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negligence, and will eventually lead to the inability to seek any remedial measures.
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Abstract: In Intensive matter physics, the 3-dimensional frame of complex artificial atomic
structures can be studied quantitatively by combining statistics on graph impractical prop-
erties concerning to the topology of atoms. Also, using equivalent transformations, complex
circuits that require many mathematical operations to analyze can be reduced to simpler
equivalent circuits. These transformations can also be applied to some families of graphs
to compute the number of spanning trees. In this work, we compute the explicit formulas
for the number of spanning trees of sequences of families of graphs generated by a triangle
by equivalent transformations of electric circuits and rules of weighted generating function.
Ultimately, we match the entropy of our graphs with other studied graphs with the nearby

fee families are in the average degree.
Key Words: Number of spanning trees, electrically equivalent transformations, entropy.

AMS(2010): 05C30, 05C50, 05C63.

§1. Introduction

The number of spanning trees of a connected non-directed graph G is the whole number of
different, factor subgraphs of G that are trees. Counting the number of spanning trees in
networks (graphs) is a charming and focal issue in statistical physics, because of its inveterate
relevance to various sides in concerned fields. For example, the number of spanning trees is a
serious measure of reliability of a network [1]. Again, for example, it is precisely the number of
repeated configurations of the Abelian sand-pile models [2], which have been studied widely in
the past two decades as a sample of the self-arranged criticality [3]. Furthermore, the issue of
spanning trees has many connections with other entertaining issues related to networks, such
as dimer coverings [4], Potts model [5] random walks [6], origin of fractality for fractal scale-free
networks and numerous others. Laplacian matrix of a graph that is a matrix resulting from
the difference between the degree matrix of the graph (a diagonal matrix with vertex degrees

on the diagonals) and its adjacency matrix (a (0, 1)-matrix with 1’s at places corresponding to

1Received November 25, 2025, Accepted April 12, 2026
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entries where the vertices are adjacent and 0’s otherwise). Kirchhoff [7] gave the known matrix
tree theorem, displaying that this number can be counted from the determinant of any cofactor
of the Laplacian matrix of the graph. For a given connected graph G with n vertices. Kelmans

and Chelnoknov [8] introduced the next formula:

1 n—1
(G) = I (1.1)
=1

where n = Ay > Ao > .-+ > )\, = 0 are the eigenvalues of the Laplacian. However, numerical
calculation for large size graphs is notoriously intractable since the calculation of eigenvalues
is NP-hard with reference to graph size. Enumeration of spanning trees in graphs with certain
symmetry and fractals has been excessively studied via ad hoc methods profiting from the

particular structures [9C13].

82. Electrically Equivalent Transformations

Kirchhoff’s goal was to study electrical networks: An edge-weighted graph G (with the weight
function w : E (G) — [0,00)) can be considered as an electrical network with the weights being
the conductance of the conformable edges. The effect disposal between two specific vertices
u,v can be written as the quotient of (weighted) number of spanning trees and the (weighted)
number of so-called thickets, the idea of electrically equivalent transformations [14-17] will
be applied, which enables us to find the relationship between the numbers of spanning trees
in graphs before and after the transformation. Below, we mention the action of some direct
transformations on the number of spanning trees. Let G be an edge-weighted graph, G’ be the
corresponding electrically equivalent graph, 7(G) indicates the weighted number of spanning
trees G.

(1) Double edges: If two analogous edges with disposals u and v in G are combined into
one edge with disposals u 4+ v in G', then 7(G’) = 7(G).

(2) Sequent edges: If two sequent edges have disposals v and v in G, are combined into
one edge with disposal ;% in G’, then 7(G') = uivT(G).

(3) Wye — Delta (Y — A) transformation: means replacing a Y subgraph of a graph with

the equivalent A subgraph. The transform preserves the number of edges in a graph, but not

the number of vertices or the number of cycles. If a Y graph with disposals u,v and w in G

vw _ wuw
u+v+w? Yy = u+v+w

is changed into an electrically equivalent triangle with disposals z = and

: 1
z= s in G then 7(G) = 5 7(G).

(4) Delta — Wye (A —Y) transformation: takes a triangle in a graph and replaces it

with a new three-valent vertex incident to the three vertices of the triangle. If a triangle with

disposals u,v and w in G is changed into an electrically equivalent star graph with disposals

wvtvwtwu _ uwvtvwtwu _ uwvtvwtwu / N _ (wwtowtwu)?
m Y = . and z = HEETLY in G, then 7(G') =~ ———7(G).

€r =
In this paper, we derive explicit formulas to the number of spanning trees of three sequences

of graphs of the same average degree 5, which we named Aﬁ”), Aén) and Aén) respectively and
a sequence of a verage degree 5, named it Afln).
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83. Results and Discussion

3.1 Number of Spanning Trees in the Sequences of Ag") Graph

Consider the sequence of graphs Aﬁ”, Aﬁz), e ,A§“) structured as exhibited in Figure 1. Based
on this structure, the number of whole vertices [V (A{™)| and edges |E(A™)| are [V (A™)] =
6n — 3 and |E(Agn))| =15m—12,n=1,2,---. The average degree of Agn) is in the huge n limit
which is 5.

O (2) (3)
y A A

Figure 1. Sample of the family Agn)

Theorem 3.1 For n > 1, the number of spanning trees in the sequence of the graph A§"> 18

specified by

(=714 4 881/42)(8749 + 1350v/42)" + 26(13 — 2¢/42)" (70329 + 10852\F))
n.2

147(—13(337 + 52v/42) + (29 + 41/42)(337 + 52v/42)")

Proof We employ the electrically equivalent transformation to convert Agi) to Agi_l).
Figures 2 — 7 explain the transformation procedure from A§2) to Agl)

Using the properties given in Section 2, we have the following transformations:

/ _ (2) / 1 ’ o /
HGh) = 9sr(AD), T(Gh) = [ 5I8r(A), (G =7(cH),
re = B2 e, r6) =6, 76 =9 (320 ) r(ch)
3
"6 = || w6 (e =6 e = |t | e

and 7(AM) = 7(G)).
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Figure 2.

Figure 3.

55,+3
¥, +2

Figure 4.
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(55, +3) 3(5s, ¥
s, +13 ¥, 42 215, +13
25, +13

Figure 5.

35, +2
215, +13

35,+2 55,+2
21s, +13 215, +13

2(5s,+3)
215, +13

2(5s,+3)
215, +13

5s,+2
2ls,+13

2(Ss, +3)
215, +13

35,+2
215, +13

Figure 6.

1
'10=A(1)

135, +8
21s,+13

Figure 7.
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Combining these ten transformations, we have

7(AP) = 42155 + 13)27(41). (3.1)
Further
n n 2
T(Agn)) — H4(2181 + 13)27_(149)) — 3X47l—13% [H(lez =+ 13) y (32)
i=2 i=2
where, s;_1 = 2113: j‘lsg, }=2,3,---,n.

Its characteristic equation is 21w? — 8 = 0 with roots w; =

tracting these two roots into both sides of s;_1 =

Q*ﬁ and wy = 22—*/{172. Sub-

13548
21s;+13°

we get

o T2 13548 2VAD (91 +14v42) (8 + %‘E) (33
ot 21 2ls;+13 = 21 7(21s; + 13) ’ '

VA2 13548 VA2 (91— 14VA2)(s; — B4R (3.4)
ST T ols, 13 21 7(21s; + 13) ' ‘

.+2\/E

Let y; =

i

2.7@' Then, by equations (3.3) and (3.4), we get y;—1 = (337 + 52V/42)y; and
21

= (337 + 521/42)""y,,. Therefore,

S; =

Thus,

S1 =

(337 + 5242~ (242 g, + Y2

(337 + 52y/42)n—iy, —1

(337 + 52y/42)"—1 (QW) Y + L2

(337 + 52v/42)n~1y,, — 1 (3:5)

Using the expression s,,_1 = 135,48 and denoting the coefficients of 13s,,+8 and 21s, +13

as h,, and k, , we have

21s, + 13

215n—1 + 13

21sy,—2+13

2s,_; + 13

218n7(i+1) + 13

2182 + 13

= h‘O

215,413

138, + 8) + ko

(

hi(135y + 8) + ki1 (21s, + 13)

ho(13s,, + 8) + ko(21s, + 13)°
( )
(

—~

21s, + 13),

—_~ ~|—~

ho(13s,, + 8 ko(21s,, + 13
T (135, +8) + F1 (218, + 13)°

hi(13sy, + 8) + k;(21s,, + 13)
i—1(13s,, +8) + ki,1(218n + 13)7

138, + 8) + kiy1(21s, + 13)
(135, + 8) + k;(21s, +13) ’

hpn—2(13s, + 8) + kp—2(21s, + 13)
hn,3(138n + 8) + kn,3(218n + 13) '

+{+

PN PN PN
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Thus, we obtain
7(A™) = 3 x 4"V 2[Ry 5 (135, + 8) + kn_2(21s, + 13)]2, (3.8)

where hg = 0,kg = 1 and hy = 21, k; = 13.

By the expression s,_; = 2113;":183 and using equations (3.6) and (3.7), we have
h,’+1 = 26]7,1 — hi—l; ]{11‘_;,_1 = 26]4:1 — ki—1~ (39)

The characteristic equation of equation (3.9) is A2 — 26\ +1 = 0 with roots A\; = 13+2v/42
and Ay = 13—21/42. The general solution of equation (3.9) is h; = a1\ +ag\b; ki = by \d +ba\b.
Using the initial conditions hg = 0,kg = 1 and hy = 21, k1 = 13 yields

hi = @(13 + 2V/42)" — @(13 — 2V/42)";
ki = %(13 +2V/42)" + %(13 — 2V/42)", (3.10)

If s,, = 1, it means that Ag") is without any electrically equivalent transformation. Plugging

equation (3.10) into equation (3.8), we have

r(AY) = 3x4nis [(136 +821\/E> (13 4 2v42)" 2

2
N (W) (13 — 2\/@"2] , n>2. (3.11)

Whenn =1, T(Agl)) = 3 which satisfies equation (3.11). Therefore, the number of spanning
trees in the sequence of the graph Ag") is given by

Ay = 3xarlg? Kl% i 21@) (13 +2vV42)" 2

3
2
136 — 21v/42
+ (368\ﬁ> (13 — 2\/46)"—2] , > 1, (3.12)
where
L2337+ 52V/42)"1(168 + 29v/42) + 261/42 e (3.13)
L 21(337 +52V42)n1(29 + 4V/42) — 273 | '
Inserting equation (3.13) into equation (3.12) we obtain the desired result. O

3.2 Number of Spanning Trees in the Sequences of Aén) Graph

Consider the sequence of graphs Aél), Ag), e ,Aég) structured as exhibited in Figure 8. Based
on this structure, the number of whole vertices |V(Agn))| and edges |E(A§”))| are |V(A;”))| =
6n — 3 and \E(Ag”))| =15n—12,n=1,2,--- The average degree of Aén) is in the huge n limit
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which is 5.
Az(l) A2(2) A2(3)

Figure 8. Sample of the family Aé")

Theorem 3.2 Forn > 1, the number of spanning trees in the sequence of Aén) graph is specified
by

2n

27737217 4 88v/6) " (—50(11 + 4v/6)" (33 + 13v/6) + (= (4499 — 18361/6))" (4962 + 2018\/6))2
1875(25™ (217 + 88+/6) — 25(5 + 2v/6)(217 + 88v6)")” '

Proof We employ the electrically equivalent transformation to convert Aéi) to Ag*l).
Figures 9 — 13 explains the transformation procedure from A(Qz) to Agl).

24l g g+ Bt
=N By N
£2 S, ! .
! 1 ' 1 2,41 25,41
| N A
f../-'”" s S~ },/'/ X, A /Z’.s“ S L
,_./J/ - | | 1\‘ 2% h
1 1 I ]
(2)
A2

Figure 9.
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(25,4 1)
45,13

Figure 10.

(4sp +1)(ds, +

4a,+3
4(2s, +1)
4s, +1)(4s, +3)

4(2s, +1y

(45, + I)(4s, +3

Figure 11.

16(2s, + 1),
(ds; + D)(ds, + 31 +11)

1257 +33s, +16
4s, +3)(125, +11)

1257 +33s, +16
(45, +3)(12s, +11)

(4, +3)(125, +11)

24(257% 1)} L+ 1)

T+ 3)(125, +11)  (ds, +3)(N

1252 4335, +16
(45, +3)(125, +11)

16(2s, +1)°
(4s, +1)(ds, +3)(12s, +11)

G, G

Figure 12.

9
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/\
/ \\\
/ N
/ N
1252 +335, 16 1257 433, +16_ s, +8 / N 1ls, 48
(s, +3)(12s, 10 U452+ If2s; +11) . | (453 +3)(125; +11) 126, +11/ 125, +11
\ 8(2s, A1)’ | y \,
(45, +3)(125) +11) / AN
/ \
8(2s, +1) / AN
(ds, +3)(12s5, +11) / N
. Ils,+8
1262 +335, +16 125, +11
(45, +3)(12s, +11)
r (1)
¢, Gy= A
Figure 13.
Using the properties given in Section 2, we have the following transformations:
9 1 273 3
r@) = BRI (6 = s+ 3ir(@h). w6 = | 2| e,
S9 4so + 1
282 —+ 1)2 (482 + 1)(482 + 3)
G, = G GL) =9 (7 G, Gg) = Gt),
T( 4) T( 3)7 T( 5) 452 +3 T( 4)’ T( 6) (282 + 1)2(1282 + 11) T( 5)
(452 + 3)(1232 + 11)72
A R e T D
and T(A(Ql)) = 7(G%). Combining these ten transformations, we have
7(AY) = 8(12s5 + 11)27(AS). (3.14)
Further
7(ASY) = [ 8(1252 + 11)%r(AY) = 3x8" 152 lH(usi +11)| 2, (3.15)
i=2 i=2
where s;_1 = f;iflgl,i =2,3,---,n.
Its characteristic equation is 3w? — 2 = 0 with roots w; = _g/é and wy = @. Subtracting

these two roots into both sides of s;_1 = f;;;fﬁ, we get
VB Usi+8 V6 (114+4v6)(si + %) (3.16)
LT3 T 12g,411 3 (12s; + 11)  ° '
L VB Usi48 VB (11— 4VB)(si - %) (3.17)
RT3 T 1254110 3 (12s; 4 11) ‘
46
Let y; = Sﬁ_iz. Then, by equations (3.16) and (3.17), we get y;—1 = (m%/g)yi and
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yi = (%)"*iyn. Therefore
(217+88f) (@)
(217+88f) Yn — 1
Thus,
n—1
()" () £
51 = - . (3.18)

=\
(217228\/5) n — 1

Using the expression s,_1 = f;;:flsl and denoting the coefficients of 11s, +8 and 12s,, +11
as h, and k, , we have

125, + 11 = ho(11s, +8) + ko(12s, + 11),
125, 11 = (s +8) 4k (125, +11)
ho(llSn + 8) + ko(l?Sn + 11)
11
losy i1~ Pe(lon+8) +ha(125, +11)
hi(11s, + 8) + ki (1255 + 11)
hi(11s, + 8) + k; (125, + 11)
125, +11 = 3.19
Sn—i ¥ hi—1(11s, +8) + k;_1(12s, + 11)’ ( )
hiv1(11s, + 8) + kip1(12s, + 11)
128, 11 = 3.20
Sn—(i1) + hi(1lsy + 8) + k(125 + 11) (3:20)
hp_o(11s, kn_2(12s, + 11
1285 +11 = 2(11sn +8) + ko125, + 11)
hn—3(11s, + 8) 4+ kn—3(12s, + 11)
Thus we obtain,
7(AM) = 3 x 8" V&2 [hy_o (118, + 8) + kn_2(125, + 11)]2, (3.21)
where hg = 0,kg =1 and hy =12, k; = 11.
By the expression s,,_1 = 1121;:_:181 and using equations (3.19) and (3.20), we have
hi+1 = 22]7@ — 25hi,1; ki+1 = 22]@ — 25]@',1. (3.22)

The characteristic equation of Equation (3.22) is \2—22A+25 = 0 with roots \; = 11+4v/6
and Ao = 11 —44/6. The general solution of equation (3.22) is h; = a1 A} +ag\; ki = by A} +ba b,
Using the initial conditions hg = 0,kg = 1 and hy; = 12, k1 = 11, yields

hi = \f(n+4\f) —£(11—4\f)
ki = ;(11+4\f) (11—4f) (3.23)

If s,, = 1, it means that Ag") is without any electrically equivalent transformation. Plugging
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equation (3.23) into equation (3.21), we have

7(AY) =3x8 1g2 (46“9\/6> (11 +4v6)" 2 + <46_1W6> (11 — 4\/6)”—21 > 2.

4 4

(3.24)
When n =1, T(Aél)) = 3 which satisfies equation (3.24). Therefore, the number of spanning

trees in the sequence of the graph A(Qn) is given by
2
n 46 4+ 19v6 46 — 196
7(AM) = 38142 <+4\f> (11 +4v6)" 2 + <4\[> (11 —4\/6)"—21 , n>1,
(3.25)
where,
n—1
(217—528\/5) (12+ 5\/6) 4 \/6
51 = — , n>1 (3.26)
3(2E) T (54 2v6) - 3
Inserting equation (3.26) into equation (3.25) we obtain the desired result. O
3.3 Number of Spanning Trees in the Sequences of A:(,,”) Graph
Consider the sequence of graphs Aél), Agf), S A:(),") structured as exhibited in Figure . Based
on this structure, the number of whole vertices |V(Aén))| and edges |E(Aén))| are |V(A§n )| =
6n — 3 and |E(Agn))| = 15n —12,n = 1,2,---. The average degree of Agn) is in the huge n

limit, which is 5.

A
AV

(1 (1 (1
A A Al

3

Figure 14. Sample of the family Az(,’n)
Theorem 3.3 Forn > 1, the number of spanning trees in the sequence of Agn) 1s specified by

Ml(n)
Mg(’n) ’
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n 2

Mi(n) = 2713-9(19 - 3v/33)™" (33 —17V33 + (%(329 - 57\/@) (33 + 17@))
X (4(95 + 17/33)(320 + 57/33)" + 32"(1105 + 193v/33))”,
My(n) = 3267(—4(41 4 7v/33) + 32"(329 + 57\/@1_")2.

Proof We employ the electrically equivalent transformation to convert A:(,f) to Az(,f*l) Fig-

ures 15 — 18 explains the transformation procedure from A§2) to Agl).

Figure 15.

Figure 16.
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16
3(9s, +11)

95, +11

16
305, +10) 30s,+11)

¢ e

Figure 17.

8(3s, +1) 8(3s, +1) 8s,+8 8s, +8

305, +1 3095, +1)| — 10 95, +11 o5, +11
395, +11)

16
3(9s, +11)

39, +11)
85, +8
—_— 95, +11
3(9s, +11)
_ A0
¢, = 4
Figure 18.

Using the properties given in Section 2, we have the following transformations

"6 = 3] AR e = e, (e = s+l

(982 + ].)

T(GQ) m] T(G%)

3950 + 11)° 7(GS), 7(GL) = 7(G}), 7(Gg) = [

and T(Aél)) = 7(G%). Combining these transformations, we have

7(AD) = 8(9s, + 11)27(AV). (3.27)



Computing the Number of Spanning Trees of Some Families of Graphs Generated by a Triangle and Their Entropies 15

Further,
T(ALY) = [] 8952 + 11)27(AS)) = 3x8" 1 s3[i = 2n(9si + 11)]2, (3.28)
=2
where s;_; = Qiiflsl’i =23, ,n

Its characteristic equation is 9w? 4+ 3w — 8 = 0 with roots w; = =i ‘ﬁ and wy = _H;),‘/ﬁ.
Subtracting these two roots into both sides of s;_1 = 98;111817 we get
/33 1433
o (TLoVEB) | 8si+8  1+V3E3 (19 +3v/33) (Sz‘+ 6 ) (329)
ot 6 T 9s; + 11 6 2(9s; + 11) ’ '
1-v/33
o (TLHVEB) _ Ssi+8  1-VE3 (19 - 3v33) (Si+ 6 ) (3:30)
ot 6 T 9s; + 11 6 2(9s; + 11) ‘ ‘
i+ 1EY38 . 32945733
Let y; = T‘jﬁ Then, by equations (3.29) and (3.30), we get y;_; = (322£21¥33)y; and
Yi = (%)” ‘y,,. Therefore
<329+57\/§)"4 (—1+\/§) 4 1433
32 6 Yn 6
8i = n—1i
32945733
(4'372\/7) Yn — 1
Thus,
(329+57\/§>"_1 (—1+\/§) L 1433
32 6 Yn 6
51 = S : (3.31)
32945733
( +32 ) Yn — 1
Using the expression s, = 9855:;"181 and denoting the coefficients of 8s,, + 8 and 9s,, + 11
as h, and k,,, we have
9s, +11 = ho(8sy +8) + ko(9sn + 11),
h1(8sy, k1(9s, + 11
05, L 4+11 — 1(8sp + 8) + k1(9s,, + ),
h0(88n + 8) + k0(95n + 11)
11
0s, 5111 — ha(8sy, + 8) + ka(9sy, + ))
h1(8syn + 8) 4+ k1(9s, + 11)
hi(8s, + 8) + ki(9sy, + 11)
9s,_;+11 = , 3.32
i * h1 1(85n + 8) + ki—l(gsn + 11) ( )
hz 1(88n + 8) + ki+1(98n + 11)
98— (i 11 = 3.33
Sn—(i+1) + z(83n +8) +k’;(95n ¥ 11) ) ( )

hn—2(8sy + 8) + kp—2(9s, + 11)
hn,3<88n + 8) + k/’n,3<98n + 11) '

952 +11 =
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Thus, we obtain

7(AM) = 3 x 8" 162 [hp_2(85n + 8) + kn_2(9s, + 11)]2, (3.34)

where hg = 0,kp = 1 and hy = 9,k; = 11. By the expression s,,_1 = 98;“;*'181 and using equations

(3.32) and (3.33), we have

hi+1 S 19hz — 16hi,1; ki+1 e 19]61 — 16]{77;,1. (335)
The characteristic equation of equation (3.35) is A2 — 19\ +16 = 0 with roots A\; = 19+37\/§
and g = 12=3V33 The general solution of equation (3.35) is h; = ag X} +agAb; k; = by A} +ba A
Using the initial conditions hg = 0,kg = 1 and hy = 9, k; = 11, yields

Lo V33 (19+3\/ﬁ>’ (193@)1'
LT 2 - 2 ’

66 2 66 2

— <33+\/:’§> (19+3\/ﬁ> +<33—Mﬁ> (19—3\/:%) . (3.36)

If s,, = 1, it means that Agn) is without any electrically equivalent transformation. Plugging

equation (3.36) into equation (3.34), we have

—2
330 + 5&/33) (19 T 3«33) "
33 2

r(AYY) = 3x8" 1] <

o 5 (3.37)

n—2 2
. (33058@) (193\/:%) Cnse

Whenn =1, T(Aél)) = 3 which satisfies equation (3.37). Therefore, the number of spanning
)

trees in the sequence of the graph Ag" is given by
19+3v33)"
(A = 3xgrlg? (330+58\/ﬁ33) (2)
n—272
330 — 58+/33 19 — 3v/33
+ ( 33 ) < 2\ﬁ> , n>1, (3.38)

where,
(3203133 n—1(95 + 17+/33) + 4(1 + V/33)

1. (3.39)
3(B295TV55 )n—1(41 1 7,/33) — 24

S1 =

Inserting equation (3.37) into equation (3.38) we obtain the desired result. 0
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3.4 Number of Spanning Trees in the Sequences of Afln) Graph

Consider the sequence of graphs Afll), Af)7 e ,Afln) structured as exhibited in Figure 19. Based
on this structure, the number of whole vertices |V(A£1n))| and edges |E(Afln))| are |V(A£1n))| =
6n — 3 and |E(Aé(1n))| =12n—9,n =1,2,--- The average degree of Ai") is in the huge n limit

which is 4.

