v - (u\v)}, which proved the first identity.

The second is similarly obtained, using appropriate arrangement. 0.

Corollary 3.1 Let (Q,-) be a Buchsteiner loop. Then the identities (vz)/v = v[(v-v*z)/v] and
v{(v\(yv))/v} = yv? - v hold ¥V v,y,z € Q.

Proof All of these identities are obtained respectively by identities of Theorem 3.3 by

setting u = v. O

Corollary 3.2 If (Q,-) is a Buchsteiner loop, then
(1) (v2)/v =v[(v-v*2)/v] if and only if L7t = T,L T, 1, Vv, z € Q;
(2) v{(v\(yv))/v} = yv* - v if and only if R, = T; *R,,;'T,, Yu,y € Q.

Proof Setting u = v in the identities of Theorem 3.3, we obtained (vz)/v = v[(v -
v 2)/v] = Lyt = T,L,T, ! from the first one. Conversely, suppose L' = T, LT, "
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holds in @, now for any z € Q zL;' = 2T, LT, & v\z = {v[v*(v\(2v))]}/v, now set

z = v\(zv) and the first identity is obtained. The second assertion is similarly obtained. |

Corollary 3.3 Let Q be a Buchsteiner loop, then (Ty LT, T 'Ry Ty, Ty LTy YT ' RyIT) €
Atp(Q), Vv € Q.

Proof This is obtained by substituting the assertion of Corollary 3.2 into the autotopism
(2.1). |

Lemma 3.2 A permutation C' on symmetric group of a loop Q is called crypto-automorphism,
if and only if (R,,C, L:C,C) € Atp(Q), where m,t € Q.

Proof Suppose C' is a crypto-automorphism, then by Definition 1.2 equation (1.4) holds
inQ,ie (z-m)C-(t-y)C=(x-y)C < zR,C -yL,C = (2y)C < (R,C,L,C,C) € Atp(Q).
Thus the result follows. O

Theorem 3.4 Let (Q,) be a Buchsteiner loop. Then
(1) Ty Ly» vy 8 a crypto-automorphism with companions v\ (v/v) and v.
(2) T, is a crypto-automorphism with companions v\(vPv) and v.

Proof (1)Using the autotopism A = (T,L T, T, 'Ry Ty, Ty LT, ' T RMT,) in
Corollary 3.3 such that for any y, 2z € @), we have

YT, LTyt - 2T 'R, = (y2) Ty LT, T R
If we set z = 1, we obtain
YTy LT, 'Ry = yTy LT, T R,
& yTyLys Ly = yTo LT, ' T R,
<yl (L, L) = yT, LT, ' T, 'R,
S yTy(Ly Ll Lysy) ™t = yToLa T, T R
From Theorem 2.1, we have yTy, L, ) = yTyp Lo Tv_lTv_le_plTv. Thus we substitute to get

A= (T, LT, T R Ty, ToLy o))
Furthermore, A~} = (TUL;fTv_l,Tv_lepTv,Lfl T,71), thus for any y,z € @, apply-

(v0*) 7
ing A~! we obtain, yTvL;fTv_l - 2T 'Ry Ty = (yz)L(:}lvk)Tv_l. Now by appropriate cal-
culation, we can re-write A~} = (L@lvx)Tv_lRa}l\(U%)),L@k U)Tv_lL;l,L(_le U)Tv_l) & A=

(R(v\(vﬂv))TvL(v&v)v L'UT'UL(UA,U); TUL(U&U)), which pI‘OVGd (1)
(2)L(y» ) has been observed to be an automorphism in @ ([5]). Thus taking any a,b € Q,
we can write from (1) that

A = (R(v\(v/’v))TvL(vk,v)a LUT'UL(UX,U)a TUL('UA,'U))
= (R(v\('up'u))T’Ua L,T,, Tv)(L('uA,v)a L(’u",’u)u L(vk,v))

and the result follows immediately. O
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Theorem 3.5 Let Q be a Buchsteiner loop, then T, ! is a crypto-automorphism with compan-
ions v and vV v € Q.

Proof From Theorem 3.4(2), we observed that T, is a crypto-automorphism with com-
panions (v\(vPv) and v, thus by definition it implies that, for any ¢ and b in Q, we have
CLR(U\(UpU))TU - bL,T, = (ab)T,. Setting b = a”, we obtain aR(U\(UpU))TU -al L, T, = 1=
R\ (weo))To = JpLyTyJx, using the fact that @ is WWIP loop ([5]). This in terms of au-
totopism, implies B = (J,L,TyJx, LTy, Tyy) € Atp(Q), finally by appropriate calculation we
have Jy\L,T,J, = T,R,*, and L,T, = T,L,}, re-writing we have B = (T,R;', T, L\, T,) €

Atp(Q),Y v € Q. The result follows by taking the inverse of B. O

Corollary 3.4 Any Buchsteiner loop Q is an A—loop.

Proof Tt is straight forward from Corollary 5.4 in [5] and the preceding theorem. O

Remark 3.1 Since all the inner mappings, i.e. Ly,v), R(u,») and T, have been established to

exhibit one form of automorphism or the other, then (@, -) is an A-loop.
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Abstract: The concepts of poly-Bernoulli numbers B,(lk) , poly-Bernoulli polynomials B¥ ()
and the generalized poly-Bernoulli numbers B (a,b) are generalized to B (t,a, b, c) which
is called the generalized poly-Bernoulli polynomials depending on real parameters a,b,c.
Some properties of these polynomials and some relationships between B | B (t), Bﬁfc)(a7 b)
and Bflk)(t, a, b, c) are established.

Key Words: Poly-Bernoulli polynomial, Euler number, Euler polynomial.
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81. Introduction

In this paper we shall develop a number of generalizations of the poly-Bernoulli numbers and
polynomials, and obtain some results about these generalizations. They are fundamental objects
in the theory of special functions.

Euler numbers are denoted with By and are the coefficients of Taylor expansion of the

function as following;:
et —1

oo

t Btk
et—l_Z MR

k=0

The Euler polynomials E, () are expressed in the following series

2e%t e tk
o ZEk(I)E'
k=0

for more details, see [1]-[4].
In [10], Q.M.Luo, F.Oi and L.Debnath defined the generalization of Euler polynomials

Ey(x,a,b,c) which are expressed in the following series:

2¢%t 0 tk
m = ];)Ek(x,a,b, C)E

where a,b,c € ZT. They proved that

1Received April 12, 2010. Accepted May 28, 2010.
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INfora=1landb=c=e

k
BErn=3 (" |Ew )
j=0 \ J
and
Ey(z + 1) + Ey(z) = 2. (2)
II)fora=1and b=c,
Ei(x+1,1,b0,b) + Ex(z, 1,b,b) = 22*(Inb)*. (3)

In[5], Kaneko introduced and studied poly-Bernoulli numbers which generalize the classical

(k)

Bernoulli numbers. Poly-Bernoulli numbers B;,”’ with k € Z and n € N appear in the following

power series:
n

szl—ez >
o X BY )

1—e" =
where k£ € Z and
o0 Zm
Li —_—. 1.
'Lk Z mk |Z| <
So for k£ <1,
Lll(z) = —ln(l — Z),L'LO(Z) = E,L'Lfl = m, e .

Moreover when k > 1, the left hand side of (x) can be written in the form of ”interated

1 | | bt
t
B a— dtdt...dt
“et_1 /Oet—l/o et—l/oet—l
_ ZB(@Z
= " nl

In the special case, one can see B,(ll) =B,.

integrals”

Definition 1.1 These poly-Bernoulli polynomials B,(lk) (t) are appeared in the expansion of

Lig(l—e™®
%e” as follows:
—e
Lix(l—e™) o _ 5~ B0
1_e= © _Zo nl (4)

for more details, see [6] — [11].

Proposition 1.1 (Kaneko theorem [6]) The Poly-Bernoulli numbers of non-negative index k,

satisfy the following
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and for negative index —k, we have

min(n,k)

I I i S ¥ SR (6)
=0 j+1 j+1
where
= Z(—l)l l " mn>0 (1)
m 1=0

Definition 1.2 Let a,b > 0 and a # b. The generalized poly-Bernoulli numbers B,(lk) (a,b),
the generalized poly-Bernoulli polynomials Bflk) (t,a,b) and the polynomial B,(lk)(t,a,b,c) are

appeared in the following series respectively.

Lig(1 = (ab)™t) < B¥(a,b) 2
= " < ————— 3
bt —a~t nZ:o n! ||<|lncL—|—1nb|7 (®)
Lip(1=(ab)™t) ., = BY(x,a,b) o
SRS TN et N2 W B ym gy o T 9
b —a-t 7;3 n! ||<|1na+1nb|’ ©)
Lix(1=(ab)™t) ., = BY(x,a,b,¢) 27
T ) ) et N P G0y o ST 10
B _at ng() n! ||<|lncL—|—1nb|7 (10)

§2. Main Theorems

We present some recurrence formulae for generalized poly-Bernoulli polynomials.

Theorem 2.1 Let z € R and n > 0. For every positive real numbers a,b and ¢ such that a # b

and b > a, we have

—Inb
B®(a,b)=B®% [ ——Z ) (1 Inb)" 11
5w (a,b) = By ot nd (Ina+1nb)", (11)
J i
B (a,6) = S (~1) " (ma+ b))~ | 7 | B®, (12)
i=1 ¢
B (z3a,b,0) = 7 (ne)"'B* (a,b)e" ", (13)
=0
*) . _ k). D
Bn (.’L’+1,a7ch)—Bn (LL',GC,—,C), (14‘)
C
B (t) = BM) (e e, (15)
—Inb+zlne

B®™ (z,a,b,¢) = (Ina +Inb)"BHF ( ). (16)

Ina+Inbd
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Proof Applying Definition 1.2, we prove formulae (11)-(16) as follows.

(1) For formula (11), we note that

Lix(1 = (ab)™") iwtn_l (M)

bt —a—t i n! bt 1 — e—tlnab
n=

e (L1 —eteb)
= ¢ 1 — e—t(lnabd)

= —Inb tn
= E B,(Lk) (711) (Ina+Inbd)"—
o Ina+1Inb n!
Therefore b
B® (a.b) = BK) _—mov 1 nd)™.
¥a,b) = BY (1t ) e+ )

(2) For formula (12), notice that

Lik(ligab)*t) - l(Lz’k(l—(ab)t)>

bt —t bt 1— eftlnab

Inb)* = Ina+Inb)"
(nt) (_l)ktk> (ZBSJ“’( - H)

Il
iR

k=0 n=0
oo J
We have ,
B (0,0) = Y1 na+ oy oy 7] 5O,
i=0 !

(3) For formula (13), by calcilation we know that

Lin(1 = (ab) ™) iB tr

(z,a,b,¢)—
bt —a~t n

!
1 l
_ Z '(nc) B(k)( b) I—iyl
il(l—1)
=0 i=0
oo n tn
_ Z Z (ln C)n lB(k)( b) -1 —
—o \ 1= l n
n=0 \ [=0
(4) For formula (14), calculation shows that
Li(1 - (ab) 9 clatht Lig(1 = (ab)™") &t ot
bt —a~ bt —a~t
B sz(l — (ab)~ ad b "
= — = ZB x; ac, )E

( ) ac)~t
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(5) For formula (15), because of

Lik(l — 671) 2t Lik(l — 671) Lik(l — eix)
et —

1—e< e—LEt _ e—w—mt - (e—t)w _ (el-l-t)—m’

so we get that
B{F(t) = By (e e 7).

(6) For formula (16), write

> t" Lip(1 — (ab)™?) 1 Lig(1 — (ab)™?)
(k) oo B\ T\ ) w2 ERAL WY )t
g B, (:zr,a,b,c)n' T—— ¥ (= (ab)) c

= et(— Inb+x Inc) M
1-— e*t(ln ab)

= Z(lna+1nb)"37(lk) (M) ﬁ

2 Ina+1Inb n!
So Inbd 1
B0 = (mact oy B (Rt

O

Theorem 2.2 Let x € R, n > 0. For every positive real numbers a,b such that a # b and
b>a >0, we have

o0

BW¥(x +y,a,b,¢c) = Z " (In c)"_lBl(k) (z;a,b,c)y™
— l
1=0
- n n—1 (k) n—I
:Z l (Ine)" "B, (y,a,b,c)x"". (17)
1=0
Proof Calculation shows that

Lip(1 = (ab)™") (, t"™  Lig(1 — (ab)™?) o

Ll (7D v = 3 B4y o) = AL D
n=0

(ZB(k)xabc )(Zymc )

Z Z y"(In c)"_lBl(k) (xz,a,b,¢) | —.

|
n=0 \ =0 ! n'
So we get
L’Lk(l — (ab)t) (z+y)t le(l — (ab) yt xt
bt — gt ¢ - bt — gt e

tn
Z Z " 2" !(In c)"lel(k) (y,a,b,c) —- O
n!

n=0 \ =0 !



12 Hassan Jolany, M.R.Darafsheh and R.Eizadi Alikelaye

Theorem 2.3 Let x € R and n > 0.For every positive real numbers a,b and c¢ such that a # b
and b > a > 0, we have

B(k):vabCZi

—Inb
l (Inc)"~'BH* (71@) (Ina + Inb)la"", (18)
=0

Ina+1Inbd

3
—~

(Ine)" ' (Inb)" 7 (Ina + b’ BNz, (19)

B (x:a,b,c) ZZ(—I)FJ‘ "

1=0 j=0 l J
Proof Applying Theorems 2.1 and 2.2, we know that

B¥) (x:a,b,¢) = Z " (1nc)”7lBl(k)(a,b)x”7l
- l
=0

and

—Inb
— gk 7
" (lna—i—lnb

Then the relation (18) follow if we combine these formulae. The proof for (19) is similar. [

B (a,b) Y(Ina+ Inb)"

Now,we give some results about derivatives and integrals of the generalized poly-Bernoulli
polynomials in the following theorem.

Theorem 2.4 Letx € R.Ifa,bandc>0,a#b andb > a >0 ,For any non-negative integer
[ and real numbers o and 3 we have

o'B (z,a,b,¢) n! &
o = D)1 (In c)lel_)l(:zr, a,b,c) (20)
’ (k) L B"
Bn (Iaavbac)d'r = m[ n+1(67a b C) n+1(a7aab7 C)] (21)
Proof Applying induction on n, these formulae (20) and (21) can be proved. O

In [9], GI-Sang Cheon investigated the classical relationship between Bernoulli and Euler
polynomials, in this paper we study the relationship between the generalized poly-Bernoulli
and Euler polynomials.

Theorem 2.5 For b > 0 we have

1'n,

BE @y 100 =2 3 [ B 1,0,6) + BE (4 11,00 B (e, 10,1,
— k
k=0

Proof We know that
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B4y 1,b0) =Y (| ()" B (51,0, )"
— k
k=0

and

Ey(z +y,1,b,0) + Ep(z,1,b,b) = 22*(Inb)*

So, we obtain

1 n
B¥ ) (g 4 y,1,b,b) = 52 (Inb)"~* B (y;1,0,b)
k=0
1

X [W(Enk(.f,l,b,b)‘i‘Enk($+1,1,b,b))
1 & n k

= 5> B{"™ (y;1,b,b)
k=0

n—k n—k
X | Eng(z, 1,b0)+ > Ej(z,1,b,b)
j=0 \ J

I~ n

— 52 B¥ ) (y:1,b,0) E_i(x,1,b,b)
k=0 k
1 n n n—j _

LD D1 B PTC N AODY 7 BE @ 1,,0)
j=0 \ J k=0
I~ n

— 52 B¥ ) (y:1,b,0)E,_i(x,1,b,b)
k=0 k
N U

—+ 52 ) Bnij(y'i‘1;17b7b)Ej($717b7b)
j=0 \ J

So we have
1 n
B (@ +y,1,b,0) = 53 ") BE (4. 1.5,0) + BED (y + 1.1, b, By, 1,D.D).
—\ &k
k=0

Corollary 2.1 In Theorem 2.5, if ky =1 and b = e, then

Bu)= 3 Z ByEn_1(2).

(k=0),(k#1)

For more details see [7].
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Abstract: A defensive alliance in a graph G = (V, E) is a set of vertices S C V satisfying
the condition that for every vertex v € S, the number of v’s neighbors is at least as large as
the number of v’s neighbors in V' — S. For a subset T' C V,T # S, a defensive alliance S is
called Smarandachely T-strong, if for every vertex v € S, [N[v]NS| > [N(v)N((V = S)UT)|.
In this case we say that every vertex in S is Smarandachely T'-strongly defended. Particularly,
if we choose T = (), i.e., a Smarandachely ()-strong is called strong defend for simplicity. The
boundary of a set S is the set S = (J,cg N(v) — S. An offensive alliance in a graph G
is a set of vertices S C V such that for every vertex v in the boundary of S, the number
of v’s neighbors in S is at least as large as the number of v’s neighbors in V' — S. In this
paper we study open alliance problem in graphs which was posted as an open question in
[S.M. Hedetniemi, S.T. Hedetniemi, P. Kristiansen, Alliances in graphs, J. Combin. Math.
Combin. Comput. 48 (2004) 157-177].

Key Words: Smarandachely T-strongly defended, defensive alliance, affensive alliance,

strongly defended, open.

AMS(2000): 05C69

81. Introduction

In this paper we study open alliance in graphs. For graph theory terminology and notation, we
generally follow [3]. For a vertex v in a graph G = (V| E), the open neighborhood of v is the set
N(w) ={u:uwv € E}, and the closed neighborhood of v is N[v] = N(v) U{v}. The boundary of
S is the set 05 = [J,cg N(v) —S. We denote the degree of v in S by ds(v) = N(v) N S. The
edge connectivity, \(G), of a graph G is the minimum number of edges in a set, whose removal
results in a disconnected graph. A graph G’ = (V', E’) is a subgraph of a graph G = (V, E),
written G’ C G, if V/ C V and E' C E. For S C V, the subgraph induced by S is the graph
G[S]=(S,ENnS xS).

The study of defensive alliance problem in graphs, together with a variety of other kinds
of alliances, was introduced in [2]. A non-empty set of vertices S C V is called a defensive
alliance if for every v € S, |[IN[w] N S| > |[N(v) N (V — S)|. In this case, we say that every
vertex in S is defended from possible attack by vertices in V' —S. A defensive alliance is called
strong if for every vertex v € S, |[N[v] N S| > |N(v) N (V — S)|. In this case we say that every

1Received May 16, 2010. Accepted June 6, 2010.
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vertex in S is strongly defended. An (strong) alliance S is called critical if no proper subset of
S is an (strong) alliance. The defensive alliance number of G, denoted a(G), is the minimum
cardinality of any critical defensive alliance in G. Also the strong defensive alliance number of
G, denoted a(G), is the minimum cardinality of any critical strong defensive alliance in G. For
a subset 7' C V,T # S, a defensive alliance S is called Smarandachely T-strong, if for every
vertex v € S, [N[v]N S| > |[N(v) N ((V —S)UT)|. In this case we say that every vertex in S
is Smarandachely T-strongly defended. Particularly, if we choose T = (), i.e., a Smarandachely
()-strong is called strong defend for simplicity.

The study of offensive alliances was initiated by Favaron et al in [1]. A non-empty set of
vertices S C V is called an offensive alliance if for every v € 9(S), [N(v)NS| > |[N[v]n(V =9)|.
In this case we say that every vertex in 9(S) is vulnerable to possible attack by vertices in S. An
offensive alliance is called strong if for every vertex v € 9(S), [IN(v)NS| > |[N[v]N(V = S)|. In
this case we say that every vertex 9(5) is very vulnerable. The offensive alliance number, a,(Q)
of G, is the minimum cardinality of any critical offensive alliance in G. Also the strong offensive
alliance number, a,(G) of G, is the minimum cardinality of any critical strong offensive alliance
in G.

In [2] the authors left the study of open alliances as an open question. In this paper we
study open alliance in graphs. An alliance is called open (or total) if it is defined completely
in terms of open neighborhoods. We study open defensive alliances as well as open offensive
alliances in graphs.

Recall that a vertex of degree one in a graph G is called a leaf and its neighbor is a support
vertex. Let S(G) denote the set all support vertexes of a graph G.

82. Open Defensive Alliance

Let G = (V, E) be a graph. A set S C V is an open defensive alliance if for every vertex v € S,
INw)NS| > |Nw)N(V —=5)|. Aset S CV isan open strong defensive alliance if for every
vertex v € S, [N(v) N S| > |[N(v) N (V —S)|. An open (strong) defensive alliance S is called
critical if no proper subset of S is an open (strong) defensive alliance. The open defensive
alliance number, a;(G) of G, is the minimum cardinality of any critical open defensive alliance
in G, and the strong open defensive alliance number, a;(G) of G, is the minimum cardinality of
any critical open strong defensive alliance in G.

We remark that with this definition, strong defensive alliance is equivalent to open defensive

alliance, and so we have the following observation.

Observation 2.1 For any graph G, a:(G) = a(G).

Thus we focus on open strong defensive alliances in G. We refer to an a;(G)-set as a

minimum open strong defensive alliance in G. By definition we have the following.

Observation 2.2 For any a:(G)-set S in a graph G, G[S] is connected.

Observation 2.3 Let S be an a;(G)-set in a graph G, and v € S. If deggg)(v) = 1, then
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degg(v) = 1.

Note that for any graph G of n vertices 2 < 4;(G) < n. In the following we characterize
all graphs of order n having open strong defensive alliance number n. For an integer n let &,
be the class of all graphs G such that G € &, if and only if one of the following holds:

(1) G is a path on n vertices, (2) G is a cycle on n vertices, (3) G is obtained from a cycle on

n vertices by identifying two non adjacent vertices.

Theorem 2.4 For a connected graph G of n vertices, 4:(G) = n if and only if G € &,.

Proof First we show that a;(P,) = a;(C,,) = n. Suppose to the contrary, that a,(P,) < n.
Let S be a a,(P,)-set. By Observation 2.2, G[S] is connected. So G[S] is a path. Let v € S
be a vertex such that degg(sj(v) = 1. By Observation 2.3, degg(v) = 1. Then G[S] = P,, a
contradiction. Thus a;(P,) = n. Similarly, for any other graph in &,, @:(G) = n.

For the converse suppose that G is a graph of n vertices and a(G) = n. If A(G) < 2,
then G is a path or a cycle on n vertices, as desired. Suppose that A(G) > 3. Let v be a
vertex of maximum degree in G. Since V(G) \ {v} is not an open strong defensive alliance in
G, there is a vertex v1 € N(v) such that deg(v1) < 2. If deg(v1) = 1, then V(G) \ {v1} is an
open strong defensive alliance, which is a contradiction. So deg(vy) = 2. Since V(G) \ {v1} is
not an open strong defensive alliance, there is a vertex vy € N(v1) such that deg(ve) < 2. If
deg(ve) =1, then V(G) \ {v2} is an open strong defensive alliance, which is a contradiction. So
deg(ve) = 2. Since V(G) \ {v1,v2} is not an open strong defensive alliance, there is a vertex
v3 € N(v2) such that deg(vs) < 2. Continuing this process we obtain a path vq3 —ve — ... — v
for some k such that deg(v;) = 2 for 1 < i < k and either deg(vg) = 1 or vy, = v. If deg(vy) = 1,
then V(G) \ {v1,...,v;} is an open strong defensive alliance for G. This is a contradiction. So
vy = v. If deg(v) > 5, then V(G) \ {v1,v2,...,v5_1} is an open strong defensive alliance for
G, a contradiction. So deg(v) = A(G) = 4. Since V(G) \ {v1,v2, ..., 0%} is not an open strong
defensive alliance, there is a vertex wy € N(v) \ {v1,vk—1} with deg(wq1) < 2. If deg(wq) =1
then V(G) \ {w:1} is an open defensive alliance, a contradiction. So deg(wi) = 2. Since
V(G)\ {v1,v2, ..., vk, w1 } is not an open strong defensive alliance, there is a vertex wg € N(w;)
such that deg(wz) = 2. As before, continuing the process, we deduce that there is a path
w1 — wg — ... —w; for some ! such that deg(v;) =2 for 1 < i < [ and v; = v. Since A(G) =4, we
conclude that G is obtained by identifying a vertex of Cy with a vertex of C;. This completes
the result. O

As a consequence we have the following result.

Corollary 2.5 For a connected graph G, a:(G) = 2 if and only if G = Ps.

For a nonempty set S in a graph G and a vertex x € S, we let degs(v) = N(v) NS. So
a set S C V is an open defensive alliance if for every vertex v € S, degs(v) > degy_g(v) + 1.
Notice that this is equivalent to 2degs(v) > deg(v) + 1.