@) (2) (3)
A4 A4 A4

Figure 19 Sample of the family Afln)

Theorem 3.4 Forn > 1, the number of spanning trees in the sequence of Ag") 1s specified by

477((46 + 10v/21)" (399 4 87v/21) — (46 — 10+/21)" (11571 4 2525+/21) + 2v/21(24196 + 5280+/21)")
147(27 (527 + 115v/21) + (5 + v/21)(527 + 115v/21)")°

2

Proof We employ the electrically equivalent transformation to convert Aff)toAff_l). Fig-

ures 20 — 24 explains the transformation procedure from Af) to Ail).

Figure 20.
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Figure 21.

(N

3(4s,+1)
35, 11

_—

Figure 22.

Figure 23.
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N

Y
S
S,

195, +35 195, + 5

155, 7 \1—5\ va

/

19s, +5
155, +4

(1)
GLy = A}

Figure 24.

Using the properties given in Section 2, we have the following transformations

2) 1 3 3s9 +1
rE) = s, 76 = |5 | en, e = | Fatt ey,
4s9+1 3s9 +1 3
re) = r(E), 76 =9 6. r(Gy = |t ] ey,
1559 + 4
G = |———|7(G;
"6 = gty | e
and 7(ALY) = 7(G5).
7(AP) = (1555 + 4)%r(AL). (3.40)
Further,
n n 2
T(A{Y) = T (1552 + 4)%r(AY) = 3xs? [H(l&s’i +4)| (3.41)
i=2 1=2
where, s;_1 = }gzii,z =2,3,---,n.
Its characteristic equation is 3w? — 3w — 1 = 0 with roots w; = 3_g/ﬁ and wy = 3+(‘3/ﬁ.
Subtracting these two roots into both sides of s;_1 = }g;lii we get

3—V21 195,45 3—v21  (23+5v2D)(s; — 2=¢2)

i1 — - - - , 3.42

Simt 6 155; + 4 6 2(155; + 4) (342)
, _  34vET

f o BTVAL_ 19545 34VA1 (23— 5VOD)(s — 25 5.43)

6  1bs;+4 6 2(15s; + 4)

Let y; = ﬁ Then, by equations (3.42) and (3.43), we get y;—1 = (w)y, and
i 6
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(527+115‘/ﬁ)"7i(3+m)yn7 3—21
2 s § —. Thus,

(527+115\ﬁ)n i

Yi = Yn. Therefore s; = 5274 115v2 \n_s
( p) ) Yn—1
-1
5274115v21 \ " 3+/21 _ 3-V21
2 6 Yn 6

S1 = (344)

n—1
<027+1215\/ﬁ> Yn — 1

Using the expression s, _1 = %g‘:"ii and denoting the coefficients of 19s,, +5 and 15s,, +4

as h, and k,, we have

158, +4 = ho(19s, +5) + ko(15s, +4),
h1(19s,, k(1 4
155, +4 = (19804 5) 4 k{155, +4)
ho(19sy, + 5) + ko(15s,, +4)
1 1 4
155, »+d — ha(19sy, + 5) + ka(15s,, + )’
h1(19s, 4+ 5) + k1(15s, + 4)
hi(19sy, + 5) + ki(15s, + 4)
158, +4 = 3.45
Sn—it hi1(195, +5) + ki1 (155, + 4)° (3:45)
hl 1(198n + 5) + ki+1(158n + 4)
158, 4 = , 3.46
Sn—(i+1) T hi(19s, + 5) + ki (155, + 4) (3.46)
B—2(19s,, kn—2(15s, +4
155y +4 = [m=2(19nF5) + Fns(155n +4)
hn,3(198n + 5) + kn,3(158n + 4)
Thus, we obtain
7(ASY) = 3 x $2[hp_2(198, + 5) + kn_2 (155, + 4)]2, (3.47)
where hg = 0,ky = 1 and hy; = 15, k1 = 4. By the expression s,_1 = }g;zii and using equations
(3.45) and (3.46), we have
hi+1 = 23hi - hz?l; ki+1 = 23]@ - ]{71‘71. (348)

The characteristic equation of equation (3.48) is A2 — 23\ + 1 = Qwithroots\; = 23*27\/5
and Ay = % The general solution of equation (3.48) is h; = aj\} +agA\b; ki = by A} +baA\s.
Using the initial conditions hg = 0,kg = 1 and hy; = 15, k1 = 4, yields

i

VAT (2345v3T\ VAT (23— 5v31
7 2 ST 2 ’

() () () (25 o
14 2 14 2

If s,, = 1, it means that Afln) is without any electrically equivalent transformation. Plugging
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equation (3.49) into equation (3.47), we have

1

n—2
HAP) =3x8 (133+29\/ﬁ> (23+5\/ﬁ>

14 2
n—2 2
133 — 29v/21 23 — 21
+< 33 149‘ﬁ> ( 5 j\ﬁ> > (3.50)

When n = 1, T(Afll)) = 3 which satisfies equation (3.50). Therefore, the number of spanning

)

trees in the sequence of the graph Afln is given by

n—2
n 133 +29v/21 23 +5v21
T(Aé )) = 3xs7 ( T ) ( 5 >

2

n—2
133 — 29v/21 23 —5v21
+ . n> 1 (3.51)
14 2
where,
n—1
2 (%M) (9 +2v21) + (3 — v21)
51 = — , n>1 (3.52)
(o) (5 T 1 6
Inserting equation (3.52) into equation (3.51) we obtain the desired result. O

84. Numerical Results

Now in Tables 1 and 2 we will list some values for the number of spanning trees from the

sequence graphs that were studied.

" A0 407
1 3 3

2 5292 8664

3 14257200 29654208

4 38437286592 102551410176

5 103626696377088 354860039811072

6 279376958435404800 1227969544217001984

7 753198621914706751488 4249315364408988008448

8 2030619014650714425311232 m14704504065155326285971456

Table 1 Illustrates values of the number of spanning trees in the graphs A" and A{",
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n A A

1 3 3

2 6144 1728

3 15925248 910803

4 41789423616 479991603

5 109725622468608 252954664128

6 288112748103991296 133306628004003

T 756514955634621284352 70252340003445603
8 1986426917209987985965056 37022849875187828928

Table 2 Ilustrates values of the number of spanning trees in the graphs Agn) and Afln).

85. Spanning Tree Entropy

After obtaining explicit Formulas for the number of spanning trees of the sequence of the four
families of graphs Agn), Agn)7 Agn) and AEL"), we can compute its spanning tree entropy Z which
is a finite number and a very interesting quantity characterizing the network structure, defined
as in [19]. For a graph G,

!
Z(G) = zz‘mnmm. (5.1)
Then,
Z(A"M) = %(ln[él] — 2In[337 4 5242] + 2In8749 + 135042) = 1.3165970451,
Z(AMM) = é(ln[S] + 2In[11 + 46]) = 1.3581918754,
Z(AM) = % (12 +2 i [19+3 V33| ) = 13121876275,
Z(AM) = é (1nf4] - 210 [527 + 115v/21] + 200 [6049 + 1320v/21] ) = 1.044532824.

We compare the value of entropy in our graphs with other graphs. It is clear that the en-
tropy of the Aén) graph is greater than the other three graphs and the entropy of the Ain) graph
is smaller than the other three graphs .In addition the entropy of the graphs ,Agn), Ag”), Ag")
and Afln) is smaller than the fractal scale free lattice [20] of the average degree 4, which has the
entropy.

86. Conclusions

In this work, we calculate the number of spanning trees in the sequences of three sequences of
graphs of average degree 4 and 5 utilizing electrically equivalent transformations. The feature of
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this method lies in the avoidance of laborious computation of Laplacian spectra that is needed

for a generic method for determining spanning trees.
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Abstract: Fixed point theory plays a fundamental role in nonlinear analysis and has wide
applications in integral equations, optimization, computer science, and dynamical systems.
The classical Banach contraction principle has inspired numerous generalizations to accom-
modate mappings that are not strict contractions in the usual metric sense. Among such
developments, A-metric and A,-metric spaces provide a broad framework that unifies and
extends classical metric spaces, S-metric spaces, and b-metric spaces. In this article, we
introduce the notion of an extended A,-metric space and investigate fixed point results for
several well-known contraction principles within the framework of extended A,-metric s-
paces. In particular, we establish Banach-type, Kannan-type, Reich-type, and nonlinear
rational contraction results and prove the existence and uniqueness of fixed points under
suitable orbit-control conditions. Our approach relies on generalized triangle inequalities
associated with Ap-metrics together with the construction of Picard sequences to establish
convergence. The obtained results not only extend several classical fixed point theorems to
a broader class of generalized metric spaces but also unify various contraction conditions
within a single framework. Several illustrative examples are presented to support the main
results, and an application to a nonlinear integral equation is provided to demonstrate the
effectiveness of the proposed approach. These findings contribute to the growing theory of

generalized metric spaces and their applications in nonlinear analysis.
Key Words: Extended Ap-metric space, Banach contraction, Kannan contraction, rational
contraction, fixed point, common fixed point.

AMS(2010): 47H10, 54H25, 54E99.

§1. Introduction

Fixed point theory has long been regarded as one of the fundamental branches of nonlinear
analysis, with important applications in functional analysis, topology, optimization, differential
equations, and applied mathematics. A pioneering contribution to this theory was made by

Banach [1] through the celebrated contraction principle, now known as the Banach contraction

1Received November 6, 2025, Accepted May 26, 2026
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principle, which guarantees the existence and uniqueness of fixed points for contraction map-
pings on complete metric spaces. Owing to its simplicity and effectiveness, this theorem has
become a powerful tool in both pure and applied mathematics and has motivated numerous

generalizations in more abstract settings.

A major advancement in this direction was the introduction of partial metric spaces by
Matthews [2], where the self-distance of a point need not be zero. This concept provided a
suitable framework for applications in domain theory and theoretical computer science. Later,
Bukatin et al. [3] developed several foundational properties of partial metric spaces, while Oltra
and Valero [11] established various fixed point results in this setting. Subsequently, Shukla [12]
introduced partial b-metric spaces, extending the classical metric structure by incorporating a

relaxation parameter.

Parallel to these developments, several modifications of the Banach contraction condition
were proposed. Kannan [6, 7], Reich [24, 23], and Ciri¢ [4] introduced alternative contrac-
tive conditions that guarantee fixed points without requiring the standard Banach contraction
assumption. Later, Khan et al. [5] introduced altering distance functions, while Dass and
Gupta [22] investigated rational-type contractions. These generalized contractions significantly

broadened the applicability of fixed point theory and unified many classical results.

Further extensions of fixed point theory have been investigated in several generalized spaces.
Contributions by Jungck [13], Edelstein [14], Pant [9], and Jaggi [10] enriched the theory of
compatible mappings and common ffxed points. More recently, fixed point results have been
studied in S-metric spaces [16, 17, 18], A-metric spaces [19], and Ab-metric spaces [20, 21],

thereby extending the scope of generalized metric structures.

The concept of extended Sp-metric spaces introduced by Mlaiki [15] further demonstrated
how generalized distance functions can provide a unified framework for studying nonlinear
contractions. Such generalized spaces preserve essential topological and convergence properties
despite weakened metric axioms. Consequently, these developments have attracted considerable
attention in nonlinear functional analysis, integral equations, optimization theory, and computer

science.

Recently, several authors have investigated generalized contractions in ordered and general-
ized metric spaces. Bhaskar and Lakshmikantham [27] established important fixed point results
in partially ordered metric spaces, while Aghajani et al. [28], Jachymski [29], and Huang et al.
[30] obtained various common fixed point and coincidence point results in generalized b-metric
settings. Moreover, Tag and Ozgﬁr [31] studied generalized fixed point results in S,-metric

spaces.

Motivated by these ongoing developments, in this paper we introduce the notion of an
extended Ap-metric space and investigate several fixed point results involving Banach-type [1],
Kannan-type [6, 7], Reich-type [24], Cirié-type [4], and rational-type contractions [22] in this
setting. The proposed framework generalizes both A-metric and A,-metric spaces and provides
greater flexibility through the incorporation of a control function. Our results unify and extend
several existing theorems in the literature. Moreover, an application to a nonlinear integral
equation is presented to illustrate the effectiveness and applicability of the obtained results.
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§2. Preliminaries and Notations

In this section, we recall some basic definitions and fix the notation that will be used throughout

the paper. We denote by N the set of natural numbers and by R the set of real numbers.

The notion of an A-metric space was introduced as a natural generalization of metric and

S-metric spaces [19].
Definition 2.1 Let X be a nonempty set and let n > 2. A function
A: X" —[0,00)

is called an A-metric on X if the following conditions hold for all £&1,&2,--+ ,&n,( € X:
(A1)
A&, .6n) =0 = L =6 ==&
(A2)
A1, 82,0+ 1 &n) = Al&r(1),&r2)0+ + n(m))
for every permutation 7 of [n].

(A3) (Generalized triangle inequality)

A(€17£27"' 7€n> g A(§17€27"' 7577,717() +A(C’C7 aCagn)'

n—1
Then, (X, A) is called an A-metric space.

When n = 2, this definition reduces to the classical metric. For n = 3, it recovers the
S-metric structure. Thus, the A-metric provides a unified framework that generalizes several

existing notions of distance.

To allow greater flexibility, the concept of an A,-metric space was introduced as an exten-

sion of A-metric spaces [20, 21].

Definition 2.2 Let X be a nonempty set, b > 1, and n > 2. A function Ap : X™ — [0,00) is
called an Ap-metric on X if the following conditions hold for all £1,&2,--+ ,&,,( € X

(Ab1)
Ap(&1,62,.6) =0 = G =L ==

(Ab2)
Ab(gl,g% te afn) = Ab(gﬂ'(l)7§ﬂ(2)7 to 7571’(”))

for every permutation 7 of [n].

(Ab3) (Generalized triangle inequality)

A1+ 1) < b(Ab(E0 820+ 1601, Q)+ A($ 6 G 6n) )

n—1
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Then, (X, Ay) is called an Ap-metric space.

Clearly, every A-metric is an Ap-metric with b = 1, but the converse does not necessar-
ily hold. The presence of the control parameter b provides additional flexibility in verifying

contractive conditions.

Definition 2.3 A sequence {&,,} C X is said to converge to § € X if

lim Ab(fmagma T 7§ma€) =0.
m—0o0 N ——— —
n—1
In this case, we write
Em — & as m — 0.

Definition 2.4 A sequence {&,} C X is called a Cauchy sequence in (X, Ap) if

lim Ab(émv§M7a§M7£p) =0.
~—

m,p— 00
n—1

Definition 2.5 An Ap-metric space (X, Ap) is said to be complete if every Cauchy sequence
{&m} C X converges to some & € X.

§3. New Examples of A,-Metric Spaces

Example 3.1 Let X =R and fix an integer n > 2. Define

Ab(€17£27"' 75”) ‘= max |§z _£j|27 §1a§23"' a§n eR.

1<i<j<n

We verify that A, defines an A,-metric on X.

(Abl) Clearly,
Ab(£1,§27 tee 7577,) 2 0

Moreover,

Ap(&1,82,-++,€n) =0
if and only if
& — &1 =0
for all 4, j, which implies

G=&="=6.

(Ab2) Since the maximum of all pairwise squared differences is independent of the ordering

of the coordinates, we have

Ap(&1, €25, 6n) = Ap(&r1), En2)s 5 En(n))
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for every permutation 7 of {1,2,--- ,n}.
(Ab3) Let ¢ € X. Using the inequality

la +b]* < 2(|lal* + [b]?),

we obtain
&= &P =1 — O+ —&)IP <2(1& = ¢P+1¢— &)

Taking the maximum over all 1 < i < j < n, it follows that

Ab(§1;€27"' afn) < 2(Ab(§17527' o 75717174.)
+Ab(C7C7”' 3C7£H)>
—_——

n—1

Hence, the generalized triangle inequality holds with b = 2. Therefore, (X, A4p) is an
Ap-metric space.

§4. Extended A,-Metric Space

In this section, we introduce the notion of an extended A,-metric space, which generalizes both

A-metric and Ap-metric spaces through the incorporation of a variable control function.
Definition 4.1(Extended Ap-Metric Space) Let X be a nonempty set, n > 2, and let
Ap: X" — [0,00)
be a mapping together with a control function
O: X" —[1,00).

Then, Ay is called an extended Ayp-metric on X if for all £1,&2,--- &0, 0 € X, the following
conditions hold:

(BAbL)
Ap(€1,82,+ &) =0 = LG =& ==&
(BA2)
Ap(€1,82, 7 &n) = Ap(&x1), En2)s 1 En(n))
for every permutation 7 of {1,2,--- ,n}.

(EAb3) (Generalized triangle inequality)

A€ 6n) SO &, 60) (AblEn, 6+ 6u, )

+Ab(a7a7"' ,O[7£n>)~
—_————

n—1
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Then (X, Ay) is called an extended Ap-metric space.

Clearly, every Ap-metric space is an extended Ap-metric space whenever

O(&1,82,...,86) =0

for all £&1,&3,...,&, € X. Moreover, when © = 1, the structure reduces to an A-metric space.

Definition 4.2 Let (X, Ap) be an extended Ap-metric space with fized arity n > 2 and control
function ©. Let {&x} C X be a sequence and let & € X. Then the following notions are defined.

1. Convergence. The sequence {&x} is said to converge to & (written & — &) if for every
e > 0, there exists N(g) € N such that

Ab(é-k?agk?a"' 7£k7§) <e for allk}N(s)
n—1

2. Cauchy sequence. The sequence {&} is called an Ap-Cauchy sequence if for every
e > 0, there exists N(¢) € N such that

Ap(&rr iy & bm) <€ forall k,m > Ne).
21

3. Completeness. The space (X, Ap) is said to be complete if every Ay-Cauchy sequence
in X converges to some point of X.

4. Diameter. For a nonempty subset Y C X, define its diameter by

dlam(y) = Sup{Ab(§17£27 e 7£n> : 517527' o 7577, € Y} .

Definition 4.3 Let (X, Ay) be an extended Ay-metric space. For € € X and r > 0, define the

open and closed Ay-balls centered at &, respectively, by

be(g) = WeX:Ab(Tla%"',%f)<7’ )
—_———

n—1

and

— A,
Br (g): UEX:Ab(Uﬂ?v"'J]’f)gr
——

n—1
Furthermore, the following notions hold.

1. Open set. A subset U C X is called open if for every u € U, there exists € > 0 such
that
B2 (u) C U.

2. Closed set. A subset V. C X s called closed if whenever a sequence {vp} C V
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converges to some v € X, thenv € V.

Figure 1. Hierarchical relationship among A-metric, Ap-metric, and extended Ap-metric spaces

Extended A,-metric Space

A,-metric Space

A-metric Space

§5. Comparative Study of A-Metric, A,-Metric, and Extended A,-Metric Spaces

Feature

A-metric Space

Ap-metric Space

Extended Ap-metric S-

pace

Introduced by

Mujahid Abbas et
al. (2015)

Manoj Ughade et al.
and subsequent exten-

sions

Generalized framework
proposed in the present

work

Underlying map-
ping

A: X" —[0,00)

Ab:Xn — [0,00)

Ay : X" — [0,00) with
control function © : X" —
[1,00)

Parameter in- | None Constant b > 1 Variable control function ©
volved
Non-negativity A(&r,..., &) 20 Ap(&1,-+- ,&n) 20 Ap(€1,-+,&n) 20
Identity property A&, ,6n) = | Same as the A-metric | Same condition retained

0 <= case

1= =&

Symmetry

Invariant under ev-
ery permutation of

coordinates

Invariant under every
permutation of coordi-

nates

Invariant under every per-

mutation of coordinates




32

Vikas Ahirwar, Manoj Ughade and Rahul Vishwakarma

Feature

A-metric Space

Ap-metric Space

Extended Aj,-metric S-

pace

Triangle-type in-
equality

A(£17~~~ 7&’”) <
A(£17"' 75”—174)
+A(<7 7C7§n)

Ab(&l,"' 75”) <
b(Ab(£17"' 75’”*17C)
+Ab(<7 ,(7571))

Ab(gla"' 75’“«) <
@(517"' 75”)
(A, &nmrs0)

T+ Au(a, -+ ,a,fn))

Flexibility level

Least flexible

More flexible through

the constant b

Most flexible through the

variable control function ©

Special cases re-

covered

Metric space (n =
2) and S-metric s-
pace (n = 3)

Every A-metric space
when b =1

Both A-metric and Ap-

metric spaces

Nature of control

Fixed structure

Globally controlled by
a constant b

Locally controlled by O,
depending on the points in-

volved

Suitability for
fixed point theory

Classical  general-

ized contractions

Wider classes of con-

tractions

Highly adaptable frame-
work for nonlinear contrac-

tive mappings

Generalization hi-

erarchy

Base structure

Generalization of A-

metric spaces

Generalization of both A-
metric and Ap-metric s-

paces

§6. Examples of Extended A,-Metric Spaces

In this section, we present several examples of functions

Ap: X" — [0,00)

that satisfy the axioms of an extended Ajp-metric space introduced in the previous section. In
each case, the associated control function © is specified and the required properties are verified.

Example 6.1 Let S be a nonempty set and let I" := S* U S“ denote the collection of all finite

and infinite sequences over S. Fix n > 2. For aq,as, -+ ,a, € T, define

Ab(al7 0523 o 7a7L) = 275(0(1’0(2’“. ,Otn)

)

where £(ay, g, -+ ,a,) € NgU{oo} denotes the length of the longest common prefix shared by

the sequences a1, as, - -, a,. By convention,

27 =0
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and choose the control function © = 1.

Proof The nonnegativity is immediate since powers of 27% are nonnegative.

Moreover,

Ap(ar, g, a,) =0
if and only if

K(OéhOZQ,' T 7Oén) = 00,

which occurs precisely when all sequences coincide.

Symmetry follows because the common-prefix length is invariant under permutations of

the arguments.

For the generalized triangle inequality, let { € I' and define

ki ::E(ai,C), i:1,2,"',7l.

Then,
oy, a9, -+ o) = min k;.
( ) b ) n) = 1<1<n 3
Hence,
—l(a1,02, -,
Ab(alaa27"')an):2 ( a2 n)

< 92— ming <i<n ki

n n

<Z2_kl = Ab(aiv"' aai7C)'
1

i=1 i=
Therefore, the generalized triangle inequality holds with ® = 1. Consequently, (T, A;) is

an extended Ap-metric space. O

Remark 6.2 The above example provides a natural realization of an extended A,-metric on a

sequence space. The value
Ab(al, Qg -+ ’an) — 2—Z(a1,a27,.. )

depends on the length of the common initial segment shared by the sequences. Consequently,
sequences with larger common prefixes are regarded as closer to one another.

An important feature of this construction is that the distance is determined by structural
similarity rather than by numerical magnitude. This makes the example suitable for symbolic
systems, coding structures, formal languages, and tree-like models where proximity is governed
by shared patterns.

Moreover, the choice ® = 1 shows that the generalized triangle inequality is satisfied
without any additional relaxation factor. Hence, the space behaves as a particular case of an
extended Ap-metric space with the strongest control condition.

It is also worth mentioning that when n = 2, the mapping reduces to the classical prefix-
type metric commonly used in sequence analysis and ultrametric constructions. Therefore,

this example demonstrates that extended Aj-metric spaces naturally extend several well-known
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generalized distance frameworks while preserving meaningful geometric behavior.

Example 6.3 Let I' := [0,00) and fix constants ¢ > 0 and n > 2. Define

Ab(fla&?v"' a€n> = cmax{{l,fg,- v 75”}7

for all & € T" and take © = 1.

Proof The nonnegativity and symmetry are immediate.

Furthermore,
Ap(&1,62, &) =0
implies
maX{§17§27 e agn} = 07
and hence

§1=8& ==& =0.

For any a €T,

Y Al &a) = e max{g,a}
1=1 =1

>c m64<X gi = Ab(fla&??' o ag’ﬂ)

1<i<

Hence, the generalized triangle inequality is satisfied with © = 1. Therefore, (T, Ap) is an

extended A,-metric space. a

Example 6.4 Let (M, d) be a metric space and set T' := M.