Proposition 2.6 For any graph G, a;(G) = 3, if and only if a;(G) # 2, and G has an induced
subgraph isomorphic to either (1) the path P3 = uw — v — w, where deg(u) = deg(w) = 1 and
2 < deg(v) <3, or (2) the cycle Cs, where each vertex is of degree at most three.
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Proof Let G be a graph. Suppose that d;(G) # 2. If G has an induced subgraph P3 =
u— v — w, where deg(u) = deg(w) = 1 and 2 < deg(v) < 3, then {u,v,w} is an open strong
defensive alliance, and so a;(G) = 3. Similarly, if (2) holds, we obtain a;(G) = 3.

Conversely, suppose that a:(G) = 3. So a;(G) # 2. Let S = {u,v,w} be a a;(G)-set. By
Observation 2.2, G[S] is connected. If G[S] is a path, then we let degg(s)(u) = degas)(w) = 1.
By definition degg(u) = degg(w) = 1. If dege(v) > 4, then S is not an open strong defensive
alliance, which is a contradiction. So 2 < degg(v) < 3. It remains to suppose that G[S] is a
cycle. If a vertex of S has degree at least four in G, then S is not an open strong defensive
alliance, a contradiction. Thus any vertex of S has degree at most three in G. O

Let G1 be a graph obtained from K4 by removing two edge such that the resulting graph G
has a pendant vertex. Let G2 be a graph obtained from K, by removing an edge, with vertices
{v1, v2,v3,v4}, where deg(vy) = deg(va) = 2.

Proposition 2.7 For any graph G, a.(G) = 4 if and only if a:(G) & {2,3}, and G has an
induced subgraph isomorphic to one of the following:

(1) Py, with vertices, in order, vy, va, v3 and vy, where deg(vi) = deg(vy) = 1, and deg(vs)
and deg(vs) are at most three;

(2) Cy, where each vertex is of degree at most three;

(3) K4, where each vertex has degree at most five;

(4) K13, with vertices {v1,vs,v3,v4}, where deg(v;) =1 for i =2,3,4, and deg(v1) < 5;
(5) G1, where deg(v;) <5 fori=1,2,3,4;

(6) Ga, where deg(v;) < 3 for i =1,2, and deg(v;) <5 for i = 3,4.

Proof 1t is a routine matter to see that if a;(G) ¢ {2,3}, and G has an induced subgraph
isomorphic to (i) for some ¢ € {1,2,...,6}, then a;(G) = 4. Suppose that a,(G) = 4. Let
S = {v1,v2,v3,v4} be a a;(G)-set. By Observation 2.2 G[S] is connected. If G[S] is a path,
then we assume that deggis)(vi) = 1 for i = 1,4, and deggs)(vi) = 2 for i = 2,3. Now by
Observation 2.3 deg(v;) = 1 for i = 1,4, and 4 = 2degq(g)(vi) > deg(v;) + 1 which implies that
deg(v;) < 3 for i = 2,3. We deduce that G has an induced subgraph isomorphic to (1). So
suppose that G[S] is not a path. If G[S] is a cycle then 4 = 2degqg)(vi) > deg(v;) + 1 which
implies that deg(v;) < 3 for i = 1,2,3,4, and so G has an induced subgraph isomorphic to (2).
We assume now that A(G[S]) > 2. So A(G[S]) = 3. Let deggs)(v1) = 3. If any vertex of G[S]
is of maximum degree then 6 = 2deggs)(vi) > deg(v;) + 1 which implies that deg(v;) < 5 for
i=1,2,3,4. So G has an induced subgraph isomorphic to (3). Thus we suppose that G[S] is
not complete graph. If deggg)(vi) = 1 for i = 2, 3,4, then by Observation 2.3 deg(v;) = 1 for
i=2,3,4, and 6 = 2degg(s)(v1) > deg(v1) + 1, which implies that deg(vi) < 5. In this case G
has an induced subgraph isomorphic to (4). The other possibilities are similarly verified. 0

Proposition 2.8 For the complete graph K, , a:(K,) = (g] + 1.

Proof Let S be a a;(K,)-set and let v € S. It follows that |[N(v) N S| > (g] So
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|S| > (g] + 1. On the other hand let S be any subset of [g] + 1 vertices of K,,. For any

d -1
vertex v € S, deg(v) — 1 > LgJ —1 > degy_s(v). Since deg(v) = degs(v) + degy_s(v),
degs(v) —1 > degy_s(v). This means that S is a critical open strong defensive alliance, and
the result follows. O
. . r s
Proposition 2.9 a;(K, ) = L§J + L§

Proof Let V,. and V; be the partite sets of K s with |V,.| = r and |V| = s. Let S = S,US, be

—1
J;

where n = r + s. This implies that |S| > LgJ + LgJ + 2. On the other hand any set consisting

LZJ + 1 vertices in V;. and L;J + 1 vertices in V, forms an open strong defensive alliance. This

| +2.

a 4y (K, s)-set, where S; CV; for i = r,s. For i € {r, s} and a vertex v € S;, degs(v) > \_n

completes the proof. O

Similarly the following is verified.

Proposition 2.10

(1) a(Wy) = [——1+1;
(2) (P x Pn) = max{m,n} if min{m,n} = 1, and a:(P, X P,) = min{m,n} if

min{m,n} > 2.

n+1
2

Proposition 2.11 If every vertex of a graph G has odd degree then a:(G) = a:(G).

Proof Let G be a graph and every vertex of G has odd degree. First it is obvious that
at(G) = a(G) < a(G). Let S be a a;(G)-set and v € S. By definition degs(v) > degy_s(v).
Since v is of odd degree, we obtain degg(v) > degy—s(v) + 1. This means that S is an open
strong defensive alliance in G, and so 4:(G) < a:(G). O

So if every vertex of a graph G has odd degree then any bound of a,(G) holds for a:(G).

We next obtain some bounds for the open defensive alliance number of a graph G.

0(G) -1
Proposition 2.12 For a connected graph G of order n, a:(G) <n — {()TJ .

Proof Let v be a vertex of minimum degree in a connected graph G. Consider a subset

(@) -1
S C Nv] with |S| = L%J It follows that V(G) \ S is a critical open strong alliance. [J

(G)+3

Proposition 2.13 For any graph G, a.(G) > | )

1.

Proof Let S be a G;(G)-set in a graph G, and let v € S. By definition degg(v) — 1 >
degy_g(v). By adding degy_g(v) to both sides of this inequality we obtain degy_g(v) — 1 <
d -1 d 1
%. By adding degs(v) to both sides of this inequality we obtain deg(v) +1 < degs(v).

0(G) +3
But degs(v) < S| —1 and §(G) < deg(v). We deduce that % <|9]. O

Proposition 2.14 For any graph G, o(G) < a:(G) — 1.
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Proof Let S be a a,(G)-set in a graph G, and w € S. Let S’ = S — {w}, and v € §". Tt
follows that degs: (v) = degs(v) — degqw)(v) > degy —s(v) + 1 — degqu,y (v) = degy —s/(v) + 1 —
2degiwy(v) = degvy (v), as desired. O

Let IT = [V4, V2] be a partition of the vertices of a graph G such that there are A(G) edges

between Vi and Va. I is called singular A —bipartite if min{|Vy|, |[V2|} = 1, and non — singular
A — bipartite if min{|V1],|Va|} > 1.

Proposition 2.15 Let G be a graph such that every vertez of G has odd degree. If A\(G) < §(Q)
then a;(G) < LgJ + 1.

Proof Let II = [Vq, V3] be a partition of the vertices of a graph G such that there are
AMG) edges between V7 and V5. Without loss of generality assume that |Vi| < |V2|. This
implies that |Vi| < ng Since A(G) < §(G), we have |V;| > 2 for i = 1,2. As a result
II is non-singular A\-bipartite. If V; is not an open defensive alliance then there is a vertex
u € Vi such that [N(u) N V1| < |[N(u) N Va|. Then II; = [V5 — {u}, V2 U {u}] is a partition
of the vertices of G and there are less than A(G) edges between Vi — {u} and V5 U {u}. But
III| = |II| — degv, (u) + degy; (u). So |II;| < |II]. This contradicts the assumption |[II| = A(G).
Thus V; is an open defensive alliance in G and the result follows. 0

83. Open Offensive Alliance

Let G = (V,E) be a graph. A set S C V is an open offensive alliance if for every vertex
v € J(S), INw)NS| > |Nw)n(V —5)|. In other words a set S C V is an open offensive
alliance if for every vertex v € 9(5), degs(v) > degy_g(v), and this is equivalent to deg(v) >
2degy_s(v). A set S C V is an open strong offensive alliance if for every vertex v € 9(9),
IN(w)NS| > |N(v)N(V —8)| or, equivalently, ds(v) > dy_g(v), where ds(v) = N(v)NS. An
open (strong) offensive alliance S is called critical if no proper subset of S is an open (strong)
offensive alliance. The open offensive alliance number, a,+(G) of G, is the minimum cardinality
of any critical open offensive alliance in G, and the strong open offensive alliance number, dot(G)
of (7, is the minimum cardinality of any critical open strong offensive alliance in G.

If S is a critical open offensive alliance of a graph G and |S| = a,(G), then we say that S

is an a,t — set of G. The next proposition follows from the definitions.
Proposition 3.1 For all graphs G, a,(G) = aot(G) and ant(G) < aot(G).
Thus we focus on open offensive alliances in G.

Theorem 3.2 For a graph G of order n with A(G) < 2, axt(G) = 1.

Proof Suppose S = {v}, where deg(v) = A(G) < 2. Since for every w € 95, degs(w) =1
and degy_g(w) < 1. Therefore, dg(w) > dy_g(w). So the result immediately follows. O

Corollary 3.3 For any cycle C,, and path P, a:o(Cr) = ato(Pp) = 1.

The following has a straightforward proof and therefore we omit its proof.
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Proposition 3.4
n

(1) ao () = 15 ;

(2) For 1 <m <n, ot (Km,n) = ’—51)

(8) For any wheel Wy, with n # 4, agt(Wy) = [21 +1;
(4) If every vertex of a graph G has odd degree then a.:(G) = ao(G).

We next obtain some bounds for the open offensive alliance number of a graph G.

Proposition 3.5 For all graphs G, a;,(G) > L5(2G)J

Proof Let S be a ao,t — set and v € 9S. By definition for any vertex v of 95, dg(v) >

0
dy_g(v). By adding dg(v) to both sides of this inequality we obtain dg(v) > % Also it is
clear that ato(G) > ds(v) and §(v) > §. This completes the proof. O

Let o(G) denote the wvertex covering number of G. That is the minimum cardinality of a

subset S of vertices of G that contains at least one endpoint of every edge.

Proposition 3.6 For all graphs G,

(1) a(G) < |5 ;
(2) a:o(G) < a(G).

Proof (1) Let f : V — {a, b} be a vertex coloring of G such that the number of edges whose
end vertices have the same color is minimum. Let O = {uv: f(u) = f(v)}, A={u: f(u) = a}
and B = {u: f(u) = b}. Without loss of generality assume that |B| < |A|. Suppose that B is
not an open offensive alliance in G. So three is a vertex v € A such that degp(v) < dega(v).
Let f': V — {a, b} be a vertex coloring of G with f'(v) # f(v) and f'(z) = f(x) if © # v. Let
O ={uv: f'(u) = f'(v)}, A = A—{v} and B’ = BU{v}. Then |0'| = |0]|—dega(v)+degp(v).
But degp(v) < dega(v). We deduce that |O’| < |O]. This is a contradiction since |O| is
minimum. Thus B is an open offensive alliance in G, and so the result follows.
(2) Let S be a a(G)-set and let v € 9(S). Since S is a vertex covering, degs(v) > degy_g(v) +

1 > degy—g(v). This implies that S is an open offensive alliance, and the result follows. O
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Abstract: For two vertices u and v in a graph G = (V, E), the distance d(u,v) and detour
distance D(u,v) are the length of a shortest or longest u — v path in G, respectively, and
the Smarandache distance d(u,v) is the length d(u, v) +i(u,v) of a u — v path in G, where
0 < i(u,v) < D(u,v) — d(u,v). A u— v path of length d(u,v), if it exists, is called a
Smarandachely v — v i-detour. A set S C V is called a Smarandachely i-detour set if every
edge in G has both its ends in S or it lies on a Smarandachely i-detour joining a pair of vertices
in S. In particular, if i(u,v) = 0, then d(u,v) = d(u,v); and if i(u,v) = D(u,v) — d(u,v),
then d%(u,v) = D(u,v). For i(u,v) = D(u,v) — d(u,v), such a Smarandachely i-detour
set is called a weak edge detour set in G. The weak edge detour number dn.(G) of G is
the minimum order of its weak edge detour sets and any weak edge detour set of order
dn(G) is a weak edge detour basis of G. For any weak edge detour basis S of G, a subset
T C S is called a forcing subset for S if S is the unique weak edge detour basis containing
T. A forcing subset for S of minimum cardinality is a minimum forcing subset of S. The
forcing weak edge detour number of S, denoted by fdn.(S), is the cardinality of a minimum
forcing subset for S. The forcing weak edge detour number of G, denoted by fdn.(G), is
fdne (G) = min{ fdn.(S)}, where the minimum is taken over all weak edge detour bases S
in G. The forcing weak edge detour numbers of certain classes of graphs are determined. It
is proved that for each pair a,b of integers with 0 < a < b and b > 2, there is a connected
graph G with fdn.(G) = a and dn.,(G) = b.

Key Words: Smarandache distance, Smarandachely i-detour set, weak edge detour set,

weak edge detour number, forcing weak edge detour number.
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§1. Introduction

For vertices u and v in a connected graph G, the distance d(u,v) is the length of a shortest
u—v path in G. A u—v path of length d(u,v) is called a u—v geodesic. For a vertex v of G,
the eccentricity e(v) is the distance between v and a vertex farthest from v. The minimum
eccentricity among the vertices of G is the radius, radG and the maximum eccentricity among

the vertices of G is its diameter, diamG of G. Two vertices u and v of G are antipodal if d(u,v)

1Received March 30, 2010. Accepted June 8, 2010.
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= diam@. For vertices u and v in a connected graph G, the detour distance D(u,v) is the
length of a longest u—v path in G. A u—v path of length D(u,v) is called a u—v detour. It
is known that the distance and the detour distance are metrics on the vertex set V(G). The
detour eccentricity ep(v) of a vertex v in G is the maximum detour distance from v to a vertex
of G. The detour radius, radpG of G is the minimum detour eccentricity among the vertices
of GG, while the detour diameter, diampG of G is the maximum detour eccentricity among the
vertices of G. These concepts were studied by Chartrand et al. [2].

A vertex x is said to lie on a u—v detour P if x is a vertex of P including the vertices u
and v. A set S CV is called a detour set if every vertex v in G lies on a detour joining a pair
of vertices of S. The detour number dn(G) of G is the minimum order of a detour set and any
detour set of order dn(QG) is called a detour basis of G. A vertex v that belongs to every detour
basis of G is a detour vertexr in G. If G has a unique detour basis S, then every vertex in S is
a detour vertex in G. These concepts were studied by Chartrand et al. [3].

In general, there are graphs G for which there exist edges which do not lie on a detour
joining any pair of vertices of V. For the graph G given in Figure 1.1, the edge v1v2 does not
lie on a detour joining any pair of vertices of V. This motivated us to introduce the concept of

weak edge detour set of a graph [5].

Figure 1: G

The Smarandache distance di(u,v) is the length d(u,v) + i(u,v) of a uw — v path in G,
where 0 < i(u,v) < D(u,v) — d(u,v). A u— v path of length d%(u,v), if it exists, is called a
Smarandachely u—v i-detour. A set S C V is called a Smarandachely i-detour set if every edge
in G has both its ends in S or it lies on a Smarandachely i-detour joining a pair of vertices in
S. In particular, if i(u,v) = 0, then di(u,v) = d(u,v) and if i(u,v) = D(u,v) — d(u,v), then
dis(u,v) = D(u,v). For i(u,v) = D(u,v) — d(u,v), such a Smarandachely i-detour set is called
a weak edge detour set in G. The weak edge detour number dn,(G) of G is the minimum order
of its weak edge detour sets and any weak edge detour set of order dn,,(G) is called a weak edge
detour basis of G. A vertex v in a graph G is a weak edge detour vertex if v belongs to every
weak edge detour basis of G. If G has a unique weak edge detour basis S, then every vertex
in S is a weak edge detour vertex of G. These concepts were studied by A. P. Santhakumaran
and S. Athisayanathan [5].

To illustrate these concepts, we consider the graph G given in Figure 1.2. The sets S; =
{u,z}, So = {u,y} and S3 = {u, z} are the detour bases of G so that dn(G) = 2 and the sets
S4 = {u,v,y} and S5 = {u,z, 2z} are the weak edge detour bases of G so that dn,,(G) = 3. The

vertex u is a detour vertex and also a weak edge detour vertex of G.
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z
Figure 2: G

The following theorems are used in the sequel.

Theorem 1.1([5]) For any graph G of order p > 2, 2 < dn,(G) < p.

Theorem 1.2([5]) Fuvery end-vertex of a non-trivial connected graph G belongs to every weak
edge detour set of G. Also if the set S of all end-vertices of G is a weak edge detour set, then

S is the unique weak edge detour basis for G.
Theorem 1.3([5]) If T is a tree with k end-vertices, then dn,(T) = k.

Theorem 1.4([5]) Let G be a connected graph with cut-vertices and S a weak edge detour set

of G. Then for any cut-vertex v of G, every component of G — v contains an element of S.

Throughout this paper G denotes a connected graph with at least two vertices.

§2. Forcing Weak Edge Detour Number of a Graph

First we determine the weak edge detour numbers of some standard classes of graphs so that

their forcing weak edge detour numbers will be determined.

Theorem 2.1 Let G be the complete graph K, (p > 3) or the complete bipartite graph K, » (2 <
m < n). Then a set S CV is a weak edge detour basis of G if and only if S consists of any

two vertices of G.

Proof Let G be the complete graph K,(p > 3) and S = {u,v} be any set of two vertices
of G. It is clear that D(u,v) = p — 1. Let zy € E. If xy = ww, then both its ends are in S.
Let xy # wv. If x # u and y # v, then the edge xy lies on the u—v detour P : u,x,y,...,v of
length p— 1. If x = v and y # v, then the edge zy lies on the u—v detour P : u = z,y,...,v of
length p — 1. Hence S is a weak edge detour set of G. Since |S| = 2, S is a weak edge detour
basis of G.

Now, let S be a weak edge detour basis of G. Let S’ be any set consisting of two vertices
of G. Then as in the first part of this theorem S’ is a weak edge detour basis of G. Hence
|S| = |S'| = 2 and it follows that S consists of any two vertices of G.

Let G be the complete bipartite graph K, » (2 < m < n). Let X and Y be the bipartite
sets of G with | X| =m and |Y| =n. Let S = {u,v} be any set of two vertices of G.

Case 1l Letue X and v € Y. It is clear that D(u,v) = 2m — 1. Let zy € E. If xy = uv, then
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both of its ends are in S. Let xy # uv be such that x € X and y € Y. If x # w and y # v, then
the edge zy lies on the u—v detour P : u,y,z,...,v of length 2m — 1. If x = v and y # v, then
the edge xy lies on the u—v detour P : uw = z,y,...,v of length 2m — 1. Hence S is a weak edge
detour set of G.

Case 2 Let u,v € X. It is clear that D(u,v) = 2m — 2. Let 2y € F be such that x € X and
y € Y. If x # u, then the edge zy lies on the u—v detour P : u,y,z,...,v of length 2m — 2. If
x = u, then the edge xy lies on the u—v detour P : u = z,y,...,v of length 2m — 2. Hence S

is a weak edge detour set of G.

Case 3 Let u,v € Y. It is clear that D(u,v) = 2m. Then, as in Case 2, S is a weak edge
detour set of G. Since |S| = 2, it follows that S is a weak edge detour basis of G.

Now, let S be a weak edge detour basis of G. Let S’ be any set consisting of two vertices
of G. Then as in the first part of the proof of K, ,, S’ is a weak edge detour basis of G. Hence

|S| =1S’| = 2 and it follows that S consists of any two vertices adjacent or not. O

Theorem 2.2 Let G be an odd cycle of order p > 3. Then a set S CV is a weak edge detour

basis of G if and only if S consists of any two adjacent vertices of G.

Proof Let S = {u, v} be any set of two adjacent vertices of G. It is clear that D(u,v) = p—1.
Then every edge e # uv of G lies on the u—v detour and both the ends of the edge uv belong to
S so that S is a weak edge detour set of G. Since |S| =2, S is a weak edge detour basis of G.

Now, assume that S is a weak edge detour basis of G. Let S’ be any set of two adjacent
vertices of G. Then as in the first part of this theorem S’ is a weak edge detour basis of G.
Hence |S| = |S’] = 2. Let S = {u,v}. If v and v are not adjacent, then since G is an odd
cycle, the edges of u—v geodesic do not lie on the u—v detour in G so that S is not a weak edge

detour set of G, which is a contradiction. Thus S consists of any two adjacent vertices of G.

Theorem 2.3 Let G be an even cycle of order p > 4. Then a set S CV is a weak edge detour

basis of G if and only if S consists of any two adjacent vertices or two antipodal vertices of G.

Proof Let S = {u,v} be any set of two vertices of G. If u and v are adjacent, then
D(u,v) = p—1 and every edge e # uv of G lies on the u—v detour and both the ends of the
edge uv belong to S. If u and v are antipodal, then D(u,v) = p/2 and every edge e of G lies
on a u—v detour in G. Thus S is a weak edge detour set of G. Since |S| =2, S is a weak edge
detour basis of G.

Now, assume that S is a weak edge detour basis of G. Let S’ be any set of two adjacent
vertices or two antipodal vertices of G. Then as in the first part of this theorem S’ is a weak
edge detour basis of G. Hence |S| = |S/| = 2. Let S = {u,v}. If u and v are not adjacent and
u and v are not antipodal, then the edges of the u—v geodesic do not lie on the u—v detour in
G so that S is not a weak edge detour set of GG, which is a contradiction. Thus S consists of

any two adjacent vertices or two antipodal vertices of G. O

Corollary 2.4 If G is the complete graph K, (p > 3) or the complete bipartite graph K, » (2 <
m < n) or the cycle C, (p > 3), then dn,(G) = 2.
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Proof This follows from Theorems 2.1, 2.2 and 2.3. O

Every connected graph contains a weak edge detour basis and some connected graphs may
contain several weak edge detour bases. For each weak edge detour basis S in a connected graph
G, there is always some subset T of S that uniquely determines S as the weak edge detour basis
containing T'. We call such subsets "forcing subsets” and we discuss their properties in this
section.

Definition 2.5 Let G be a connected graph and S a weak edge detour basis of G. A subset
T C S is called a forcing subset for S if S is the unique weak edge detour basis containing T.
A forcing subset for S of minimum cardinality is a minimum forcing subset of S. The forcing
weak edge detour number of S, denoted by fdn,(S), is the cardinality of a minimum forcing
subset for S. The forcing weak edge detour number of G, denoted by fdn,(G), is fdn,(G) =

min {fdn,(S)}, where the minimum is taken over all weak edge detour bases S in G.

Example 2.6 For the graph G given in Figure 2.1(a), S = {u,v,w} is the unique weak edge
detour basis so that fdn, (G) = 0. For the graph G given in Figure 2.1(b), S1 = {u,v,z},
Sy = {u,v,y} and S3 = {u,v,w} are the only weak edge detour bases so that fdn,(G) = 1.
For the graph G given in Figure 2.1(c), Sy = {u,w,x}, S5 = {u,w,y}, S¢ = {v,w,x} and
S7 = {v,w,y} are the four weak edge detour bases so that fdn,,(G) = 2.

Figure 3: G

The following theorem is clear from the definitions of weak edge detour number and forcing
weak edge detour number of a connected graph G.

Theorem 2.7 For every connected graph G, 0 < fdn,(G) < dny(G).

Remark 2.8 The bounds in Theorem 2.7 are sharp. For the graph G given in Figure 2.1(a),
fdn,(G) = 0. For the cycle Cs, fdn,,(Cs) = dn,(C3) = 2. Also, all the inequalities in Theorem
2.7 can be strict. For the graph G given in Figure 2.1(b), fdn,(G) = 1 and dn,(G) = 3 so
that 0 < fdn,(G) < dny(G).

The following two theorems are easy consequences of the definitions of the weak edge detour
number and the forcing weak edge detour number of a connected graph.

Theorem 2.9 Let G be a connected graph. Then

a) fdn,(G) =0 if and only if G has a unique weak edge detour basis,
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b) fdn.(G) =1 if and only if G has at least two weak edge detour bases, one of which is
a unique weak edge detour basis containing one of its elements, and
¢) fdn,(G) = dny(G) if and only if no weak edge detour basis of G is the unique weak

edge detour basis containing any of its proper subsets.