For z1,x9, -+ ,x, € M, define

Ap(x1, @0, ,2y) = 1<rzn<ajx<n d(z, ;).
~ ~

Choose the constant control function © = n.

Proof The nonnegativity and symmetry follow directly from the properties of the metric

Moreover,
Ab(.’Iz‘l,.’L‘Q, e 7x’ﬂ) = O

if and only if d(x;,z;) = 0 for all 4, j, which implies z1 = z2 = -+ = x,,.

Let o € M. By the triangle inequality,
d(zi, z;) < d(z, @) + d(a, z;).
Taking the maximum over all ¢ < j, we obtain

Ap(z1, -+ ) <2 1r<nkaé<n d(zg, ).
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Since .
d( d(
k=1
it follows that .
Ab(.’L‘l,"‘, 2dek)7
k=1
Now observe that
Ab(xk; T axkva) = d(l’k, O{),

for every k =1,2,--- ,n. Hence,

Ap(xr, -+, xn) < ﬂZAb(l‘kw“ , Tk, Q).

35

Thus, the generalized triangle inequality holds with © = n. Consequently, (M, Ap) is an

extended Aj,-metric space.

Example 6.5 Let (M,d) be a metric space and define
Ab(xlax%"' 7:["71) = Z d(ﬂfi,l'j)7
1<i<j<n
for all z1,x2,--- ,z, € M.

Take the control function © =n — 1.

Proof The nonnegativity and symmetry are immediate.

Moreover,
Ab(xla e 73771) = O

if and only if all pairwise distances vanish, which implies 1 = o = --- = x,,.

For any a € M, using the metric triangle inequality,
d(zi, zj) < d(z, @) + d(a, z;).

Summing over all pairs 1 < i < j < n, we obtain
n
Ap(z1,- -y 2n) < (n—1) Zdwk,
k=1

Since
Ab(xk; T 7$k7OZ) = d(.’l?k,a),

we conclude that N
Ab(xh e ,xn) < (TL - 1) ZAb(xkv L, Tk, a)'

O

Hence, the generalized triangle inequality holds with © = n — 1. Therefore, (M, Ap) is an
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extended Ap-metric space. O

Example 6.6 Let K be a compact set and let T' := C'(K), the space of all continuous real-valued
functions on K. For fi, fa, -+, fn € C(K), define

Ab(fl?an"' >fn) ‘= sup max |f7,((13) - fj(x)|

zeK 1<i<j<n

and choose © = n.

Proof The nonnegativity and symmetry are immediate.

Moreover,

Ap(f1, for s fa) =0
ifand only if f1 = fo=---= f,.

Let g € C(K). By the pointwise triangle inequality,

[fi(x) = fi(@)| < [fi(z) — g(@)| + |g(2) = f;(@)].

Taking maxima and then supremum over K, we obtain

Ay(fr,--+ 5 fn) £2sup max |[fi(x) — g(x)|.

z€K 1Sk<n
Furthermore,

Ab(fk7' o 7fkvg) = sup |fk($) —g($)|
zeK

Hence,
n

Ab(f17"' 7fn) g nZAb(fka 7fkag)'

k=1
Therefore, the generalized triangle inequality holds with © = n. Consequently, (C(K), Ap)

is an extended A,-metric space. d

Let I be a nonempty set and let A, : I — [0, 00) be an extended Ap-metric with control
function © : I — [1,00). For &,n € T, define

An(g) = Ab(na e 77776)7

n—1

whenever no confusion arises.

87. Main Results

Theorem 7.1 Let (X, Ap) be a complete extended Ap-metric space of arity n > 2 with control
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function © : X™ — [1,00). Assume that Ay is continuous. Let T : X — X satisfy

Ab(Tf,Tﬂ,Tf,,Tf)gkAb(€7,5,77), fOT’CL”fﬂ]GX, (1)

n—2 n—1

for some constant k € [0, 1).

Assume the orbit-control condition: for each o € X, the Picard orbit

T = TMxyg

satisfies
u 1
m};}r_r)loo H O(x;, ...,z xp) =: L(xg) < T
=m
Then, T has a unique fixed point z € X, and
T"xg — 2
for every xg € X.
Proof Fix xg € X and define the Picard sequence
T+l = LT, m =0
For every m > 0, put
dm, = Ab (xm,+17 Tm+42; Tm+1y -+ Tm+1 )
—_—————
n—2

Our goal is to show that d,,, — 0 geometrically (up to bounded multiplicative factors), and
then deduce that (z,,) is Cauchy.

Applying (1) with

§=1om, = Tm+1,
gives
dm = Ab<Txma Txm+1; Ty, - Toy, )
—_—
—2
N (2)
< k‘Ab(l‘m, 5 Tmy, xm—&-l)-
—_——
n—1
Thus, it remains to estimate
Ab(xﬂﬁ 7‘Tm7xm+1)
n—1

in terms of d,,,_1.
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Using the generalized triangle inequality repeatedly, we obtain

Ab($m7 Ty, merl) g Cmdmfla
—_———
n—1
where .
Om = H @(tm,€)7
=1
for suitable tuples t,, ¢ € {zo, -, Tms1}"

Combining this estimate with (2), we obtain
dm < kCpdpm—1. (3)

Tterating (3), we get

By the orbit-control hypothesis,
kaCj—>O (m — o),
j=1

and hence
dm — 0. 4)

Next, repeated application of the generalized triangle inequality yields

p—1
Ab(l'q,"' 7xq7xp) qu,pZdja (5)
—_——— pt

n—1

for suitable constants M, > 1.

Since d; — 0, the series Z;’; 4 4; converges, and therefore (zm) is a Cauchy sequence in
the Ap-sense.

Notice that the completeness of (X, Ap) implies the existence of z € X such that z,, — z.
Using continuity of Aj and passing to the limit in (1), we obtain

Ab(Tz,Tz,Tz7~-- ,Tz) < kAb(z,--- ,z).
— ——

n—2 n

Since 0 < k < 1, it follows that

and hence
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To prove the uniqueness, let u,v € X be fixed points of T. Then

Ab(u,--- ,u,v) :Ab(Tu,TU,Tu,~-- ,Tu)

—— ———
n—1 n—2
< kAb(u7 e ,u,v).
———
n—1

Since k < 1, we conclude that

which implies u = v. Therefore, T has a unique fixed point, and every Picard sequence converges
to it. O

Theorem 7.2 Let (X, Ap) be a complete extended Ap-metric space with continuous Ap. Suppose
there exists o € [O, %) such that for all £,m € X,

Ay (T8 T Tn) < a(Ap(& 6 T€) + Ay(n, 3, Tn) ).

n—1 n—1 n—1
Assume moreover that, for each xo € X, the Picard orbit
T = T™Mxyg
satisfies the orbit-control condition

P
. 1
m,lgirgoo 4 O(x;, -+, x4, ) =: L(zg) < =
=m

Then, T has a unique fixed point z € X, and

T"xy — 2 for every xg € X.

Proof Let xg € X and define the Picard sequence

Tt1 =TT, m = 0.
Set
Um = Ab(l‘mymerhxma e axm)-
—_———
n—2

Applying the Kannan-type inequality with

é.:a:ma = Tm+1,
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we obtain
Ut < Oz(Ab(:cm,m s Ty Ting1) + Ap (T, ,zm+1,xm+2))-
—— —
n—1 n—1

Using the generalized triangle inequality repeatedly, each diagonal term can be estimated
by a finite product of ©-values multiplied by u,, or u,,11. Hence there exist finite constants
Cm, Cy1 = 1 such that

(1 —aChrt1)tums1 < aChpiy,.

By the orbit-control hypothesis, the products of ©-terms remain controlled along the orbit.
Consequently, there exists ¢ € [0,1) such that w11 < qu,, for all sufficiently large m.

Therefore,

U — 0 (m — 00).

Proceeding as in Theorem 7.1, one shows that the Picard sequence (z,,) is Cauchy in the
Ap-sense. Since (X, Ap) is complete, there exists z € X such that z,, — z.

Using the continuity of A, and passing to the limit in the contractive inequality, we obtain
Tz =z.

To prove uniqueness, let u,v € X be fixed points of T'. Then

Ab(uv"' ,’lL,’U) :Ab(TU’ ’T’LL,T'U)
——— —
n—1 n—1
ga(Ab(u7... ,U7U) —|—Ab(1}7-.. 7’(),’())) =0.
—1 n—1

Hence u = v. Therefore, T has a unique fixed point, and every Picard sequence converges
to it. O

Theorem 7.3 Let (X, Ay) be a complete extended Ap-metric space with continuous Ay. Suppose
there exist constants «, B,y = 0 satisfying

a+p+y<1,
such that for all £,m € X,

Ab(T&,T'f},T&, 7T§) < O(Ab(ﬁ, 55777) +BAb(§7 afaTg) +’YAb(777 7n’T77)
—_——— ~—— ~—— ——

n—2 n—1 n—1 n—1

Assume further that, for each xg € X, the Picard orbit x,, := T™xq satisfies

1

p
li (i, i, ) = Lxg) < —————.
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Then, T has a unique fixed point in X.

Proof Let
Tmt1 = 1Ty, m 2 0,
and define
Um ‘= Ab(xm; Tm+1,Tm, " s Tm )
—_———
n—2

Applying the Reich-type inequality with

é.:xma = Tm+1,
gives
U1 < QUm + BA (T, Ty Timg1) + Vmgt
—_————
n—1

Using the generalized triangle inequality, the diagonal term is bounded by a finite ©-
multiple of v,,. Hence there exists a finite constant C,, > 1 such that

(1 =Y vma1 < (@ + BCr)Um.

By the orbit-control condition, the products of the corresponding ©-terms remain bounded

along the orbit. Consequently, there exists ¢ € [0,1) such that vy, 11 < quy, for all sufficiently
large m.

Therefore,

Uy, — 0 (m — 00).

Proceeding as in Theorem 7.1, one shows that the Picard sequence (z,,) is Cauchy in the
Ap-sense. Since (X, Ap) is complete, there exists z € X such that z,, — z.

Passing to the limit in the contractive condition and using continuity of A;,, we obtain
Tz = z.
To prove uniqueness, let u,v € X be fixed points of 7. Then

Ab(u,~~ ,u,v) = Ab(Tu,Tv,Tu7~~~ ,Tu)
n—1 n—2

<OéAb(’U,,"' ,u,U) +6Ab<u7 7’11,,’(1/) +’}/Ab(’U,"' 7’(},’0).

n—1 n—1 n—1

Since

we obtain
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Because a < 1, it follows that
Ab(u,~~ ,u,v) =0,
——

n—1

and hence u = v. Therefore, T has a unique fixed point in X. 0

Theorem 7.4 Let (X, Ap) be a complete extended Ap-metric space with continuous Ap. Suppose
there exists A € (0,1) such that for all &,m € X,

AmaX{Ab(§7"' 35777)7 Ab(§7 7§7T§>7 Ab(ﬁ» 7777T77)}

A (TETn.TE. --- . T < n—1 n—1 n—1
b( 57 m, 57 ) E) 1+Ab(§77£7n)
n—2 \ 2
n—1

Assume further that the Picard orbit satisfies the same orbit-control condition as in Theo-

rem 7.1. Then, T has a unique fized point in X.

Proof Let
Tm41 - = Tl’m,, m 2 07
and define
W = Ab ($m+1a Tm+2,Tm+1, """ s Tm+1 )
—_— ————
n—2

Applying the rational-type inequality with

§ = T, = Tm+1,
yields
A
Wiy < max {Ab(ﬂcm, e ,mm,xm+1),Ab(mm, e ,xm,Txm),
1+Ab(93m7"'axmaxm+1) N—— S———
n—1
Ab(.’l;m+1, e 7$m+lawm+2)}-
—_—
n—1

If w,, = 0 for some m, then the Picard sequence becomes stationary and reaches a fixed
point. Otherwise, repeated use of the generalized triangle inequality together with the orbit-
control condition allows the ©-factors to be absorbed into a contraction coefficient. Hence,
there exists A" € (0, 1) such that

W g A/'wm—l

for all sufficiently large m. Therefore,
Wy, — 0 (m — 00).

Proceeding as in Theorem 7.1, one shows that the Picard sequence (z,,) is Cauchy in the
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Ap-sense. Since (X, Ap) is complete, there exists z € X such that z,, — z.

Passing to the limit in the contractive inequality and using continuity of A, we obtain
Tz = z.
To prove uniqueness, let u,v € X be fixed points of 7. Then

)\max{Ab(u,~o ,u,v),0,0}

Ap(u, - u,v) = Ap(Tu, Tv, Tu,- -+ ,Tu) < nol
b( ) b( N ,) 1+Ab(u’...7u’v)
n—1 n—2 N——
n—1
Hence
Ab(uv"' ,U,’U) =0,
——
n—1
which implies u = v. Therefore, T' has a unique fixed point in X. O

We now present an example illustrating the applicability of Theorem 7.1.

Example 7.5 Let X = R and define

Ab(ﬁCl,mQ,"' 7xn) = max |:I;l_xj|a L1, L2y )ZL‘RER
1<i<j<n

Choose the control function ©® = n. Define the mapping
T:X =X, T(x) = sz,
where 0 < s < 1. Then, for every &, € X, we have

Ab(T&,TT],TE, 7T§) = |5€7377| = S|§777| = 5Ab(§777757 75)
n—2 n—2

Hence,
Ab(Tf,TTLTf, 7T§) < kAb(§a77a§,"' 75)7
———— ——

n—2 n—2

where k = s € [0,1). Thus, the contractive condition (1) of Theorem 7.1 is satisfied.

Moreover, for the Picard sequence x,, = s™xo, the control values O(z;, -+ ,x;,2,) = n

remain constant along the orbit. Hence the orbit-control condition is also satisfied.

Therefore, by Theorem 7.1, the mapping 7" has a unique fixed point, namely 0, and
T"xg — 0 as m — oo

for every zp € R.
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Example 7.6 Let X = R and define

Ap(z1,29, -+ ,Tp) = max |z; — ;]
1<i<j<n

Define the nonconstant control function

1
O(z1, 2z, Tp) =14+ ————.
2+ |l
Clearly,
3
1< O(xy,x0, + ,2,) < 3
for all x1,x2, - ,x, € X.

Now define the mapping
T:X — X, T(z) = sz,

where 0 < s < 1.
For every &,n € X, we have

Ab(TfaTnana 7T§) = |5§—37I| :8|€_77| :SAb(€7777€a 75)

n—2 n—2

Hence, the Banach-type contractive condition holds with & = s € [0,1).

Next, consider the Picard sequence x,,, = T™xg = s™xg. Then

1
Ty s T, ) = 1+
( P = = Dlaml 1
=1+ !
B 2+ (n — 1)|s™xzg| + |sPxo|
Since
s"xg — 0 (m — 00),
we obtain 5
G(xma 7xm,xp) - 5
Also,
3
1 < @(xmv ,l’m,l‘p> g 57

for all m, p € N. Therefore, the corresponding finite products of ©-values remain bounded along
the Picard orbit. Consequently, the orbit-control condition required in Theorem 7.1 is satisfied.
Hence all assumptions of Theorem 7.1 hold. Therefore, the mapping 7" has a unique fixed point
0, and

T"xg — 0 for every xy € R.

Example 7.7 Let (X, Ay) be an extended Ap-metric space with control function © : X —
[1,00).
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Fix a point ¢ € X and define the constant mapping
T:X - X, T(x) =c, r e X.
Then, for every £,n € X, we have

Ab(Tf,-” ,Tf,T?]) = Ab(c,--- ,C,C) = 0.
N———— ——

n—1 n—1

Hence,
Ab(Tgv e ,T£7T77) < O‘(Ab(ga T 7£7T£) + Ab(nv T 7773T77)>7
—_—— ~—— ———

n—1 n—1 n—1

for every a € [0, %) Therefore, the Kannan-type contractive condition of Theorem 7.2 is
satisfied.

Moreover, the Picard sequence generated by T is
Ty = C, m 2= 0,
which is constant. Consequently,
O(Tmy -+ T, xp) = O(c, -+, 0),
for all m,p € N. Hence, the orbit-control condition is trivially satisfied.

Therefore, by Theorem 7.2, the mapping T possesses the unique fixed point ¢, and every

Picard sequence converges to c.

Next, we present an example illustrating Theorem 7.3.
Example 7.8 Let X = R and define
Ap(z1, 22, ,&p) := 1<r?g;(<n x; — zjl.

Define the nonconstant control function

1
O(z1, 22, &) =1+ s
! 24 i |l
Clearly,
3
1< @(xlax27"' ,l'n) < 57
for all xy,x9, -+ ,x, € R.

Now define the mapping

T:X — X, T(x) = sz,
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where 0 < s < 1. Then, for every £, € X, we have
Ab(T§7T’I’],T§, e 7T£) = |S€ - 57]' = S|€ - 77| = SAb(faThfa e 75)
2 2

Choose

Then,
a+f+y=s<1,

and hence the Reich-type contractive condition of Theorem 7.3 is satisfied.

Now consider the Picard sequence x,, = T™xq = s xq.

Then,
(T, s T, xp) =1+
( P = Dl + 1
1
= 1 + .
24 (n—1)|smxo| + |sPxo]
Since
sMxy — 0, (m — 00),
we obtain 5
T,y T, Tp) — 7
Also,
3
1<O(@m,  , Tm,Tp) < 2

for all m,p € N.

Hence, the corresponding products of ©-values remain bounded along the Picard orbit,
and the orbit-control condition is satisfied.

Therefore, all assumptions of Theorem 7.3 hold. Consequently, the mapping 7" admits the
unique fixed point 0, and

TMxg — 0 for every o € R.

Finally, we present an example illustrating Theorem 7.4.

Example 7.9 Let (X, A;) be an extended Ap-metric space with control function © : X™ —
[1,00). Fix a point p € X and define the constant mapping

T: X — X, T(z) = p, x e X.
Then, for every £, € X, we have

Ab(T€7 7T§7T77) = Ab(p7 7p7p) = 0.
——— ———

n—1 n—1
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Therefore,

AmaX{Ab(€7"' 75777)7 Ab(€7 7§7T€)7 Ab(”’ ’77/7T77)}
-1 -1 -1

1+Ab(€7,£a77) ’
~——

n—1

Ab(Tga e 7T§7T,’7) <
————

n—1

for every A € (0,1). Hence, the rational-type contractive condition of Theorem 7.4 is satisfied.

Now consider the Picard sequence

Since T is constant,

Thus,
@(J}m, e a'rmmxp) = @(p, e 7p)a

for all m,p € N.
Consequently, the orbit-control condition is trivially satisfied.
Therefore, all assumptions of Theorem 7.4 hold. Hence, the mapping T possesses the

unique fixed point p.

88 Application of Theorem 7.4

Let X := C([0,1]), the Banach space of all real-valued continuous functions on [0, 1], equipped

with the supremum norm

[flloo := sup [f(x)].

z€[0,1]
Define A : X™ — [0,00) by

Ay(fr, fo, o fn) = max ||fi — fjllocs fi, fo, o fa€ X.

1<i<j<n
Choose the control function © = n. Then, (X, Ap) forms a complete extended Ap-metric
space. Indeed, the convergence and Cauchy properties induced by A; coincide with the usual
uniform convergence on C([0,1]), and C([0, 1]) is complete with respect to the supremum norm.
Let k : [0,1] x [0,1] — R be a continuous kernel, h € C([0,1]), and let ¢ : R — R be a

continuous nonlinear function.

Assume that there exist constants
K>0 and L>0
such that

1
sup / |k(z,y)|dy < K,
z€[0,1] JO
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and
lp(u) — ()| < Llu—v|,  uwveR.

Assume further that
A:=KL e (0,1)

and define the operator T': X — X by
1
(TF)(x) = / ke o(f(@) dy +h(z), =€ 0,1]

We show that T satisfies the rational-type contractive condition of Theorem 7.4.
Let f,g € X. Then, for every = € [0, 1],

1
(Tf)(x) = (Tg)(x)| = /0 k(z,y) (e(f() — elg(v))) dy

1
< / k()] [9(F () — 2(9(v)] dy
0
1
<L [ Ik 1) - o)l dy
0
1
SLIf =gl | Ik(z,v)dy.
I =l | Ikl dy
Taking the supremum over z € [0, 1], we obtain

ITf = Tglloe < KL[f = glloc = Allf = glloo-

Hence,
Ay(Tf.Tg.Tf,-- ,Tf) =|Tf—Tgllw <As(f, 9., f).
——

n—2 n—2

Since

1+Ab(f7gafa"' 7f) >1a
-2

it follows that

AmaX{Ab(fagvf7'” 7f)7 Ab(fvava"' 7f)7 Ab(gng7g7"' 3.9)}

A (TFf,Tqg, Tf,---,TFf) < n—2 n—2 n—9
b( [ Tg,Tf, ) f) 1+Ab(f,g,f7"'7f)
n—2 K
n—2

Thus, T satisfies the rational-type contractive condition of Theorem 7.4.

Moreover, the orbit-control condition required in Theorem 7.4 is satisfied since © = n is
constant along every Picard orbit. Hence, the corresponding finite products of ©-values remain
bounded. Therefore, all assumptions of Theorem 7.4 are satisfied. Consequently, T possesses a
unique fixed point v € X such that

Tu = wu.
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Equivalently, the nonlinear integral equation

u() = / ko) o(u(y) dy + h(z), = e 0.1],

admits a unique continuous solution u € C(][0, 1]). Furthermore, for every initial function ug €
C([0,1]), the Picard iterative sequence ty,+1 := T'u,, converges uniformly to the unique solution
u and therefore, the above nonlinear integral equation provides an application of Theorem 7.4

in the framework of extended Ap-metric spaces.

89. Conclusion

In this paper, we investigated fixed point theory in the setting of extended A,-metric spaces,
which generalize several well-known structures including metric spaces, b-metric spaces, ex-
tended b-metric spaces, S-metric spaces, Sp-metric spaces, extended Sy-metric spaces, A-metric
spaces, and Ap-metric spaces through the introduction of a variable control function. This gen-
eralized framework provides greater flexibility for the study of nonlinear contractive mappings

and convergence analysis.

Within this setting, we established fixed point results for various classes of contractions, in-
cluding Banach-type, Kannan-type, Reich-type, and nonlinear rational-type contractions. The
obtained theorems were proved under suitable orbit-control conditions that ensure the conver-
gence of Picard iterative sequences. Consequently, our results unify and extend many classical
fixed point theorems available in the existing literature on generalized metric spaces.

To demonstrate the applicability of the developed theory, several illustrative examples of
extended Ap-metric spaces were presented. In addition, an application to nonlinear integral
equations was discussed, showing that the proposed framework is not only theoretically signif-

icant but also useful in practical problems arising in nonlinear analysis.

The results obtained in this work open several directions for future research. One may
investigate fixed point theory in fuzzy, probabilistic, or stochastic extended A,-metric spaces,
study multivalued and hybrid contractions, or explore applications in optimization theory, d-
ifferential equations, and computational mathematics. We believe that extended Ap-metric
spaces provide a fruitful and flexible framework for further developments in modern fixed point

theory and its applications.
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Abstract: We study the loop variety defined by the identity (z - (zy)) -2 = (y-z) - (z - 2),
which we call Crazy loops. We show that Crazy loops are flexible, satisfy left and right
inverse properties, and obey the square-symmetric law. For a loop () with automorphism
group A(Q), we characterise when its A(Q)-holomorph is itself a Crazy loop: this occurs
precisely when the automorphism group satisfies a® € C a@)(B) for all a, 8 € A(Q) and
when (28 (z8)y)z = yx-xz holds in @ for all z,y, z € Q. In particular, it is proved that the
A(Q) holomorph (H, o) of a loop (Q, ) is a Crazy loop if and only if (Q,-) is a Crazy loop
and (z8)? - € N,. We also describe explicit autotopisms induced by the Crazy identity
and show how these restrict to an automorphism of the nucleus. Finally we showed that if
(H, o) is the A(Q) holomorph of a Crazy loop that is an extra loop and z3 - z* € Nx. Then

T(z)~" is an automorphism.

Key Words: Loop, Crazy loop, generalized Bol-Moufang type loops, holomorph, automor-
phism.