Theorem 2.10 Let G be a connected graph and let F be the set of relative complements of the
manimum forcing subsets in their respective weak edge detour bases in G. Then (\pc 5 F is the
set of weak edge detour vertices of G. In particular, if S is a weak edge detour basis of G, then

no weak edge detour vertexr of G belongs to any minimum forcing subset of S.

Theorem 2.11 Let G be a connected graph and W be the set of all weak edge detour vertices
of G. Then fdn,(G) < dny(G) — |W].

Proof Let S be any weak edge detour basis S of G. Then dn,,(G) = |S|, W C S and S is
the unique weak edge detour basis containing S — W. Thus fdn,,(S) < |S—W| =S| - |[W|

Ol

Remark 2.12 The bound in Theorem 2.11 is sharp. For the graph G given in Figure 2.1(c),
dn,(G) = 3, [W| =1 and fdn,(G) = 2 as in Example 2.6. Also, the inequality in Theorem
2.11 can be strict. For the graph G given in Figure 2.2, the sets S; = {v1,v4} and Sy = {v2,v3}
are the two weak edge detour bases for G and W = 0 so that dn,(G) = 2, |W| = 0 and

fdn,(G) = 1. Thus fdnw(G)v<1 dn,(G) — |[W]. o

Figure 4: G
In the following we determine fdn,,(G) for certain graphs G.

Theorem 2.13 a) If G is the complete graph K, (p > 3) or the complete bipartite graph
Kpn (2 <m <n), then dny(G) = fdn,(G) = 2.

b) If G is the cycle Cp (p > 4), then dn,(G) = fdn,(G) = 2.

¢) If G is a tree of order p > 2 with k end-vertices, then dn,(G) =k, fdn,(G) =0.

Proof a) By Theorem 2.1, a set S of vertices is a weak edge detour basis if and only if S
consists of any two vertices of G. For each vertex v in G there are two or more vertices adjacent
with v. Thus the vertex v belongs to more than one weak edge detour basis of G. Hence it
follows that no set consisting of a single vertex is a forcing subset for any weak edge detour
basis of G. Thus the result follows.

b) By Theorems 2.2 and 2.3, a set S of two adjacent vertices of G is a weak edge detour

basis of G. For each vertex v in G there are two vertices adjacent with v. Thus the vertex v
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belongs to more than one weak edge detour basis of G. Hence it follows that no set consisting of
a single vertex is a forcing subset for any weak edge detour basis of G. Thus the result follows.

¢) By Theorem 1.3, dn,,(G) = k. Since the set of all end-vertices of a tree is the unique
weak edge detour basis, the result follows from Theorem 2.9(a). 0

The following theorem gives a realization result.

Theorem 2.14 For each pair a, b of integers with 0 < a < b and b > 2, there is a connected
graph G with fdn,(G) = a and dn,(G) =b.

Proof The proof is divided into two cases following.

Case 1: a = 0. For each b > 2, let G be a tree with b end-vertices. Then fdn,(G) = 0 and
dn,(G) = b by Theorem 2.13(c).

Case 2: a > 1. Foreach i (1 <i < a), let F; : u;,v;, w;, x;, u; be the cycle of order 4 and let
H = K7 _q be the star at v whose set of end-vertices is {21, 22, ..., 2p—q }. Let G be the graph
obtained by joining the central vertex v of H to both vertices u;, w; of each F; (1 < ¢ < a).
Clearly the graph G is connected and is shown in Figure 2.3.

Let W = {z1,22,...,2p—q} be the set of all (b — a) end-vertices of G. First, we show
that dn.,,(G) = b. By Theorems 1.2 and 1.4, every weak edge detour basis contains W and
at least one vertex from each F; (1 < i < a). Thus dn,,(G) = (b—a) + a = b. On the other
hand, since the set S;1 = W U {v1,va,...,0,} is a weak edge detour set of G, it follows that
dn,(G) < |S1| = b. Therefore dn,,(G) = b.

Next we show that fdn, (G) = a. It is clear that W is the set of all weak edge detour
vertices of G. Hence it follows from Theorem 2.11 that fdn,(G) < dn,(G)—|W| =b—(b—a) =
a. Now, since dn.,,(G) = b, it is easily seen that a set S is a weak edge detour basis of G if and
only if S is of the form S = W U {y1,y2,...,¥a}, where y; € {v;,x;} CV(F;) (1 <i<a). Let
T be a subset of S with |T'| < a. Then there is a vertex y; (1 < j < a) such that y; ¢ T. Let
sj € {vj,z;} C V(F;) distinct from y;. Then S’ = (S — {y;}) U {s;} is a weak edge detour
basis that contains 7. Thus S is not the unique weak edge detour basis containing 7. Thus
fdn,(S) > a. Since this is true for all weak edge detour basis of G, it follows that fdn,(G) > a

and so fdn,(G) = a. O
V2
U1 wy Uq Vg
u9 W o o o
U 1 T2 Tq Wq
v
L] L] L]
21 22 Zb—a

Figure 5: G
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81. Introduction

It is safe to report that the many important results in the theory of the curves in E3 were
initiated by G. Monge; and G. Darboux pionnered the moving frame idea. Thereafter, F. Frenet
defined his moving frame and his special equations which play important role in mechanics and
kinematics as well as in differential geometry (for more details see [1]).

At the beginning of the 20th century, A. Einstein’s theory opened a door to new geometries
such as Lorentzian Geometry, which is simultaneously the geometry of special relativity, was
established. Thereafter, researchers discovered a bridge between modern differential geometry
and the mathematical physics of general relativity by giving an invariant treatment of Lorentzian
geometry. They adapted the geometrical models to relativistic motion of charged particles.
Consequently, the theory of the curves has been one of the most fascinating topic for such
modeling process. As it stands, the Frenet-Serret formalism of a relativistic motion describes
the dynamics of the charged particles. The mentioned works are treated in Minkowski space-
time.

In the light of the existing literature, in [4] authors introduced special curves by Frenet-
Serret frame vector fields in Minkowski space-time. A regular curve in Minkowski space-time,
whose position vector is composed by Frenet frame vectors on another regular curve, is called
a Smarandache Curve [4]. In this work, we study special Smarandache Curve in the Euclidean
space. We hope these results will be helpful to mathematicians who are specialized on mathe-

matical modeling.

1Received March 31, 2010. Accepted June 8, 2010.
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82. Preliminaries

To meet the requirements in the next sections, here, the basic elements of the theory of curves
in the space E? are briefly presented (A more complete elementary treatment can be found in
2].)

The Euclidean 3-space E? provided with the standard flat metric given by
(,) = da? + dx3 + da3,

where (1, 72, 73) is a rectangular coordinate system of E3. Recall that, the norm of an arbitrary
vector a € E3 is given by |la| = \/(a,a). ¢ is called an unit speed curve if velocity vector v of
¢ satisfies ||v|| = 1. For vectors v,w € E? it is said to be orthogonal if and only if (v, w) = 0.
Let ¥ = 9(s) be a regular curve in E2. If the tangent vector field of this curve forms a constant
angle with a constant vector field U, then this curve is called a general helix or an inclined
curve. The sphere of radius 7 > 0 and with center in the origin in the space E? is defined by

82 = {p = (p15p25p3) S E3 : <p7p> = TQ}_

Denote by {T, N, B} the moving Frenet-Serret frame along the curve ¢ in the space E3. For an
arbitrary curve ¢ € E3, with first and second curvature, £ and 7 respectively, the Frenet-Serret

formulae is given by [2]

T 0 k0 T
N’ = —K 0 T N ’ (1)
B’ 0 -7 0 B

where
(I'Ty=(N,N)=(B,B) =1,
(T'N) =(T,B) = (T, N) = (N, B) = 0.
The first and the second curvatures are defined by x = k(s) = ||T"(s)| and 7(s) = — (N, B’),

respectively.

§3. Special Smarandache Curves in E3
In [4] authors introduced:

Definition 3.1 A regular curve in Minkowski space-time, whose position vector is composed

by Frenet frame vectors on another reqular curve, is called a Smarandache curve.

In the light of the above definition, we adapt it to regular curves in the Euclidean space as

follows:

Definition 3.2 Let v = 7(s) be a unit speed reqular curve in E3 and {T, N, B} be its moving
Frenet-Serret frame. Smarandache TN curves are defined by

1
CZC(SC)ZE(TJFN)- (2)
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Let us investigate Frenet-Serret invariants of Smarandache TN curves according to v =
v(s). Differentiating (2), we have

d¢ dse¢ 1

= 2> = ___ (—4T N B 3
CEacas T TN, @

and hence T+ wN 4B

—K K T
Tr = 4
¢ V2KZ + T2 )

where

ds 2Kk2 4+ 72
-V 5)

In order to determine the first curvature and the principal normal of the curve {, we formalize
7 ds¢ 6T+ puN +nB

T =
¢ $ds (2,{2_’_72)%

(6)

where
6=-— {H2(2I€2 +72) +7(7r — m—’)},

w=— {H2(2I€2 +372) +7(13 — 7K + m")} , (7)
n= K[T(2K2 +72) = 2(1K — HT/)} .

Then, we have

o V2
T e+

So, the first curvature and the principal normal vector field are respectively given by

V24/6% + 1i? + 1P

(5T + uN + nB) . 8)

- :
H ¢ (2K2 4 72)* ©)
and oT N +nB
Ne = oL pNFnb (10)
V0% 4 p? +n?
On other hand, we express
T N B
1
T( X N( = w —K R T | (11)
b pom
where v = v/2k2 + 72 and | = /62 + p2 + n2. So, the binormal vector is
— T N — B
Be - [kn — 7] T + [k + 07] N — k[ + 0] B (12)
vl
In order to calculate the torsion of the curve ¢, we differentiate
—(k*+ KT+
1
C//: E (/{/—HQ—TQ)N (13)

+(kT+7)B
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and thus
g _ WT+ON +oB )
\/5 )
where
w=k>+ k(1% - 3K") — K",
¢ =—k>— k(T2 +3K") = 377 + K", (15)
oc=—r2r — 13 4+ 27k’ + kT + 7.
The torsion is then given by:
V2[ (k%2 + 7% — k) (ko + Tw) + k(KT + ') (¢ — W) + (K% + K') (ko — T(b)}
¢ = (16>

[T(2K2 + 72) + KT/ — 117"]2 + (K'1 — Kk7')2 + (2K3 + KT2)?

Definition 3.3 Let v = ~(s) be an unit speed regular curve in E* and {T, N, B} be its moving

Frenet-Serret frame. Smarandache NB curves are defined by

1
§=¢&(se) = 7 (N + B). (17)

Remark 3.4 The Frenet-Serret invariants of Smarandache NB curves can be easily obtained

by the apparatus of the regular curve v = v(s).

Definition 3.5 Let v = (s) be an unit speed regular curve in E3 and {T, N, B} be its moving

Frenet-Serret frame. Smarandache TNB curves are defined by

1

\/g(T—I—N—i-B). (18)

Y =1(sy) =

Remark 3.6 The Frenet-Serret invariants of Smarandache TNB curves can be easily obtained

by the apparatus of the regular curve v = v(s).

§84. Examples

Let us consider the following unit speed curve:

_ 9 1o
71 = 5pg Sin 16s — 13- sin 365

Y2 = — 535 €08 16s + 17= cos 36s - (19)

Y3 = % sin 10s

It is rendered in Figure 1.
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Figure 1: The Curve v = ~(s)

And, this curve’s natural equations are expressed as in [2]:

k(s) = —24sin10s
7(s) = 24 cos 10s

In terms of definitions, we obtain special Smarandache curves, see Figures 2 — 4.

Figure 2: Smarandache TN Curves

(20)
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10
Figure 4: Smarandache TNB Curve

35
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Abstract: A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered
pair S = (G,0) (S = (G, p)) where G = (V, E) is a graph called underlying graph of S and
oc: E — (e,€2,...,ex) (0 : V — (€1,€2,...,e)) is a function, where each & € {+,—}.
Particularly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called
abbreviated a signed graph or a marked graph. Given a connected graph H of order at
least 3, the H-Line Graph of a graph G = (V, E), denoted by HL(G), is a graph with the
vertex set F, the edge set of G where two vertices in HL(G) are adjacent if, and only if, the
corresponding edges are adjacent in G and there exists a copy of H in G containing them.
Analogously, for a connected graph H of order at lest 3, we define the H-Line signed graph
HL(S) of a signed graph S = (G, o) as a signed graph, HL(S) = (HL(G),0’), and for any
edge erez in HL(S), o'(e1e2) = o(e1)o(e2). In this paper, we characterize signed graphs S
which are H-line signed graphs and study some properties of H-line graphs as well as H-line

signed graphs.

Key Words: Smarandachely k-Signed graphs, Smarandachely k-Marked graphs, Signed
graphs, Balance, Switching, H-Line signed graph.

AMS(2000): 05C22

§1. Introduction

For standard terminology and notion in graph theory we refer the reader to Harary [8]; the
non-standard will be given in this paper as and when required. We treat only finite simple
graphs without self loops and isolates.

A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered pair S =
(G,0) (S = (G,pn)) where G = (V, E) is a graph called underlying graph of S and 0 : E —
(81,82, ....,€;) (b : V — (€1,€2,...,€)) is a function, where each € € {+,—}. Particularly, a
Smarandachely 2-signed graph or Smarandachely 2-marked graph is called abbreviated a signed

1Received May 4, 2010. Accepted June 8, 2010.
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graph or a marked graph. We say that a signed graph is connected if its underlying graph is
connected. A signed graph S = (G, o) is balanced if every cycle in S has an even number of
negative edges (See [9]). Equivalently a signed graph is balanced if product of signs of the edges
on every cycle of S is positive.

A marking of S is a function p : V(G) — {+,—}; A signed graph S together with a
marking pu is denoted by S,.

The following characterization of balanced signed graphs is well known.

Theorem 1.1(E. Sampathkumar [12]) A signed graph S = (G, o) is balanced if, and only if,

there exists a marking p of its vertices such that each edge uv in S satisfies o(uv) = p(u)p(v).

Given a signed graph S one can easily define a marking p of S as follows: For any vertex
v e V(9),

p) = JI olw),
wweE(S)
the marking p of S is called canonical marking of S.

The idea of switching a signed graph was introduced by Abelson and Rosenberg [1] in
connection with structural analysis of marking p of a signed graph S. Switching S with respect
to a marking u is the operation of changing the sign of every edge of S to its opposite whenever
its end vertices are of opposite signs. The signed graph obtained in this way is denoted by
S,(S) and is called p-switched signed graph or just switched signed graph. Two signed graphs
S1 = (G,0) and Sy = (G',0’) are said to be isomorphic, written as S; = Sy if there exists
a graph isomorphism f : G — G’ (that is a bijection f : V(G) — V(G’) such that if wv is
an edge in G then f(u)f(v) is an edge in G’) such that for any edge e € G, o(e) = o'(f(e)).
Further a signed graph S1 = (G, o) switches to a signed graph So = (G’,¢’) (or that Sy and Sy
are switching equivalent) written S; ~ S2, whenever there exists a marking p of Sy such that
S,.(S1) = Sa. Note that S; ~ Sy implies that G = G’, since the definition of switching does
not involve change of adjacencies in the underlying graphs of the respective signed graphs.

Two signed graphs S; = (G,0) and Sy = (G',¢’) are said to be weakly isomorphic (see
[22]) or cycle isomorphic (see [23]) if there exists an isomorphism ¢ : G — G’ such that the
sign of every cycle Z in S; equals to the sign of ¢(Z) in Se. The following result is well known
(See [23]):

Theorem 1.2(T. Zaslavsky [23]) Two signed graphs S1 and Sz with the same underlying graph

are switching equivalent if, and only if, they are cycle isomorphic.

§2. H-Line Signed Graph of a Signed Graph

The line graph L(G) of a nonempty graph G = (V| E) is the graph whose vertices are the edges
of G and two vertices are adjacent if and only if the corresponding edges are adjacent. The
triangular line graph 7 (G) of a nonempty graph was introduced by Jerret [10] as a graph whose
vertices are edges of G and two vertices are adjacent if and only if corresponding edges belongs

to a common triangle. Triangular graphs were introduced to model a metric space defined on
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the edge set of a graph. These concepts were generalized in [5] as follows: Let H be a fixed
connected graph of order at least 3. For a graph G of size the H-line graph of G, denoted
by HL(G),is the graph whose vertices are the edges of G and two vertices are adjacent the
corresponding edges are adjacent and belong to a copy of H.If H = P; then HL(G) = L(G)
and so H-line graph is a generalization of line graphs. Clearly, if a graph is H free, then its
H-line graph is trivial.

In [10], the authors introduced the notion of triangular line graph of a graph as follows:
The triangular line graph of a G = (V, E) denoted by 7 (G) = (V’, E’), whose vertices are the
edges of G and two vertices are adjacent the corresponding edges belongs to a triangle in G.
Clearly for any graph G, 7 (G) = K5L(G).

Behzad and Chartrand [3] introduced the notion of line signed graph L(S) of a given signed
graph S as follows: L(S) is a signed graph such that (L(S))* = L(S*) and an edge e;e; in L(S)
is negative if, and only if, both e; and e; are adjacent negative edges in S. Another notion of line
signed graph introduced in [7], is as follows: The line signed graph of a signed graph S = (G, o)
is a signed graph L(S) = (L(G),¢’), where for any edge ee’ in L(S), o'(ee’) = o(e)a(e’). In
this paper, we follow the notion of line signed graph defined by M. K. Gill [7] (See also E.
Sampathkumar et al. [13,14]). For more operations on signed graphs see [15-20].

Proposition 2.1 For any signed graph S = (G, 0), its line signed graph L(S) = (L(G),d’) is
balanced.

In [21], the authors extends the notion of triangular line graphs to triangular line signed
graphs. We now extend the notion of H-line graph to the realm of signed graph as follows:

Let S = (G,0) ba a signed graph. For any fixed connected graph H of order at least 3,
the H-line signed graph of S, denoted by HL(S) is the signed graph HL(S) = (HL(G), o)
whose underlying graph is HL(G) and for any edge ee’ in HL(G), o'(e€e’) = o(e)o(e’). Further
a signed graph S is said to be H-line signed graph if there exists a signed graph S’ such that
HL(S")=S.

We now give a straightforward, yet interesting property of H-line signed graphs.

Theorem 2.2 For any connected graph H of order at least 3 and for any signed graph S =
(G, o), its H-line signed graph HL(S) is balanced.

Proof Let o denote the signing of HL(S) and let the signing o of S be treated as a marking
of the vertices of HL(S). Then by definition of HL(S) we see that o’(e1,e2) = o(e1)o(ez), for
every edge (e, ez) of HL(S) and hence, by Theorem 1.1, the result follows. O

Corollary 2.3 For any two signed graphs S1 and S with the same underlying graph, HL(S1) ~
HL(Ss).

The following result characterizes signed graphs which are H-line signed graphs.

Theorem 2.4 A signed graph S = (G,0) is a H-line signed graph for some connected graph
H of order at least 3 if, and only if, S is balanced signed graph and its underlying graph G is a
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H-line graph.

Proof Suppose that S is H-line signed graph. Then there exists a signed graph S’ = (G', o)
such that HL(S’) = S. Hence by definition HL(G) 2 G’ and by Theorem 2.2, S is balanced.

Conversely, suppose that S = (G, o) is balanced and G is H-line graph. That is there exists
a graph G’ such that HL(G') = G. Since S is balanced by Theorem 1.1, there exists a marking
w of vertices of S such that for any edge uwv € G, o(uv) = p(u)p(v). Also since G =2 HL(G'),
vertices in G are in one-to-one correspondence with the edges of G’. Now consider the signed
graph S" = (G', ¢’), where for any edge ¢’ in G’ to be the marking on the corresponding vertex
in G. Then clearly HL(S") = S and so S is H-line graph. O

For any positive integer k, the k' iterated H-line signed graph, HL*(S) of S is defined as
follows:

HL°(S) =S, HLF(S) = HL(HL*'(9)).

Corollary 2.5 Given a signed graph S = (G, o) and any positive integer k, HL*(S) is balanced,
for any connected graph H of order > 3.

In [6], the authors proved the following for a graph G its H-line graph H L(G) is isomorphic
to G then H is a path or a cycle. Analogously we have the following.

Theorem 2.6 If a signed graph S = (G, o) satisfies S ~ HL(S) then S is balanced and H is

a cycle or a path.

Theorem 2.7 For any cycle Cy on k > 3 wvertices, a connected graph G on m > r vertices
satisfies Cr, L(G) =2 G if, and only if, G = Cj.

Proof Suppose that CyL(G) = G. Then clearly, G must be unicyclic. Since CyL(G) = G,
we observe that G must contain a cycle Cy. Next, suppose that G contains a vertex of degree
> 3, then the vertex corresponding to the edge not on the cycle in CyL(G) will be isolated
vertex. Hence G must be a cycle Cj.

Conversely, if G = CY, then clearly for any two adjacent edges in Cj, belongs to a copy of
C, and so C, L(G) = L(G). Since the line graph of any Cy, is Cy, itself, we have C, L(G) =2 G.O

Corollary 2.8 For any cycle Cy on k > 3 wvertices, a graph G on n > r wvertices satisfies
CrL(G) 2 G if, and only if, G is 2-reqular and every component of G is C.

In view of the above theorem we have,

Theorem 2.9 For any cycle Cy, on k > 3 wvertices, a signed graph S = (G, o) connected graph
G on n > r vertices satisfies CpL(S) ~ S if, and only if, G = C}.

Theorem 2.10 For a path Py on k > 3 wvertices a connected graph G on n > r vertices which
contains a cycle of length r > k satisfies P, L(G) = L(G) if, and only if, G =C,, and n > k.

Proof The result follows if k = 3, since P3L(G) = L(G). Assume that k > 4. Clearly
G must contain at least k vertices. Suppose that P, L(G) = L(G) and G contains a cycle of
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length » > k. Then number of vertices in G and number of edges are equal. Hence G must
be unicyclic. Since G contains a cycle of length r > k, then any two adjacent edges in C' of
G belongs to a common Py. Hence P, L(G) also contains a cycle of length r. Next, suppose
that G contains a vertex of degree > 3, then the vertex corresponding to the edge not on the
cycle in P, L(G) will be adjacent to two adjacent vertices forming a C5 and so HL(G) is not
unicyclic. Hence G must be the cycle C), .

Conversely, if G = C,, and n > k, then clearly any two adjacent edges in C belongs to a
copy of Cj, and so P,L(G) = L(G). Since the line graph of C, is C,, itself, P,L(G) = L(G). O

Corollary 2.11 For any path P, on k > 3 wvertices, a graph G on n > r wvertices satisfies
P.L(G) 2 G if, and only if, G is 2-regular and every component of G is C.., for some r > k.

Analogously, we have the following for signed graphs:

Corollary 2.12 For any path Py, on k > 3 vertices, a signed graph S = (G,0) onn > r vertices
satisfies Py L(S) ~ S if, and only if, S is balanced and every component of G is C,., for some
r>k.

In [10], the authors prove that for any graph G, 7(G) = L(G) if, and only if, G = K.

Analogously, we have the following:

Theorem 2.13 A graph G of order n satisfies K, L(G) 2 L(G) for some r < n if, and only if,
G=K,.

Proof The result is trivial if ¥ = n. Suppose that K, L(G) = L(G) and G is not complete
for some r < n — 1. Then there exists at least two nonadjacent vertices v and v in G. Now
for any vertex w, the edges uw and vw are adjacent and hence the corresponding vertices are
adjacent. But the edges uw and vw can not be adjacent in K,L(G) since any set of r vertices
containing u and v can not induce complete subgraph K,. Whence, the condition is necessary.

For sufficiency, suppose G = K,, for some n > r. Then for any two adjacent vertices
in L(G), the corresponding edges adjacent edges in G belongs to some K,. Hence they are
also adjacent in K,L(G) and any two nonadjacent vertices in L(G) remain nonadjacent.This
completes the proof. O

Analogously, we have the following result for signed graphs:

Theorem 2.14 A signed graph S = (G, o) satisfies K. L(S) ~ L(S), for some 3 < k < |V(G)|
if, and only if, S is a balanced on a complete graph.

§3. Triangular Line Signed Graphs and (0, 1, -1) Matrices

Matrices are very good models to represent a graph. In general given a matrix A = (a;;) of
order m X n one can associate many graphs with it (see [11]. On the other hand given any
graph G we can associate many matrices such adjacency matric, incidence matrix etc (see [8]).

Analogously, given a matrix with entries one can associate many signed graphs (See [11]). In
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this section, we give a relation between the notion of triangular line graph and some graph
associated with {0,1}-matrices. Also we extend this to triangular signed graphs and some
signed graphs associated with matrices whose entries are —1,0, or 1.