AMS(2010): 20N02, 20N05.

§1. Introduction

An identity o = § is said to be of BolCMoufang type (first Bol-Mog type [8]) if it involves three
distinct variables in which two variables occur once on each side while the third occurs twice,
and the variables appear in the same relative order on both sides [26, 27]. The broader family of
generalized BolCMoufang identities arises when the variables do not appear in the same order
on both sides of the equal sign. A complete classification of such identities was carried out
by Coté, et.al [5], who listed all admissible identities and identified a number of loop varieties
defined by them.

Several loop varieties belonging to this scheme have been examined in recent work [6, 18,
20, 21, 23, 25]. Examples include Frute loops, Cheban loops and Mate-1 loops. Among the
identities appearing in the classification of Coté et al. is the Crazy identity defined by

(z - (zy))z = (yz) - (22),

1Received November 25, 2025, Accepted May 28, 2026
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The study of holomorphs has provided a powerful framework for analysing loop varieties.
Pioneering contributions of Bruck [2] established the role of holomorphs in inverse property
loops, while subsequent works by Robinson [28, 29], Huthnance [14], Adeniran [1], Chiboka and
Solarin [4], Isere et al.[15] extended holomorphic methods to Bol, extra, weak inverse property
loops, generalized Bol loops, conjugacy closed loops and Osborn. More recent developments,
particularly those involving WIP and power-associative conjugacy-closed loops [9], have demon-
strated that the interaction between loop identities and the automorphism group often encodes

the essential algebraic structure of a loop.

Despite this progress, the holomorphic and automorphic structure of Crazy loops has re-
mained completely unexplored. Nothing is known about the behavior of their automorphisms,
pseudoautomorphisms, or the internal symmetries that the defining identity imposes. In partic-
ular, it is not clear which automorphism-type mappings lift to autotopisms in the holomorph,
nor how the Crazy identity shapes the nucleus, inner mappings, or translation structure of the

loop.

The aim of this paper is to initiate a systematic study of this variety. We focus on the
interaction between the Crazy identity and three central objects: the automorphism group, the
pseudoautomorphism group, and the autotopism group of the holomorph. Our goal is to obtain
an autotopic characterization of Crazy loops, describe the pseudoautomorphisms they admit,

and determine when the holomorph itself inherits the Crazy property.

§82. Preliminaries

A loop (Q, ) is a set equipped with a binary operation such that

(1) For every x € @, the left and right translations

Lo(y) =z -y, R.(y)=y-2 (y€Q).

are bijections;

(2) There exists an element e € @ such that
ex=xe=ux, VreqQ.

Since all translations are bijective, their inverses L;! and R;! are well defined. We write
x\y = L;1(y) and y/z = R;'(y). For an overview of the theory of loops, readers may check
[3, 16, 24, 30]. Generally, a Smarandache loop L is such a loop that a proper subset A C
L is a subgroup of L respective to the same induced operation. Particularly, if L = 0, a
Smarandache loop is nothing else but a loop. For the future research, it would be of interest
to investigate whether the properties established in this paper can be extended to broader
algebraic systems. Specifically, applying these results to Smarandache loops — loops which

embed a proper subgroup — could yield interesting algebraic variations.
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Definition 2.1 (Nuclei) The left, middle and right nuclei are

Ny={a€Q:a- (zy) = (ax) -y Vz,y},
N,={aeQ:z-(ay) = (za) -y Yz,y},
Ny={a€Q:(zy) -a=z-(ya) Yz,y}
and the nucleus N(Q) = NxN N, N N,,.

Remark 2.2 Membership of nuclei admits the usual autotopism description:

a &€ Ny — (LmL La) S Atp(Q), a e NM
— (R;', L., 1) € Atp(Q), a€N,
< (I,Rq, R,) € Atp(Q).

The commutant of @ is given by
C(Q)={c:Vz e Q,cx =xc}.
A loop @ is said to have the centrum square property if
z? € 0(Q). (CSP)

The center of a loop Z(Q) is defined by Z(Q) = N(Q) N C(Q) and a loop has the square
symmetric property if it satisfies
XY = YT - T (SSP)

The left alternative property of a loop is defined as

Ty =T - TY, (LAP)

and the right alternative property is given by

Y- TT = Yr - T. (RAP)
A loop is an alternative loop if it is left and right alternative. Flexible loops satisfy

Toyr=xy-x (FLEX)
A loop @ satisfies the left inverse property if

ey =y (LIP)

and the right inverse property if
xy -y = x. (RIP)

An inverse property loop is a loop that satisfies both the (LIP) and the (RIP) and a loop
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is a weak inverse property loop if it satisfies any one of the following identities:

z(yx)? =y” or (xy)Ax =y (WIP)

Definition 2.3(Autotopisms, automorphisms, pseudoautomorphisms) An ordered triple (U,V, W)

of bijections of Q is an autotopism if
aU-yV=(z-yyW  (Vo,y €Q).

The set of all autotopisms forms the group Atp(Q).

A bigection o : Q — Q@ is an automorphism when a(x -y) = a(z) - a(y), equivalently
(o, a, ) € Atp(Q).

A map U is a left pseudoautomorphism with companion ¢ € Q if
(UL, U, UL,) € Atp(Q),

where L. denotes left multiplication by c. Right and middle pseudoautomorphisms are defined
analogously.

A loop (Q,-) is called an extra loop if @ satisfies one (equivalently all) of the following

identities
(z-y2)y =y - zy. (RE)
yz -y = y(zy - x). (LE)

and extra loops of second Bol -Moufang type have been introduced in [12].

Definition 2.45 Let Aut(Q) be the automorphism group of Q. The holomorph H = Aut(Q)x Q

is the semidirect product with multiplication

(ava) © (67[7) = (O‘ﬁv O‘(b) : a)7

where automorphisms act on Q on the left. The neutral element is (id, 1).

§3. Main Results

Definition 3.1 A loop is a Crazy loop if it satisfies

(z(zy))z = (yz)(22). (1)
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Proposition 3.2 In a loop Q, the Crazy identity is equivalent to each of the following:

LywyLy;' = Ly,
R.L?} = R..R,.
L Leay = Lo

Lemma 3.3 A loop Q is a Crazy loop if and only if A = (R,L;2, Ly, I) is an autotopism of
Q.

Proof Write the crazy identity as yz = (x \ (z \ y))x - zz and then, the rest is straight
forward. O

Lemma 3.4 In any loop Q, the following are true:
(1) Any two of L2 = R2, L2 = R2 and L,2 = L2 imply the third;
(2) Any two of Ry2 = L2, L2 = R2 and R,2 = R% imply the third;
(3) Any two of Ry> = L2, L,> = R,> and L,> = L2 imply the third;
(4) Any two of Ly2 = Ry2, Ly = R2 and R,> = R2 imply the third;
(5) Rz = R2, Ly2 = L2 and L2 = R2 imply Ry2 = L,2;
(6) Ryz = R2, L,z = L2 and Ry2 = L,z imply L2 = R2;
(7) If x* € C(L) and 2? is in any two of Nx, N,, and N,, then z* belongs to all three.

Proof (1) — (3) and (4) are obvious.
For (5), L2 = L2 = R2 = R,, for (6) we have R2 = R,> = L,2 = L? and for (7), we only
consider the case where z? € C(L) and 2% € Ny (| N,. Then,

yz -2t = yz=ay-z=yx? -z =y 2’z =y 22>

Thus, 22 € N,. O

Lemma 3.5 Let Q be a Crazy loop. Then,

(1)L2 = R?; (2)L,2 = L2; (3)R,L% = Ry2Ry;
(4)a? = 2*; (5)R.L, = L,R,; (6)L2 = R,2;
(T)R% = Ryz; (8)Ry2 = Ly2; (9)R. Ly = LR,

Proof (1) Setting z =1 in the Crazy identity.
2) Put y = 1 in the Crazy identity.
3) Replace z with = in the Crazy identity.

6) This is from (3) and (5).

(
(
(4) Put z = 2” in the Crazy identity and use Lemma 3.5(1).
(
(
(7) Use Lemma 3.5(1). and Lemma 3.5(6).

)
)
5) With z = y in the Crazy identity and Lemma 3.5(1).
)
)
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(8) Use Lemma 3.5(2). and Lemma 3.5(6).
(9) Use Lemma 3.5(6). on the right hand side of Lemma 3.5(3).

This completes the proof. O

Remark 3.6 The identity in Lemma 3.5(9). have been used to study power associative

conjugacy closed loops with the Weak inverse power associative loops in [7, 10, 11, 13, 17, 19].

Theorem 3.7 If Q is a Crazy loop, then, (i) x* - xz = z; (ii) yx - x° = vy; (iii) z(yx)? = y*;
(iv) Ny = N, = N,.

Proof (i) The Crazy identity is equivalent to

(@\(2\y)) - 22 = yz,
put y =1 to get
(z\(z”))x - 22 = 2. (5)

If we set z =1 in (5), we have

(@\(2"))z = 2™ (6)

From equations (5) and (6), We have

(i) Again if we put z = 2 in the Crazy identity, we obtain
yr = (x-2y)z” = (yz-x)a S yx -2 =y

(#i1) Any loop satisfying (¢) and (i7) will satisfy (éi7).

(iv) is an implication of (¢) and (7). O

Theorem 3.8 Let QQ be an extra loop. Then, the following are equivalent:
(1) @ is Crazy loop;
(2) T(x) =T Y (x) =T (x71) is an automorphism of Q.

Proof (1) = (2): Let Q be a middle extra loop, then C' = (L., R;!, R;'L,) is an auto-
topism of @ and suppose Q is also a Crazy loop, we have by Lemma 3.3, A = (R,L; 2%, Lz, I)
is also an autotopism of Q). Therefore, AC' = (R, L, ', L,R;', R;'L,). The three components
are equal since a Crazy loop is flexible, satisfies the square symmetric property and is an inverse
property loop.

(2) = (1): It is similar to the proof of (1) = (2). O

Theorem 3.9([24]) Let A= (U, V, W) be the autotopism of a loop Q. Then,

(1) If Q is a left inverse property loop, then Ay = (IUI, W, V) is also an autotopism of
Q;
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(2) If Q is a right inverse property loop, then Ay = (W, IVI, U) is also an autotopism of
0.

Theorem 3.10 Let A(Q) be the automorphism group of a loop (Q,-). Then, the A(Q) holo-
morph (H,o) of (Q,-) is a Crazy loop if and only if the following two conditions hold:

(1) For every a, 8 € A(Q),
a’B = pa;
(2) For all z,y,z € Q and o* = id, B € A(Q),

(8- (xP)y)z = yx - x2. (7)

Proof Let U = (a,x), V = (B,y), W = (4, z). Then,

U-V = (af, 26-y),
U-U-V) = (a®8, z(af)- zB-y),
U-U V)W = (265 (a6 y)5-2)

U-W = (ad, x6-2z),

(
(
(
V.U = (B9, ya-x),
(
(V-U) - (U-W) = (Ba?, (ya-z)ad- 6-2).

For (H,o) to be a Crazy loop, we must have
U-U-v)-w=yv-u)-U-W),

ie.,

(@?B6, (zaf-xB-y)d-2) = (Ba?s, (ya-z)ad- x6 - 2).
Equating the components gives the first component
a?B6 = Ba?s.

Cancel § on the right to obtain
C¥2ﬁ _ 50[2

and second component
(waf - (36 1)5 -2 = (ya - z)ad - 287,
(B - (za ' -ya )zd ot = (ya-2) - (ot - 20 a ).
Thus, the equation (7) holds if a? = id. O

Corollary 3.11 Let Q be a Crazy loop and A an automorphism group of Q. Then, the A(Q)
holomorph is Crazy if and only if B = (RwL(;zB), Ly, I) is an autotopism of Q for all x € Q
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and g € A.

Lemma 3.12([14]) Let Q be a weak inverse property loop and let A be the automorphisms group
of Q. Then, the holomorph A(Q) is a weak inverse property loop.

Lemma 3.13 Let (Q,-) be a loop and let A(Q) be the automorphism group of Q.
(Z) If Ri = R,2, then R%mﬁ) = R(zﬁ)z;
(Z’L) [f Li = LI2, then L%mﬁ) = L(mﬁ)z;
(#i1) If L?E = R,2, then L%mﬁ) = R(z@)m

Proof (i) By the hypothesis,

(y-x)-x=y-2°

Applying the automorphism § to the RAP identity

((y-z)-2)8=(y-a*)B.

Since § is homomorphism,
(y-2)B-2B=yB-(2*)8 & (yBb-2B) -8 =yB- ((xB) - (xB)).

(W -xB)- 2B =y - ((xB) - (xB)) & YR, p) = ¥ Riap)2-

(7i) and (4i7) can be prove in a similar way as (). O

Lemma 3.14([22]) Let Q be a WIPL. If (U, V, W) € Atp(Q). Then,

(1) (V; A\Wp, AUp) € Atp(Q);
(2) (pWA, U, pVA) € Atp(Q).

Theorem 3.15 Let (Q,-) be a loop and let A(Q) be the group of automorphisms of (Q,-). Then,
the A(Q) holomorph (H,o) of (Q,-) is a Crazy loop if and only if (Q,-) is a Crazy loop and
(zB)?-z* € N,.

Proof Let (H,o) be a Crazy loop, then (Q,-) is a Crazy loop since it is isomorphic to
subloop of (H,o). Now, by Corollary 3.11, (RxL;ﬂQ, L., I) is an autotopism of @, and by
Theorem 3.7, @ has WIP, and since the holomorph of a WIP loop is WIP by Lemma 3.12, we
see that

(I’ LiﬁR;17 Ra:) (8)
is an autotopism of Q by Lemma 3.14(2), this is equivalent to
y - ((@B) - (xB)(z/x)) = yz - =,

with z = 1, we have
yR((zf)* - 2*) = yR,.
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Therefore, the autotopism in (8) becomes

(Iv R((w6)2 'I)\)a R((xﬂ)Q : CC)‘))

Thus, (z8)? - 2* € N,,.

Conversely, let @ be a Crazy loop and let each (z3)% - 2* € N,,. i.e.,

(I, R((zB)*-2*), R((x6)*-a)). (9)
Note that in a Crazy loop,
N, =N, = N,.
Let
t=(z8)? 2> € N,.
Then

te = ((@B)® -2*) -z = (ap)*

Using the middle nuclear property of ¢,
2t-x=z-tr =z (zB)>

2tz =z (2B)% (10)

But by Lemma 3.13,

zt-x = (xﬁ) “((2B) - 2),
2t ((xB) - ((xB) - 2))/=.

Therefore,
2t = R;lL%w) (2).

Again, 2zt = Ry(z), and on the other hand,
LigR; N (2) = (xB) - ((2B) - (2/x)).

Multiply the last expression on the right by x and use the fact that (z8) € Ny if t € Ny,

((@B) - ((zB)(2/x)))x = (xB)? - (z/x)a = 2 - ().
Therefore,
(@) - (@B)(z/x) = ((zB) - (zB)2]/=.

That is
LigR,' = R'LY, 5.
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Thus, t = L2, R, ' = R;lL?wﬁ) and therefore the autotopism in (9) becomes
(I, R(t), R(t)) = (I, L3R, ", LigR; ™). (11)

Now equation (10) says 2t - = z - (x3)?, if we put ¢t = x and use Lemma 3.13(iii), we
obtain
2 _ 72 27r—2 _ . 27 —2
R2 =L}, & RALE =ide (I, I, REL%)

is an autotopism.

Multiplying this autotopism with the autotopism in (11), we obtain

x

(I, L23R; ", Ry),
and since a Crazy loop has WIP, and by Lemma 3.14(1), the last autotopism becomes

(Rl La 1)

Thus, (H,o) is a Crazy loop. O

Corollary 3.16 Let (H, o) be the A(Q) holomorph of a Crazy loop (Q,-). Then, each § € A(Q)
is nuclear.

Theorem 3.17 Let (H,o) be the A(Q) holomorph of a Crazy loop (Q,-). Then,
(1) (LiL(_xQﬁ), I, 1) is an autotopism of Q;
2) IfFNA(Q)={neQ:n-(zy) = (nx) -y, Yo,y € Q}. Then

(LILG5)NA(Q) = NA(Q);

(3) The restriction (LiL(;QB)) | Ny : Na(Q) — NiA(Q) is an automorphism of the subloop
NA(Q).

Proof (1) Compute the autotopism A~!B.
(2) Let n € N»(Q) and let u,v,y € @ such that y = uv. From (1), we have

LiL(;zﬁ) (n)-y=ny < LiL(fﬂ) (n) -uv =n-uv. (12)

By the left nucleus property of n, we have

n- UV = Nu - v (13)
Again by Theorem 3.17(1),
LiL(_xQﬂ)(n) Su = nu. (14)

We therefore have from the three equations above,

(LiL(;Qﬁ) (n)-w)-v=n-uv= LiL(;zB) (n) - w. & LiL(;Qﬂ)(n) € N,.
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Since LiL(_xQﬂ) is a bijection and its image is equal to Nx(Q). Thus, LiL&%))NA(Q) -
NA(Q).
(3) Let a,b € Nx(Q), then for arbitrary y € @, compute

(L2 (a) - L2LE2) () -y = L2L2))(a) - (L2L2)(b) - )- (15)

Applying the autotopism in Theorem 3.17(1) to the product by

L2132 () -y =b-y,

equation (15) now becomes
(L2L32)(a) - (B2L2)(0) - y=L2LC2 )(a) - (b-y): (16)

Again apply the autotopism in Theorem 3.17(1) to the product of a and by and use the
fact that a € Ny,

1202 (a)- (b-y) =a-(b-y) = (a-b) - y. (17)

Also, apply the autotopism in Theorem 3.17(1) to the product of ab and v,

L3 (ab) g = (a-b) . (18)

Combining equations (15), (16), (17) and (18),
(LiL(_ﬁg) (a) LiL(_ﬁﬁ)(b)) Y= LiL(_fB) (ab) -y

and by right cancellation,

(L2323 (a) - 2% (b)) = L2 (ab).

O

This completes the proof.

Corollary 3.18 Let (H,o) be the A(Q) holomorph of a Crazy loop (Q,-). and let LiL(_ng) (y) =

(y) (Mod N(Q)) for ally € Q. Then, L%L&Qﬁ) is a nuclear automorphism.

Proof Let (H,o) be the A(Q) holomorph of a Crazy loop (Q,-) and let LiL(_fB) (y) =
(y) (Mod N(Q)). Since Ny = N, = N, in a Crazy loop, then LgL(_mQﬁ) acts trivially on the
coset of N and induces the identity map on the quotient Q/N(Q). This combined with (3)
of Theorem 3.17, shows that LiL(fB) restricts to an automorphism of N(Q) and therefore is

automorphism on the nucleus. O

Lemma 3.19([29]) Let (Q,-) be a loop and let A(Q) be a group of automorphism of (Q,-). Then,
the A(Q) holomorph (H, o) of (Q,-) is an extra loop if and only if Cs = (Lyg, Ry, R;'Lyp)
is an autotopism of (Q, ).

Theorem 3.20 Let (H,o) be the A(Q) holomorph of a Crazy loop that is an extra loop. Then,
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T(z)~! is a left pseudoautomorphism with companion xf3 - .

Proof Let (H,o) be the A(Q) holomorph of an extra loop, then

CB = (L157 R;17 RJILJCB)

and suppose (H, o) is also a Crazy loop, we also have

_ -2
B =(R,L%), La, I).

Then

BCj = (RxL(_xlﬁ), L.R;', R;'L.p).

Since L,R;1(1) = 1, we therefore have T(x)~! is left pseudoautomorphism with companion
R;IL(mm(l) = L(xﬁ)Rgl(l) =z - . O

Corollary 3.21 Let (H,o) be the A(Q) holomorph of a Crazy loop. If (H,0) is an extra loop

and zf3 - 2* € Ny, then T(z)™! is an automorphism.
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Abstract: In this study, we introduce non-Newtonian quaternions, non-Newtonian Fi-
bonacci quaternions, non-Newtonian Lucas quaternions and non-Newtonian Cayley num-
bers, and examine some of their properties based on non-Newtonian calculus, which has
recently garnered attention in the field of mathematics. Additionally, we obtained the ma-
trix representation of non-Newtonian quaternions using non-Newtonian complex numbers

and provided some equations for non-Newtonian Cayley numbers.
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81. Introduction

Quaternions were introduced by the Irish mathematician Sir William Rowan Hamilton in the
early 19th century and hold a significant place in mathematics, [6]. Quaternions, also known as
four-dimensional hypercomplex numbers, are widely utilized in various mathematical fields such
as commutative ring theory, number theory, group theory, geometric topology, spectral theory
of Riemannian manifolds, algebraic geometry, as well as in physics and engineering. In addition
to these studies, research has also been conducted on the Fibonacci and Lucas quaternions [4].

In the mid-19th century, Cayley numbers were introduced by Arthur Cayley, [5]. These
numbers play a fundamental role, particularly in the study of group theory and linear algebra.
Considered as a special type of matrix, Cayley numbers have been thoroughly investigated in
the context of linear transformations, group theory, and matrix theory. As we explore algebraic
concepts in higher dimensions, such as real numbers, complex numbers, quaternions, and Cayley
numbers, it is observed that at each level of generalization, some characteristics of the algebraic
structure diminish. In going from R to C the concept of order is lost. In going from C to
H commutativity in the product is lost and in the transition from H to K, the associative
rule becomes invalid. Consequently, the Cayley numbers represent the culminating point of an

intriguing sequence of algebras.
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The non-Newtonian calculus introduced by Grossman and Katz in 1972, provides an al-
ternative perspective to classical Newtonian and Leibnizian calculus, thus establishing a new
domain in mathematics, [3]. This emerging field encompasses highly original topics for discus-
sion and exploration. Non-Newtonian calculus includes various types of calculations such as
geometric, bigeometric, quadratic and biquadratic computations. Moreover, it holds significant
potential for applications in diverse fields, including technology, engineering, physics, finance,
dynamic systems and tumor therapy. Particularly in index calculations related to currencies,
the preference should be for the bigeometric calculation type within non-Newtonian computa-
tions. Recently, Fibonacci and Lucas sequences have been reconsidered with a non-Newtonian
approach, [2].

§2. Preliminaries

The set of quaternion numbers, denoted by H, can be represented as

H = {q = q1 + q2i + q3j + q4k|q1, 92, q3,94 € R},

where the quaternion bases 7, j and k satisfy the following identities known as

P=2=k=—-1ij=—ji=k,jk=—kj=iki=—ik=j.

The quaternion number g = ¢; + ¢21 + ¢q3j + g4k consist of two parts, the real number ¢;
is called the scalar part and denoted by S;; the part V; = g2 + g3 + gk is called the vector
part and denoted the vector 7 = (q2,q3,q4) € R3. So, a quaternion number g can be written
as ¢ = 8¢ + V;. The conjugate of a quaternion number g = ¢ + ¢2% + g3 + qak is defined as

q=q1 — q21 — q3j — q4k. The quaternion multiplication is associative but not commutative.

A complete ordered field is called arithmetic if its realm is a subset of R. A generator is a
one-to-one function whose domain R and whose range is a subset of R. Let « be a generator
with range A. We denote by R, are called non-Newtonian real numbers.

Let aq,a9,a3 and a4 be arbitrarily chosen generators which image the set R to A;,¢ =

1,2, 3,4, respectively and *-calculus also be the ordered pairs of arithmetics.

For i = 1,2, 3,4, the following notations will be used
a; ®i b :ai{ai_l (a'l-) +ai_1 (bl },
di@ilﬁi :ai{a;1 (cii) —a;l (
a; ®; Ei =y {ai_l (di) X o (
a; Oy bZ = {ozi_l (a'i) /ozi_1 (bz) , bZ # Oas s
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In this study, we will use three unique functions that we defined by taking advantage of
the unique ¢ function used in non-Newtonian calculus. These functions are isomorphisms from

a-arithmetic to a4 q-arithmetic and have the following three properties:
(i) t; is one to one;
(i) ¢; is on A; and onto A;y1;

(iii) For all d;, b; € A;

a; ®; bz) g az Dit1ti (bz>

i b; al (bl>
a; Q; bl) = 1; (di) ®iy1ti (bz)
a; Q4 bl =y al @it1ti (bl> J L ( ) #+ Oaiﬂ,

di gl bz = L a7 \z+1Lz (b1)

Also, for every integer n, we set ¢; (a; (n)) = ajy1 (n).