Given a (0,1)-matrix A, the term graph T'(A) of A was defined as follows (See [2]): The
vertex set of T'(A) consists of m row labels 71,73, ..., 7, and n column labels ¢1, ¢, ..., ¢, of A
and the edge set consists of the unordered pairs r;¢; for which a;; # 0.

Given a (0, 1)-matrix A of order m x n, the graph G¢(A) can be constructed as follows:
The vertex set of G¢(A) consists of non-zero entries of A and the edge set consists of distinct
pairs of vertices (a;j, akr) that lie in the same row (i=k) with a; # 0 or or same column(j=r)
with ay; # 0. The following result relates the connects the two notions the term graph and G;

graph of a given matrix A:

Theorem 3.1 For any (0,1)-matriz A, G¢(A) = T(T(4)).

Let A = (a;;) be any m X n matrix in which each entry belongs to the set {—1,0,1}; we
shall call such a matrix a (0, £1)-matrix. The notion of term graph of a (0, 1)-matrix can be
easily extended to term signed graph of a (0, +1)-matrix A as follows ( see [2]): The vertex set
of T(A) consists of m row labels r1, 79, ...,7, and n column labels ¢1, ¢, ..., ¢, of A, the edge
set consists of the unordered pairs r;c; for which a;; # 0 and the sign of the edge r;c; is the
sign of the nonzero entry a;;.

Next, given any (0,+1)-matrix A a triangular matriz signed graph Sg:(A) of A can be
constructed as follows: The vertex set of Sg.(A) is consists of nonzero entries of A and edge set
consists of distinct pairs of vertices (ai;, axr) that lie in the same row (¢ = k) with a;» # 0 or
same column (j = r) with ag; # 0; the sign of an edge wv in Sg(A) is defined as the product of
sings of the entries of A that correspond to v = a;; and v = ag,.

The following is a observation whose proof follows from the definition of triangular line

graph and the facts just mentioned above:

Theorem 3.2 For any (0,£1) matriz A, Sgi(A) = T (T,(A)).

The Kronecker product or tensor product of two signed graphs S; and S3, denoted by
S1 & S is defined (see [2]) as follows:The vertex set of (S1 @) S2) is V(S1) x V(S2), the edge
set is F(S1 ® S2) := {((u1,v1), (u2,v2)) : urus € E(S1), v1v2 € E(S2)} and the sign of the
edge (u1,v1)(usz,v2) is the product of the sign of ujus in S; and the sign of v1vy in Sy. In the
following result, A(S) will denote the usual adjacency matrix of the given signed graph S and
A @ B denotes the standard tensor product of the given matrices A and B.

Theorem 3.3( M. Acharya [2]) For any two signed graphs SiandS2, A(S1 &) S2) = A(S1) @ A(S2).

Theorem 3.4 For any signed graph S, T(A(S)) = S@Q K, ,where K denotes the complete
graph Ko with its only edge treated as being positive.

The adjacency signed graph 9(S) of a given signed graph S is the matrix signed graph
Sg(A(S)) of the adjacency matrix A(S) of S [2].
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Theorem 3.5( M. Acharya [2]) For any signed graph S, 3(S) = L(S@ K ).

Analogously we define triangular adjacency signed graph of A(S), the adjacency matrix of
S denoted by 9;(5) as the signed graph Sg;(A(S)). We have the following result.

Theorem 3.6 For any signed graph S, 0,(S) =T (S ® K).
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Abstract: Let G = (V,E) be a graph and let v € V. Let y™"(v,G) denote the
minimum cardinality of a minimal dominating set of G containing v. Then v*'™(G) =
maz{y™"(v,G) : v € V(G)} is called the min-max dom-saturation number of G. In this
paper we present a dynamic programming algorithm for determining the min-max dom-

saturation number of a tree.

Key Words: Domination, Smarandachely k-dominating set, min-max dom-saturation

number.

AMS(2000):

§1. Introduction

By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor multiple
edges. The order and size of G are denoted by n and m respectively. For graph theoretic
terminology we refer to Chartrand and Lesniak [6].

One of the fastest growing areas in graph theory is the study of domination and related
subset problems such as independence, irredundance, covering and matching. An excellent
treatment of fundamentals of domination in graphs is given in the book by Haynes et al.[7].
Surveys of several advanced topics in domination are given in the book edited by Haynes et
al.[8].

Let G = (V, E) be a graph. A subset S of V is said to be a Smarandachely k-dominating
set in G if every vertex in V — S is adjacent to at least k vertices in S. When k = 1, the set
S is simply called a dominating set. A dominating set S is called a minimal dominating set if
no proper subset of S is a dominating set of G. The domination number «v(G) is the minimum
cardinality taken over all minimal dominating sets in G.

Let S be a subset of vertices of a graph G and let u € S. A vertex v is called a private
neighbor of u with respect to S if Njv] NS = {u}. A dominating set D of G is a minimal

dominating set if and only if every vertex in D has a private neighbor with respect to D.

1Received May 14, 2010. Accepted June 10, 2010.
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In a graph G any vertex of degree 1 is called a leaf and the unique vertex which is adjacent
to a leaf is called a support vertex.

Acharya [1] introduced the concept of dom-saturation number ds(G) of a graph, which is
defined to be the least positive integer k such that every vertex of G lies in a dominating set of
cardinality k. Arumugam and Kala [2] observed that for any graph G, ds(G) = v(G) or v(G)+1
and obtained several results on ds(G). Motivated by this concept Arumugam and Subramanian
[3] introduced the concept of independence saturation number of a graph and Arumugam et
al. [4] introduced the concept of irredundance saturation number of a graph. In [5] we have
generalized the concept of min-max and max-min graph saturation parameters for any graph
theoretic property P which may be hereditary or super hereditary in the following.

Definition 1.1 The min-maz dom-saturation number v™(Q) is defined as follows. For any
v € V(G), let Y™ (v, G) = min{|S| : S is a minimal dominating set of G and v € S} and let
AMm(G) = maz{y™" (v, G) 1 v € V(G)}.

Thus Y™™ (G) is the largest positive integer k, with the property that every vertex of G
lies in a minimal dominating set of cardinality at least k.

Since the decision problem corresponding to the domination number (G) is NP-complete,
it follows that the decision problem corresponding to ™™ (G) is also NP-complete. Hence
developing polynomial time algorithms for determining v (G) for special classes of graphs
is an interesting problem.

In this paper we present a dynamic programming algorithm for determining the min-max

dom-saturation number of a tree.

82. Main Results

Let T be a tree rooted at v. For any vertex u € V(T'), let T, be the subtree of T rooted at .
Let uy,...,ur be the children of v in T}, and let T; = T,,. For any dominating set D of T, let
D; = DNV(T;). We now define the following six parameters.

(i) Y/(T,u) = min{|D| : D is a minimal dominating set of T,,,u € D and wu is isolated in

(D)}

(ii) v3(T,u) = min{|D| : D is a minimal dominating set of T,,,u € D, u is not isolated in (D)

and u has a child as its private neighbor}.

(iii) v*(T,u) = min{|D| : D is a minimal dominating set of T,,,u ¢ D and u is a private
neighbor of its child}.

(iv) ¥*(T,u) = min{|D| : D is a minimal dominating set of T}, — v and u; ¢ D,1 < i < k}.

(v) ¥>(T,u) = min{|D| : D is a minimal dominating set of T},,u ¢ D and at least two of its
children are in D}.

(vi) ¥°(T,u) = min{|D| : D is a minimal dominating set of T,, — u}.
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Observation 2.1 If the subtree T, is a star or if every child of u is a support vertex, then
v2(T,u) is not defined. Also if the vertex u has two leaves as its children then ~3(T, ) is not
defined. If u is a support vertex of T,,, then 4*(T', u) is not defined and if the number of children
of u is less than two then (T, u) is not defined.

K
Lemma 2.1 (T, u) =1+ 3 min{y*(T;, u;), v (T;, ui), v°°(Ty, u;) }-
~

(2

Proof Let D be a minimal dominating set of Ty, v € D, u is isolated in (D) and |D| =
YT, u). Hence u; ¢ D;,1 < i < k. If no children of u; is in D;, then |D;| > 4%°(T;,u;). If
exactly one child of u; is in D;, then |D;| > v*(T}, u;). Otherwise |D;| > v°(T;, u;). Thus |D;| >

k
mand v (T, wi), v° (Tiy wi), v (Tiy i)} Hence |D| > 14370 man{y*(Ti, wi), v° (Tiy ui), v (Ti, us) }-
i=1
We get the equality. O
The reverse inequality follows from the observation that any minimal dominating set D

k
of T, having u as an isolated vertex in (D) is of the form D = (U Di) U {u} where D; is a
i=1

minimal dominating set of T; not containing u;, 1 <17 < k.

Lemma 2.2 Suppose the subtree T,, of T rooted at w is neither a star nor every child of
u is a support vertexr. Then v*(T,u) = 1+ min {min{y* (T}, w:),v*(Ti,u;)} +v* (T}, u;) +
0.

S° o min{yH (T, ur), Y2 (Try ), YTy ), 72 Ty 1), YOO (T, ur ) } b where the minimum is taken

r#i,j
over all i,j such that u; is not a leaf of T, and u; is not a support verter of T,,.

Proof Let D be a minimal dominating set of T,,u € D, u is not isolated in (D) and u
has one of its children as its private neighbor and |D| = v2(T,u). Without loss of generality we
assume that u; € D and u; is the private neighbor of u with respect to D. Since D is a minimal
dominating set it follows that u; is not a leaf of T, and w; is not a support vertex of T;,. Since
w; € D,|D;| > min{y*(T;,w:),v*(T;,u;)}. Also uj and all its children are not in Dj;, we have
|DJ| > 74(Tj7uj)' For r # 1,7,

|DT| > min{’Yl(Tﬁ uT)v 72(Tr7 ur)a 74(Tra ur)v 75(Tr7 ur)a WOO(TM UT)}
Hence
DI > 1+ min{min{y" (T, ui), v*(T, ue) } + 7" (15, uy)
i,
+ > min{y (Toyun), ¥ (T ), Y (T ), Y (T 1), 42T ) 1,
i,
where the minimum is taken over all 7, j such that u; is not a leaf of T}, and u; is not a support

vertex of T,,.

The reverse inequality is obvious. O

Lemma 2.3 Let D be a minimal dominating set of T, such that w ¢ D. If a child of u, say
k

uy is a leaf, then v3(T,u) = 1+ S min{~3(T;,u;), ¥ (Ti,u;)}. If no child of u is a leaf, then
i=2

V(T w) = min {min{y!(Ti, w), v* (Ti, wi)} + ; min{y*(Tj, u;),v*(Tj, u;)}}-
<i< Fi
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Proof Let D be a minimal dominating set of T}, such that v ¢ D, u is a private neighbor
of a child and |D| = v3(T, u).

Case 1. Exactly one child, say u;, of u is a leaf.

Then u; € D and u; ¢ D for all i > 1.
k

Hence v3(T,u) > 1+ Y min{y>(T;,u;), > (T, u;) }-
i=2

Case 2. No child of u is a leaf.

Without loss of generality we assume that u is the private neighbor of w; € D. Then
|D;| > min{y (Ty,u;), v?(Ty,u;)}. Also since u is the private neighbor of wu;, all the other

children of u are not in D and hence for all j # 1,
D] = min{y*(Tj, u;), 7" (Ty, uy)}-
Thus [D| > min {min{y"(Ti, w:),v*(Tiswa) } + 3 min{*(T, u;), (T, us) } -

i
The reverse inequality is obvious. O

Lemma 2.4 If u is not a support vertex of T, then
k
YT, u) = me{’YB(Ti,uz‘)775(Tz‘,uz')}-
i=1

Proof Let D be a minimal dominating set of T, — {u}, u; ¢ D and |D| = *(T,u).
Let D; = D N V(T;). Since u; ¢ D, |D;| > min{y3(T;,u;),7*(T;,u;)} and hence |D| >

k
S min{y3(Ty, u;), ¥ (Ti, u;) }. The reverse inequality is obvious. O
i=1
Lemma 2.5 If u has more than one child, then
75 (Ta u) = min{min{Wl(Tiv ui)? 72 (TM uz)} + min{Wl(ij uj)? 72 (Tj7 u])}
i,J
+ H;i_n_{vl(Tr,ur),WZ(Tr,ur),73(Tr, ),y (Try ur) }}-
r#1,j
Proof Let D be a minimal dominating set of T}, such that at least two children of u, say

u; and u; are in D and |D| = ~*(T,u). Since u;,uj € D, |D;| > min{~y"(T;,u;), v*(T},w;)} and
|D;| > min{y*(Tj,u;),v*(T;,u;)}. For any r # i, j, u, may or may not be in D. Hence

|D.| > min{y* (Tr, ur), vV (Try i)y Y2 (Try ), ¥° (Try )}

Thus

|D| > nlnjn{mzn{'yl(TZ, ui)v 72 (T’lv ul)} + min{ﬁyl(Tja uj)v 72 (ij uJ)}
+ H;i,n{Wl(Tr,ur),WZ(Tr,ur),73(Tr, ur), v (Tr,ur)} )
r#4,j

The reverse inequality is obvious. 0
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k
Lemma 2.6 ~°(T,u) = 3 min{y" (T, uw;),v*(Ti, wi), v (Tiy ui), 7" (Ty, wi) }-
=1
Proof Let D be a minimal dominating set of T,, — u such that |D| = v°°(T, u). Obviously
| Ds| > man{y"(Ti,wi), v (T ui), v* Ty wi), v°(Tiy wi) }. Thus

k

D] = Z min{y" (Ti, i), v (Ti, i), v (Tiy i), 7 (Tiy i) }-
i=1

The reverse inequality is obvious. O
Lemma 2.7 ™" (v, T) = min{y(T,v),y*(T,v)}.

Proof Let D be a minimal dominating set of T such that v € D and
|D| = 4™ (v, T). Since v is either isolated or nonisolated in (D), the result follows. O

Based on the above lemmas we have the following dynamic programming algorithm for
determining ™" (v, T') for trees.

ALGORITHM TO FIND y™in(y, T)

INPUT: A tree T rooted at v1, with a BFS ordering of its vertices {v1,v2,...,v,}.
OUTPUT: Minimum cardinality of a minimal dominating set of T' containing v .
Step 1. INITIALIZATION

for i =1ton do

Y (vi) = 1,92 (vs) = 00; 7% (vi) = o0,

vH(vi) = 00;7°(v3) = 003" (i) = 0.

end for;
Step 2. COMPUTATION

for i=nto 1l do

Step 2.1: Let w1, ujo, . .., u; be the children of v;
Step 2.2: CALCULATE ~!(v;)

l
Compute 7' (v;) = 1+ Zl min{y*(uij), 7 (uiz), 7" (uij) }-
i=

Step 2.3: CALCULATE ~2(v;)

If there exists a child of v; which is not a leaf and there exists a child of v;

which is not a support then compute
Y2 (vi) = 1+ Ig.likn{mm{vl(uij), 72 (uij)

v (uik) + ;k{vl(uir),VQ(uir),v“(uir),75(uir)770°(u“«)}-
],
where the minimum is taken over all j, k, j # k such that wu;; is not a support

vertex and u;; is not a leaf.
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Step 2.4: CALCULATE ~3(v;)
If v; has exactly one child which is a leaf, say w1, then compute v3(v;) =
L+ 35 min{(uy). (s}
othejr;vise
7V (vi) = g}gl{mm{vl(%), 7 (uig)} + gj{v?’(uik% 7°(wir) }}-
Step 2.5: CALCULATE ~*(v;)

If v; is not a support vertex then compute
P00 = 35 mind ()70}
Step 2.6: CALCULATE 7 (v3)
If v; has more than one child then compute
7 (vi) = 5122{71(%‘), ¥ (uig)} + mandyt (i), ¥ (uwin) }+

min {Fyl (uir)a ’72 (uir); 73 (uir); '75 (uzr)}
r#j.k

Step 2.7: CALCULATE ~%°(v;)
!
Compute 7% (v;) = Zl{vl(uz‘j%72(%),73(%‘7'),75(%‘7)}
J:
end for;

Step 3. Compute Y™™ (vy, T) = min{y*(v1),v*(v1)}.

Observation 2.2 Using the above algorithm for any given vertex v of T the parameter
4™ (y T) can be computed. Applying the above algorithm for each vertex v we compute
™ (v, T) for all v € V and y™™(T) = max{y™" (v,T) : v € V(T)} can be computed.

Example 2.1 A tree rooted at the vertex 1 and the table showing the computations of the
above algorithm are given below.

9 1011 12

Figure 1
N N B N B EPC I IO I I
12 1 oo | 0o | oo | o0 0
11 1 oo | oo | oo | o0 0
10 1 oo | oo | oo | o0 0
9 1 oo | 0o | oo | o0 0
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Y]
8 1 oo | oo | oo | 2 2
7 1 00 1 | o0 | o0 1
6 1 00 1 | o0 | o0 1
b) 1 oo oo | 0 | o 0
4 3 00 1 2 | © 1
3 2 00 1 1 | o 1
2| 2 2 2 oo | 2 2
11 5 5 4 | 4 5 4

Hence y™™"(1,T) = min(yY(T,1),~*(T,1)) = 5.

Repeated application of the algorithm gives v (2, T') = 4, y™"(3,T) = 5, y™"(4,T) = 5,
Y5, T) =5, 4™ (6,T) =4, y™"™(7,T) = 4, y™"(8,T) = 4, y™"™(9,T) = 4, y""(10,T) =
5, y™i"(11,T) = 6, y™"(12,T) = 6. Hence v™™(T) = max{y™"(i,T) : 1 <i < 12} = 6.

§3. Conclusion

Courcelle has proved that if a graph property can be expressed in extended monadic second
order logic (EMSO), then for every fixed w > 1, there is a linear-time algorithm for testing
this property on graphs having treewidth at most w. The property of a subset S of V being
a minimal dominating set can be expressed in EMSO and hence for families of graphs with
bounded treewidth, a linear time algorithm can be developed for computing 7™ (v, G) for
any given vertex v. Hence developing such algorithm for specific families of graphs of bounded

treewidth is an interesting problem for further research.
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Abstract: Researches on embeddings of graphs on the projective plane have significance
to determine the total genus distributions of graphs. Based on the embedding model of joint
tree, this paper calculated the embedding number of the circular graph C(2n + 1,2)(n > 2)

on the projective plane. Therefore, embeddings of K5 on the projective plane is solved.
Key Words: Surface, genus, embeddings, joint tree, Smarandachely k-drawing.
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81. Introduction

In this paper, a surface is a compact 2-dimensional manifold without boundary. It is orientable
or nonorientable. Given a graph G and a surface S, a Smarandachely k-drawing of G on S is
a homeomorphism ¢: G — S such that ¢(G) on S has exactly k intersections in ¢(E(G)) for
an integer k. If k = 0, i.e., there are no intersections between in ¢(F(G)), or in another words,
each connected component of S — ¢(G) is homeomorphic to an open disc, then G has an 2-cell
embedding on S. Two embeddings b : G — S and g : G — S of G into a surface S are said to
be equivalent if there is a homeomorphism f : S — S such that foh =g.

Given a graph G, how many nonequivalent embeddings of G are there into a given surface
is one of important problems in topological graph theory. It can be tracked back to the genus
distributions or total genus distributions of graphs. Since Gross and Furst [1] had introduced
these concepts, the genus distributions or total genus distributions of a few graph classes had
been solved by scholars [2-7]. However, for many other graph classes, we have not solved the
related problems temporarily. There are always relationships among the numbers of embeddings
of a graph on different genus surfaces. Therefore, researching on embeddings of graphs on
sphere,torus,projective plane,Klein bottle has special significance. The embedding model of
joint tree [8] is a special method which had promoted the research on genus distributions or
total distributions of graphs [9-12].Basing on this model,this paper calculated the embedding
number of circular graph C'(2n + 1,2)(n > 2) on the projective plane.
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§2. Related Knowledge and Lemmas

A surface can be represented by a polygon of even edges in the plane whose edges are pairwise
identified and directed clockwise or counterclockwise. To distinguish the direction of each edge,

b2

we index each edge by “+”(always omitted) and “—” . For example, sphere, torus, projective
plane, Klein bottle can be represented by Oy = aa™, O1 = aba™b~, N1 = aa, Ny = aabd

respectively. In general,

P q
O, = Haibiai_bi_, N, = Haiai
i=1 i=1

denote respectively an orientable surface with genus p and a nonorientable surface with
genus q(p > 1,9 > 1). Edge a is called a twisted edge if the directions of the identical edges a
is the same. Otherwise edge a is called an untwisted edge. A nonorientable surface has at least
one twist edge.

The following three operations don’t change the type of a surface:

Operation 1  Aaa™ & A.

Operation 2 AabBab < AcBc.

Operation 3 AB & (Aa)(a™ B).

Among the above three operations, the parentheses stand for cyclic order. A and B stand
liner order and they aren’t empty except operation 2. Actually the above operations determine
a topological equivalence denoted ~. Therefore, They introduce three relations of topological
equivalence.

Relation 1 AzByCx Dy~ E ~ ADCBEzyz~y .

Relation 2 AxBxC ~ AB~ Cuzz.

Relation 3  Azzyzy 2z~ ~ Azzyyzz.

Based on the above operations and relations, It is easy to obtain the following lemmas:

Lemma 2.1([8]) Suppose S is an orientable surface with genus p and S is a nonorientable
surface with genus q.

(1) If S = Sizyx~y~, Then S is an orientable surface with genus p+ 1;

(2) If S = Saxyx~y~, Then S is a nonorientable surface with genus q + 2;

(3) If S = Sizx, Then S is a nonorientable surface with genus 2p + 1;

(4) If S = Syxax, Then S is a nonorientable surface with genus q + 1.

Lemma 2.2 Suppose surface S is nonorientable and S = AxzByCxz~ Dy~ , then the nonrientable

genus of S is not less than 3.

Proof According to relationl, S = AzByCx~ Dy~ ~ ADCBzyz~y~. LetSe = ADCB,
then S, is nonorientable and its genus is at least 1. Based on Lemma 7?7, the nonorientable

genus of surface S is not less than 3. O

Lemma 2.3 Suppose surface S is monorientable, if S = AzByCyDzx or S = AxByCxDy~,

then the nonorientable genus is not less than 2.
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Proof 1f S = AxByCyDzx, according to relation 2,
S = AzByCyDx ~ AxBC™ Dzyy ~ AD™CB™ yyzz.

According to Lemma 2.1,the nonorientable genus of S is not less than 2;

Suppose S = AxByCzDy~, according to relation 2,
S =AxzByCxDy~ ~ AC "y B Dy xx ~ AC~ D™ Bxxy y .

According to Lemma 2.1, the nonorientable genus of S is not less than 2. O

The embedding model of joint tree may be introduced in the following way: Given a
spanning tree T of a graph G = (V, E), we split every cotree edge into two edges and label
them by the identical letter. The two edges are called the semi-edges of the original cotree
edge. The resulting graph is the joint tree of the original graph G. Suppose the number of
cotree edges is 3. Given a direction to every semi-edge so that the direction of each pair of
semi-edges can be the same or opposite. Beginning with a vertex, we walk all over the edges
of the joint tree by its rotation. Writing the letter of semi-edges of the original graph cotree
edges by order. we obtain a polygon of 23 edges which is exactly the associated surface of the
graph G. There is a 1 to 1 correspondence between the associated surfaces and the embeddings
of graph G. Hence an embedding of a graph G on a surface can be exactly represented by an

associate surface of the graph G.

§3. Main Conclusions
The first, we investigate the structure character of polygon representation of projective plane.

Definition 3.1 If surface S = AxByCxDy, then x and y are said to be interlaced in S; if
surface S = AxBxCyDy, then x and y are said to be parallel in S.

According to Lemmas 2.2 and 2.3, it is easy to obtain the following theorem:

Theorem 3.1 Suppose S is a projective plane. If two edges in the polygon representation of S

are all twisted, then they must be interlaced; otherwise, they must be parallel.

Definition 3.2 Circular graph C(2n+1,2) (n > 2) is obtained by appending chords {uju;42 |
j=1,2,---,2n 4+ 1} on the circle ujus - - ugpt1u1. Figure 1 is the circular graph C(7,2).
a; = ugi—1ugi41(t = 1,2,--- n) are called odd chords; b; = ugiugit2(i = 1,2,---,n — 1)
are called even chords. Specially, let co = ugp41u1, a9 = Ugpti1U2, by = uznui. Denote the
collection of odd chords by Eqv, 1 = {a; | i=1,2,--- ,n}; Denote the collection of even chords
by Eo, Eo = {b; | i = 1,2,--- ,n — 1}. The subscriptions of vertices are the Residue Class
Modules of 2n + 1.
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Figure 1: C(7,2)

There are some researches on embeddings of circular graphs in paper [13]. According to
it, a circular graph can be embedded on the projective plane. But the embedding number and
structure have not been investigated yet. In this paper, we calculated the embedding number
of circular graphs on the projective plane.

We choose path wjus...us,us,+1 as the spanning tree of the circular graph C(2n + 1,2)
(n > 2). Then by splitting each cotree edge, we obtain the joint tree. The two edges by splitting
one cotree edge are called semi-edges of the original cotree edge. The upside of the spanning
tree is the side which the semi-edge a¢ incident with vertex us,+1 is placed. The other side
is called the underside of the spanning tree. Considering the special positions of cotree edges
¢o, ag, bp, we discuss the embedding of circular graph C(2n 4 1,2)(n > 2) on the projective
plane basing on whether the three cotree edges are twisted.

First, according to Lemmas 2.2 and 2.3, if the associated surface of circular graph C'(2n +

1,2)(n > 2) is projective plane, then we have the following claims:
Claim 1 There are at most three twisted edges in F4 U Es.

In fact, if there are more than three twisted edges in £y U Es, there will exist two twisted

edges and they are parallel in the associated surface. It contradicts to Theorem 3.1.

Claim 2  Each semi-edges pair of an untwisted edge must be placed on the same side of the

spanning tree.

In fact, if a semi-edges pair of an untwisted edge are placed on the distinct sides of the
spanning tree, the untwisted edge and ¢y must be interlaced in the associated surface of graph
G. It contradicts to Theorem 3.1.

Claim 3 If a;_1, a;(or b;_1,b;) are two untwisted edges in Ej(orFs) and they are placed on
distinct sides of the spanning tree, then b;_;(ora;) is twisted and its two semi-edges must be

placed on distinct side of the spanning tree.

As is shown in Figure 2, a;_1,a; are two untwisted edges and placed on the two sides of
the spanning tree respectively. If b;,_; is not twisted, then it must be interlaced with one of the
three edges a;—1,a;,co. If b;—1 is twisted but its two semi-edges are placed on the same side of
the spanning tree, it will be interlaced with a;_1 or a;. The two cases all contradict to Theorem

3.1. Similarly we can prove the case of the two edges b;_1, b;.
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o ﬁa\ bis o
a; y
bi \

Figure 2: The side-transferring of untwisted neighbor edges

Theorem 3.2 The embedding number of a circular graph C(2n+1,2)(n > 2) on the projective
plane is 8n + 6.

Proof There are two embedding cases when considering whether ¢ is twisted.
Case 1 cp is untwisted

Because cg is untwisted, each semi-edges pair of a twisted edge must be placed on the same
side of the spanning tree. Otherwise, it will be interlaced with ¢y and contract to Theorem 3.1.
On the other side, every two twisted edges must be interlaced in the associated surface. all the
twisted edges are placed on the same side. According to Claim3, there are no side-transferring
case of neighbor untwisted edges in E; or Fy. Otherwise, there must exist a twisted edge that its
semi-edges pair are placed on the two distinct side of the spanning tree respectively. It contracts
to the above discussion. According to whether ag, by are twisted edges, The embeddings can be

classified into four subcases:

Subcase 1.1 ap and bg are all untwisted

by ao by bl_ boi b by a

SN N 2 Y
ulg 0 {\ o e e

n
dp-1 dp-1 Ay ay

Figure 3: The joint tree of Subcase 1.1

As shown in Figure 3, ag and bg can only be placed on the same side of the spanning tree.
If there are twisted edges in Fy U Es. they can only be a, or a,. Suppose a, is twisted, then it
must be on the upside of the spanning tree. Furthermore, b; can only be placed on the underside
and also is a,,. Corresponding b,,—1 is on the upside. Therefore, the sequence of untwisted edges
b1by - - - b,,—1 will shift sides at one vertex. It contradicts to the above discussion. Then a; can’t
be a twisted edge, so is a, in the same way. Then there are no twisted edges in E; U Fs.
According to claim 3 and the above discussion, the untwisted edges sequence b1bs - - - b, 1 must
be on the upside of the spanning tree while another untwisted edges sequence ajas - - - a,, must
be on the underside. Beginning at semi-edge ¢y incident to vertex u;. Walk along all the joint

tree edges by its rotation, we get the associated surface:
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S = Coboaoblbl_bgb; ce bnflb boa()CO CLn anQa N _10n—1" al_al

~ boaoboao ~ Nl.

Considering the symmetry of the two sides of the spanning tree, the embedding number of
Subcase 1.1 is 2.

Subcase 1.2 ag is twisted, by is untwisted

Figure 4: The joint tree of Subcase 1.2

Similarly, according to Theorem 3.1, ag and by can only be placed on the distinct side of
the spanning tree(as shown in Figure 4. If there is no twisted edge in E; U F», then a, can
only be placed on the upside because the untwisted edge can only be placed on the underside
of the spanning tree. Then the sequence of untwisted edges ajas - - - a,, will shift sides at one
vertex. It contradicts to the above discussion. So there is no twisted edges in Fq U Es.

Each twisted edge in E7 U Eo and ag must be interlaced and they are placed on the same
side. Then, the twisted edges in F; U E2 can only be the following edges:a,, b1, arn. a1 and a,
can’t all be twisted edges, otherwise they will be parallel. However there are at least one twisted
edge among them, otherwise the sequence of untwisted edges aias - - - a,, will shift sides. If a,, is
twisted, then it can only be placed on the upside and be interlaced with ag. So b; and a; must
be untwisted. Furthermore, a; must be placed on the underside while b; must be placed on the
upside. Therefore, the untwisted edge b,_1 can only be placed on the underside. It indicate
that the untwisted edges sequence b1bs - - - b, _1 shift sides at one vertex. It contradicts to Claim
3. So a; must be twisted and a,, is untwisted. If by is also twisted, Then it will be placed on
the upside. So ag will be placed on the underside while a,, will be placed on the upside. It is
to say that the untwisted edges sequence asas - - - a,, will shift sides and contradicts to Claim 3.

Based on the above discussion, a1 is the only twisted edge in E1 U E5. According to
Theorem 3.1 and Claims 1,2,3, the rotations of the joint tree are only fixed. The associated

surface is

S = cparaparazay - - ana, aoCy by b, _1bn—1 - b1b7 bo
~ ai1apgaiag ~ Nl.
So the embedding number of Subcase 1.2 on the projective plane is also 2.
Subcase 1.3 ap is untwisted, by is twisted

Similarly, ag and by can only be placed on the distinct side of the spanning tree. discussed
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in the same way with Subcase 1.2, a,, is the only twisted edges in E; U F5. The joint tree is

shown in Figure 5:

NN VN e
GO NUERYN:

b() a aj an-1 dn-1 Ap b() ap

Figure 5; joint tree of subcase 1.3

The associated surface is

S = coapb1by -+ - bn_1b,_iay ¢y anboana, _jan—1---ay aiby

~ anboanbo ~ Nl.

The embedding number of Subcase 1.3 is 2.
Subcase 1.4 ag, by are all untwisted

As shown in Figure 6, ag, by can only be placed on the distinct side respectively, otherwise
they are interlaced and contradict to Theorem 3.1. Furthermore, a; must be placed on the
underside and a, must be placed on the upside. In correspondence, b; is on the upside and
bn—1 is on the underside. Because the associated surface is projective plane, so there are at
least one twisted edge in Fy U Fs.

If there is only one twisted edge in F; U Es and it is a;(1 < ¢ < n), then the untwisted
sequence b1bs - - - b, 1 will shift sides at one vertex and contradiction happens. similarly is the
case that b;(1 < i <mn —1) is the only twisted edge. So there are at least two twisted edges in
Ey U Es.

If there are two twisted edges in 7 U Ey, then the twisted edges pair must be the following
combinations: {a;,b;}, {ai,bi—1}, {ai, ait1}, {bi, bit1}. If the twisted edge pair are a;, a;4+1(1 <
it < n —1), Then the untwisted edges sequence b1bs - - - b,—1 will shift sides. Similarly, if the
twisted edges pair are b;, b;+1(1 < i < n—2), the untwisted edges sequence ajas - - - a,, will shift
sides. According to Claim 3, contradiction happens.

If the twisted edges pair is a;, b;(1 < i < n— 1), according to Theorem 3.1, they are on the

underside. The joint tree is shown in Figure 6.

AT A&

Figure 6: The joint tree of embedding Subcase 1.4 (a;, b; is twisted)
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The associated surface

S = Coaoblbl_ e biflbi_—laiJrlai_—i-l e ana;ao_
Cabab;_lbn—l cee b;lbiﬂbiaibiaia;lai_l cee al_albo

~ ba;b;a; ~ Ny

and the embedding number of this case is 2(n — 1).
If the twisted edges pair is a;,b;—1(2 < i < n), then they are on upside. The associated

surface

S = Coaoblbl_ s -bi_gbLQbi_laibi_laiai+1ai_+1 t -ana;ag
Cabab;_lbn—l s b;biaiilai_l s -afalbo

~bi_1a;bi—1a; ~ Ny

and the embedding number of this case is also 2(n — 1).

If there are three twisted edges in E1 UFE5, Then the twisted edges must be the following two
combinations: {a;,a;41,b;} and {b;, bi11,a;+1}. Suppose a;, a;+1,b;(1 < i < n — 2) are twisted
edges and placed on the underside of the spanning tree. The untwisted edges a,, must be placed
on the upside. According to Claim3, the untwisted edges sequence a,, - - - a;42 are on the upside.
Therefore, the untwisted edge b;+1 will be interlaced with a;41 or a;42. It contradicts Theorem
3.1. Suppose a;,a;41,b;(2 <i <n—1) are placed on the upside of the spanning tree, similarly,
the untwisted edges sequence aj ---a;—1 must be placed on the underside. Therefore, the
untwisted edge b;—1 must be interlaced with a;_; or a;. It contradicts Theorem 3.1. Similarly,
If b;, bi41, 041 are twisted edges, contradiction will also happen.

So the embedding number of the Subcasel.4 on the projective plane is 4n — 4. The em-
bedding number of the Case 1 on the projective plane is 4n + 2.

Case 2 (g is twisted

In this case, semi-edges pair of each twisted edge can only be placed on the distinct side.
Otherwise, the twisted edge and ¢y will be parallel and contradicts to Theorem 3.1. There are
at most two twisted edges in F1 U Fs, otherwise there will exist two twisted edges and they are
parallel in the associated surface. According to whether ag and by are twisted, the embedding

can be classified into four subcases.
Subcase 2.1 ap, by are all twisted

If there are twisted edges in F; U Es, they can only be the following combinations:
ai,ai+1(1 < i <n—1)or bj,bit1(1 < i < n—2n > 2). In fact, among the untwisted
edges sequence b1bs - - - by—1, b1,b,—1 are all on the underside. If the sequence shift sides, then
it will shift sides two times continuously and a;,a;+1(1 < ¢ < n — 1) will be twisted edges.
similarly, b;, b;+1(1 <4 <n —2,n > 2) may be twisted edges in the same way.

If there are no twisted edges in F4 U Es, the untwisted edges sequence ajas - - - a,, must be
placed on the upside while the the untwisted edges sequence b1bs - - - b,,—1 must be placed on

the underside. the associated surface
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S = cobparay azay - -ana, apcoby b, _1bn_1--- b7 biag

~ Coboaocob()CLO ~ Nl.

The embedding number of this subcase on the projective plane is 2.

If a;,a;41(1 < i <n—1) are twisted edges, the joint tree is shown in Figure 7.

AN ST R N Ve
A N N

N by b Ay A by bni by

Figure 7: The joint tree of Subcase2.1(a;, a;4+1 are twisted)

The associated surface

s = Coboalal_ tee aiflai:laibibi_ai+1ai+2ai_+2 ce ana;ao
CObOb;_lbn—l e bi_+1bi+1aiai+1bi_71l)i_1 H 'bl_blao
~ coboa;a;y1aocoboaiai;iag ~ Ny
and the embedding number of this subcase on the projective plane is 2(n — 1).
If b;,bi41(1 <@ <n—2,n>2) are twisted edges, the joint tree is shown in Figure 8.

by a_ ar a & by b a, )

AN EY R W T
VAN N NG NN

N b1 b_ bn—l bn»l bO

Figure 8: The joint tree of Subcase 2.1(b;, b;j11 is twisted)

The associated surface

S = Coboalal_ cee aia;bi+1biai+2a;2 cee ana;ao
CObOb;Lflbn—l t -bi+1ai+1a;+1bib;_1bi_1 cee blbfao
~ cobobi+1biaocobobit1biag ~ Ny

and the embedding number of this subcase on the projective plane is 2(n — 2) = 2n — 4.

So The embedding number of subcase 1.2 on the projective plane is 4n — 4.
Subcase 2.2 ag is twisted, by is untwisted

As shown in Figure 9, the semi-edges pair of ap must be placed on the two distinct sides

and by be placed on the upside.
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If there is no twisted edges in F4 U Fs, then a; and a, can only be placed on the distinct
side. Then the untwisted edges sequence aias - - - a, will shift sides and contradict to Claim3.
So there are twisted edges in Fy U Fs. However, the twisted edges in Fy U FEs can only be
a1, Qn,by_1. Suppose a, is twisted, then aj,b,_1 are untwisted. Then the untwisted edges
sequence aias - - - a,—1 must be placed on the upside of the spanning tree. Therefore b,,_1; must
be on the underside and interlaced with a,. Contradiction happens.

If a1 is twisted, then a,,b,_1 are untwisted. The untwisted edges sequences b1bs - - - b, _1
and asas - - - a,, are placed on the upside and underside respectively. The joint tree is shown in
Figure 9:

NN
AN N =

dp a dy ay dn-1 dp-1 Ap ap

Figure 9: The joint tree of subcase 2.2(a; is twisted)

The associated surface

S = cpa1bob1by -+ - bn_1b,,_1by apcoa,, Gna, _1an_1 """ a5 G200

~ Coai1apCoaiagpg ~~ Nl.

If b,,—1 is twisted, then a1, a, are untwisted. The joint tree is shown in Figure 10.

by a_ & a1 .1 by by Qo

AV
u/&mJ\ A J\& uzjmnn

el bl b1 n-2 bn 2 bn— dy  ay

Figure 10: The joint tree of subcase2.2(b,,—1 is twisted)
The associated surface
S = cobparaj azay - - an—1a,_1by bn_1a0coa,, anbp_1b,_o5bn_o--- b7 biag
~ cobp—1a0c0bn—1a0 ~ Ny
and the embedding number of subcase2.2 on the projective plane is 4.
Subcase 2.3 ag is untwisted, by is twisted

Similarly, in this case, the twisted edges in F; U FEs can only be by or a,. If by is twisted,
the associated surface

S = cob0b1a0a2a2_a3a3_ tee ana;agcobobgflbn,lbgfzbn,g e b2_b2b1

~ Coboblcobobl ~ Nl.
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If a,, is twisted, the associated surface
S = coboapbiby baby - - - bp_1b,_iay ancobotna, _1an-1a,_9Gn_2---aj a1
~ cobpancoboay, ~ Ny
and the embedding number of Subcase 2.3 on the projective plane is 4.
Subcase 2.4 ag, by are all untwisted

ao and by must be placed on the distinct side of the spanning tree. If there are twisted
edges in F7 U E5, then the semi-edges of the twisted edge must be placed on the distinct side.
It will be interlaced with ag and bg. So the edges in Fy U E5 are all untwisted. However, the
untwisted edges a1 and a,, can only be placed on the distinct side. Then the untwisted edges
sequence aias - - - a, will shift sides at one vertex. Contradiction happens. So Subcase 2.4 can’t
be embedded on the projective plane.

Then the embedding number of Case 2 on the projective plane is 4n + 4.

Based on the above discussion, the embedding number of circular graph C(2n + 1)(n > 2)
on the projective plane is 8n + 6. O

Let n = 2, we obtain the following corollary:

Corollary 3.1 The embedding number of complete graph Ks on the projective plane is 22.
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Abstract: A Smarandachely k-signed graph (Smarandachely k-marked graph) is an ordered
pair S = (G,0) (S = (G, p)) where G = (V, E) is a graph called underlying graph of S and
oc: E — (e,€2,...,ex) (0 : V — (€1,€2,...,ex)) is a function, where each & € {+,—}.
Particularly, a Smarandachely 2-signed graph or Smarandachely 2-marked graph is called
abbreviated a signed graph or a marked graph. In this note, we obtain a structural char-
acterization of jump symmetric n-sigraphs. The notion of jump symmetric n-sigraphs was
introduced by E. Sampathkumar, P. Siva Kota Reddy and M. S. Subramanya [Proceedings
of the Jangjeon Math. Soc., 11(1) (2008), 89-95].

Key Words: Smarandachely symmetric n-sigraph, Smarandachely symmetric n-marked

graph, Balance, Jump symmetric n-sigraph.
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§1. Introduction

For standard terminology and notion in graph theory we refer the reader to West [6]; the non-
standard will be given in this paper as and when required. We treat only finite simple graphs
without self loops and isolates.

Let n > 1 be an integer. An n-tuple (a1, ag, ..., ay) is symmetric, if ax = ap—g+1,1 < k < n.
Let H, = {(a1,a2,...,a,) : ar € {+, -}, ar = an—g+1,1 < k < n} be the set of all symmetric
n-tuples. Note that H,, is a group under coordinate wise multiplication, and the order of H,, is
2™, where m = [§].

A Smarandachely symmetric n-sigraph (Smarandachely symmetric n-marked graph) is an
ordered pair S, = (G,0) (S, = (G,u)), where G = (V, E) is a graph called the underlying
graph of S, and ¢ : E — H,, (u:V — H,) is a function.

A sigraph (marked graph) is an ordered pair S = (G, o) (S = (G, n)), where G = (V, E) is
a graph called the underlying graph of S and ¢ : E — {+,—} (1 : V — {4+, —1}) is a function.
Thus a Smarandachely symmetric 1-sigraph (Smarandachely symmetric 1-marked graph) is a
sigraph (marked graph).

The line graph L(G) of graph G has the edges of G as the vertices and two vertices of L(G)

1Received April 21, 2010. Accepted June 12, 2010.
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are adjacent if the corresponding edges of G are adjacent.

The jump graph J(G) of a graph G = (V, E) is L(G), the complement of the line graph
L(G) of G (See [1] and [2]).

In this paper by an n-tuple/n-sigraph/n-marked graph we always mean a symmetric n-
tuple/Smarandachely symmetric n-sigraph/Smarandachely symmetric n-marked graph.

An n-tuple (a1, as, ..., a,) is the identity n-tuple, if ar, = +, for 1 < k < n, otherwise it is
a non-identity n-tuple. In an n-sigraph S,, = (G, o) an edge labelled with the identity n-tuple
is called an identity edge, otherwise it is a non-identity edge.

Further, in an n-sigraph S, = (G,0), for any A C E(G) the n-tuple o(A) is the product
of the n-tuples on the edges of A.

In [4], the authors defined two notions of balance in n-sigraph S,, = (G, o) as follows (See
also R. Rangarajan and P. Siva Kota Reddy [3]):

Definition 1.1 Let S, = (G, o) be an n-sigraph. Then,

(i) Sy, is identity balanced (or i-balanced), if product of n-tuples on each cycle of S, is
the identity n-tuple, and

(i) Sy, is balanced, if every cycle in S, contains an even number of non-identity edges.

Note An i-balanced n-sigraph need not be balanced and conversely.

The following characterization of i-balanced n-sigraphs is obtained in [4].

Proposition 1.1(E. Sampathkumar et al. [4]) An n-sigraph S, = (G, o) is i-balanced if, and
only if, it is possible to assign n-tuples to its vertices such that the n-tuple of each edge uv is

equal to the product of the n-tuples of u and v.

The line n-sigraph L(S,) of an n-sigraph S,, = (G,0) is defined as follows (See [5]):
L(S,) = (L(G), "), where for any edge ee'in L(G), o’'(ee’) = a(e)o(e’).

The jump n-sigraph of an n-sigraph S, = (G,0) is an n-sigraph J(S,) = (J(G),d’),
where for any edge ee’ in J(S,), o’'(ee’) = o(e)o(e’). This concept was introduced by E.
Sampathkumar et al. [4]. This notion is analogous to the line n-sigraph defined above. Further,
an n-sigraph S, = (G, o) is called jump n-sigraph, if S,, = J(S},) for some signed graph S’.
In the following section, we shall present a characterization of jump n-sigraphs. The following
result indicates the limitations of the notion of jump n-sigraphs defined above, since the entire

class of i-unbalanced n-sigraphs is forbidden to be jump n-sigraphs.

Proposition 1.2(E. Sampathkumar et al. [4]) For any n-sigraph S, = (G,0), its jump n-
sigraph J(Sy,) is i-balanced.

82. Characterization of Jump n-Sigraphs

The following result characterize n-sigraphs which are jump n-sigraphs.

Proposition 2.1 An n-sigraph S, = (G, o) is a jump n-sigraph if, and only if, S, is i-balanced
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n-sigraph and its underlying graph G is a jump graph.

Proof Suppose that S, is i-balanced and G is a jump graph. Then there exists a graph
H such that J(H) = G. Since S, is i-balanced, by Proposition 1.1, there exists a marking
u of G such that each edge uv in S, satisfies o(uv) = p(u)u(v). Now consider the n-sigraph
S! = (H,o'), where for any edge e in H, ¢’(e) is the marking of the corresponding vertex in
G. Then clearly, J(S],) = S,,. Hence S,, is a jump n-sigraph.

Conversely, suppose that S,, = (G, 0) is a jump n-sigraph. Then there exists a n-sigraph
S! = (H,o') such that J(S/) = S,,. Hence G is the jump graph of H and by Proposition 1.2,
S,, is i-balanced. O
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Abstract: Let G(V, E) be a graph with p vertices and ¢ edges. A vertex labeling of G is
an assignment f : V(G) — {1,2,3,...,p + ¢} be an injection. For a vertex labeling f, the
induced Smarandachely edge m-labeling f§ for an edge e = wv, an integer m > 2 is defined
by
« u)+ f(v
fito - [{2502],

m
Then f is called a Smarandachely super m-mean labeling if f(V(G))U{f*(e):e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

f(u);rf(v) if f(u) + f(v) is even;

fre) = W if f(u)+ f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean
graph if m = 2. In this paper, we discuss two kinds of constructing larger mean graphs. Here
we prove that (Pm;Cn)m > 1, n > 3,(Pm;Q3)m > 1, (Pan; Sm)m > 3, n > 1 and for any
n > 1 (Pn;S1), (Pn; S2) are mean graphs. Also we establish that [Pp,;Cr]lm > 1, n > 3,
[Pm; Qs]m > 1 and [Pr; C’r(zz)]m > 1, n > 3 are mean graphs.

Key Words: Labeling, mean labeling, mean graphs, Smarandachely edge m-labeling,

Smarandachely super m-mean labeling, super mean graph.

AMS(2000): 05C78

81. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. A path on n vertices is denoted by P, and a cycle on n
vertices is denoted by C,,. The graph P x P» x P; is called the cube and is denoted by Q3. For

notations and terminology we follow [1].

1Received March 26, 2010. Accepted June 18, 2010.
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A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p + ¢} be an injection.
For a vertex labeling f, the induced Smarandachely edge m-labeling f& for an edge e = uv, an
integer m > 2 is defined by

50 = |

Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

416

m

Fo={ oz s )i een
JOIRIQIELif f(u) + f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean

graph if m = 2. The mean labeling of the Petersen graph is given in Figure 1.

Figure 1

A super mean labeling of the graph K» 4 is shown in Figure 2.

Figure 2

The concept of mean labeling was first introduced by Somasundaram and Ponraj [2] in
the year 2003. They have studied in [2-5,8-9], the meanness of many standard graphs like
P,,Cy, K, (n < 3), the ladder, the triangular snake, K1 2, K1 3, K2, Ko+mK7, KS+2Ks, S+
K1,Cy U Py(m > 3,n > 2), quadrilateral snake, comb, bistars B(n), Bpt1,n,Bn+an, the
carona of ladder, subdivision of central edge of B, , subdivision of the star Ki ,(n < 4), the
friendship graph C'?EQ), crown Cp, ® K1, 07(12), the dragon, arbitrary super subdivision of a path
etc. In addition, they have proved that the graphs K,,(n > 3), K1,n,(n > 3), Bymn(m > n +2),
S(Kin)n >4, Cét)(t > 2), the wheel W,, are not mean graphs.
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The concept of super mean labeling was first introduced by R. Ponraj and D. Ramya
[6]. They have studied in [6-7] the super mean labeling of some standard graphs. Also they
determined all super mean graph of order < 5. In [10], the super meanness of the graph Cs,
for n > 3, the H-graph, Corona of a H-graph, 2-corona of a H-graph, corona of cycle C,, for
n > 3, mCp-snake for m > 1,n > 3 and n # 4, the dragon P,(C,,) for m > 3 and m # 4 and

Cin X Py, for m = 3,5 are proved.