For i = 1,2,3,4, an a;-positive number is a number @; with 0,,<;a; and an a;-negative
number is a number @; with a;<;0;. ;-zero and «;-one numbers are denoted by (')ai = «a; (0)
and 1., = a; (1), respectively.

83. Non-Newtonian Quaternions

In this section, we defined the non-Newtonian quaternions and gave some of their properties.
We also introduced the matrix form of non-Newtonian quaternions and defined the 6 : C (N) x
C(N) — H(N) isomorphism, where C (N) is the set of non-Newtonian complex numbers and

it was introduced in [1]. Let

a1 € (A1,®1,01,®1,01,<1), G2 € (A2, 2,02, ®2,D2,<2),
a3 € (A3, ®3,03,®3,03,<3), G4 € (Ag, Dy, O4, 4, D4, <4)

be arbitrary chosen elements from corresponding arithmetics. Then, the ordered pair (a1, a2, as, G4)
is called a non-Newtonian point. The set of all non-Newtonian points is called the set of non-
Newtonian quaternions and denoted by H (IV), that is,

H(N):{q:(Q1,QQ,Q3,Q4)| qs GAS QR75:1727374}'

Define the operations addition (@) and multiplication (®) of non-Newtonian quaternions

¢ = (41,42, 43, 4s) and p = (p1, P2, P3, pa) as follows:

®:H(N)xH(N) — H(N),
(@,p) — 4®p = (G1P1P1,¢2D2D2, 43B3P3, (4P aPa) »
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® H(N)xH(N)— H(N),
o o a1 (q1p1 — q2p2 — q3ps — qapa) ; @2 (q1p2 + g2p1 — q3pa + qaps)
(¢,p) = ¢@p=
a3 (q1p3 — q2p4 + q3p1 + qap2)  aa (14 + q2P3 — 43Pz + @ap1)
The scalar product (©) defined as

©®: Ry xH(N) — H(N)
(M0) = AOI=(A0a 0@ 00 A04).

Example 3.1 Let ¢ = (0;1,17@3372) ,p = (911,4,@32,3) € H(N). The non-Newtonian

addition and product of ¢ and p non-Newtonian quaternions are

(0P =(0a, ©11,1014,033032,2043) = (611,5,6,5)

and
¢®p = (@1 (0—4—-6-6),02(0—-14+9—-4),05(0—-3+3+8),a4(0—2+12—-2))
= (©116,4,8,8),
respectively.
Definition 3.2 The conjugate of a non-Newtonian quaternion ¢ = (zjl, 42, q3, zj4) 18 5 =

(q17 ©2s, 343, @4q4)-

Example 3.3 Let ¢ = (@1?, 694, 5, i). The conjugate of ¢ is ¢ = (@1?, 4,635, @41).
Definition 3.4 For a non-Newtonian quaternion 4 = (41,92,93,44), the vector (gi,0ay, Oas; Oay)
is called the real or scalar part of ¢ and the vector (0Oa,,42,43,94) is called the imaginary part
of 4. Denoted by S:'; and V;‘, respectively. Accordingly, a non-Newtonian quaternion ¢ can be
written as 4 = Sg‘ &) V(.IO‘.

Since ¢ HP = (%@J’l, i]g@gpg, Qg@gi’g, 44@4]54) for any q, D non-Newtonian quaternions

can be written as S . = S @ S¢. Similarly, it can be easily seen that V< . =V H V.
a@p q P a@p q P

@

Using the above two definitions, the following result can be given.

Proposition 3.5 The real and imaginary parts of ¢ € H(N) are
o (D)o (e
i = \3 O) (q ® Q)
ve— (Yo (iod
o=(3)e(1ed),

and

respectively.
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Definition 3.6 The norm of a non-Newtonian quaternion is defined as

Ny=q®qd=q> D¢’ g ®d’ €R,.

Definition 3.7 The inverse of a non-Newtonian quaternion is defined as

it o 4.

1
Q—Nq

Remark 3.8 We can denote a non-Newtonian quaternion
7= (q1,q2,G3,q1) = 1 D G2 Ri* B g3 VF* B gy D™,

. . . . . " . . . . 2
Whe?e vo= ) (Ooéla Loy, 0043 ’ 0044) ] = (Ooq 1 0ay, ]-Otsa ) ( a1s Oay; 0437 1044)’ (Z ) -
G = (k) =0l i*@j* =0/ @i = k*, j* k* = Ok* ® j* = i*, k* @ i* = Oi* @ k* = j*.

Example 3.9 Let ¢ =3 +¢e%i —j + ek = (3, e?, —1, 63) € H. The non-Newtonian quaternion
G is written as ¢ = (3,27631,3) =302 0" ®3Qk*, where oy = I, oy = exp, ag = I
and a4 = exp.

For ay = exp, as = exp, ag = exp and a4 = exp, the non-Newtonian quaternion ¢ is
written as ¢ = (a1 (In3),az (2),a3 (In(=1)), 04 (3)) =3 @2 * ®In (1)@ j* 3@ k*

Theorem 3.10 ForV p,qg € H(N) and A € R, we have,
(i) P®G=q®p;
(i) PEI=PSq, POI=DOd;
(i) = i
(iv) p® ¢ =q®p;
(v) pOP=p@p= Ny
(W) AOp=AODp;
(vii) p € Ry & p = p;
(viii) p is a pure non-Newtonian quaternion < p = Op;
(iz) S p®q _St?®z')"
() q®p_S<?®S§"

() V, q®p o an ®V1’)a 4

(zii) Npog = Np © Ng;

(

iid) (p@¢) = ¢ op .

8

PTOOf (7’) Let p = (plap2ap3ap4) aq = (qlan743aq4) € H(N) We have

Y a1 (P11 — P2g2 — P3G3 — Paqa) , ©20i2 (P1G2 + P2q1 + P3qs — Paqs)
pP®qg=

©303 (P1q3 — P2qa + P3q1 + paqe) , ©a0v (P1qs + P2q3 — P3q2 + Paqr)
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and
- o1 (q1p1 — q2p2 — q3ps — qapa) , @2 (—q1p2 — q2p1 + G3pa — qaps)
gRp=
a3 (—q1ps — q2pa — g3p1 + qap2) , 4 (—q1pa + G2ps — g3p2 — qap1)
Hence, p® ¢ = ¢ ® p.
(iii) From the definition of p and p, we can write p = Sg oVe = S @ Ve =p.
(xiii) From using properties 4, xii and definition of =%, we can write
e = ——o (Peq) = Lo (@2p)
Npw4 Ny © Ny
T op)e(Llod)=ites
N, p N, q) =49 p .
All other properties can be similarly proven. O

3.1 Matrix Form of Non-Newtonian Quaternions

Definition 3.11 We define the matriz form of a non-Newtonian quaternion as follows

. &
P = . b
B
where &, 3 € C(N).
Equality between P = a and Q = are defined by P = Q if and only if & =% and
8 §

B=3.

Define the operations addition (é) and multiplication (@) of non-Newtonian quaternions
P and Q as follows:

o O I Gty
PeQ = ) @ ) = o
B g B+o
and .
.y & | _ |5 axy—6xB°
B ] ) AxB+aC xé
where & is conjugate of a non-Newtonian complex number. Also, the identity of @ is e =
0 ~ i
N and the identity of ® is E = e
Oc(v) L Ocv)
The scalar product ® defined as
. AX
AP = )
Ax B

where \ € R,,.
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Example 312 Let P = |: (172) ]762 = |: (17;4) ]a where (172)7 (374)a (11;4)7 (2»_3) €
.) 6.29)
C (N). We calculate

(3.4) (3,23) (5.1)
and
pro [ (1,2) ]é{ (i, 24) | ) [ (1,3) % (1,24) = (2, 8) % (3,24) ]
HER) 2,23) || (1,24 % (3,4 +(1,22) % (2, 23)
B [ (9, -2) = (~12,-17) ] B [ (21,15)
ey ea - || s )

by using the definition of non-Newtonian complex numbers in [1].

Theorem 3.13 Let P =

' 7 R = Y be mon-Newtonian quaternions. Then
B Ul
P& (QER) = (PaQ) &1

Jo-[1)

&, B,%,8,w,neC (N). Using the properties in C (N), it can be seen that the multiplication ®

Proof Let P =

w
] be non-Newtonian quaternions, where
Ul

is associative as follows:

pe (Q5R) - ?]@[W”;ﬁ*‘sol

wx6+5C xn

| ax <7>‘<w;7'7>'<50> - (wkéﬁckf;) x4 ]

I (ﬁm;msc) % B+aC x (wwﬁcm)

and
(pe0)ar = | T ] & [ © ]
| yxp+acxs 7
] (k58549 ) s (45 6+aCx8)
- | wx (WBJrast) Jr(o'cm;ékBC)Cxﬁ '
This completes the proof. O

Definition 3.14 The matriz form of the conjugate of a non-Newtonian quaternion is defined

as
- a¢
P= -
B
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Definition 3.15 The scalar and vector parts of the matrix form of a non-Newtonian quaternion

are ' .
§g:(é)6(1’3é13) and ?g:(%)é(fﬂéfv),

respectively.

Definition 3.16 The norm J\~fp of P is defined as
- axaC4pxBC

OC(N)

Definition 3.17 Define an inverse element P~1 to every element P with non zero norm

Remark 3.18 Non-Newtonian scalar numbers can be written in the following form
$
Oc()

where $ € R,,. Similarly, the non-Newtonian complex numbers can be written in the following
form

&

B

N
Il

where &, 5 € R,. Hence, a non-Newtonian quaternion written as

s,
Il

where &, 8 € C(N).

Theorem 3.19 Let Hys (N) be the set of matriz representations of non-Newtonian quaternions.
The map is defined as

P : Hys (N) — H(N)
[0)] —  @o+d1 Xi +do X iy xk*
Y

is an isomorphism, where &,y € C(N).
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Proof Let & = d1+aoXi*, 1 = §1+92X1*, & = 1429 3%, t = {1 +oxi* € C(N). Since
b 2 i i+z

Yy i | gt

[ 1+ + (x'2+22) ¥

|t (g2He2) i

= d1tz14 (PaHi2) xi*+ (1+i) X%+ (2+22) xk*

@ 2
= & > P
U t
and
@ £ exz-txy®
d ® =&
¥ i Exy+aC xi

o d1 X2 —do X 2a—y1 Xt —ya xla+ (21 X p+da X 51 —P1 XEa i1 XP2) X4
| X312 X 21 xi1+do X o+ (Y2 X 51 +91 X BoFd1 x o —do X 1) X3
= @1 X2 —da X — g1 XE1 —go xlot (Yo X1 Hy1 X dati1 xia—daxtr) xi*+ (§1 X312 X 22
+ @y xti g xia) Xj*+ (41X F2Fd2 X 21— Y1 Xla+E1 Xy2) XK
& 2
=& ® P ,
U i

the map @ is a homomorphism. The map is clearly one-to-one and onto. So, ® is an isomor-
phism. O

84. Non-Newtonian Fibonacci and Non-Newtonian Lucas Quaternions

In this section, we defined the non-Newtonian Fibonacci and non-Newtonian Lucas quaternions
and gave some of their properties.

Definition 4.1 The n-th non-Newtonian Fibonacci and non-Newtonian Lucas quaternions are
defined as

Qn = (Fn7 Fry1, Foga, Fﬂ+3) = F, @ Fp1 @1 @ Frya ®5* @ Fop3 Ok

and

Ko = (LnsLust, Lusa, Invs ) = Ln® Lny1 @1 ® Ly @57 ® Ly OF,

where F, is the nth non-Newtonian Fibonacci number, L., is nth non-Newtonian Lucas number,
x . . . . x . . . . % . . . . x 2 x 2

E :, (0a131a2a0a370044)) J = (0041?004271043’0064)’ kr = (00‘1’00‘2’00‘3’10‘4)’ (Z ) = (J ) =
(k*)2 :@1} ,L'*®j* :@]*®Z* :k*} j*®k.* :ek*®j* :i*, k*®i* :@'L*®k* :j*'
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Notice that, for n > 0
Qﬁ+2 = Qﬂ+1 D Qn and Kﬁ+2 = Kﬁ+1 ® K,

can be written. So, the non-Newtonian Fibonacci and non-Newtonian Lucas quaternions are
the second-order linear recurrence sequence.

Theorem 4.2 Let
T = {Qn : Qn = (Fn, Fn.+1’ Fﬁ+2, Fn'+3) ,F’n is nth non-Newtonian Fibonacci number}

and
D={Yy,:Y,= ,w, 2 € C(N)}.

Then, there is a isomorphism between T and D such that

; ‘ ' : . Fn@Fn‘+1 ®i* an.-‘rQan.-‘r:} ®1*
Qn = (Fn7Fn+1;Fn+2,Fn+3> — Y, = . . . '
Fn+2@Fn+3 ®Z* Fn@Fn+1 ®Z*

Corollary 4.3 We can write

Yo = Fy®F* @ Fo1 O © Frypy ®J* @ Fry3 9K,
i o0 i* 0 0 el 0 oi*
where B* = , I = , Jr = and K* =
0 1 0 o 10 ST
Since det(Yy,) # 0, there is an inverse of the matriz Y,, and it is in D.

Definition 4.4 The conjugates of non-Newtonian Fibonacci and non-Newtonian Lucas quater-

nions are

Qn = (Fm SoFy i1, 03F 01, @4Fﬁ+3)

and L
Kn = (Ln7 62Ln+17 @3Ln+27 94Ln+3) .

Theorem 4.5 Let Qn be the non-Newtonian Fibonacci quaternion and Qn be its comjugate.

The following equations are satisfied
) . —_ . 3 .2 . .
(Z) Qn ®Qn = Zizan+i =3® Fants;
-2 . . . . I
(1) Qn =20 F, ®QnOQn®Qu;
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Proof (i) Notice that

Gn@Gn = (Fa®Fu1 @ ® Fuy2®)" @ Fuys ")
® (F S Fn+1 ®i* S Fn+2 Q5% © Fpys k* )

3
= F, @Fn+1 @Fn+2 @ Frys
® (@ Fp®@Fny1 ®F 1 @F, 6 F, 0@ F, 36 F,3 ®Fﬁ+2) @1

& (@ F,® Fn--s-z &) Fﬂ+1 ® Fﬁ-s—s @Fn.—i-2 ® F, 6F71-+3 ® Fﬂ+1) ® j*

® (O Fu® Fuys O Fuy1 @ Fuyz © Fuy2 ® Pt © Fys @ F ) @
- 3 . 2
- ZiZOF"'H '
From Fy, 1 = F11 @ F, , we can easily see that

n®Qn—Z Fn-i—z —3®F2n+3

Other equations can be similarly proven. O

Theorem 4.6 Forn > 0, Binet formulas for the non-Newtonian Fibonacci and non-Newtonian

Lucas quaternions are respectively as follows:

Qn = (\}5) ®(fedone s

and
K, =71 04"® % B,

whereﬁzi@d@)i*@o?@j*@dé@k* andr’g:i@ﬂ@i*@52®j*@53®k*.

Proof The characteristic equation of recurrence relations of non-Newtonian Fibonacci and
non-Newtonian Lucas sequences is
fotol=0.
iovE
5

The roots of this equation are & = % and 3 = Using recurrence relation of
non-Newtonian Fibonacci sequences and the initial values Qo = (0, 1,1, 2) and Q1 = (i, 1,2, 3)

the Binet’s formula for Qn is obtained as follows:
Qn=A®Rd4d"®B "= (\/5> ®(7;1®0.ln97"2®6n)-

Similarly, we can get
K, =71 04" ® e

This completes the proof. O
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Theorem 4.7 The generating function for the non-Newtonian Fibonacci quaternion Qn i

o tere(fel)eire (o) ok
G(x,t): Toiop .

Proof From Qn.+2 = Q,;H &) Qn and G (:'U, i) = ZZO:OQn (&) @ ", we can easily see that

ieire(fel)oir e (fo2) @k

S O
lotot?

G (1)

Theorem 4.8 The generating function for the non-Newtonian Lucas quaternion K, is

et e (ieo20f)eire(Bel) o> (1030f) @K

G (2.1) = —
v (@) icio

Proof The proof is similar to the proof of Theorem 4.7. g

Theorem 4.9 The following equations are satisfied:
(1) Qn© Qni1®i* 6 Quiz®j* © Quys ®k* = Lyi3;
(i11) Qn ® K, =2 ® Qpir;
Proof (i) is obvious.
(#4) From the Binet formulas,

On@Ln ® Kn @F, = (\}5) ® (T'l R 6T ® Bﬁ) ® (a” ® B“)

o (nedenes)e (\}5) @ (a" 5 5")
= (%) ®2® (r'l ®a"" 6 7 ®B%)
= 2@Qam

can be written. Thus, the proof is completed.
(iii) Using F,, ® F,, = 2® F,, 11, we can easily see that Q, ® K, = 2 ® Qun1.
(iv) Using F, ® F, = 2® F, 41, we can easily see that K, ©Qn =2 ® Qp_1.
This completes the proof. O

85. Non-Newtonian Cayley Numbers

Definition 5.1 We define the non-Newtonian Cayley numbers as follows P = [
B

&
, where
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&, B € H(N). Additionally, the set of non-Newtonian Cayley numbers is denoted by K (N).

&

Equality between P = [
B

] and Q = [ 7] are defined by P = Q if and only if & = % and
5
B=4.

Define the operations addition (®pr) and multiplication (®pr) of non-Newtonian Cayley

numbers P and Q as follows:
& ] T aes
. @M . = . .

, , & 4 ETEEIEY
Poy Q= e | | = N I
8 5| | yepseass

_ 0
where & is conjugate of a non-Newtonian quaternion. Also, the identity of ®pr is T = { ) ]
Osm(w)

P@MQ:

and

o . Luv)
and the identity of @ is T = .
Os(2v)

The scalar product ®py is defined as
. A®a
AOm P = B
A®pB
where \ € R,,.

The conjugate of a non-Newtonian Cayley number is defined as

P{eg]

i,2,2,3 _ 2,00,,1,1
(1,22, ]Q {( )

Example 5.2 Let P =
(0ay,1,3,1)

€ K(N). The non-Newtonian
(3,1,2,2)

addition and multiplication of P and @ non-Newtonian Cayley numbers are

. . 1,2,2,3 2,00,,1,1 39,34
by O ( ) - ( )| _ | ( )
(0ay,1,3,1) (3,1,2,2) (3,2,5,3)
and

P ®M Q _ (1527273) ® (2700427 17 1) S (37 17272) ® (0041762176337941)
(2500427 17 1) oY (Ooqa 1737 1) S2) (15 6227@327@43) oY (37 17272)
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(6112,12,13,13)
(117 @235 4, @48)

respectively.

Definition 5.3 The scalar and vector parts of P = [ C_y ] € K(N) are

B

5= (L) on (Pow F) = [ se ]

Om(w)
and
L Ve
- (o lreni) | 5 ]
respectively.

Definition 5.4 The norm of a non-Newtonian Cayley numbers P denoted by Ny and is defined
as

.~ | ecaeses
NP =Py P= .

Om(v)
Definition 5.5 Define an inverse element P~ to every element P with non zero norm

P Np

- i — i &
P =g O P=—1—0Ou )
ep

Theorem 5.6 Let P = [ “ ] ,Q = |: K ] be non-Newtonian Cayley numbers, where ¢, 3,7,8,w, 1 €
8 )

H (N). There are the following properties:

i) S¢ . =5¢ .y
()
PoMmQ Q®mMm P

(44) (P ®Mm Q) = 5 ®Mm ;,'

(#41) NP®MQ =N, Qum NQ.
. & ) 0l .
Proof Let P = ,Q = be non-Newtonian Cayley numbers, where &, 8,4, ,w,n €
I6; )
H (N).

(7) It can be easily proved using the property Sc?@ﬁ = S{‘;‘ ® Sg.

L FRached

(i1) (P nm Q) =
fR®peaRd
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& TR4a08®46

Q®MP= _ nm = D (P@MQ)
sl op OYRPOARI
(iii)
GREDA®B AT
Or () Or ()

@@E@B@E)@@@%@S@@

Osa( )

Now, using p® ¢ = ¢® p and Np = P @y P, we have

a®y06®p Ta0 b6
Qm

N. .=
POMQ . . . . - .
YRBDARI YRLOA®I

) (a®7@5®@@%5@5@6@@@%7@8@5@@@(5@5@5@@

@@E@B@@@%1@3@5@@€%§®56B®a®(&®6@5®®

GRARYRIBIRIVARABIOTIRLRLOARARIRE
O ()

This completes the proof. O

be non-Newtonian Cayley numbers, where

. & . o . w
Remark 5.7 Let P=| |, Q=| |,R=
B 4 7

&, B,%,8,w,1 € H (N). Using the properties in H (NN), it can be seen that the multiplication
®u is not associative as follows:

&

YRWON®S
) Qnm
B

P®M(Q®1MR):|: w®5€9§®i]

{a®(w®weﬁ®5)e(w®5@&®ﬁ)®ﬁl

(jevened)eiede (vebeTen)
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and

. . . aRY06® B o
<P QM Q) v R = ' | oM
ARBDARS 7

(a@ﬁeé@ﬁ)@@eﬁ@(ﬁ@ﬁ@&@@
ve(1eseaed)e (ceyoief)an
Since non-Newtonian quaternions are not commutative, we have

P®M (Q@MR> #* (P@MQ) ®MR.

Theorem 5.8 If P = { a ] Q= [ ’Y ] be non-Newtonian Cayley numbers, where d,ﬁ.,’y,é €
8 §

H (N), then
(Q@MP_1> ®MP:Q and P! QM (P@M Q) :Q.
i Q i 0 .
Proof Let P = ,Q = be non-Newtonian Cayley numbers, where &, 3,%,d €
B )
, . &
H (N). Then, P~! = Nlp Oum and
op
' . ; _& & ; YRABA®6
Qo P! = —on QM = — OMp )
Np § . Np ..
L op aRIOY® S
. - . i YREGARS &
<Q®MP )®MP = F@M I .2
P | aeioies b
i (jedesed)eccie (foaciey)
= F@IW - X _ . _ . — .
Pl as(GeioFes)e(coiaies)es
i R E®a@5®g A
= N oM | { - .> =| . |=9
P | e (Geanies) §

It can be shown similarly that P! @), (P @ Q) =Q.

Generally P @)y (Q R P*1> # (). This completes the proof. a
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) & . ¥ )
Theorem 5.9 For any non-Newtonian Cayley numbers P = ,Q = , R =
8 5
w
e K(N), there is
n
S(R@MP)@M (Q@ME) =N Oum SP@MQ'
. & . 0 . w
Proof Let P = , Q= , R = be non-Newtonian Cayley numbers,
B 0 n
where &, 3,%,8,w,7 € H(N). Then,
_ _ “ & WRAOBRTN
R@M P = Qn = )
K B aRNewe
A ] YROON®s
Q®@uR= ®m =
0 | o WRIOT®N
and
(R Om P) Onm (Q Om E)
(veaopen)e(tedeicd)e(@aioiene(iedceian)
(evened) e (ceionsf)e (dedoneb) s (@eioien)
Thus,
X 1 lomensk
S(R@MP)®JM (Q@NIE) - (2) ©n . ’
Om(vy
where

i = w@ereied)evcn(iefeleld) e

i o= nene(jeiessiofeioias),
n = (beneiciedeieied)e (vedisieioieneied),
i = (Feiefewewsieich)e (@eleicicleneies).
1 o
Seey = (5)6(6'%@1@#@@)6]1@&,
e _ l - = . =
tod = (2)6(5®,3695®5>6Ra
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i h o =8¢
and using the property Sp 24 Sq

@

w® (a@ned)

and

Sf@(ﬁ'@ﬁ@ﬁ) - (

Hence,

e}

S(R®1\/IP>®M (Q@ME)

which completes the proof.