Let C,, be a cycle with fixed vertex v and (P,,; C,) the graph obtained from m copies of
C,, and the path P, : ujus . . . u,, by joining u; with the vertex v of the i*" copy of C,, by means
of an edge, for 1 <i < m.

Let Q3 be a cube with fixed vertex v and (Py,; Q3) the graph obtained from m copies of Q3
and the path P,, : ujus...u, by joining u; with the vertex v of the ith copy of @3 by means
of an edge, for 1 <i < m.

Let Sy, be a star with vertices vg, v1, va, . .., Uy, Define (Pay; Sp) to be the graph obtained
from 2n copies of S, and the path P, : ujus...u, by joining u; with the vertex vy of the
4" copy of S, by means of an edge, for 1 < j < 2n, (P,;S;) the graph obtained from n copies
of Sy and the path P, : ujus...u, by joining u; with the vertex vy of the j** copy of S; by
means of an edge, for 1 < j <n, (P,;S2) the graph obtained from n copies of S2 and the path
Py, : ujusg . .. uy by joining u; with the vertex vy of the j* copy of Sz by means of an edge, for
1<j<n

Suppose C,, : v1vg...v,v1 be a cycle of length n. Let [P,,; C,] be the graph obtained from
m copies of C,, with vertices vi,,v1,,...,v1,,V2,,...,V2,,-.+, Umy,- .., VUm, and joining v;; and

v;+1; by means of an edge, for some j and 1 <7 <m — 1.

Let Q3 be a cube and [Py,; Q3] the graph obtained from m copies of Q3 with vertices
Vs Vlgs vy Vlgy U213 U205« 5 V25« « « 3 Uy Uiy - - - s Umyg and the path P, : ujus . .. uy, by adding

the edges v1,v2,,V2,V3,, .., Um—1,Vm, (i.6) v;;0;41,,1 <i<m—1.

Let 07(12) be a friendship graph. Define [Py,; C,(f)] to be the graph obtained from m copies
of 07(12) and the path P,, : ujusz...u,, by joining u; with the center vertex of the i*" copy of
C,(f) for 1 <i<m.

In this paper, we prove that (P,; Cp,)m > 1,n > 3, (Py; Q3)m > 1, (Poy; Sm)m > 3,n > 1,
and for any n > 1(P,;S1), (Pn; S2) are mean graphs. Also we establish that [P,,; Cy]Jm > 1,
n >3, [Pn;Qs]m > 1 and [Ppy; Cff)]m > 1,n > 3 are mean graphs.

§2. Mean Graphs (P,,;G)

Let G be a graph with fixed vertex v and let (P,,; G) be the graph obtained from m copies of
G and the path Py, : ujus . .. u,, by joining u; with the vertex v of the i** copy of G by means
of an edge, for 1 <i < m.

For example (Py; Cy) is shown in Figure 3.
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Figure 3

Theorem 2.1 (P,,;C,) is a mean graph, n > 3.

Proof Let v;,,v;,,...,v; be the vertices in the i*" copy of C,,,1 < i < m and uy, uz, ...

be the vertices of P,,. Then define f on V(P,,;C,,) as follows:

2k if n is even
Take n =
2k +1 if n is odd.
n+2)(i—1 if 7 is odd
Then f(u;) = ( I )

(n+2)i—1 if 7 is even
Label the vertices of v;; as follows:

Case (i) nis odd
When i is odd,
floi))=n+2)(i-1)+2j-1,1<j<k+1
figer)) = +2)i—2j+1,1<j<k1<i<m.
When i is even,
flvi) = (n+2)i—2j,1<j <k,
f(vik+j):(n+2)(i_1)+2(j_1)71Sjgk"’_lvlgigm

Case (ii) n is even
When i is odd,
floy)) =n+2)(i-1)+2j-1,1<j<k+1
f@ig)) =(n+2)i=2j,1<j<k-1L1<i<m
When i is even,
foi) = (n+2)i—2j,1<j<k+1
fi ) =n+2)(i—-1)+2j+1,1<j<k-11<i<m
The label of the edge wju;t+1 is (n+ 2)i, 1 <i<m — 1.
(mn+2)(i—1)+1  ifiisodd,

The label of the edge u;v;, is
(n+2)i—1 if 7 is even

71

aum
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and the label of the edges of the cycle are
m+2)i—1,(n+2)i—2,...,(n+2)i—n ifiis odd,
n+2)i—2,(n+2)i—3,...,(n+2)yi—(n+1) ifiis even.

For example, the mean labelings of (Ps; Cs) and (Ps; Cg) are shown in Figure 4.

13 14 27 28 41
12 15 26 29
10 11 17 18 24 25 31 32 38
7 9 19 20 21 23 3 34 35
0 15 16 31 32
1 14 17 30 33
3 4 12 13 19 20 g 29 3
5 6
10 11 21 22 26 27 37
7 8 23 24 39
Figure 4

Theorem 2.2 (P,,;Qs3) is a mean graph.

Proof For 1 < j < 8, let v;; be the vertices in the ith copy of Q3,1 < i < m and

U1, U, . . . , Uy be the vertices of Py,.

Then define f on V(P,,; Q3) as follows:

14; — 14 if 7 is odd
fui) =

147 — 1 if 7 is even.

When 7 is odd,

flvy,)=14i—13, 1<i<m
floi)=14i—13+j, 2<j<4,1<i<m
flui,)=14i—5, 1<i<m
flo,)=14i—9+j, 6<j<81<i<m
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when ¢ is even,

flui;))=14i-1-j, 1<;j<3,1<i<m
fvi,) =14i—6,1<i<m
flui)) =14i=5-35,5<j<7,1<i<m
flug)=14i—14,1<i<m

The label of the edges of P, are 144, 1 <i <m — 1.

14¢ — 13, if 4 is odd
The label of the edges of u;v;, =

147 — 1, if ¢ is even
The label of the edges of the cube are

14i —1,14i — 2,...,14i — 12 if i is odd,

14i —2,14i — 3,...,14i — 13 if i is even.

For example, the mean labeling of (Ps5; Q3) is shown in Figure 5. O
16 44
14 Q\ 22 42 50
2 54
0 28 56
. 55

7 N /N

A

Figure 5

Theorem 2.3 (Pa,; Sm) is a mean graph, m > 3,n > 1.

Proof Let ui,uz, ..., uz, be the verfices of Pa,. Let vo,,v1,,v2;,v3;,...,vm, be the vertices
in the 5" copy of S,,,1 < j < 2n.

Label the vertices of (Pay,;Sy,) as follows:
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fluzjs 2m+4)j, 0<j5j<n-1,

[ (uz;
(U02j+1

(v02]

2m+4)7—1, 1< 5 <n,
j+1, 0<53<n~—-1,

.7_27 1§]§TL,

2m + 4

2m+ 4

2m+4)7+ 2, 0<j<n—-1,1<:<m

(vl2g+1

(1)12]

(
(
(
(
(
(

— — ~— ~— ~— ~—

)=
)
)
)
)
)

2m+4)(j—1)+2i+1, 1<j<n,1<i<m

The label of the edge uju;11 is (m+2)j,1<j<2n-1
The label of the edge ujv; is

(m+2)G—1)+1, ifjisodd
(m+2)j —1, if j is even

The label of he edge vo,v;; is

m+2)G-1)+i+1, ifjisodd,1<i<m
(m+2)(j—1)+1, if jiseven,1<i<m
For example, the mean labeling of (FPs;S5) is shown in Figure 6. O

14 27 28 41
dz{:b dﬁlib/ﬁi\ d;%;b dfgi:b df{:b
18 20 22 24

7 9 11! 17 19 21 23 25 3032 34 36 38 3133 35 37 39

Figure 6

Theorem 2.4 (P,;S1) and (P,;S2) are mean graphs for any n > 1.

Proof Let wi,ug,...,un, be the vertices of PF,. Let w,,v0,,...,0, and

n

V1,,V1,,- .-, V1, be the vertices of Sj.
Label the vertices of (P,;S1) as follows:

37 —3 ifjisodd, 1<j<n
fluz) =

3i—1 ifjiseven, 1 <j<mn
floo)=3j-2 1<j<n

3j—1 ifjisodd, 1<j<n
f(vlj):

37 —3 if jiseven,1<j<n
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The label of the edges of P, are 35,1 <j<n—1.

. 37 — 2, if 7 is odd
The label of the edges u;vo; is
3ji—1, if j is even

) 3j—1, if j is odd
The label of the edges v, V1, IS
3j—2, if j is even

Let vo,,v0y, -+ ,00,, V1, Vigs - - -,01, and va,,va,,...,v2, be the vertices of Ss.
Label the vertices of (P,;S2) as follows:

45 —4 ifjisodd, 1<j<n
flug) =

45 —1 if jiseven, 1 <j<n
flvo;) =4j—-2, 1<j<n

47 -3 if jisodd, 1 <j <n,
f(vlj):

45 —4 if jiseven, 1 <j <m,

47 -1 if jisodd, 1 <j <n,
f(ij):

47 -3 if jiseven, 1 <j <m,

The label of the edges of P, are 45,1 <j<n-—1
. 45 — 3, if 7 is odd
The label of the edges u;vo; is
45 —1 if j is even

) 45 — 2, if j is odd
The label of the edges v, V1, IS
45 — 3, if j is even

. 45 -1, if 7 is odd
The label of the edges vo, v, is
45 — 2, if j is even

For example, the mean labelings of (Pr; S1) and (Fs; S2) are shown in Figure 7.

0 5 6 11 12 17 18

Figure 7

75
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§3. Mean Graphs [P,;G]

Let G be a graph with fixed vertex v and let [P,,; G| be the graph obtained from m copies of
G by joining v;; and v;11; by means of an edge, for some j and 1 <i <m — 1.

For example [Ps; C3] is shown in Figure 8.

Figure 8

Theorem 3.1 [P,,;Cy] is a mean graph.

Proof Let ui,usg, ..., Uy, be the vertices of P,,. Let v;,,v;,,...,v;, be the vertices of the
it" copy of Cp,1 < i < m and joining ’Uij(z u;) and viyq, (= u;4+1) by means of an edge, for
some j.

Case (i) n=4t,t=1,2,3,...
Define f : V([Pn;Cy]) — {0,1,2,...,q} by

flog)=m+1)(E-1)+2(j-1),1<j<2t+1
f(vi2t+1+j):(n+1)i_2j71§j§2t_171§i§m

The label of the edge v, vit1,,,, 15 (0 +1)i,1 <4 < m — 1. The label of the edges of
the cycle are (n+1)i—1,(n+1)i —2,...,(n+1)i—n,1 <i <m.

For example, the mean labeling of [Py; Cs] is shown in Figure 9.

13 22 31
1 15 2 24 2 33
1718 2627 35
12 16 21 25 30 34
5 14 23 32
Figure 9

Case (ii) n=4t+1,t=1,2,3,...
Define f : V([Pn;Cy]) — {0,1,2,...,q} by
floiy) =+ -1),1<i<m
fi,))=Mnm+1)(-1)+2j-1,2<j<2t+1,1<i<m
f(vi(2t+1+j)) = (n+ 1)Z - 2.771 S]



New Families of Mean Graphs 77

The label of the edge vi,,, vit1,,, 18 (n +1)i,1 < i < m — 1. The label of the edges of the
cycleare (n+1)i—1,(n+1)i—2,...,(n+1)yi—n,1 <i<m.
For example, the mean labeling of [FPgs; C5] is shown in Figure 10.

2 3 s 2 7 3
OQS 6 1 17 4 23, 29 35
2 4 g 10 14 16 20 22 26 28 3, 34

Figure 10

Case (iii) n=4t+2,t=1,2,3,...
Define f : V([Pn;Cy]) — {0,1,2,...,q} by

fg)=n+1)(GE-1),1<i<m
fi,))=Mm+1)iE-1)+2j-1,2<j<2t+1,1<i<m
f(vi(2t+1+j)) =n+1)0i—2j+1,1<j<2t+1,1<i<m
The label of the edge vi,,, vi+1,,,, 18 (n +1)i,1 < i < m — 1. The label of the edges of the
cycleare (n+1)i—1,(n+1)i—2,...,(n+1)i—n,1<i<m.

For example, the mean labeling of [Ps; Cs] is shown in Figure 11.

: 10 Y 2 3
0 55 12 4, 19 5 26 Hg 33
2 6 o9 13 16 20 »3 27 30 34
4 11 18 25 32

Figure 11
Case (iv) n=4t—-1,t=1,2,3,...
Define f: V([Pn; Cy]) — {0,1,2,...,q} by
fog)=Mm+D(E-1)+2(j-1),1<j<2,1<i<m
fig ) =(+1)i—2j+1,1<j<2t-1,1<i<m

The label of the edge vi,,,, Vit1,,,, 18 (n+ 1)i,1 <4 < m — 1. The label of the edges of the
cycleare (n+1)i—1,(n+1)yi—2,...,(n+1)i—n,1<i<m.

For example, the mean labeling of [Pr; C3] is shown in Figure 12. O
szbszbéfib[fibéfibéfibéfib
0 3 14 7 8 11 12 15 16 19 20 2324 27

Figure 12



78 Selvam Avadayappan and R. Vasuki

Theorem 3.2 [P,; Q3] is a mean graph.

Proof For 1 <j <8, let v;; be the vertices in the ith copy of Q3,1 < i < m. Then define
f on V[P,,; Q3] as follows:
When i is odd.

When 7 is even.

flo,)=13i—j,1<j<3,1<i<m
f(v,)=13i—5,1<i<m
floi)=13i—j—4,5<j<T7,1<i<m
fluy) =13i —13,1<i<m

The label of the edge vi, v(i1y, is 13i,1 < ¢ < m — 1. The label of the edges of the cube are
13t —-1,13: —2,...,13:1 — 12,1 < i < m.
For example the mean labeling of [Py; Q3] is shown in Figure 13. O

0 25

Figure 13

Theorem 3.3 [P; 01(12)] is a mean graph.

Proof Let uy,uq,...,u, be the vertices of P,, and the vertices u;,1 < i < m is attached
with the center vertex in the i*" copy of C,(f). Let u; = v;, (center vertex in the i** copy of
).

Let v;; and véj for 1 <i<m,2<j<n be the remaining vertices in the ith copy of 07(12).

Then define f on V[P, 01(12)] as follows:

2k if n is even

2k+1 if n is odd.
Label the vertices of v;; and v;  as follows:

Take n =

Case (i) When n is odd
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Case (ii) When n is even

flo,)=@2n+1)i—(n+1)—2(G(—-1),1<j<k+1
Ji ) =0Cn4+1)i—2(n—-1)+2(j —1),1<j<k-1,1<i<m
f)=@n+1)i-(n-1)+2(j-2),2<j<k+1
f(vgmﬂ,):(2n+1)i—2—2(j—1),1gjgk—l,lgigm

The label of the edge u;ui+1 is (2n+ 1)i, 1 <4 < m — 1 and the label of the edges of 07(12) are
2n+1)i—1,2n+1)i—2,....,2n+1)i —2n for 1 <i < m.

For example the mean labelings of [Py, 06(2)] and [Ps, CP(,Q)] are shown in Figure 14. O
12 25 38 51
2 24 3 37
21 2 34 35
18 17 3 30
16 15 29 28
0 13 26 39
5 6 12 13 19 20 26 27 33 34
3 10 17 24 31
0 2 7 ° 14 16 21 23 28 30

Figure 14
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Abstract: Let G be a graph of size ¢ and a,n,d be positive integers for which g[Qa +

n+1
2
decomposition ((a,d)-ASD) if the edge set of G can be partitioned into n-non-empty sets

(n—1d < q<

[2a + nd]. Then G is said to have (a,d)-ascending subgraph

generating subgraphs G1,G2,Gs,...,G, with out isolating vertices such that each G; is
isomorphic to a proper subgraph of Giy1 for 1 <i<n—1and |E(G;)| =a+ (i — 1)d. In
this paper, we find (a,d)-ASD for Ky, Km,» and for product graphs.

Key Words: ASD, (a,d)-ASD, Smarandachely (P, Q)-decomposition, Smarandachely

(a, d)-decomposition.
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§1. Introduction

By a graph we mean a finite undirected graph without loops or multiple edges. A wheel on p
vertices is denoted by W,. A path of length ¢ is denoted by FP;11. A graph obtained from two
graphs G1 and G2 by taking one copy of G; (which has p-vertices) and p copies of G2 and then
joining the it" vertex of G to every vertex of the i*" copy of Gy is denoted by G ® Gy. Terms
not defined here are used in the sense of Harary [4]. Throughout this paper G C H means G is
a subgraph of H.

Let G = (V, E) be a simple graph of order p and size ¢. If G1,Ga, ..., G, are edge disjoint
subgraphs of G such that E(G) = E(G1) UE(G2)U---UE(G,,), then {G1,Ga,...,Gy} is said
to be a decomposition of G.

The concept of ASD was introduced by Alavi et al. [1]. The graph G of size g where

n+1 n+2 L . . .
<g< , is said to have an ascending subgraph decomposition (ASD) if

2 - 2

1Received May 20, 2010. Accepted June 25, 2010.
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G can be decomposed into n-subgraphs G1, Ge, ..., G, without isolated vertices such that each
G is isomorphic to a proper subgraph of G;41 for 1 <i <n — 1. We generalize the concept of
ASD as follows:

Definition 1.1 A graph G has a Smarandachely (P, Q)-decomposition for graphical properties P
and Q, P C Q if the edge set E(G) can be partitioned into non-empty sets generating subgraphs
H € P without isolating vertices such that each such H is isomorphic to a proper subgraph
of J € Q. In particular, we define a Smarandachely (a,d)- decomposition is a Smarandachely
(P, Q)-decomposition, where P = {G;/|E(G;)| = a+ (j —1)d} and Q = P = {Gj4+1/G; € P
and |E(Gj41)| = a + jd} into subgraphs Gi1,Ga,...,G,.

In other words G is a simple graph of size ¢ and a,n,d are positive integers for which
1
g[Qa +(n—-1)d <qg< (%) [2a 4+ nd]. Then (a,d)-ascending subgraph decomposition
((a,d) — ASD) of G is the edge disjoint decomposition of G into subgraphs Gi1,Ga,...,Gy,
without isolated vertices such that each G; is isomorphic to a proper subgraph of G;;q for
1<i<n-—1and |E(G;)] = a+ (i —1)d. The following theorems will be useful in proving
certain results in Section 2.

) n+1 n -+ 2
Theorem 1.2([1]) Let G be a graph of size q, where <g< for some
2 2
positive integers n, such that G has an ascending subgraph decomposition G1,Gas, ..., Gy such
n
that G; has size it for 1 <i<n—1 and G, has size ¢ —
2

Theorem 1.3([2]) C,, x C,, is decomposed into two Hamilton cycles if n is odd.

Theorem 1.4([2]) K, is (i) decomposed into g—Hamilton cycles if n is odd. (i) decomposed

1
into {%J -Hamilton cycles and a 1-factors if n is even.

§82. Main Results

Definition 2.1 Let G be a graph of size q and a,n, d be positive integers for which (g) [2a+(n—

1
1)d <¢g< (%) [2a +nd]. Then G is said to have (a,d)- ascending subgraph decomposition

((a,d)—ASD) if the edge set of G can be partitioned into n non-empty sets generating subgraphs
G1,Ga, ..., G, without isolated vertices such that each G; is isomorphic to a proper subgraph
of Giy1 for 1 <i<n—1 and |E(G;)| =a+ (i —1)d.

Remark 2.2 From the above definition, the usual ASD of G coincides with (1,1)-ASD of G.

Example 2.3 Consider the Graph G.
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Us V4
G .”\r\ /'V3
V1 (%)
Vs V4
V4 Us
U, Ut V3
Vg U1 2 U1 V2
Gl G2 G3
Fig.2.1

Clearly, {G1,G2,G3} is a (1,2)-ASD of G.

1
Theorem 2.4 Let G be a graph of size q, where (g) [2a+(n—1)d] < g < (%) [2a+nd] for

some positive integer n, such that G has (a,d)- ASD, then G has an (a,d)-ASD G1,Ga,...,Gy

-1
such that G; has size a+ (i —1)d for 1 <i<n—1 and G,, has size q— (nT> [2a+ (n—2)d].

The following number theoretical result will be useful for proving further results.

Lemma 2.5 Given that the numbers a,a + d,a+2d,...,a+ (n — 1)d are in A.P (a,d € Z).

Then their sum is

+1
(i) Sp=(a—d)n+d " ifd<a and
2

1
Gi) Su=al| "7 | 1d—ay| " | ifd>a
2 2

83. (a,d)-ASD on Complete Graphs and Complete Bipartite Graphs
Theorem 3.1 K, 1 has (a,d)-ASD if and only if a =1,d = 1.

Proof Suppose the graph K41 has (a,d)-ASD G1,Ga,...,Gy, with |E(G;)| = a+ (i —1)d,
for1 <i<n.

n+1 n
By (ii) of Lemma 2.5, ¢(K,+1) = a + (d—a) . Also since ¢(K,41) =
2 2
n+1
,we have a =1 and d = 1. O
2

As it was mentioned in [3] that the complete graph K, 1 with (n+ 1) vertices could easily
be proved to have a star ASD and a path ASD, The converse follows.

Theorem 3.2 K, , has (a,d)-ASD, d > a if and only ifa =1 and d = 2.
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Proof Suppose the graph K, ,, admits (a,d) — ASD, d > a. If the graph K, , admits

+1
(a,d) — ASD G1,Gs,...,Gn then by (ii) of Lemma 2.5, we have |E(K, )| = a "
2
(d—a)
+1
Also, |E(Kp )| =n%= " + " , 50 we have a = 1 and d = 2.
2 2

Conversely, suppose a = 1,d = 2.
Case (i) When n is even, n =2k, k € Z*.

Then K, , can be decomposed into k-hamilton cycles Hy, Ha, ..., Hy. Now, decompose the
hamilton cycles H; into paths G; and G,,_(;_1 of length 2 —1 and 2n — (2i — 1) for 1 <i < k.
Clearly, {G1,Ga,...,Gy} is the required (1,2)-ASD of K, ,.

Case (ii) When nisodd, n=2k+1,ke Z+.

Let (X,Y) be the bipartition of K, ,, where X = {z1,22,...,20}, Y = {y1,92,.- -, Yn}-
Define Hi = {(zp,y;) : j = n—2}. For2 <i <n-—1, define H; by Hp41-; = {(2s,y;) : j = 2i—2
toi+n—2}U{(xj,yitj—2) : j =17+ 1 to n}, where addition is taken module n with residues
1,2,3,...,n instead of the usual residues 0,1,2,...,n— 1. H, = {(z1,yx) : k=1,2,...,n} U
{(zj41,y;) 1 1 <j<n-—1}. Clearly, {H1,Hs,...,Hp} is a (1,2) — ASD of K, . O

Example 3.3 Consider the graph K7 7. Let (X,Y) be the bipartition of K77 where X =

{fl,$2,$3,$4,$5,.’[]6,$7}, Y = {y17y27y37y47y57y67y7}'

v /\ /h
1
y6 @ {h\yl

Ts T X7 T4 T5 L6
Y36Yaq Yse Yo Y1y Yo ¥ yss Y49 yseyg
r3 T4 x5 L6 Tr T3 1y x5 Te L7
Hg Hy

Fig. 3.1
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Clearly, {Hl,HQ,H37H4,H5,H6,H7} is a(l, 2) — ASD of K7)7.

Theorem 3.4 K, ,(n > 1) admits (a,d)—ASD,d < a if and only if n = 2a—1 andd = 1,a > 1.

Proof Suppose the graph K, ,(n > 1) admits (a,d) — ASD where d < a, then by (i)

Lemma 2.5, we have |E(K, )| = (a —d)n +d . Also, |E(K,, )| = n% Therefore,
+1

n?=(a—dn+d " and so (2 — d)n* = (2a — d)n. Then n = 2=4
2

a > d, we have 2 —d > 0. Then d = 1 and a > 1. Hence n = 2a — 1.

Conversely, Suppose n = 2a —1,d =1 and a > 1. Let (X,Y") be the bipartition of K, ,
where X = {z1,22,..., 20}, Y = {y1,¥2,- -, Un}-

Define Ty,—j—1 = {(zj,y:) : 1 <@ < n}pU{(yimjt1,25) : "HJH <i<n}wherel j < 2=

and Tj = {(z+n—j+1,y):1<i<21+j} where 1 <j < 21 Clearly, {Tl,TQ,...,
is the required (a,1) — ASD of K, .