86. Conclusion

i for any p, ¢ € H(y), we have

i - . -
(5)®<w®a®ﬁ®5@5®ﬁ®d®w)

S?@@ﬁ@ﬁ)cm: (§)®<a®n®6®w@w®5®”®a)

3 @(w@ﬂ@n@v@v@n@ﬂ@w)

SFB@E@&)@E: <2)®(5®W®7®W@W®v®n®6>.

(w®5@ﬁ®ﬁyyﬁwﬁxw®z@ﬁ®@@S%E

OH(N)

L Bl BT
Opr( )

83

The non-Newtonian quaternions, non-Newtonian Fibonacci quaternions, non-Newtonian Lucas

quaternions and non-Newtonian Cayley numbers, created using non-Newtonian calculus, may

provide ease of operation in some structures where classical quaternions and Cayley numbers

are used and may offer a new approach for some structures. In the future, this approach can be

adapted to different types of quaternions and applied to mathematical and physical structures

using quaternions. These findings could provide a potential basis for advancing research and

applications related to quaternions.
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On the Augmented Sombor Index of Polycyclic

Molecular Graphs
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Abstract: Let G be a graph with edge set F(G). Recently, Das, Gutman and Ali intro-
duced a new vertex-degree-based topological index, called the augmented Sombor index of
G, defined as

d(u)? + d(v)?

ASO(G) = Z du) + d(v) -2’

uwveEE(G)
where d(u) denotes the degree of vertex u. This paper establishes a linear model for predicting
the physicochemical properties of benzenoid hydrocarbons using the augmented Sombor
index. Moreover, we characterize all molecular graphs of order n and cyclomatic number ¢

that minimize the augmented Sombor index, under the condition that n > 2(¢ — 1) > 4.

Key Words: Augmented Sombor index, Smarandachely Sombor index, molecular graph,

extremal value, cyclomatic number.

AMS(2010): 05C09, 05C07, 05C35, 05C92.

81. Introduction

A molecular graph is defined in mathematical chemistry as a connected graph whose maximum
vertex degree does not exceed four. It serves as an effective abstraction of the skeletal structure
of compounds, with carbon atoms represented as vertices and covalent bonds as edges. This
graphical framework allows the use of graph-theoretic invariants - termed topological indices
- to quantify molecular architecture. Among these, the Sombor index family, which includes
the original Sombor index [6], elliptic Sombor index [10], Euler Sombor index [20], diminished
Sombor index [15], and augmented Sombor index [5], has attracted considerable research in-
terest in recent years owing to its geometric motivation and strong predictive capability for
physicochemical properties of molecular compounds. In Quantitative Structure Property Re-
lationship (QSPR) and Quantitative Structure Activity Relationship (QSAR) studies, such
indices are computed over specific molecular graph, for instance, benzenoid hydrocarbons and

are correlated with target physicochemical descriptors (e.g., boiling point, m-electron energy,
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molecular weight), see for example [3, 13, 19]. This in silico methodology not only offers mecha-
nistic insight into structure-property relationships but also constitutes a cost-efficient and rapid

screening strategy before undertaking laborious experimental work.

Let G be a simple connected graph with vertex set V(G) and edge set E(G). The order
of G is denoted by n. For a vertex u € V(G), the set of its neighbors in G is denoted as
N(u) = {v € V(G) : wv € E(G)}. The degree of u is the number of its neighbors, that is,
de(u) = d(u) = |N(u)|. A vertex of degree one (at least three, respectively) is called a pendant
vertex (branching vertex, respectively). An edge incident with a pendent vertex is called a
pendent edge. The minimum and maximum degrees of a graph G are denoted by 6(G) and
A(G), respectively. The cyclomatic number of a graph is the smallest number of edges whose

removal makes the graph acyclic.

In 2021, Gutman [8] introduced the Sombor index from a geometric perspective, and defined

SOG) = > d(u)+d*(v).

wveE(G)

it as

This index has attracted considerable interest in both mathematics and theoretical chemistry,
see, e.g., [6, 12, 14, 17, 18]. On this basis, scholars have proposed various versions related to
the Sombor index, such as the first (to Sixth) Sombor-like index [9], the elliptic Sombor index
[10], the Euler Sombor index [20], the hyperbolic Sombor index [2] and the diminished Sombor
index [15].

Building upon the Sombor index, Das, Gutman, and Ali [5] further extended this metric
by incorporating the degrees of line graph vertices, thereby proposing the augmented Sombor
(ASO) index, which is defined as follows:

d?(u) 4+ d?(v)

ASOG) = > a0 ) — 2"

weE(G)

and meanwhile, they established lower and upper bounds for the augmented Sombor index with-
in the classes of trees, quasi-trees, and connected graphs, and characterized the corresponding
extremal graphs in each case. Notice that the Sombor index SO(G) and augmented Sombor
index ASO(QG) are global properties on G. Generally, for an induced subgraph H < G such as
K3, K3 +e, K3, K4 —e,---, a Smarandachely Sombor index SSOp(G) is defined by

d?(u) + d?(v)
550y (G) = AW TR AT
H MG%\H) d(u) + d(v) — 2

Clearly, if H = ) or there are no subgraphs G’ ~ H in GG, a Smarandachely Sombor index
S50 (G) of G is nothing else but the augmented Sombor index ASO(G) of G. However, it
characterizes the Sombor index on graph G \ H.

Alotaibi, Alanazi, Hassan, and Ali [1] determine all graphs that minimize the diminished
Sombor index among molecular graphs of order n and with a cyclomatic number of at least three.
Inspired by this, we investigate the chemical application of the augmented Sombor index to
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establish a linear model for predicting the physicochemical properties of benzenoid hydrocarbons
(polycyclic molecular graphs). Furthermore, we characterize all molecular graphs of order n
and cyclomatic number ¢ that minimize the ASO index, under the condition n > 2(¢ — 1) > 4.

82. Applications of ASO Index to the Physicochemical Properties of Benzenoid
Hydrocarbons

In this section, the chemical applicability of the ASO index is examined in the context of mod-
eling several properties of benzenoid hydrocarbons. Linear regression models are developed for

predicting boiling point (BP), m-electron energy (m-ele), molecular weight (M W), polarizability
(PO), molar volume (MV), and molar refractivity (M R).

oood?bococép&:b

(1) @ 3) (1)

00 B o 88 &2

(M) (®) 9) (10) (11) (12)

g Fp (e P

(13) (14) (15) (16) (17)
(18) (19) (20) (21) (22)

Figure 1. Molecular graphs
((1) Benzene, (2) Naphthalene, (3) Phenanthrene, (4) Anthracene, (5) Chrysene, (6) Benzolalanthracene, (7)
Triphenylene, (8) Tetracene, (9) Benzola]pyrene, (10) Benzole|pyrene, (11) Perylene, (12) Anthanthrene, (13) Ben-
zo[ghi|perylene, (14) Dibenz[a,clanthracene, (15) Dibenz[a,h]anthracene, (16) Dibenz[a,jlanthracene, (17) Picene, (18)

Coronene, (19) Dibenzo[a,h]pyrene, (20) Dibenzo[a,i]pyrene, (21) Dibenzo[a,l] pyrene, (22) PyreneA)

The molecular graph and physicochemical properties of benzenoid hydrocarbons along with
the computed ASO index are represented in Figure 1 and Table 1 respectively. For benzenoid
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hydrocarbons, the correlation coefficients (R) between the ASO index and various properties

are as follows:
BP (0.9755), m-ele (0.9991), MW (0.9967), PO (0.9999), MV (0.9456), and MR (0.9999),

as summarized in Table 2. These strong correlations indicate that the ASO index is an effective

descriptor for predicting these physicochemical properties.

Table 1. Experimental values of benzenoid hydrocarbons and the corresponding values of augmented Sombor index

Derivatives of benzene BP T-ele MW PO MV MR ASO
Benzene 78.8 8 78.11 10.4 89.4 26.3 12
Naphthalene 221.5 13.683 128.17 17.5 123.5 44.1 22.4480
Phenanthrene 337.4 19.448 178.23 24.6 157.7 61.9 32.8540
Anthracene 337.4 19.314 178.23 24.6 157.7 61.9 32.8960
Chrysene 448 25.192 228.3 31.6 191.8 79.8 43.2599
Benzo[a]anthracene 436.7 25.101 228.3 31.6 191.8 79.8 43.3019
Triphenylene 425 25.275 228.3 31.6 191.8 79.8 43.2179
Tetracene 436.7 25.188 228.3 31.6 191.8 79.8 43.3440
Benzola|pyrene 495 28.222 252.3 35.8 196.1 90.3 49.6659
Benzo[e]pyrene 467.5 28.336 252.3 35.8 196.1 90.3 49.6239
Perylene 467.5 28.245 252.3 35.8 196.1 90.3 49.6239
Anthanthrene 497.1 31.253 276.3 40 200.4 100.8 56.0719
Benzo|[ghi]perylene 501 31.425 276.3 40 200.4 100.8 56.0299
Dibenz[a,c]anthracene 518 30.942 278.3 38.7 225.9 97.6 53.6659
Dibenz[a,h]anthracene 524.7 30.881 278.3 38.7 225.9 97.6 53.7079
Dibenz[a,jlanthracene 524.7 30.88 278.3 38.7 225.9 97.6 53.7079
Picene 519 30.943 278.3 38.7 225.9 97.6 53.6659
Coronene 525.6 34.572 300.4 44.1 204.7 111.4 62.4358
Dibenzola,h]pyrene 552.3 33.928 302.4 42.9 230.2 108.1 60.0719
Dibenzola,i]pyrene 552.3 33.954 302.4 42.9 230.2 108.1 60.0719
Dibenzola,l]pyrene 552.3 34.031 302.4 42.9 230.2 108.1 60.0299
Pyrene 404 22.506 202.25 28.7 162 72.5 39.2599

Table 2. The correlation coefficient R from linear regression model between augmented Sombor index and physic-

ochemical properties of benzenoid hydrocarbons

BP T-ele MW PO MV MR

ASO 0.9755 0.9991 0.9967 0.9999 0.9456 0.9999

The linear regression models linking the ASO index with the properties of boiling point
(BP), m-electron energy (m-ele), molecular weight (M W), polarizability (PO), molar volume
(MV), and molar refractivity (M R) were developed via the least squares fitting procedure, as
illustrated in Figure 2. Regression analysis reveals that the properties considered in this study
[11, 16] are strongly correlated with the ASO index.
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§3. Minimum ASO Index of Molecular Graphs with Cyclomatic Number at Least 3

For an edge set S C F (G), the graph G — S is obtained by removing all edges in S from G.
Similarly, G 4 S is obtained by adding all edges in S to G. In particular, if S = uv, we simply
write G — uv and G + wv instead of G — {uv} and G + {uv}, respectively.

Let r, k and a1, a2, -+ ,a; be positive integers such that 1 < a1 < as < --- < ax < L%J
Such a graph is called circulant graph. The circulant graph, denoted by C(r;ay,az, - ,ax), is
the graph with vertex set {vg,v1,va,- -+ ,v,—1} and edge set

{viviJraj 0<i<r—1and 1 <j <k, where i+ a; is taken modulo r} .

T . 3
If ax < 5, then C(r;a1,az,--- ,ax) is 2k-regular.
BP vs ASO m-ele vs ASO MW vs ASO
600 40 350
y = 8.8328x + 32,5567 y = 05359 + 1.7631 y = 4.5680x + 27.2304
500 | R?=0.951497 ® 35 R?=0.998105 300 | R?=0.993495 A
30
400 250
25
o
% 300 9 g 200
20
200 150
15
100 5 10 100
0 5 50
0 20 40 60 0 20 40 60 0 20 40 60
ASO ASO ASO
PO vs ASO MV vs ASO MR vs ASO
45 240 120
y = 0.6733x + 2.4101 y=26812x + 67.3314 . y=16975x +6.1136
40+ Re=0,999802 2207 Re=0,894138 R® = 0.999822
° 100
- 200
180
35 y 80
) 2 160 =
25
140 60
2 120
40
15 100
°
10 80 20
0 20 40 60 0 20 40 60 0 20 40 60
ASO ASO ASO

Figure 2. Scatter plots between physicochemical properties of benzenoid hydrocarbons and
their ASO index

Lemma 3.1([4]) The circulant graph Cy(r;a1,a2,--- ,ai) is connected if and only if
gcd(al, ag, - ,0aL, ’I”) =1.
Lemma 3.2 Let G be a graph minimizing the ASO index among all n-order molecular graphs

with cyclomatic number £ such that 4 < 2(—1) < n.Then, G contains no pendant edge incident

to a vertex of degree 2.
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Proof This proof is by contradiction. Let G contain at least one pendant edge incident to
a vertex of degree 2. Denote such an edge by e = uv € E(G), where dg(u) = 1 and dg(v) = 2.
We consider a branching vertex w € V(G) such that the distance between w and v is minimized.
Then, every vertex on the unique u —w path P, except u and w, has degree 2 in G. Since £ > 3
w must be adjacent to at least two non-pendent vertices. Let Ng(w) = {wq, we, -+ ,ws}, where
w; lies on P and s € {3,4}. Let

de(wy) = max{dg(w;) : 1 <i < s—1}.

Case 1. dg(w) =4.

Since G is a molecular graph, by a direct computation, we have

\/1;6—\/5<x/5—\/§<\/§—\/5<\/5—\/1?
\/36—\/5<\/§—\/5<\/5—\/1;3<f—2.

Let G = G — wyw + wyu. Since dg(wy) = 2 and 1 < dg(w;) < dg(wy) < 4 for each
1 € {2,3}, we have

ASO(G) — ASO(Gy)
3 + (dg (w;))? 32 + (dg(w;))? ¢41+? ¢32+?
Zz:; 4+dG wz)—2 3+ dg(w;) —2 + 4+2—2_ 3+2—-2
12 1 22 22 1 92 42 + (dg(wy))? 22 + (dg(w1))?
+ 14+2-2 \/2+22+\/4+dc(c;)1)12_\/2+d(;(c;)1)12
|16+ (de(w)? 9+ (da(w:)? 13
:J¢2+@()_ 1+ de(w;) +J_¢3+ﬁ_2
L 16+ (do(wi))? 4+(dc:(w1))2
2+ dg(wy) de(w1)
>2<\/h >+mf—vr ¢\f

> 0.61 > 0,

M

that is, ASO(G) > ASO(G1), a contradiction.
Case 2. dg(w) =3 and (dg(wy),dg(ws)) # (4,4).

By a direct computation, we have

0=vE-vE< - B /B
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Let Go = G — wyw + wyu. Since dg(wy) = 2, 1 < dg(wsz) < dg(wy) < 4 and

(dG(wl)v dG(wQ)) 7é (47 4)a
we have

ASO(G) — ASO(Gy)

- [Pty 2 et SR [T
s Ve | etete)y _ [2 et

R 5 s

. \/9+(dG(w1))2_ \/4+(dG(w1))2

1+ dg(wy) da(wr)
>xf—\/5+\/1;3—2+\f5—2+\f—\/5>0.31>0,
that is, ASO(G) > ASO(G>), a contradiction.
Case 3. dg(w) =3 and (dg(w1),dg(ws2)) = (4,4).
Subcase 3.1 Either w; or ws does not have three neighbors of degree 4.

Without loss of generality, let w; does not have three neighbors of degree 4. We choose a
vertex wj € Ng(w1) \ {w}, such that it satisfies dg(w]) = min {dg(w’) : w] € Ng(wi) \ {w}}.
Therefore, dg(w)) < 3. Let G35 = G — wjw; + wju. Then, we have

ASO(G) — ASO(G3) = >

\/ £ 1 (de(w))? f, i (ddw/))z]
4 N _9 N_9
w’'€Ng (wi)\{w,w]} + dG(w ) 3+ dG(’LU )
+\/12+22 \/22+22 +\/32+42 \/32+32
1+2-2 V2+2-2 V34+4-2 V3+3-2
L Pt e 2+ (da(w)))?
4+dg(w)) —2 2+ dg(w)) —2
- ¥ \/16+((da(w'))2_ \/9+(dg(w'))2
_ . / 1 |
w' €N (wi)\ {w,w}} +dg(w') +da(w)
—2—\[ 16+ (da(wh)? |44 (dg(w)))?
2+dG (w)) de(w))
A T i

>0.64 > 0,

+2v5
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that is, ASO(G) > ASO(G3), a contradiction.
Subcase 3.2 Both w; and wy have three neighbors of degree 4.

Let G* be the graph obtained from G by removing all vertices on the path P except w and
their incident edges. Then, dg«(w) = 2 and dg«(z) = dg(z) for each z € V(G) \ V(P), where
V(P) is the set of all vertices belonging to the path P. To complete the proof, we first prove a

claim.
Claim 1. There exists at least one vertex y € V(G*) \ {w} such that 1 < dg(y) < 3.

Proof of Claim 1. This proof is by contradiction. Let each vertex y € V(G*)\{w} satisfy
de(y) = 4, that is, dg+(y) = 4. Since both the graphs G and G* have the same cyclomatic
number /, it follows from the Handshaking Lemma that

4(V(GM)| - 1)+ 2 =2|E(G")| = 2(|V(G")| + £ —1).
Therefore, |V (G*)| = ¢.

If ¢ < 5,then we have |[V(G*)| < 5. This contradicts the fact that dg«(w) = 2 because
every y € V(G*) \ {w} satisfies dg~(y) = 4, according to our assumption. We now consider the
case where £ > 6, i.e., |V(G*)| > 6. Next, we first prove that for every £ (£ > 6) ,there exists at
least one connected graph of order ¢ and the degree sequence (4,4,--- ,4,2).

——

£—1

The circulant graph C(¢ —1;1,2) is a 4-regular graph for £ > 6. By Lemma 1, C({—1;1,2)
is a connected graph. Let C*(¢ —1;1,2) = C(¢ — 1;1,2) — {wov1} + {v'vg, v'v1 }, where v’ is the
newly added vertex. Clearly, the order and the degree sequence of the graph C*(¢ —1;1,2) are
¢ and (4,4, ,4,2),respectively. Therefore, we have

<

-1

m12(G) =1=m23(G),m34(G) = 2,m44(G) =20 —3,m22(G) =n—L -2,

where m; j(G) denotes the number of edges with end vertices of degrees ¢ and j in G. Then,

22+22 42+42 12+22
ASO(G):("%_Z)\/2+2—2+<2€_3)\/4+4—2+\/1+2—2
+\/22+32 +2\/ 3 + 42
2+3-2 3+4—2
=2(n— 0 —2)+ (20 — 3\/ +3f+\/

Let G’ be the n-order molecular graph with cyclomatic number ¢ such that 4 < 2({—1) < n

we have

and
ma3(G') =2,m33(G') =30 —4,m2(G") =n—20+1.
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Then, we have

/ 22 1 92 32 4 32 22 4 32
ASO(G)—(n—25+1)\/;+(38_4)\/3+3—2+2\/2+3—2
:2(n—2€+1)+(3€—4)\/§+2\/1;3'

Therefore,

AS0(G) ~ ASO(G') = <2+8f9f>e6m+m+3f§9.

Since 2+ 88 — 92 5 .25 > 0 and —6 — 4v/3 + 612+ 3v5 — ¥ > 0.18 > 0, we have

ASO(G) — ASO(G’) > 0. Namely, ASO(G) > ASO(G’), a contradiction. This completes the
proof of Claim 1.

Next, using Claim 1, we proceed with the following three cases based on the minimum
vertex degree in V(G*) \ {w}.

Subcase 3.2.1 There exists a vertex p € V(G*) \ {w} such that dg(p) = 1.

Let p; be the unique neighbor of p in G and G4 = G — {wiw, waw} + {wws, wp}. By a

/17 /13
? - \/E) < \/5 — ? < \/5 — 2.
Therefore,

w500 a5~ T Fo B
s e
AR T
S
>ﬁﬁ+ \/1373+2\/54\/§6

>0.38 > 0,

direct computation, we have

that is, ASO(G) > ASO(Gy), a contradiction.

Subcase 3.2.2 There does not exist any vertex p € V(G*) \ {w} such that dg(p) = 1, but
there is a vertex ¢ € V(G*) \ {w} such that dg(q) = 2.

Since G is connected, we choose a vertex ¢ such that at least one of its neighbors has degree
at least 3 in G. Let ¢; and g2 be the neighbors of ¢ such that dg(q1) > 3 and dg(g2) = 2. Let
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G5 = G — {wyw, waw} + {wiws2, wq}. By a direct computation, we have
13 13 9
2 — R — - =
Vs <\V3 \/; <V5-V5=0

ASO(G) — ASO(G5)

| N ) O S
P 2+dG qz)—2 3+dg(qi)—2 3+4-—2 2+2-2

\/42+42 +\/22+32 \/22+32
44+4-2 24+3—2 2+3-2

4+ (da(gi))? 9+ (da(g:))? 16
\/ dc (i) _\/ 1 +dc(qi) B2y

Then, we have

3

that is, ASO(G) > ASO(G5), a contradiction.

Subcase 3.2.3 There does not exist any vertex p € V(G*) \ {w} such that dg(p) =1 or
de(p) = 2, but there is a vertex z € V(G*) \ {w} such that dg(z) = 3.

Since G is connected, we choose a vertex z such that at least one of its neighbors has degree
at least 4 in G. Let z for i € {1,2,3} be the neighbors of z such that dg(z1) =4, dg(z2) > 3
and dg(z3) > 3.

Subcase 3.2.3.1 dg(z2) = dg(z3) = 4.

Let Gg = G — {wiw, waw, 22z} + {wiwe, wz, zou}. Then, we have

12 22 22 22 42 2 42 42
ASO(G)—ASO(GG):\/ a —2\/ i +3\/ +3 —\/ i

1+2-2 2+2-2 41+3-2 f+4-—2
22_|_42 22+32 22+32
_\/2+4—2+\/2+3—2_\/2+3—2
354 /0
3
>0.39 > 0,

that is, ASO(G) > ASO(Gg), a contradiction.
Subcase 3.2.3.2 min{dg(z2),da(z3)} = 3.

Without loss of generality, we assume that dg(z2) = 3. Then, either dg(z3) = 3 or
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dg(z3) = 4.Let Gy = G — {wrw, waw, 202} + {wiwa, wz, zou}. Then, we have

12 + 22 \/32+42 \/32+32 \/22+22

ASO(G) — ASO(G7) = 2 ) Py i
@) (Gr) \/1+22‘L 5+4-2 V3132 2+2-2
\/42+42 \/22_|_32 +\/22+32 \/22_|_32

444—2 2+3-2 2+3-2 243-2

9 16 13
= AN S (ahd
3\/3+\/; \/3 \/3

>0.43 > 0,

that is, ASO(G) > ASO(G~), a contradiction.

Therefore, G contains no pendant edge incident to a vertex of degree 2. O

Theorem 3.3 Let G be a molecular n-order graph with cyclomatic number £ such that 4 <
2(0—-1) < n.

(1) If n=2(¢ — 1), then

ASO(G) > 92£(e —1)

with equality if and only if G is a 3-regular graph;
(2) If n > 2(¢ — 1), then
2 2
ASO(G) = 2n + (9\[4> €+2—6\/§+@
with equality if and only if
I(G)=2, AG)=3

and
mgyg(G) =30 — 4, mg’g(G) = 2, mQ’Q(G) =n—-2/ + 1.

Proof Let G* be a graph minimizing the augmented Sombor index among all molecular
n-order graphs with cyclomatic number ¢ such that 4 < 2(¢ — 1) < n. Then, we have
ASO(G) = ASO(GY).

By Lemma 3.2, graph G* contains no pendant edge incident to a vertex of degree 2. Namely,
mlyg(G*) = 0. Let mi’j(G) = My,j (G*) and

A={(i,j):1<i<j<4andi,jecZi}\{(1,1),(1,2)},

where Z, denotes the set of positive integers. Since

> (545)mu= e =n

(1,7)€A
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we have
3 L s — P — 2m
P i3 ij = 227 M23 — 3733,
(i,5)eA*
where A* := A\ {(2,2),(2,3),(3,3)}.
Moreover, since Z(i jeamij =n+{—1, we have
Z mi;=mn +£ —1- ma 2 —M23 — M3 3.
(i,j)€ A~
By solving (1) and (2), we have
mas = 2(n — 20 — 2+ > (4-6 L2 ;i
2,3 =2(n ma o+ 2) P mi ;
(i,5)eA*

and

1 1
ms3=5{—1)+mas—n-+ Z (6(i+.)_5>mi’j.

(i,5)€A*

By substituting mo 3 and ms 3, we obtain

2
as0(c) = 3 ([ o,
(i,7)€A ,L+'7

22 422 N 22 4 32 32+ 32 N 242
—m P e—— m
512 2 T\ a3 2B T3y oM 2 i+j—2

(i,j)eA*
-2
+
=2ma2 + 4/ m23+\/>m33—|— Z U UL
1+ —
(i,5)€A*
2v39  3v2 15v2  44/39 3v2 239
el L G et all Rl B et el RUEK
3 2 2 3 3
L AV39 152
3 2

11 2442 44/39 152
+ > [O0v2-2vE9) (<4< )+ /S A 152 M.
- ] 1+5—2 3 2
(i,5)eA*
o 11 24352 439 152
= -2V 42 ) 4y — )
£, 9) (9\[ 39)(2,4—].)—1— i+j—2+ 3 5

By a direct computation, we have

Let

£(1,3)>0.27, f£(1,4)>0.39, f(2,4)>0.13,
£(3,4) > 0.09, f(4,4) > 0.14.

My, 5



On the Aaugmented Sombor Index of Polycyclic Molecular Graphs 97

Hence,

. 24/39 32 15v2  44/39
ASO(G*) > (3 - ) +<2 -5 )
3V2 239 44/39  15V2
+(2*2:),>7"2’”32

By the definition of G*, the inequality above must hold with equality. This implies that
m;; = 0 for every (i,j) € A*, which means G* contains neither vertices of degree 4 nor
pendant edges incident to vertices of degree 3. Therefore, we have either 6(G*) = A(G*) =
3 or (6(G*),A(G")) =(2,3).

Case 1. If n = 2(¢ — 1), we can not have (6(G*), A(G*)) = (2,3). Otherwise, we would have
ny(G*) = n —2(¢ — 1) = 0, a contradiction. Therefore, if n = 2(¢ — 1), we have §(G*) =
A(G*) = 3, that is, G* is a 3-regular graph. Consequently, we have

ASO(G*) = 9\[(6— 1).

Case 2. If n > 2(¢{ — 1), we can not have §(G*) = A(G*) = 3. Otherwise, we would have
3n =2(n+ ¢ — 1) by the Handshaking Lemma, a contradiction. Therefore, if n > 2(¢ — 1), we
have (6(G*), A(G*)) = (2,3). Since G* is a connected graph, it holds that ma 3 > 0. Moreover,

since 2mg 2 + Mo 3 = 2ng, it follows that mg 3 must be a positive even integer. Hence,
21’TL272 +2 < 2m272 + mo3 = QTLQ = 2(TL — 2(€ — 1)),

which yields moo < n — 20 + 1 with equality if and only if my 3 = 2. Therefore, from the
definition of G*, we obtain moo =n — 2+ 1, mo 3 = 2, m3 3 = 3¢ — 4. Consequently, we have

ASO(G) = (W . M) . (W _ M)

2 2 3
NP PR L
=2n + <9\2[4>£+26\f+ 2V39
This completes the proof. O
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§1. Introduction

The soft set theory as developed by Molodtstov deals with uncertainity and indefinite objects,
and its notions was given by him in [6] 1999. Maji.et al [5] merged soft sets with fuzzy which
proved much effective and defined basic operations on them with some applications to it. Akram
& Nawaz investigated properties of fuzzy soft graphs [7]. Akilandeswari introduced degree of
edges in a FSG and edge regular FSG [9] and its properties. Somasundari introduced support
of a vertex in FSG [10] and detailed about support neighbourly irregular FSG. We here have
defined the support of an edge in an FSG and carried out study of support edge neighbourly
irregular FSGs.

82. Preliminaries
Go through the following to go through the work.

Definition 2.1 A FGG is nonempty set V with, o : V. — [0,1] and p : V xV — [0,1]: V¥

1Received November 17, 2025, Accepted June 6, 2026
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u,v €V, pluv) < o(u) Ao(v).

Definition 2.2 A pair (F,9) is a soft set over the universal set %, where &/ C & and
Fia— 2(U).
Definition 2.3 An FSG G = (9*, .7, ,4), a 4-tuple that

(1) 9* is crisp graph;

(2) o is the parameter set;

(3) F, 4 is FSS over vertex set;
(4) A, o is FSS over edge set.

The pair (;:(a),e%?/(a)) is FG (subgraph) of 9* N a € &’
The membership value of the edge in an FSG is

H(@)(wy) < min{ F(a)(), 7 (@)(y) }

and a FSG (;ﬁ‘v’(a), 17/(61)) can be denoted as € (a).

Definition 2.4 IfC~7' is an FSG, then the vertex degree of x is

dg@) = 3 (3 #la)(ay)).

a; EA x#y

Definition 2.5 Ifé is an FSG, then edge degree of xy is given as

dg(wy) = dg(x) +dg(y) — 20 Ha, (xy)).

a; EA
Definition 2.6 Ifé is an FSG, then total degree of xy is

tdg(zy) = dg(zy) + Y Ha, (zy).

a; €A

It can be also expressed as

tdg(zy) = dg(z) +dg(y) — (D Ha,(zy)).

a; €A
Definition 2.7 An FSG G is irreqular if %(e) is trreqular for all a € o .

Definition 2.8 The support (two — degree) of a vertex x in an FSG G 18, addition of degrees

of its adjacent vertices & given as sz(x), whereas its total support is given as

tsg(z) = sg(x)+ > Fl(ai)(@).

a; €A
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83. Support and Total Support of an Edge in FSG

Definition 3.1 The support (2—degree) of a edge in a FSG is the sum of edge degrees of edges
which are adjacent to given edge and can be defined as

sa(uv) = Z J’i/v(ai)(uv).

e;EN(uv),a; €A

Definition 3.2 The total support of an edge in an FSG is found as

tsg(uv) = s5(uv) Z H(a;)(uv)

a; €A
Example 3.3 Consider the following graphs
(0.6)v 03 0.5 (0.6)v 03 w(0.3)
0.5
0.2 0.4 0.1
(0.5)u x(0.9) (0.7u X(0.4)
H(ay) H (as)
Figure 3.1.

Here the degree of vertex are dz(u) = 0.24+0.5 = 0.7,dz(v) = 1.3,dz(w) = 1.1,d5(x) = 0.5
Table 1. FSS for Figure 3.1

F | ua| v|)w | x| K/|uv | vw | wx

(a) | 0506 |05|04 | (a) | 02] 03] 04

(az) | 0.7 1 06|03 |04 | (az) | 05] 03| 0.1

The degree of the edges are given as dz(uv) = dg(vw) = 1.2,dz(wr) = 0.6 and the
support of the edges are calculated as sz(uv) = dG(Uw) = 1.2, sg(vw) = 0.6 + 0.6 = 1.2,
sa(wr) = dz(vw) = 1.2,

The total support of the edges are calculated as tsz(uv) = sz(uv) + S Ko, (w) = 1.2 +
0.7 =19, tsz(vw) = SG(vw)—i—ZK (vw) = 1.240.6 = 1.8, tsz(wz) = sz(w )+ K, (wz) =
1.2+05=1.7.

Definition 3.4 A FSG is support edge irreqular (s-EI) if 3 atleast an edge in the graph, whose
adjacent edges are with different edge supports.

Definition 3.5 A FSG is support totally edge irreqular (s-TEI) when there exist at least one
edge in the graph adjacent to edges with distinct total edge support.



102 L.Subhalakshmi and N.R.Santhi Maheswari

Example 3.6 Consider the following FSG

©3u,_ 02 YOH OSu v(04)  u(0.5) v(0.6)

0.1 0.4

; - (0.7)y
ODWT03x03) (0.5 05 X0.6) wO5) *
f}{ﬁ:) H(as) H(as)
Figure 3.2.
Table 2. FSS for Figure 3.2
F u v |w x K|uv | vw | wx

(@) [ 03]04]04|03]| (a1)|02]01] 03

(a2) | 0504|0506 | (az) | 03] 04| 05

(as) | 05| 0.6 | 08|07 | (ag) | 05| 06| 0.7

The degree of the edges are found as dz(uv) = 1.1, dz(vw) = 2.5, dz(wzr) = 1.1 and the
support of the edges are given as s5(uv) = 2.5, sz(vw) = 2.2, sz(wxr) = 2.5. The total support
of the edges are given as tsz(uv) = 3.5, tsz(vw) = 3.3, ts5z(wz) = 1.0. The 2 adjacent edges in
the given example donot have same edge support, so it is s-EI FSG, also considering the total
support of the edges, no 2 adjacent edges are alike, hence it is s-TEI FSG.

Remark 3.7 The support edge irregular FSG need not be support totally edge irregular FSGs

and vice versa.

Example 3.8 Consider the FSG

u0.7) g6 (8w u06) 3 v04) wO0.5) 52 (0.4
0. 0.1
w(0.3)
x(0.4) 04 (05w x05 93 won x(0.3) 02
H(ay) H(as) H{as)

Figure 3.3.
Table 3. FSS for Figure 3.3
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F | u| v|w | x| K|uv | Vvw | wx | VX

(a1) | 07108 |05|04]| (a) | 06| 05| 04 ]0.3

(a2) | 06 | 04 07|05 | (az) | 03] 02| 03|03

(as) | 05|04 ]03]03|(as) | 02]01] 02]0.1

Here, the degree of edges are dz(uv) = 1.5, dz(vw) = 2.7, dz(wzr) = 1.5, dz(vz) = 2.8
and the support of the edges are sz(uv) = 5.5, sz(vw) = 5.8, sz(wr) = 5.5, sz(vx) = 5.7.

The support of adjacent edges are not same, so it is support edge irregular FSG and the

total support of the edges are ts5(uv) = 6.6, tsz(vw) = 6.6, ts5(wx) = 6.4, tsz(vr) = 6.4.

Here, the adjacent edges uv and vw have same total edge support, so it is not support

totally edge irregular FSG.

Example 3.9 Consider the Example 3.3, in which the support of edges are same but the total
support of edges are distinct. Thus it is support totally edge irregular FSG and not support
edge irregular FSG.

Remark 3.10 If G is a FSG and suppose A is constant Va; € A, then the given graph is not
support edge irregular and support totally edge irregular FSG.

Remark 3.11 The support and support totally edge irregularity of the FSG is independent of
the values of % (a;) V¥ a; € A.

84. Support Edge and Support Totally Neighbourly Edge Irregular FSG

Definition 4.1 4 FSG G is support-neighbourly edge irregular (s-NEI), if no 2 adjacent edges

have same edge supports.

Example 4.2 Consider the FSG

(0.5)u V0D (0.6)u v0.4)  (0.5u v(0.4)

w(0.8)

x(0.4)

H{ay) f}{nz} f}[f::;}

Figure 4.1.
Table 3 FSS for Figure 4.1
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F | u| v|iw | x| K|uw | vw | wx

(a1) [ 05040705 (a1) | 05| 03] 0.2

(as) | 0.6 | 0.4 |08 |04 | (a2) | 06| 03] 0.2

(as) | 0504|0604 (as) | 03] 04 0.1

Here, the degree of edges are dz(uw) = 0.1, dz(vw) = 0.5, dz(wr) = 1.0 and the support
of the edges are sz(uw) = 1.5, sz(vw) = 1.1, sz(wx) = 0.6. Here, no pair of adjacency edges
have same support, thus it is s-NEI FSG.

Definition 4.3 4 FSG G is support-totally NEI (s-TNEI), if no 2 adjacent edges have same
total edge supports.

Example 4.4 In the Example 4.2, the total support of edges are as tsz(uw) = 2.9, s5(vw) =
2.1, sz(wr) = 1.1 and here the total edge support of no two adjacent edges are same, thus it is
s-TNEI FSG.

Remark 4.5 A s-NEI FSG need not be s-TNEI and vice versa.

Example 4.6 Consider the Example 3.8, which is s-NEI but not s-TNEI as the edges uv and
vw, adjacent to each other have same total edge support. Thus it is only a s-NEI FSG.

Consider the Example 3.3, in which support of all edges are same and the total edge support
of no 2 adjacent edges are same, thus it is only s-TNEI FSG.

Example 4.7 Consider the following FSG.

(0.3)u wi0.4) (0.6)u

x(0.5)

y(0.3) 2(0.6) (0.3)y z(0.5)
H(ay) Haz)

Figure 4.2.
Table 5. FSS for Figure 4.2

F | u| v|w | x| y| z| Kluv|vw | vx | Xy | Xz

(a1) | 03 [04]04]05|03][06] (a;)|01]02]02]02]0.1

(az) [ 0.6 | 0.8 05 |04]03]|05]| (az) |02] 03]02]03]0.2

The degree of edges are given as dz(uv) = 0.9, dz(vw) = 0.7, dz(vz) = 1.6, dz(zy) = 0.7,
d&(zz) = 0.9 and the support of the edges are sz(uv) = 2.3, sz(vw) = 2.5, sz(vr) = 3.2,
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sa(ry) = 2.5, sz(zz) = 2.3.

The total support of the edges are tsz(uv) = 2.6, tsz(vw) = 3.0, tsz(vr) = 3.6, tsz(vy) =
3.0, tsz(wz) = 2.6. Notice that the above is an example of FSG which is both s-NEI and
s-TNEI FSG. Generally, we have

Theorem 4.8 A s-NEI FSG is always support edge irreqular FSG.

Proof Let G be a FSG. Assume it is s-NEI, then no 2 adjacent edges have same edge
support = 3 atleast one edge, adjacent to edges with different supports. = G is support edge
irregular FSG. g

Theorem 4.9 A s-TNEI FSG is always support totally edge irreqular FSG.
Proof The proof similar to that of Theorem 4.8. O

Remark 4.10 A FSG in which the support of all edges are distinct, is a s-NEI and it is s-TNEI

depending on values of >, 4 # (a;)(e;).

Theorem 4.11 If G is a FSG, and support of all edges are same, then G is s-TNEI <

S (a;)(e;) are distinct, ¥V a; € A and e; € E.

Proof Suppose Gisa FSG, and support of all edges are same is given i.e., sg(e;) = k,
Ve; € E. Suppose G is s-TNEI, then no 2 nearby edges have same total edge support = 3 at
least pair of edges with different total edge supports, let e; and e; be such edges,

tsa(em) # tsglen)
= sglem) + > A (a;)(em) # sglen) + Y A (a:)(en)
= k+ > K (a:)(em) £k + Y A (ai)(en)
= DA (@) (em) # YA (as) (en).
Therefore, N
> A (ai)(e)
are all distinct.
Conversely, suppose we take Zt%’/v(ai)(ei) are all distinct, and suppose G is not s-TNEI,

then 3 at least one edge with total edge support same as its adjacent edges, let total support

of the edges e,, and e,, are same

= tsg(em) = tsglen)
= sglem) + > A (ai)(em) = sglen) + > H (a:)(en)
=Sk + Y A () em) =k + Y A (a:)(en)

=Y A(ai)(em) =Y H(ai)(en),

which enable us to know the assumption that Z,/“?(ai)(ei) are distinct. Thus, G is s-TNEI
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FSG. O

Theorem 4.12 Let G, is a FSG, and if ﬁ(a) = (ﬁ(a),,}i’/v(a)) is s-NEI FSG as well as G.

Proof Suppose G is not s-NEI FSG, then 3 a pair of edges having same edge support. Let

e, and e, be such

= sg(em) = sg(en)

= Z Sﬁai (em) = Z Sﬁa,i (en)

= Sq,, (em) = Si,, (en)
for any a; € A, which enables us to get the assumption. Thus G is s-NEI FSG. O
Theorem 4.13 Let G, is a FSG, and if j/iz(a) = (t}g\:(a),jf{v(a)) is s-TNEI FSG as well as G.

Proof The proof is same as above theorem. O

Remark 4.14 The converse of both theorems is not necessarily true.

Example 4.15 Consider the Example 3.8 in where the FSG G is s-NEI and the H(as) is

u0.5) g2 (04w

0.1 0.1
w(0.3)
x(0.3) 02
Hias)
Figure 4.3.

Here, the degree of edges are dz(uv) = 0.2, dz(vw) = 0.5, dz(wz) = 0.2, dz(zv) = 0.5
and the support of the edges are sz(uv) = 1.0, sgz(vw) = 0.9, s5z(wx) = 1.0, sz(zv) = 0.9.
Here, the edges vw and vx which are adjacent have same edge support, thus it is not s-NEI
FSG.

Example 4.16 Consider the FSG

u(0.5) u(0.5) u(0.5)
0.2 0.1
(0.5)v 02 W05 ©35yv 04 W05 03y 0l w(0.5)
ﬁ’(ﬂl) H(az) H(ay)
Figure 4.4.

The given FSG is s-TNEI, since the total support of edges are given as tsz(uv) = 2.8,
tsg(vw) = 3.2, tsz(uw) = 3.0. But consider H(az) whose edge degree are dgz(uv) = 0.3,
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d&(vw) = 0.4, dz(wu) = 0.3 and support of edges are sz(uv) = 0.7, sz(vw) = 0.6, sz(wu) =
0.7 and total support of edges are tsz(uv) = 0.9, tsz(vw) = 0.7, ts5z(uw) = 0.9, which cleary
tells that H (as) is not s-NEI and s-TNEI FSG.

Remark 4.17 The s-NEI FSG is independent of .% (a;), where a; € A

Example 4.18 Considering the Example 4.17, which is s-NEI and s-TNEI we find the value
of #(a;), where a; € A are same and the support edge irregularity of FSG does not depend on
it.

Theorem 4.19 A fuzzy soft cycle of length n, and F(a;) are distinct for all a; € A, then it is
not s-NEI and s-TNEI FSG.

Theorem 4.20 Ifé is F'S cycle, of length 2m + 2, where m > 1, with the value of ﬂai)(ei)
for alternative edges are same, then, G is s-NEI and s-TNEI FSG.

Proof Let x1, xo, ---, x,, be the vertices of FS cycle and ey, es, - - -, e, be its edges. Let

— my, @ 1is odd,

H (ai)(e;) =

meo, 1 iseven.

The degree of edges are then ds (e;) = my+ma, Ve; € E. Let /s nearby vertices be x; and
ry, then dz(z;x5) = my + ma +my +mo — 2(my) = 2my and dg(z2) = 2my. Now support
of these edges sz(wiz;) = da(xiwk) + da(wj21) = 2ma 4 2mg = 4my, where z; is nearby z; in
the cycle. Similarly for the edge z;xy, the support is sz(x;2;) = 4m1. This happens for all the
edges in cycle with alternate edges having edge supports 4m; and 4ms, thus making it s-NEI
FSG.

The total support of the edge x;x) is 5me, and for x;x; it is 5m, and it hold for all edges
in an even FS cycle, thus it is s-TNEI FSG. 0

85. Application of FSG in Analysing a Given Situation Using Edge Degree

The solutions of all practical problems can be solved by representing them in the form of graphs.
While considering the behavioural study, certain factors influence the ideas and thoughts of
others generally. This can be studied with the help of influence diagram in form of graphs,
where the vertices and edges are represented based on the group taken for behavioural study.
Here we take up certain factors from the society and find how social media influence them. We
take the vertices sets as the factors existing the society and the membership values define its
social media influence, while the edges connecting each factor show influence of these factors on
each other due to social media. We use the FSG model to find out which factor has the most
influence by the social media and which factor gets more impacted by others. We consider the
parameters like disagreement and comply between the used factors. We consider the factors like

politics, entertainment, humanrace, commerce, development, working environment and evaluate
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their influence on each other in a society through social media. A survey conducted gives the

following results.

(1) The politics has an effect on the nature of the human race because of the social media
as it provides a medium to communicate and link people and it also influences the development
and work nature as these has become a matter of debate openly and sovcial media through

various means provide entertainment.

(2) The entertainment industry has now become a part of business and social media helps
in gaining a lot of popularity and it attracts a humongous audience and encourages them to be

a part of it.

(3) The working environment depends on the population in a given region and social media
provides abundant opportunities to look for jobs for the human race.

(4) The development activities take place based on the working environment of a area and
depends on the nature of people living in the area. Here again the development opportunities

are availed through social medias.

(5) The commerce industry has grown abundantly in recent years with help of social media

and affects the population, and development of a region.

(6) The human race is important factor in the society for all the other factors considered

here depend on the population in the given region.

Considering the directed graph with vertex set

V = {polity, entertainment, commerce, work, development, humanrace }

and it represents the factors existing in the society. The directed edges represent influence of
social media on other factors based on our parameters. We set the parameters as A = {ay, a2},
where a; = positive influence, as = negative influence. A FS graph is represented below. The
membership degree of edges represents the disagreement of a factor in the society. For example
membership of edge between politics and human race in f[(a1) is 0.5, i.e., 50 % positive effect
of media over the human population . If there is no link it means no influence between the
factors due to media. The degree of membership can be interpresented as % of influence.

Table 6. Fuzzy soft set over the edges

~ — — — -

K | PD|PE|PH|HW | DW |CD|CH | EC | EH | DH

(a1) | 0.3 | 0.3]05 |05 0.4 03 |05 |06 |01 |04

(ag) | 0.3 | 05105 |03 0.2 02 {03 |02 |04 |04

The representation of data is given as below.
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Human
race

0.5

H(ay)

Figure 5.1.

H(as)

Figure 5.2.

The degree of vertices are given as d(P) = 24, d(F) = 2.1, d(H) = 3.9, d(W) = 14,
d(D) = 2.5, d(C) = 2.1 which shows that Human race has greater media influence over the
other factors. The edge degree of vertices are given as d(PD) = 3.4, d(PE) = 2.9, d(PH) = 4.3,
d(HW) = 3.7, d(DW) = 2.7, d(CD) = 3.6, d(CH) = 4.2, d(EC) = 2.6, d(EH) = 5.0,
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d(DH) = 4.8.

We infer from above that, entertainment affects the human race more through social media
interaction. That is 50% of impact on entertainment on the population. Whereas the impact of
entertainment over commerce through media is the least i.e., 26% from the above observation.
Thus we can conclude that human race has greater impact of social media as they help to inter

connect wide range of people through a common platform.
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Abstract: This study investigates the total H-irregularity strength of various families of
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For a graph G an H-irregular total k-labeling is a total k-labeling o with a condition that for
every two distinct subgraphs H, and Hpg isomorphic to H, there is, wt,(Ha) # wts(Hp),
where the weight of an element is the sum of all the labels associated to the graph elements.
The smallest integer k& for which G has a H-irregular total k label is called the total H-
irregularity strength of a graph G, denoted by ths(G, H). In this paper the exact value of
ths(G, H) is calculated for the book graph, mongolian tent graph, star graph, sunlet graph
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AMS(2010): 05C78.

81. Introduction

Consider a graph G = (V, E) that is connected, undirected, and simple. This is a fact that in
a simple graph at least two vertices have the same degree. A natural question arises in mind:
is it possible to make the degree of each vertex in a graph different? One way to answer this
question is to assign a positive integer to each vertex of a graph. The assignment of each edge
on a simple graph G with positive integers from 1 to k is called an irregular assignment if the
weight of each vertex is different. The weight of a vertex is the sum of all labels associated with
it in that graph. Chartand, Jacobson, Lehel, Oellerman, Ruiz and Saba in [12] were the first
to introduce the concept of irregularity strength. The irregularity strength denoted by s(G), is
the smallest positive integer k for which each edge in the graph can be replaced by a set of at
most k parallel edges so that the degree of each vertex will be different in the new graph. If G

contains at most one isolated vertex and no isolated edges then Irregularity strength of a graph

1Received September 22, 2025, Accepted June 8, 2026
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G is finite. It is not as easy to find this graph invariant as it involves complex computations or
algorithms, for instance, see [5, 7, 9, 11, 14]. For a regular graph G of at least order 3, Faudree,
Jacobson, Lehel and Schel [13] proved that s(G) > 3. For finite irregularity strength of general
graph, Aigner and Triesch [5] showed that if G is connected then s(G) < |V(G)| — 1, otherwise
(@) < |V(G)| + 1. Frieze et. al. in [8] provided some important bounds.