Di

Example 3.5 Consider the graph K55. Let (X,Y) be the bipartition of K55 where X =

{xl,IQ,I3,$4,$5} and Y = {y17y25y35y47y5}' ClearlYa {T17T27T35
T4,T5} is a (3, 1) — ASD of K5)5.

Is5 T4

Y1 Y2 Y3 Y1 Y2 Y3 Ya
z3

Y1 Y2 Y3 Ya Ys

T3
€2 €
i Y2 Y3 Y Ys Yyr Y2 Y3 Y Y5
Is T4 I5
T4 T5

Fig. 3.2
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84. (a,d) — ASD on Product Graphs
In this section, we prove some product graphs admit (a,d) — ASD.

Theorem 4.1 C,, x Cy,(n > 3) has (2,4) — ASD when n is odd.

Proof Note that |E(C,, x C,)| = 2n? and |V(C,, x Cy)| = n?. By Theorem 1.2, The
graph C,, x C,, (n-odd) can be decomposed into two Hamilton cycles C; and Cq of length n?

respectively.
Case (i) When n = 2k + 1,k = 1(mod 2).

Let P, = C1 — (v,2) and P» = Cy — (v,y) where v,z,y € V(C,, x Cy,) and x # y. First,
define P; = (axvy) when k = 3, decompose the path P; into paths P; of length (4i — 2),6 <

1 < 7 and decompose the path P, into paths P; of length (4i — 2),2 < ¢ < 5. For, k > 4,
decompose the path P; into paths P; of length (4 — 2), where 2 < ¢ < k — L%J — 1 and

k k
2 (2 — {§J> + {iJ + 1 <i <n. Also decompose the path P, into paths P; of length (4i — 2),
where | k — 3 <i<2|k- 3 + 5| This is possible because of
k— LgJ -2 n—1
LPy= > (2+4))+ > (2 4 47)

= =2t (a5 +i- [ 4])s

S (|
LD (o (o (2 (k- |E])+ [£]) ) 4 2]
oo (8] (o )+ (5 (o 3])

k k k| k k|2
=92k? — 4k —4k |~ | +4|=|+2|= 24+8k+8k|=|—-2]=
B G ERERS S R

= 2k% + 4k 4+ 2 + 4k EJ +4EJ
=2k* + 4k +2+2k(k— 1) +2(k — 1)

= 4k% + 4k
=@2k+1)?—-1=n?~-1

o= (152 (o (- 5 )9)
wenfaselg )

=(k+1)(6k—2k)=(2k+1)2-1=n%—-1.
From the above construction, clearly, { Py, P, ..., P,} is a (2,4) — ASD of C,, x C,,.
Case (ii) When n =2k + 1,k = 0(mod 2).
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Let P{ = C1 — (v,z) and Py = Cy — (v,y) where v,z,y € V(C,, x Cy) and x # y. First
define P, = (zvy), then decompose the path P| into paths P, of length 6 and P; of length
(24+45),4<j<n-—1and j=0,1(mod 4) and also decompose the path P, into paths P; of
length (2 +4j),2 < j<n—1and j =2,3(mod 4). This is possible, since

L(P) =6+ ni: (2+47)

j=4
j=0,1(mod 4)

n—1 n—1
=6+2 > 1+4 D
j=4 j=4
7=0,1(mod 4) 7=0,1(mod 4)
2k 2k
=6+2 > 1+4 >
j=4 j=4
7=0,1(mod 4) 7=0,1(mod 4)

=6+2k—1)+ @E*+2k—4) =2k +1)*-1=n%—1

and
n—1
L= > (2+4))
j52,3j(?r?,od 4)
2k 2k
=2 ) 1+4 j
j=2 Ji=2
7=2,3(mod 4) 7=2,3(mod 4)
2k
=2k+4 )
j=2
j=2,3(mod 4)
=2k + (2k +4K*) = 2k +1)* =1 =n? — 1.
As in the case clearly, {Py, Ps,...,P,} is a (2,4) — ASD of C,, x C,,. |

Theorem 4.2 P,iq X P41 with size ¢ = 2n(n+ 1) admits (4,4) — ASD.

Proof Let G = P41 X Py41. Define W; ; = (u;,v;), where 1 < 4,7 <n+1 and also define
V(G) = Wiy :1<4,j <n+1}, [E(G)| = 2(n? +n).
Case (i) n=3(mod 4),n=4m —1(m e Z™1).

First define, G, = {(W;;,Vij4+1) 1 1 <i<4,1<j <n} and define for 1 <k < "T’B.

Gy :{(Wiyj,‘/iyj+1)li:4k—|—1,1 <7 §4k}
Gn_i = {(Wi)j,Wi)j+1) =4k +1,4k+1 < j <nand
Mk +2<i<A(k+1),1<j<n)

n—3
T

Also, define for 1 < £ < "TH and k =
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Gear ={(Wi;,Viz1,):j=4L—-3,1<i<n and
j=4L-2,1<i<AL -3}
Goeoony = {(Wij, Wis1) 1 4L —2<i<n,j=4L — 2 and
1<i<ndAL—1<j<A4L}

Clearly, {G1,G2,...,G,} is a (4,4) — ASD of P11 X P,41 (See Fig. 4.1).

11 s .
* & &+ & 0 @ A 4
o o o o+ o & & Lo

LK)
¢ 4 & & &+ & & & [
— o+ + + o+ & + ¢

I 1
Sussesinusn g - -9 - - § - @ + +

| ]
- - ¢ '
- - v
- - - ----0--0- T
W1 Yaa .

|

L]

W
mul 88
-- O
& ¥ i , -
— ‘:'.3 % GE 1 G3 ! Gy | Us
Psx Pg
Fig. 4.1

Case (ii) n = 0(mod 4),n = 4m(m € ZT).

First define, Gy, = {(W, ;, Wi j+1) : 1 <i<4,1 < j <n} and define for 1 < k < "7_4.

Gr ={(Wij, Wijp1) i =4k +1,1 < j < 4k}
Gn_i = {(Wi7j7Wi,j+1) i=4k+1,4k+1 < j <n and
dk+2<i<4(k+1),1<j<n}

DeﬁneforlgﬁgnT_‘landp:"T_‘l.

Gript1 ={(W; j,Wig1,) 7 =4L,1<i<nand
j=4L+1,1<i<4L)
Gr—(cqp1) = A1Wij,Wig1j) 4L+ 1<i<n,j=4L+1 and
1<i<nAL+2<j<4l+3}
Gpr1) = {A(Wij, Wiy15) i =n+1,1<j <n} and
Grn(pr) = {(Wij, Wig15) 11 <i<n,1 <5 <3}
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Finally define G, /o = {(Wi j, Wiy1,5) : 1 <i <n,n < j <n+1}. From the above construction
clearly, {G1,Ga,...,G,}is a (4,4) — ASD of P11 X Pn41 (See Fig. 4.2).

w,
; W, 11 "
vvl_l 19 1,9

e e S e e ]
> - - —

3
-+t --— -0 3
- t-s----a-s t 4
R
; W, o + o
Wio 9.9 *
w
19 Yoo
st Gy v G ,
--6 —g0 £ to 19 |0

Pyx Py

Fig 4.2

Case (iii) n = 1(mod 4),n = 4m + 1(m € ZT).
First define,
Gn ={(W; j AW, jWit1,;) :i=1,j =1}
U{(W; i a Wi Wy i a Wiy W iWig1 ) 12 < i< n}
U {(Wi)j_leWi_l,j) t=n+1,5=n+ 1}

-5
Define for 1 <r < n

angr = {(Wi)j+1Wi1jWi+1,j) = 1,j =2r + 1}
@] {(Wi1j71Wi)jWi1j+1Wifl,jWiﬁjWile)j) 12 S 7 S n—2r andj =2r + ’L}
U{(WijWit1,;Wit1j-1) i =n—2r and j =n + 1}

Also, define for r = L ; 3,

Gy = {(WijWijs1 Wi jWit15) 1i=3,j = 2r + 1}
U{(W; jWis1,jWig1j-1) i =n—2r,j=n+1}
Gy = {(Wija Wi jWitr5) ri=1,5=2r+1}
U{(W, jo1 Wi Wi j i Wisa W iWiga ) 16 =2,5 =2r + i}

-3
Define for 1 <k < n

Groon—1 = {(Wi1, ;Wi jWij41) ri=1,j =2k + 1}
U{(Wie1 Wi Wi Wiy 1 Wi s W) = = 2k + § and
2<j<n—2k—2}
U{(Wi Wi iWiiijp) si=n+1,j=n—2k -2}
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Define

Cr = Wi, Wan, Wa i1, Wi g1, Win),
Co = Wni1,Wat1n, Wng1,2, Wi 2, Wy 1) and
M={(W,;;,W; 1) :i=1,n+1and j =0(mod 2)}
U{(W; ;, Wiy1;):7=1,n+1andi=0(mod 2)}.
Let G—1 = G},_; UC1 and G,—3 = G},_5 U Cy. Define G1 = My, Gy = GHU Mq,G3 =

G4 UMs and Gp—op+1 = G, _op_1 UMy, where 3 < k < "773 and M; = 4K, are suitably chosen
from M in order to form Gi,Ga,...,G, as (4,4) — ASD (See Fig 4.3).

Wi Yoo M L
o -9 . . « o s e 0 e e -9
J.L : —‘+— r . . * e o e & 0 s .-
. A . -4 & o & & o s +
* » -4- * o——+—1 e & & &+ & & @
* o @ + —-Iy— - IL—;—Q e & & & & @
e o . I ; -4—«# I_‘ '-4—--9 *e & @ @+ @
L] e o @ o I ‘ -4-9 . ~4-9 o o o o
e o & & @ @ b-b e @ ».*7, ¢ & @
® e & & & @ ® > 3 ® AI—‘*—, . o
e & & & & » & & 4 I:I e 1»—1 o4 o o
- Wioqo 0,1 0,10

10,1

- --- G G o 8
"1 L0

¢ oo oo —e @

¢ o o o o :_I: :

6 o o 6 8 o .3— - i

* & L 2 & L 3 & ® @ ;— -

; L ] L ] [ ] & L ] & L ] & 1

L L ] L ] L ] [ ] * L L ] L ] 4
II—(‘ ® [ ] [ ] L ] & L ] L ] {’

* *e ¢ o o o o @

I‘ L L d ® L ] L ] i

L ] 0--1!—1—-0 L s ) [ oW ] [ ]
W01 010

Pux Py

Fig. 4.3

Case (iv) n = 2(mod 4),n = 4L+ 2(L € ZT).
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For 1 <m < £ and m = 1(mod 2), define
sz{(Wi,j,WHLj):4m—3§i§4m—2,n+2—m§j§n+1}
U{(Wi;,Wit1,) :dm+1<i<dm—-2,n+2-m<j<n+1} and
Grem-1) =AWij,Wiy15):4m—-3<i<4m—2and 1 <j<n+1-m}
U{(Wi;,Wit1,) :dm+1<i<4dm+2and1<j<n+1-—m}.

For 1 <m < £ and m = 0(mod 2), define
G ={(W;;,Wit1,;):dm—-5<i<dm—4n+m-2<j<n+1}
U{(Wi;,Wit1;) :dm—1<i<4dmn+m—-2<j<n+1}and
Grem-1) ={A(Wij,Wig1;):4m —-5<i<4m—4and 1 <j<n+m—3}
U{(Wi;,Wit1,):dm—1<i<4mand 1<j<n+m—3}.

For 1 <m < £ and m = 1(mod 2), define
G ={(W;j,W;jy1) :n—m—-L+2<i<n+1and
dm —3 < j<4dm—2}
U{(Wi;,Wijt1):n—m—-L+2<i<n+1and
dm+1<j <4m+ 2} and
Gre(mir+1) = AWij,Wig1;):1<i<n—m—L+1and 4m -3 < j < 4m — 2}
U{Wi;,Wit1,):1<i<n—-m—-L+1landdm+1<i<4m+2}

and for 1 <m < £ and m = 0(mod 2),

Gm+£:{(Wi1j,Wi7j+1):n—m—£—|—3§i§n—|—1and4m—5§j§4m—4}
U{Wi;,Wijt1):n—m—-L+3<i<n+1land 4m—1<j<4m} and
Gr—(mir+1) = AWij, Wij1):1<i<n—m—L—-2and 4m -5 < j < 4m — 4}
U{Wi;,Wijt1):1<i<n—-m—L+2and 4m —1<j <4dm}.

When L is even, define
G2y ={(Wij, Wiji1):2<i<n+1,n—-1<j<n} and
G(n/2)+1 = {(Wi,j7Wi+1,j) m—1<i<n,1 <j< n}
U{(Wij s Wijt1) ri=1n—-1<j<n}

When L is odd, define

G(n/2) = {(Wi,j,Wi,j-i-l) :2<i<n+1,n—3<j<n-—2}and
G(n/2)+1 = {(Wiﬁj,WiJrlyj) n—3<i<n—-2and1<j<n+1}.

., Gntisa (4,4) — ASD of Piq X Poya.

From the above construction clearly, {G1, G2, ..
a

See Fig. 4.4(a) and Fig. 4.4(b).
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85. (a,d) — ASD on Some Special Graphs

In this section (a,d) — ASD is established for some special graphs like wheel, Carona and a

special type in caterpillar.

Theorem 5.1 W2, = K1 + C,2(n > 3) has (a,d) — ASD, d > a if and only if a = 2 and
d=4.

Proof Suppose W,2,1 has (a,d) — ASD, d > a, By (ii) of Lemma 2.5, |E(W,2,41)| =

n+1 n
a +(d—a) , also we have |E(W,241)| = 2n%.
2 2
From the above relations, we have a = 2 and d = 4. Conversely, let V(W,2,1) =
{u1,v1,v2,...,v,2). Define G1 = (u1,v1) U (v1,v2) and
i—1 i
G = { (o) U svpi)) s T2k -1 <5 < E R},
-1 =1
for 2 < i < n. Where addition is taken modulo n? with residues 1,2,3,...,n? instead of the
usual residues 0, 1,2, ...,n% — 1. Then clearly, G; C G;41,1 < i <n—1and |E(Gi)| = 2(2i —1)
for 1 <i < n. Hence, {G1,Ga,...,G,} isa (2,4) — ASD of W,2;. |

Example 5.2 A decomposition of W21, where n = 3 into (2,4) — ASD is illustrated in Fig.
5.1. Clearly, {G1,G2,G3} is a (2,4) — ASD.

Fig. 5.1

Definition 5.3 Let T = S(v1,v2,...,Vn—1,VUn,Unt1) be a caterpillar where v; means n leaves

attached to each vertexr and v,4+1 means no leaf attached to the last vertez.

Theorem 5.4 The caterpillar T = S(vg,v1,V2,...,Vn—1,Vn) has an (a,d) — ASD, (d > a) if
and only if a =2 and d = 2.

n+1
Proof Suppose T admits (a,d) - ASD (d > a) By (ii) of Lemma 2.5, |E(T)| = a
2
n n+1
(d—a) . Also, |E(T)| = (n+1)n =n?*+1=2 . From the above two relations,
2 2

we have a = 2 and d = 2.



94 A. Nagarajan, S. Navaneetha Krishnan and R. Kala

Conversely, suppose a = 2, d = 2. Let

V(G) ={v1,v2,...,0n,0n41} U { (k) ( ,...,v,(lk) 1 <k< n},
where v; are vertices on the path P, and v( (1 < k < n) are the vertices of the star at each

v;(1 < j <n). Define for 1 < k <n, T, = {(vk, vk+1)} {(vk, v; ):lgjgn}.
Case (i) When n is odd, n = 2m + 1.

Decompose T for k = 0, 1(mod 2) into Gy, and Gy, (;s—1), 1 < m < “5=. Where

G = {(vzk,vzkﬂ)}U{(ka, ]( " )) —(2k-2)<j< n}

and

Gn,(m,l):{(vkﬂ, ()) 1<ji<n—(2k-1) }U{ Vol 1’U2k}U{(U’“ ):1§j§n}.

Define GnTH = {(n,Vn11)} U {(vn, ]( )) 1< < n} Clearly G; C Gij41,1 <i<n—1and
|E(G)| = 2i,1 < i <n.Hence {G1,Ga,...,Gp}isa (2,2) — ASD of T.

Case (ii) When n is even, n = 2m.

Decompose Ty for k = 0,1(mod 4) into G, and G,_(;,—1),1 < m < § as in Case (i).

Clearly G; C Gi41,1 <i<n—1. Hence {G1,G2,,Gn} is a (2,2) — ASD of T. O

Corollary 5.5 The corona C,, ®nKy has (a,d) — ASD, (d > a) if and only if a = 2 and d = 2.

Proof By taking v,+1 =v1 in T = S(v1,v2,...,Un,Unt1). We have T' = C,, ©® nKj. O
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Abstract: For an integer n > 2, let I C {0,1,2,---,n}. A Smarandachely Roman s-
dominating function for an integer s, 2 < s < n on a graph G = (V,E) is a function
f:V —={0,1,2,--- ,n} satisfying the condition that |f(u) — f(v)| > s for each edge uv € F
with f(u) or f(v) € I. Similarly, a Smarandachely Roman edge s-dominating function for
an integer s, 2 < s < n on a graph G = (V,E) is a function f : E — {0,1,2,--- ,n}
satisfying the condition that |f(e) — f(h)| > s for adjacent edges e,h € E with f(e) or
f(h) € I. Particularly, if we choose n = s = 2 and I = {0}, such a Smarandachely Roman s-
dominating function or Smarandachely Roman edge s-dominating function is called Roman
dominating function or Roman edge dominating function. The Roman edge domination
number v..(G) of G is the minimum of f(E) = > . f(e) over such functions. In this

paper, we find lower and upper bounds for Roman edge domination numbers in terms of the

diameter and girth of G.

Key Words: Smarandachely Roman s-dominating function, Smarandachely Roman edge
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81. Introduction

Let G be a simple graph with vertex set V(G) and edge set E(G). As usual |V|=n and |E| = ¢
denote the number of vertices and edges of the graph G, respectively. The open neighborhood
N(v) of the vertex v is the set {u € V(G)| wv € E(G)} and its closed neighborhood N[v] =
N(v)U{v}. Similarly, the open neighborhood of a set S C V' is the set N[S] = J,cg N(v), and
its closed neighborhood is N(S) = N(S) U S. The minimum and maximum vertex degrees in
G are denoted by 6(G) and A(G), respectively.

The degree of an edge e = uv of G is defined by deg e = deg u + deg v — 2 and §'(QG)
(A’(@)) is the minimum (maximum) degree among the edges of G (the degree of a edge is the

1Received May 17, 2010. Accepted June 30, 2010.
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number of edges adjacent to it). A vertex of degree one is called a pendant vertex or a leaf and

its neighbor is called a support vertex.

A set D C V is said to be a dominating set of G, if every vertex in V — D is adjacent to
some vertex in D. The minimum cardinality of such a set is called the domination number of
G and is denoted by 7(G). For a complete review on the topic of domination and its related

parameters, see [5].

Mitchell and Hedetniemi in [6] introduced the notion of edge domination as follows. A set
F of edges in a graph G is an edge dominating set if every edge in E — F' is adjacent to at least
one edge in F. The minimum numbers of edges in such a set is called the edge domination
number of G and is denoted by 7.(G). This concept is also studied in [1].

For an integer n > 2, let I C {0,1,2,---,n}. A Smarandachely Roman s-dominating
function for an integer s, 2 < s < non a graph G = (V,E) is a function f : V — {0,1,2,--- ,n}
satisfying the condition that |f(u) — f(v)| > s for each edge uv € E with f(u) or f(v) € I.
Similarly, a Smarandachely Roman edge s-dominating function for an integer s, 2 < s < n
on a graph G = (V, E) is a function f : E — {0,1,2,--- ,n} satisfying the condition that
|f(e) — f(h)] > s for adjacent edges e,h € E with f(e) or f(h) € I. Particularly, if we
choose n = s = 2 and I = {0}, such a Smarandachely Roman s-dominating function or
Smarandachely Roman edge s-dominating function is called Roman dominating function or

Roman edge dominating function.

The concept of Roman dominating function (RDF) was introduced by E. J. Cockayne, P. A.
Dreyer, S. M. Hedetniemi and S. T. Hedetniemi in [3]. (See also [2,4,7]). A Roman dominating
function on a graph G = (V, E) is a function f : V — {0, 1,2} satisfying the condition that
every vertex u for which f(u) = 0 is adjacent to at least one vertex v for which f(v) = 2.
The weight of a Roman dominating function is the value f(V) = > .y f(u). The Roman
domination number of a graph G, denoted by yr(G), equals the minimum weight of a Roman

dominating function on G.

A Roman edge dominating function (REDF) on a graph G = (V, E) is a function f : E —
{0,1,2} satisfying the condition that every edge e for which f(e) = 0 is adjacent to at least
one edge h for which f(h) = 2. The weight of a Roman edge dominating function is the value
f(E) = > .cp f(e). The Roman edge domination number of a graph G, denoted by 7,..(G),
equals the minimum weight of a Roman edge dominating function on G. This concept is also
studied in Soner et al. in [8]. A v — set, 7, — set and 7,.-set, can be defined as a minimum
dominating set (MDS), a minimum Roman dominating set (MRDS) and a minimum Roman
edge dominating set (MREDS), respectively.

The purpose of this paper is to establish sharp lower and upper bounds for Roman edge

domination numbers in terms of the diameter and the girth of G.

Soner et al. in [8] proved that:

Theorem A For a graph G of order p,

’Ye(G) < Vre(G) < 2'76((;)'
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Theorem B For cycles Cp, with p > 3 vertices,
Yre(Cp) = [2p/3].
Here we observe the following properties.
Property 1 For any connected graph G with p > 3 vertices,
Yre(G) = 7 (L(G)).

Property 2 a) If an edge e has degree one and h is adjacent to e, then every such h must be
in every REDS of G.

b) For the path graph Py, with k > 2 vertices,
Yre(Pr) = |2k/3].

c¢) For the complete bipartite graph K, , with m < n vertices,

2m-1 if m =n,
Vre(Km,n) = .
2m  otherwise.

ex:

/Yre(K&S) =5
d) Vre(G U H) = Vre(G) + Vre(H)-

In the following theorem, we establish the result relating to maximum edge degree of G.

Theorem 1 Let f = (Ey, E1, E2) be any vyre — function and G has no isolated edges, then
2¢/(A(G) +1) = |[Er| < 7e(G) < q— A(G) + 1.

Furthermore, equality hold for Ps, Py, and Cs.
Proof Let f = (Ey, F1, E3) be any .. — function. Since Es dominates the set Ep, so
S = (E1 U Ejy) is a edge dominating set of G. Then

2ASIA/(G) 2 2% cg degle) =2 % cq IN(E)] = 2| Ues N(e)| = 2/E — S| = 2q 215
Thus
2q/(A'(G) +1) < 2|8 = 2(|E1| + |E2|) = |E1| + 1re(G).

Converse, let deg e = A'(G), if for every edge x € N(e) is adjacent to an edge h which is not
adjacent to e. Then clearly, E(G) — N(e)Uh is an REDS. Thus v,.(G) < ¢— A'(G) +1 follows.
]

Corollary 1 Let f = (Fo, E1, E2) be any vr. — function and G has no isolated edges. If
|E1] =0, then
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2q/(A'(G) 4+ 1) < 1e(G) < q— A(G) + 1.

In this section sharp lower and upper bounds for 7, (G) in terms of diam(G) are presented.
Recall that the eccentricity of vertex v is ecc(v) = maz{d(u,v) : u € V, u # v} and the
diameter of G is diam(G) = maz{ecc(v) : v € V'}. Throughout this section we assume that G

is a nontrivial graph of order n > 2.

Theorem 2 If a graph G has diameter two, then v..(G) < 20’. Further, the equality holds if
G = Ps.

Proof Since G has diameter two, N(e) dominates E(G) for all edge e € E(G). Now, let
e € E(G) anddeg e =¢'". Define f : E(G) — {0,1,2} by f(e;) = 2fore; € N(e) and f(e;) =0
otherwise. Obviously f is a Roman edge dominating function of G. Thus 7,.(G) < 26’. For
Py, ype(P3) =2 =2 x 1. O

Theorem 3 For any connected graph G on n vertices,
[(diam(G) +1)/2] < yre(G)
With equality for P,, (2 <n <5).

Proof The statement is obviously true for K5. Let G be a connected graph with vertices
n > 3. Suppose that P = ejes...€giam(q) is a longest diametral path in G. By Theorem B,
Yre(P) = [2diam(G)/3], and [(diam(G) + 1)/2] < [2(diam(G) + 1)/3], then [(diam(G) +
1)/2 < [2diam(G)/3] < vre(P), let f = (Fo, E1, E2) be a v,..(P) — function. Define g :
E(G) — {0,1,2} by g(e) = f(e) for e € E(P) and g(h;) < 1 for h; € E(G) — E(P), then
w(g) = w(f) + X, ep@)—p(p) hi- Obviously g is a REDF for G and hence

[(diam(G) +1)/2] < 7re(G). .

Theorem 4 For any connected graph G on n vertices,
'Yre(G) <q- L(dlam(G) - 1)/3J
Furthermore, this bound is sharp for C, and P,.

Proof Let P = ejea...€4iam(c) be a diametral path in G. Moreover, let f = (Eo, E1, E2) be
a vyre(P) — function. By Property 2(b), the weight of f is [2diam(G)/3]. Define g : E(G) —
{0,1,2} by g(e) = f(e) for e € E(P) and g(e) = 1 for e € E(G) — E(P). Obviously ¢ is a
REDF for G. Hence,

Yre(G) < w(f) 4 (¢ — diam(G)) < g — | (diam(G) — 1)/3]. O

Theorem 5([8]) For any connected graph G on n vertices,

Vre(G) <n-1
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and equality holds if G is isomorphic to W5, Ps, C4, Cs, K,, and Kp, .

Theorem 6 For any connected graph G on n vertices,
Yre(G) < n — [diam(G)/3].

Furthermore, this bound is sharp for P,. And equality hold for K., m, Psk, (k> 0), Ky, W5,
04 and 05.

Proof The technic proof is same with that of Theorem 3. O

In this section we present bounds on Roman edge domination number of a graph G con-
taining cycle, in terms of its grith. Recall that the grith of G (denoted by g(G)) is that length
of a smallest cycle in G. Throughout this section, we assume that G is a nontrivial graph with

n > 3 vertices and contains a cycle. The following result is very crucial for this section.

Theorem 7 For a graph G of order n with g(G) > 3 we have v,.(G) > [29(G)/3].

Proof First note that if G is the n-cycle then v,.(G) = [2n/3] by Theorem B. Now, let C
be a cycle of length ¢(G) in G. If g(G) = 3 or 4, then we need at least 1 or 2 edges, to dominate
the edges of C' and the statement follows by Theorem A. Let g(G) > 5. Then an edge not in
E(G), can be adjacent to at most one edge of C for otherwise we obtain a cycle of length less

than ¢(G) which is a contradiction. Now the result follows by Theorem A. O

Theorem 8 For any connected graph with n vertices, 6'(G) > 2 and g(G) > 3. Then v,.(G) >
n — |g(G)/3]. Furthermore, the bound is sharp for Ky, m, Cpn, K, and W,

Proof Let G be a such graph with n-vertices, if we prove the v,.(Cy) > n—|g(C,)/3]. Then
this proof satisfying the any graph of order n. Since g(Cy,) > g(G) then n — g(C,) < n — g(G).
By Theorem B, v,¢(Crn) = [2n/3] = [29(Cp)/3] = n —[n/3] <n —[n/3] <n—[g9(G)/3]. T

Theorem 9 For a simple connected graph G with n-vertices and §' < 2, if g(G) > 5, then
Yre(G) > 26". The bound is sharp for Cs and Cs.

Proof Let G be such a graph and C be a cycle with ¢g(G) edges. If n = 5, then G is a
5 — cycle and 7,.(G) = 4 = 2§’. For n > 6, since &' < 2, then 7,..(G) > [29(G)/3] > 26" by

Theorem 7. [l

Theorem 10 Let T be any tree and let e = uv be an edge of maximum degree A'. If 1 <
diam(G) <5 and degw < 2 for every vertex w # u,v, then v,..(G) = ¢ — A’ + 1.

Proof Let T be a tree with diam(T') < 4 and degw < 2 for every vertex w # u,v, where
e = uv is an edge of maximum degree in T'. If diam(T') = 2 or 3, then v,.(G) =qg— A’ +1 = 2.
If diam(T) = 4 or 5, then each non-pendent edge of T is adjacent to a pendent edge of T' and
hence the set 1 U Es of all non-pendent edges of T' forms a minimum edge dominating set and
Yre(G) = ||+ 2|Eo| = q— A"+ 1. O

Theorem 11([8]) Let G be a tree or a unicyclic graph, then v,.(G) < v.(G).
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Theorem 12 Let T is an n — vertex tree, with n > 2, then v..(T) < 2n/3. The bound is
sharp for P,.

Proof We use induction on n. The statement is obviously true for Ko. If diamT = 2 or
3, then T has a dominating edge, and ~,..(T) < 2 < 2n/3.

Hence we may assume that diamT > 4. For a subtree T' with n’ vertices, where n’ > 2,
the induction hypothesis yields an REDF f/ of TV with weight at most 2n//3. We find a subtree
T’ such that adding a bit more weight to f’ will yield a small enough REDF f for T.

Let P be a longest path in 7' chosen to maximize the degree of its next-to-last vertex v,

and let u be the non-leaf neighbor of v and let h = uv.

Case 1. Let degr(v) > 2. Obtain T” by deleting v and its leaf neighbors. Since diamT > 4, we
have n’ > 2. Define f on E(T) by f(e) = f'(e) except for f(h) =2 and f(e) = 0 for each edge e
adjacent to h. Not that f is an RDF for T" and that w(f) = w(f’)+2 <2(n—3)/3+2 < 2n/3.

Case 2. Let degr(v) = degr(u) = 2. Obtain T” by deleting v and u and the leaf neighbor z
of v. Since diamT > 4, we have n’ > 2. If n’ = 2, then T is P5 and has an REDF of weight
3. Otherwise, the induction hypothesis applies. Define f on E(T) by letting f(e) = f/(e)
except for f(h) =2 and f(e) = 0 for each edge e adjacent to h. Again f is an REDF, and the

computation w(f) < 2n/3 is the same as in Case 1.

Case 3. Let degr(u) > 2 and every penultimate neighbor of w has degree 2. Obtain T’
by deleting v and its leaf neighbors and w. Define f on E(T) by f(e) = f'(e) except for
f(h) = 2 and f(e) = 0 for each edge e adjacent to h. Not that f is an RDF for T and
that w(f) = w(f') +2 < 2(n—3)/3+ 2 < 2n/3. If some neighbor of u is a leaf. Obtain
T’ by deleting v and its leaf neighbors and u and its leaf neighbors. Define f on E(T) by
f(e) = f'(e) except for f(h) = 2 and f(e) = 0 for each edge e adjacent to h. Not that f is
an RDF for T and that w(f) = w(f") +2 < 2(n —3)/3+ 2 < 2n/3. From the all cases above
w(f) =w(f")+2<2(n—3)/3+2< 2n/3. This completes the proof. O

Corollary 2 Let T is an q — edge tree, with ¢ > 1, then v..(T) < 2(¢+1)/3.

Theorem 13 Let f = (Ey, E1, E2) be any vr(T) — function of a connected graph T of ¢ > 2.
Then

(1) 1< |Eq| < (¢ +1)/3;
(2) 0 < |Ey| <2q/3—4/3;
(8) (q+1)/3 < |Eo| < q—1.

Proof By Theorem 12, |E| + 2|E3] < 2(¢+1)/3.

(1) If E; = @, then E; = ¢ and Ey = &. The REDF (0,¢,0) is not minimum since
|E1] + 2|E2| > 2(q + 1)/3. Hence |E2| > 1. On the other hand, |Es| < (¢ +1)/3 — |E1|/2 <
(4+1)/3

(2) Since |Eo| > 1, then |Ey| < 2(q + 1)/3 — 2|Es| < 2(q +1)/3 — 2 = 2¢/3 — 4/3.

(3) The upper bound comes from |Ey| < g — |Ez| < g — 1. For the lower bound, adding on
both side 2|Ey| + 2|E1| + 2| E2| = 2¢q, —|E1| — 2|E2| > —2(¢+1)/3 and —|E1| > —2(¢+1)/3+2
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gives 2|Ey| > (2¢ + 2)/3. Therefor, |Ep| > (¢ +1)/3. O

Acknowledgement

Thanks are due to the referee for his comments.

References

[1] S. Arumugam and S. Velamal, Edge domination in graphs, Taiwanese journal of Mathe-
matics, 2(1998)173-179.

[2] E. W. Chambers, B. Kinnersley, N. Prince and D. B. West, Extremal problems for Roman
domination, Discrete Math., 23(2009)1575-1586.

[3] E. J. Cockayne, P. A. Dreyer Jr, S. M. Hedetniemi and S. T. Hedetniemi, Roman domina-
tion in graphs, Discrete Math., 278(2004)11-22.

[4] O. Favaron, H. Karami, R. Khoeilar and S. M. Sheikholeslami, On the Roman domination
number of a graph, Discrete Math., 309(2009)3447-3451.

[5] T. W. Haynes, S. T Hedetniemi and P.J. Slater, Fundamentals of Domination in Graphs,
Marcel Dekker, Inc, New York,(1998).

[6] S. Mitchell and S.T. Hedetniemi, Edge domination in tree, Proc 8" SE Conference on
Combinatorics, Graph Theory and Computing, 19(1977)489-509.

[7] B. P. Mobaraky and S. M. Sheikholeslami, Bounds on Roman domination numbers of
graphs, Discrete Math., 60(2008)247-253.

[8] N. D. Soner, B. Chaluvaraju and J. P. Srivastava, Roman edge domination in graphs, Proc.
Nat. Acad. Sci. India Sect. A, 79(2009)45-50.



International J.Math. Combin. Vol.2 (2010), 102-111

Euler-Savary Formula

for the Lorentzian Planar Homothetic Motions

M.A. Gungor, A.Z. Pirdal and M. Tosun

(Department of Mathematics of Faculty of Arts and Science of Sakarya University, Sakarya, Turkey)

Email: agungor@sakarya.edu.tr, apirdal@sakarya.edu.tr, tosun@sakarya.edu.tr

Abstract: One-parameter planar homothetic motion of 3-lorentzian planes, two are moving
and one is fixed, have been considered in ref. [19]. In this paper we have given the canonical
relative systems of a plane with respect to other planes so that the plane has a curve on
it, which is spacelike or timelike under homothetic motion. Therefore, Euler-Savary formula
giving the relation between curvatures of the trajectory curves drawn on the points on moving
L and fixed plane L’ is expressed separately for the cases whether the curves are spacelike
or timelike. As a result it has been found that Euler-Savary formula stays the same whether
these curves are spacelike or timelike. We have also found that if homothetic scala h is equal
to 1 then the Euler-Savary formula becomes an equation which exactly the same is given by
ref. [6].
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Smarandache Geometry.
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§1. Introduction

We know that the angular velocity vector has an important role in kinematics of two rigid bodies,
especially one Rolling on another, [15] and [16]. To investigate to geometry of the motion of a
line or a point in the motion of plane is important in the study of planar kinematics or planar
mechanisms or in physics. Mathematicians and physicists have interpreted rigid body motions
in various ways. K. Nomizu [16] has studied the 1-parameter motions of orientable surface
M on tangent space along the pole curves using parallel vector fields at the contact points
and he gave some characterizations of the angular velocity vector of rolling without sliding.
H.H. Hacisalihoglu showed some properties of 1-parameter homothetic motions in Euclidean
space [8]. The geometry of such a motion of a point or a line has a number of applications
in geometric modeling and model-based manufacturing of the mechanical products or in the
design of robotic motions. These are specifically used to generate geometric models of shell-type
objects and thick surfaces, [4,7,17].

1Received June 7, 2010. Accepted June 30, 2010.
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As a model of spacetimes in physics, various geometries such as those of Euclid, Riemannian
and Finsler geometries are established by mathematicians.

A Smarandache geometry is a geometry which has at least one Smarandachely denied
axiom(1969), i.e., an axiom behaves in at least two different ways within the same space, i.e.,
validated and invalided, or only invalided but in multiple distinct ways, [11, 18].

In the Euclidean geometry, also called parabolic geometry, the fifth Euclidean postulate
that there is only one parallel to a given line passing through an exterior point, is kept or
validated. While in the Riemannian geometry, called elliptic geometry, the fifth Euclidean
postulate is also invalidated as follows: there is no parallel to a given line passing through an
exterior point [11].

Thus, as a particular case, Euclidean, Lobachevsky-Bolyai-Gauss, and Riemannian geome-
tries may be united altogether, in the same space, by some Smarandache geometries. These
last geometries can be partially Euclidean and partially Non-Euclidean. Howard Iseri [10] con-
structed a model for this particular Smarandache geometry, where the Euclidean fifth postulate
is replaced by different statements within the same space, i.e. one parallel, no parallel, infinitely
many parallels but all lines passing through the given point, all lines passing through the given
point are parallel. Linfan Mao [12,13] showed that Smarandache geometries are generalizations
of Pseudo-Manifold Geometries, which in their turn are generalizations of Finsler Geometry,
and which in its turn is a generalization of Riemann Geometry.

The Euler-Savary theorem is a well-known theorem and studied systematically in two and
three dimensional Euclidean space E? and E® by [2,3,14]. This theorem is used in serious
fields of study in engineering and mathematics. For each mechanism type a simple graphical
procedure is outlined to determine the circles of inflections and cusps, which are useful to
compute the curvature of any point of the mobile plane through the Euler-Savary equation. By
taking Lorentzian plane L? instead of Euclidean plane E?, Ergin [5] has introduced 1-parameter
planar motion in Lorentzian plane. Furthermore he gave the relation between the velocities,
accelerations and pole curves of these motions. In the L? Lorentz plane Euler-Savary formula
is given in references, [1], [6] and [9].

Let L (moving), L’ (fixed) be planes and the coordinate systems of these planes be {O; e,
@ (timelike)} and {O’; &, &, (timelike)}, respectively. Therefore, one-parameter Lorentzian pla-

nar homothetic motion is defined by the transformation [19]
¥ = h¥ — 1, (1)

where h is homothetic scale, O—O; = i, is vector combining the systems (fixed and moving)
initial points and the vectors X , X’ show the position vectors of the point X € L with respect
to moving and fixed systems, respectively. In the one-parameter Lorentzian planar homothetic
motion the relation
Va = ‘7f + h‘_/;

holds where Va, \_/} and V. represent to absolute, sliding and relative velocity of the motion,
respectively [19].

We have given the canonical relative systems of a plane with respect to others planes so

that the plane has a curve on it which is spacelike or timelike under homothetic motions. Thus
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Euler-Savary formula, which gives the relation between the curvatures of the trajectory curves

drawn an the points of moving plane L and fixed plane L', is expressed separately for the cases

whether the curves are spacelike or timelike. Finally it has been observed that Euler-Savary

formula does not change whether these curves are spacelike or timelike and if homothetic scale

is equal to 1 then the Euler-Savary formula takes the form in reference [6].

82. Moving Coordinate Systems and Their Velocities

Let Ly, L be the moving planes and L’ be the fixed plane. The perpendicular coordinate

systems of the planes L1, L and L’ are {B;d1,d2}, {O;é1,¢ex} and {O'; e, é5}, respectively.

Suppose that 6 and 6 are the rotation angles of one parameter Lorentzian homothetic motions

of L, with respect to L and L', respectively. Therefore, in one parameter Lorentzian homothetic

motions L;/L and L, /L’ following relations are holds

a1 = cosh 0¢€; + sinh 65

do = sinh 6¢ + cosh 6és

= b = bydy + bois

sl

and

d; = cosh§’é} +sinh0'¢e,

s = sinh 6’} + cosh6'é,

-
OB=V = b’l(il + bIQC_ig

(2)

(3)

(4)

()

respectively [19]. If we consider equations (2)-(3) and (4)-(5), then the differential equations

for the motions L;/L and L, /L’ are as follows, respectively [19]
dad, = dfds, dds = dfd;
db = (dby + bydf) @y + (dby + bydf) @,
and
d'dy = db'ads, d'dy = df'a,
d' = (db} + bydf’) @y + (dby + b;df’) @o.
If we use the following abbreviations

do =\, do’ = N
db1+b2d9:m, db2+b1d920'2
db, +byd0’ = o, dbl + b,do’ = o,

then the differential equations for Li/L and L;/L’ become

ddl = )\52, dag = /\61, db = 0'16?1 + 0'2672

(6)
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and
d/al = /\/CTQ, d/62 = /\/61, d/gz 0’561 + 0'/262 (10)

respectively. Here the quantities o, a;-, A and ) are Pfaffian forms of one parameter Lorentzian
homothetic motion [19].

For the point X with the coordinates of x1 and x5 in plane Li we get
—
BX = ,Tl(_il + 1'262
T = (h.%‘l + bl) a, + (h.%‘g + bz) ao (11)
Therefore one obtains
d¥ = (dh,.fCl + h,dd?l + o1 + hIQ)\) 61—|—(th2 + hdIQ + o9 + hIl)\) 62 (12)
and
d'T = (dhxy + hdzy + o) + haaX') @1 + (dhxe + hdzs + o) + haiN') da, (13)

where V, = 9% and V, = % are called relative and absolute velocities of the point X, [19]. If

V, =0 (i.e. d¥ =0)and V, =0 (i.e. d'Z = 0), then the point X is fixed in the Lorentzian
planes L and L', respectively. Thus, from equations (12) and (13) the condition that the point
X are fixed in L and L’ are given by following equations

h,dd?l = —dhCCl — 0] — h,ZCQ/\

(14)
hdIQ = —dhCCQ — 092 — h,.fCl/\

and

hd:vl = —dhl‘l — 0"1 — hl‘g)\/

(15)
hdxg = —dhl‘g — 0'5 — hl‘l)\/

respectively. Substituting equation (14) into equation (13), sliding velocities Vf = dde of the

point X becomes
d;Z@ = [(0] —01) + haa (N = N)] @1 + [(65 — 02) + hxy (N — A)] da. (16)
Thus, for the pole point P = (p1,p2) of the motion, we write [19]

ob — o2 o] — o1

xlzplz_ih()\,_)\); $2:p2:—7h0\,_)\)-

83. Euler-Savary Formula For One Parameter Lorentzian

Planar Homothetic Motions

Now, we consider spacelike and timelike pole curves of one parameter lorentzian planar homo-

thetic motions and calculate Euler-Savary formula for both cases individually.
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3.1 Canonical Relative System For Spacelike Pole Curves and Euler-Savary For-

mula

Now, let us choose the moving plane A represented by the coordinate system {B; a1, ds} in such

way to meet following conditions:

i) The origin of the system B and the instantaneous rotation pole P coincide with each
other, i.e. B = P;

ii) The axis {B;a; } is the pole tangent, that is, it coincides with the common tangent of

spacelike pole curves (P) and (P’), (see Figure 1).

ATimelike

Spacelike

»
>

Figure 1. Spacelike Pole Curves (P) and (P’)

If we consider the condition (i), then from equation (17) we reach that o1 = ¢} and o2 = 0d.

Thus, from equation (9) and (10) we get
dg: dp = o101 + 0902 = d/ﬁ: d//g

Therefore, we have given the tangent of pole and constructed the rolling for the spacelike pole
curves (P) and (P’). Considering the condition (ii) yields us that o3 = ¢} = 0. If we choose
o1 = 0} = o and consider equations (6) and (7), then we get the following equations for the
differential equations related to the canonical relative system {P;dy,ds} of the plane denoted
by Lip,

dﬁl = /\(_ig, dag = )\51, dﬁ: 0'51 (18)
and

d//(_il = /\/5:2, dI(_ig = /\/61, dlﬁz 0'51 (19)
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where ¢ = ds is scalar arc element of the spacelike pole curves of (P) and (P’) and X is
central cotangent angle, i.e. the angle between two neighboring tangents of (P). Therefore,
the curvature of (P) at the point P is A/o. Similarly, taking X" to be central cotangent angle,
the curvature (P’) at the point P becomes X /o. Therefore, r = o/ and ' = o/)\ are the
curvature radii of spacelike pole curves (P) and (P’), respectively. Lorentzian plane L with
respect to lorentz plane L’ rotates about infinitesimal rotation angle dv = M — X at the time
interval dt around the rotation pole P. Thus the rotational motions velocity of L with respect

to L’ becomes

N=X dv .
pranie il (20)
Let us suppose that the direction of the unit tangent vector d; is same as the direction of
spacelike pole curves (P) and (P’) (i.e., ds/dt > 0). In this case for the curvature radii (P) and
(P"), r >0 and ' > 0, respectively.

Now we investigate the velocities of the point X which has the coordinates x; and x5 with

respect to canonical relative system. Considering equation (12) and (13) we find

d'Z = (dhxy + hdxy + 0 + hxoX') @1 + (dhxe + hdxs + hxi\') da. (22)

Thus, the condition that the point X to be fixed in the Lorentzian planes L and L’ becomes

hd:vl = —dh:vl — 0 — hl‘g)\

(23)
h,dIZTQ = —dhlEQ - h,.Il/\

and

hdxy = —dhx1 — 0 — hzao N
thCQ = —dhlEQ - hIlA/.

Therefore, the sliding velocity \_/} is written to be
dff=h (xgﬁl + x1d2) ()\I —A).

Any point X chosen at the moving Lorentzian plane L draws a trajectory at the fixed lorentz
plane L’ during one parameter Lorentzian planar homothetic motion L/L’. Now we search for
the planar curvature center X’ of this trajectory at the time ¢.

The points X and X’ have coordinates (z1,z2) and (z},x%) with respect to canonical
relative system and stay on the trajectory normal of X at every time ¢ with the instantaneous
rotation pole P. Generally a curvature center of a planar curve with respect to the point of
the plane stays on the normal with respect to the point of the curve. In addition to that, this
curvature center can be thought to be the limit of the intersection’s normal of two neighboring

points on the curve (see Figure 2). Therefore the vectors

B — —
PX = xriay + Toao
]

PXI = Illd‘l + .I/QCTQ
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ATimelike

Figure 2. Spacelike vectors PX and PX’

have same direction crossing the point P. Hence, the coordinates of the point X and X’ satisfies

the following equation:
T3y — xowy = 0. (25)
Differentiation the last equation yields
dr17h + x1dwy — do'ze — 2)dry = 0. (26)

The condition of being fixed of X in the Lorentzian plane L was given in equations (23).

Moreover, the condition of being fixed of X’ in the Lorentzian plane L’ is

hdzy = —dhx} — o — hahN

(27)
hdzy = —dhxl, — hai N
Considering equation (26) with equations (23) and (27), we find
(2 — x3) 0+ h (z12] — x22h) (M —X) = 0. (28)

—
Taking the vectors PX and PX' to be spacelike vectors and switching to the polar coordinates,
ie.,

r1 = acoshq, To = asinh «
7} =a cosha, rh = a' sinh
we find

o(a’ —a)sinha + haa’ (N — \) = 0. (29)
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From equations (20) and (28) we obtain

1 1\ . 1 1 dv

This last equation is called Euler-Savary formula for the lorentzian homothetic motion.

Therefore we can give the following theorem.

Theorem 1 In the one parameter Lorentzian planar homothetic motion of moving Lorentz
plane L with respect to fized Lorentz plane L', any point X at the plane L draws a trajectory
with the instantaneous curvature center X' in the plane L'. In reverse motion, any point X' at
the plane L' draws a trajectory at the lorentz plane L, being the curvature center at the initial
point X. The interrelation between the points X and X' is expressed in equation (30) which is

Euler-Savary formula in the sense of Lorentz.

3.2 Canonical Relative System For Timelike Pole Curves and Euler-Savary Formula

Let us choose the moving plane A represented by the coordinate system {B;dy, d2} in such way
to meet following conditions:

i) The origin of the system B and the instantaneous rotation pole P coincide with each other,
ie. B=P,

ii) The axis { B; @s} is the pole tangent, that is, it coincides with the common tangent of timelike

pole curves (P) and (P'), (see Figure 3.).

ATimelike

Spacelike

»
>

Figure 3. Timelike pole curves (P) and (P’)

Thus, if the operations in III.1 section are performed considering the conditions i) and ii),
the Euler-Savary formula for one-parameter lorentzian planar homothetic motion remains un-

changed, that is, it is the same as in the equation (30), (see Figure 4.).
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Timelike A ' (x“ 7)

Spacelike

Figure 4. Timelike vectors P?( and PX'

Following Theorem 1 we reach the following corollaries:

Corollary 1  In the one parameter Lorentzian homothetic motion L/L', whether the pole

curves spacelike or timelike, the interrelation between the points X and X' is given by

1 1 1 1

— — —|sinha=h|—=——

a a oo
which is Euler-Savary formula in the sense of Lorentz.

Corollary 2 If h =1, then we reach the formula

1 1
— — — | sinha = 1.1
a a oo

which is Euler-Savary formula in the Lorentzian plane given in references [1,6,9].
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