Many results on edge irregularity strength and vertex irregularity strength have been proved
in several articles [6, 10, 14]. As a varitaion of previous irregularity strength, Ashraf et. al. in
[2] introduced a new branch of irregularity strength called H-irregularity strength. The notion
of an edge’s weight of a graph is extended and generalized by using these new notions. The
weight of subgraphs are isomorphic to the given graph H. All vertices and edges with sum of
labels belongs to the given H-subgraph is called H-weight or weight of a subgraph H. Total
H-irregular labeling is the labeling in which H-weights are distinct in total labeling. To reduce
H-weights, The smallest vertex or edge or both labels are used such that the total H-irregular
strength stay as minimal as possible. If every edge or vertex of the graph G belongs to at least
one of the subgraphs H;,i =1,2,-- ¢, then the graph G is said to admit a (HyHa,- - , Hy)-
(edge or vertex) covering if the family of subgraphs H;, Hs,--- , H; forms a (edge or vertex)
covering of G. The graph G may have an H-covering if the given graph H is isomorphic to
its subgraph H;. A total k-labeling o of graph G having two distinct subgraphs H, and Hg
isomorphic to H then it is called H-irregular total k-labeling where wt,(H,) # wt,(Hg). On
the other hand, if there are o, § with wt,(H,) = wt,(Hpg), such a total k-labeling o is said a
Smarandachely H-irregular total k-labeling. An H-irregular total k-labeling is called the total
H-irregularity strength of a graph G if there exist a smallest integer k for which total k-labeling
is possible, denoted by ths(G, H). The lower bounds of total H-irregularity strength and vertex
H-irregularity strength were proved by Ashraf et. al. in [1], which is given in Lemma 1.1.

Lemma 1.1 gives the lower bounds of total H-irregularity strength.

Lemma 1.1 Let G be a graph admitting an H -covering given by t subgraphs isomorphic to H.
Then

t—1
ths(G. H) = [\+ e |

In 2023, Wahyujati and Susanti [3] discussed the ths of edge comb product of graphs. Faisal
et. al. investigated the ths of trees in 2025 with some specific characteristics [4]. Extending the
work of Ashraf et. al. [1] we have calculated the exact values of total H-irregularity strength of
Mongolian tent graph, Book graph, Sunlet graph, Star graph and chain silicate graph in next
section.

82. Total H-irregularity Strength

In this section, we give our main results about total H-irregularity strength of graphs. Before

going to our main results, first recall some necessary definitions.

Definition 2.1 The Cartesian product of a graph is the graph G ® H with vertices V(G® H) =
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V(G)xV(H), and for which (z,u)(y,v) is an edge ifuv € E(H), orzy € E(G). The Mongolian
tent graph is known as the graph obtained for odd n from the Cartesian product of P,, ® P, by
inserting an extra vertex above the graph and joining each other vertex of the top row to the
additional vertex. It is denoted by M, ,, where m > 2,n > 3.

In our first result, we have calculated the exact value of the total H-irregularity strength
of Mongolian tent graph.

Theorem 2.1 Let M,, 3, for m > 2 be a Mongolian tent graph having H = Cy-covering with
2m — 1 isomorphic copies. Then

ths(Mp, 3,Cs) = [mz 3—‘

Proof A Mongolian tent graph M, 35, m > 2 contains 3m + 1 vertices and 5m — 1 edges.
The vertex set of M,, 3 is denoted by V (M, 3) and edge set is denoted by E(M,, 3) which is
defined as

V(Mm73) = {xaujvvj,wj:j:LQ?’?’a'”7m}a
E(Mp3) = Aeu,zw}J{ujvj,vw; 05 —1,2,3,--- ,m}
U{ujuj+1,ijj+1,vjvj+1 2j=1,2,3,---,m—1}.

Figure 1 shows the Mongolian tent graph M5 3. Mongolian tent graph admits exactly
2m — 1 copies of Cy where, m > 2. Now put k& = fmT'*'S], where k is an upper bound for the
total Cy4 - irregularity strength of M,, 3. To show this, we define a total Cjs-irregular labeling
for m > 2, in this way:

o1 V(Mp3)UE(My3)—{1,2,3,--- ,k}

Figure 1. Total Cy-irregular labeling of Mangolian tent graph Ms 3
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Ut(uj):{-‘, for j =1,2,3,--- ,m,

for j=1,2,3,---,m,

i+ 3 .
ot(vjvj41) = ot(u;v5) = or(vjw;) = [jélw , for j=1,2,3,--- ,m,
|+ 2
O—t(ujuj+1) = ’VJ;‘I-‘ ) fij =1,2,3,---,m,
|+ 4
Ut(ijj+1) = ’7]1_—‘ ’ fOI‘j = 1,2737 T, M.

Now, under the total labeling o; it can be easily verified that all the vertices labeling and
the edges labeling are not more than k, and under the total labeling o, and for the cyclic graph

Cy — weight of C’}i, where 7 is from 1 to 2m — 1 we have

W@ = Y )+ Y aile)

’UEV(C4) EEE(C4)

Lets consider into the difference between wt(C%) and wt(Cit) for {i = 1,2,3,--- ,2m—1}
following.

wt(C5Y) = oy(uis1) + 0e(vig1) + 0r(uir2) + 00 (vig2) + 04 (Vig1viva) + 0 (Uit2vir2)

+0¢ (Ui10Vit1) + o (Uir1Uig2)
i+1 i+2 i42 i+ 3 i+4
- [ R R R
N i+5 n 144 n i+ 3
4 4 4

= 0¢(vs) + 0t (vig1) + 0t (Vig1) + o (Uitiz1) + o (Uigp10ig1)

+o¢(uw;) + 1+ o4 (vivig1) + o (uiv;)

and so,
wt(CI) =1+ wt(CL).

Thus, ths(M,, 3,C4s) < k which concludes the proof. O

Let us recall the definition of star graph before going to find its total H-irregularity
strength.

Definition 2.2 A star graph is the complete bipartite graph K, ,, with order n+1 and size n.

A graph with one internal node of degree n and with n edges are connected with n verties each
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of degree 1 is called star graph. It is denoted by S, where n > 3. Sometimes it is also called

n-star.

Figure 2 shows the star graph Ss. The next is the result on total H-irregularity strength.

Figure 2. Total P»-irregular 5—labeling of star graph Sg

Theorem 2.2 Let S,, n > 2 be a star on n + 1 vertices having H = Ps-covering, then

ths(Sy, Py) = [”* 1].

2

Proof There are n + 1 vertices in a star graph S,, for n > 2, say V(GQ) = {w,v;, for j =
1,2,3,--- ,n} and n edges say E(G) = {wv;, for j = 1,2,3,---,n}. Star graph admits
Ps-covering with exactly n copies of path graph. Now put k = ["7“1, where the total Ps-
irregularity strength of .S, has an upper bound of k. To show this, For n > 2, we obtain a total

Ps- irregular labeling of star graph S, as follows:

Ot - V(Sn) UE(Sn) - {132a3,"' ak}

or(w) = 1,
)+ 1
Ut(vj) = ’Vj—;-‘ 9 fOI‘ j = 1a2737' N,
or(wvj) = B-‘ , for 7=1,2,3,--- n.

Now, all the edge and vertex labels are at most [’%1] under o; labeling, and for j-weights
of P, path graph for {j =1,2,3,--- ,n} we have

wt(P3) = o1(v) + o (w;) + or(w). (1)

For every {j =1,2,--- ,n}, all the vertex and edge labels form increasing sequences under
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o labeling.

wt(P{) = oy(vj41) + ou(wuj1) + 0u(w)
i+ 2 4+ 1

HONR

= [l [ ]

= oy(wv;) + ot (w) + or(vj) + 1 = wt(P]) + 1.

So, all the required properties of irregular total labeling o; are proved. O

Definition 2.3 For a graph G = (V(G), E(G)), an edge connecting a leaf vertex is called a
pendant edge. The n-sunlet graph is a graph that is obtained by adding n pendant edges to the
cyclic graph C,, where n > 3. The sunlet graph is also known as crown graph. Here we use
notation Sl, for sunlet graph with (n > 3).

Figure 3 shows the sunlet graph Slg. Here is the result on the total H-irregularity of the
sunlet graph.

Figure 3. Total D ;-irregular 2—Labeling of Sunlet Graph Sl

Theorem 2.3 Let Sl,,, forn > 3, be a Sunlet graph having H = Dy ;-covering, then

ths(Sly, Do) = V : 5}

7

Proof By joining pendant edges to a cycle graph C,,, a sunlet Si,,, for n > 3, is obtained
which has 2n vertices and 2n edges. The Sunlet graph Si,, admits the covering of double star
graph Dy with maximum label k = [%£2]. The vertex set V(Sl,) and edge set E(Sl,) of
Sl,-graph are defined as

V(Sl,) = A{zsy;:iisfrom1ton },
E(Sl,) = {ziz,} U {z;y; :1is from 1 ton } U {x;x;41 :1is from 1 to n-1 }.
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In order to show the lower bounds of ths(Sl,,, D2 1), the existence of a Ds ;-irregular total

k-labeling, which follows, is all that needs to be proved for

oy : V(Sl,)UE(Sl,) —{1,2,--- ,k}

we have
or(zi)
ot(xn)
o (y:)
o (Yn)
o (ziy;)
o1 (TnYn)
or(TiTiv1)

or(T12n)

[’gﬂ, if1<i<n—1, andn >3,
3

[”; | itn>3,

Fﬂ’ ifl<i<n—1 andn>3,

—”+7], ifn >3,

ﬂ if1<i<n—1, andn>3,

% itn >3,

ﬂ] if1<i<n—1, andn >3,
n+3

”;’ ] ifn>3

and for every {j = 1,2,--- ,n— 1}, under the o-labeling, the j-weight of the double star graph

is DJ , that contains edge and vertex labels and forms increasing sequences.

wt(DJY) = o(wjr1) + oY1) + 0u(@i1yi41) + 0 (2 417512)
N j+5w [j+8w [j+lw [j+3w
B [ 9 + 9 + 9 + 9
= oi(x;) + 0:(y;) + oe(xy;) + or(wjajp) + 1= wt(Dj ) + 1
So, all the required properties of irregular total labeling o, are proved. O

Figure 4. Total Cy-irregular 2—Labeling of Book Graph B3
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Definition 2.4 The book graph B, is the cartesian product B, = S, ® Py, where S,, indicates
the star graph with n > 3 and P, represents the path graph on two vertices. This graph is
obtained by edge-amalgamation of path and star graph.

Figure 4 shows the book graph Bs. Our last result on total H-irregularity strength is the

next result.

Theorem 2.4 Let B,=S, ® P5, for n > 3, be a book graph revealing a H = Cy-covering, then

n+4w

ths(By, Cy) = [ -

Proof Let the book graph B,, = S,, ® P, for n > 3 contains 2n+ 2 vertices and 3n+1 edges.
The book graph B,, admits a Cy-covering with exactly n cycles. To show that k = (”THL we
define labeling of graph with vertex set V(B,,) and edge set E(B,,) such that

V(B,) = {x,y,u;,v; :iis from 1 ton },

E(B,) ={xy} U{zu; :iis from 1 ton } U{yv; :iis from 1 ton } U {u;v; :iis from 1 ton }

In order to show the lower bounds of ths(By, Cy), it is enough to prove the existence of a

Cy-irregular total k-labeling which is given as

oy :V(Bp,)UE(B,) —{1,2,3,--- , k},

o(u;)) = V—i_l—‘ if i is from 1 ton ,

or(v;) = [%—‘ if i is from 1 to n ,

ol(x) = ouy) =ou(zy) =1,
or(uv;) = E g 2] if i is from 1 to n,
o(u;z) = E j; 3] if i is from 1 to n,
or(viy) = K Jg 4 if i is from 1 to n.

It is simple to confirm that all of the vertex as well as edge labels are at most k under
the total labelling o;. We obtain the following for j-weight of the cycle graph CZ for {j =
1a 2) e an}a

Wt(CZH) = oy(x) +oi(y) + o(xy) + oe(ujr1) + oe(vjp1) + oe(ujp12)

+0t(vjp1y) + o (wjr1v541)
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= 1““*V”WWjﬂ*[jﬂﬁﬁﬂﬁﬁﬂ

5 5 5 5 5
- e[ R [ e

= oy(®) + o (y) + ou(wy) + o1(uy) + oe(ujvy) + or(ujx) + 01 (vy) + o (vyy) + 1

= wt(C))+1

So, all the required properties of irregular total labeling o, are proved. (|

Definition 2.5 The structure of chain silicate network is designed by combining the tetrahedrons
in a chain form which is attained by arranging m tetrahedron in linear way. An m dimentional
chain silicate network is symbolized as C'S,,, m > 3, with 3m+1 and 6m the number of vertices

and edges respectively.

In our next results, we have calculated the precise value of the total H—irregularity strength
of chain silicate graph.

Theorem 2.5 Let CS,, m > 3 be the chain silicate graph, where 3m is the number of copies
of H=C3. Then,
ths(CSp, Cs) = [%] 1.

Proof Consider a graph C'S,, of chain silicate for m > 3, its vertex and edge sets are

V(CSyn) = {vp,up:pisfrom 1 to m}U {:vp :pis from 1 to [m;— 1—‘ }
U {yp :pis from 1 to [%—‘}
. m+1
E(CSm) = {xpvop—1,TpUzp—1,V2p—1U2p—1,U2pTpt1, U2pU2p, Tp4+1V2p : P s from 1 to 3 }

U{Uzp—lyp,qu_lyp, TpYp, YpTp+1, YpU2p, YpU2p : P is from 1 to [%-‘ 1.
Substitutions d = [%W + 1 with an C5— irregularity total d-labeling as
@ :V(CSy)UE(CSy) — {1,2,--- ,d}

The upper bound of total C5 - irregularity strength of C'S,,,— graph is demonstrated by d,
the following is how we draw the vertex labeling

@ (vp) = [g—‘ where p is from 1 to m,
¢ (up) = [g—‘ where p is from 1 to m,

1
o(zp)=p where p is from 1 to Pn;_—‘ ,

o(yp)=p+1 where p is from 1 to {%1



120 Asma Khalid, Faraha Ashraf, Muhammad Amir Asif, Humaira Ibrahim and Misbah Hina

and the edge labeling are defined as

1
¢ (zpvop—1) =D where p is from 1 to % )
. rm
¢ (vop_1yp) =p+1 where p is from 1 to 5—‘ ,
_ 1
o (zpugp—1) =p where p is from 1 to % )
¢ (U2p—1Yp) =P where p is from 1 to [%_‘ ,
[ 1
¢ (vap_1ugp—1) =D where p is from 1 to % ,
. rm
© (zpyp) =D where p is from 1 to 5-‘ ,
© (Ypxpy1) =p+1 where p is from 1 to [%—‘ ,
@ (Ypugp) =p+1 where p is from 1 to %—‘ ,
1
o (ugppr1) =p+1 where p is from 1 to [m;w ,
_ 1
@ (ugpvap) =p+1 where p is from 1 to % ,
@ (Ypvop) =p where p is from 1 to [%_‘ ,
_ 1
@ (Tpy1vep) =p+1 where p is from 1 to % .

Typically, we verify that all edge and node labels have a maximum of [%] + 1 under

labeling. The cycle C% load or weight is represented as

wty (CHY = > o)+ > e

veV (CSm) ecE(CSy,)

The graph C'S,, of chain silicate can be covered by C5 for m > 3 as shown in Figure 5.

Figure 5. Total Cs-irregular 3—labeling of chain silicate graph C'Sy
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It is clear that edge labels forms an increasing sequence showing that wt,, (C%) < wt,, (Cg +1) ,

where p = 1,2,3...,3m. Consequently with respect to wt, (C§+1> =1+ wt, (CF), we have
the labeling ¢ that desired Cs-irregular total d-labeling.

Theorem 2.6 The ths of chain silicate graph CS,, with m copies of H = K4 for m > 4 is

given as
m

ths(CSm) = [ﬁ

|+

Proof Consider a graph C'S,,, of chain silicate for m > 3, its vertex and edge sets are

1
V(CSn) = {vp,up:pisfrom 1 tom }U{:cp :pis from 1 to [%“}
U{yp :pis from 1 to [%-‘},
m+1
E(CSm) = ZpU2p_1,Tplzp_1,V2p 1U2p—1,U2pTpt1, U2pV2p, Tpr1V2p P = 1,2,3,- -+, 5
m
U {v%*lymu%flyp»xpyp’ YpTp+1, YpUzp, YpU2p P = 1,2,3,- -+, [5-‘ } .

Substitutions d = [ﬂﬂ + 1 using a K,4— irregularity total d-labeling as
V(CSm) UE (CSy) — {1,2,---,d}.

The upper bound of total K - irregularity strength of C'S,,,— graph is demonstrated by d,

the following is how we draw the vertex labeling

@ (vp) = %07 for p from 1 to m,
6]
@ (up) = % for p from 1 to m,
S .
@ (zp) = prt for p from 1 to m+l ,
5 2
[p+4] m
o(yp) = | — for p from 1 to {—W
5 2
and the edge labeling are defined as
_ 5 .
@ (Tpvop_1) = pi—g —‘ for p from 1 to [m; —‘ ,
[ 1
@ (vap-1Yp) = p-l-w for p from 1 to {%W ,
_ 1
@ (Tpugp-1) = g‘ for p from 1 to % ,
@ (u2p—1Yp) [a for p from 1 to {%W ,
_ 1
@ (vVap—1Ugp—1) = []95-‘ for p from 1 to % ,
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o (zpyp) = = for p from 1 to [%—‘ ,
@ (Ypxps1) = _1%3_ for p from 1 to [%—‘ ,
@ (Ypugp) = —1%1 for p from 1 to [%—‘ ,
¢ (ugppi1) = _g—‘ for p from 1 to _mTH_ ,
@ (u2pvap) = % for p from 1 to _mTH ,
@ (Ypvop) = _1%2_ for p from 1 to [%—‘ ,
@ (Tpp1v2p) = —]%2_ for p from 1 to —mTH
Typically, we verify that all edge and node labels have a maximum of ([%—‘ + 1) under

labeling. The cycle K} load or weight is represented as

vty B = Y e+ Y ele)

veV (CSy,) eeE(CS,,)

The graph CS,,, of chain silicate can be covered by K4 for m > 3, as shown in Figure 6.

Figure 6. Total K,-irregular 2—labeling of chain silicate graph CSy

It is clear that edge labels forms an increasing sequence showing that
wty, (KY) < wty, (Kff“) ,
where p =1,2,3--- ,m. Consequently with respect to
why (KPT) = 14wty (KD).

we have the labeling ¢ that desired Ky-irregular total d-labeling. 0
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83. Application of Wireless Sensor Networks

In wireless sensor networks, H-irregular total labeling helps to give each sensor (node) and its
connections (edges) a unique label to prevent confusion. Each sensor gets a label, and each
connection between sensors also gets a label. The total of the sensor’s label and the labels of
its connections must be different from other sensors. This method helps to make the network
more organized, avoid problems, and ensure smooth communication between sensors. These
networks can enhance the functionality of a Mongolian tent by monitoring environmental condi-
tions, structural integrity, and energy usage. Sensors embedded in the fabric or frame can track
temperature, humidity, air quality, and wind to optimize comfort, while stress and moisture
sensors ensure the durability. Additionally, wireless sensor network (WSN) can monitor solar
energy use, livestock activity, and provide early warnings. The model with a star-like structure,
where all peripheral nodes communicate directly with a central hub, is ideal for applications like
environmental monitoring, smart agriculture, home automation, and industrial health monitor-
ing. For instance, in precision farming, sensors measuring soil moisture and temperature send
data to a central gateway to optimize irrigation. Similarly, in disaster management, distributed
sensors detecting seismic activity or water levels communicate with a central hub to provide
early warnings. This topology is energy-efficient, has low latency, and simplifies communication,
but it is best suited for small-scale deployments due to its reliance on the central node.

A sunlet graph, consisting of a base cycle with pendant vertices, can be effectively applied
to wireless sensor networks (WSNs) to enhance energy efficiency, fault tolerance, and coverage.
The base cycle can represent the core cluster of powerful nodes (e.g., cluster heads) that han-
dle communication, while the pendant vertices represent peripheral sensors connecting to the
nearest cluster head. This topology reduces energy consumption by limiting communication
to short distances and provides redundancy through the cycle, ensuring fault-tolerant routing
even if nodes fail. Wireless Sensor Networks (WSNs) can leverage book-like graphs for effi-
cient topology design and communication. In such applications, the ”spine” of the book-like
graph represents the backbone network, ensuring reliable communication, while the ”pages”
represent clusters of sensor nodes monitoring specific regions. This model is particularly useful
in scenarios like environmental monitoring, where multiple areas must communicate with a
central system. Wireless sensor networks (WSNs) can be applied to chain silicate graphs to op-
timize monitoring and communication in systems modeled after silicate chain structures, such
as crystalline materials or geological formations. For instance, in structural health monitoring,
sensors deployed on nodes representing SiO,4 tetrahedra can track stress or damage propagation

through the interconnected lattice.

84. Conclusion

The paper successfully determined specific H-irregularity strengths for various graph families,
highlighting how these graph properties relate to the design and optimization of wireless sensor
networks. In this paper, we have calculated the graph parameter, the total H-irregularity
strength ths(G, H) as the natural extension of the irregularity strength of a graph. We have
determined the exact values of the total H-irregularity strength for several families of graphs,
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namely Mongolian tent graph, Book graph, Sunlet graph, and chain silicate graph graph.

The labeling scheme ensures that no two subnetworks (modeled as subgraphs H) have the
same communication burden. This prevents “hot spots” of high energy consumption, extending
the overall network’s lifespan by distributing the workload more evenly among sensor nodes.
The current study likely makes certain assumptions about the WSN (wireless sensor network)
environment, such as neglecting interference or the physical effects of signal decay. Future
research could explore more complex real-world scenarios. This paper studied specific families
of graphs, future work could investigate the total strength of H -irregularity of other graph

structures that are relevant to different WSN topologies, such as mobile or hierarchical networks.
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§1. Introduction

Notice that the n-th powersets that are the bases on the SuperHyperStructure and Uncertain
SuperHyperStructure [2, 3, 15], together with their particular cases such as the SuperHyperAlge-
bra and Uncertain SuperHyperAlgebra (endowed with SuperHyperOperations and SuperHyper-
Azioms) [2016, 2022], SuperHyperGraph (including SuperHyperTree) and Uncertain SuperHy-
perGraph (including Uncertain SuperHyperTree) [2019 - 2022], SuperHyperSoft Set, SuperHy-
perFunction and Uncertain SuperHyperFunction [2022], SuperHyperTopology (all built on the
powersets of P(H), or P"(H), for n > 1) and Uncertain SuperHyperTopology [2022] were all
founded by Smarandache [2] and developed between 2016 - 2024.

By Uncertain we mean all types of Fuzzy and fuzzy-extensions Intuitionistic Fuzzy, In-
consistent Intuitionistic Fuzzy (Picture Fuzzy, Ternary Fuzzy), Pythagorean Fuzzy (Atanassov’s
Intuitionistic Fuzzy of second type), q-Rung Orthopair Fuzzy, Spherical Fuzzy, n-HyperSpherical
Fuzzy, Neutrosophic, Refined Neutrosophic, Plithogenic, etc.) Sets/Logics/Measures/Probability/
Statistics.

Definition 1.1 A SuperHyperStructure is a structure built on the n-th PowerSet of a Set H,
forn > 1, as in our real world (because a set (or system) H (that may be a set of items, an
organization, country, etc.) is composed by sub-sets that are parts of P(H), which in their turn
are organized in sub-sub-sets that are parts of P(P(H)) = P?(H), then in sub-sub-sub-sets that
are parts of P3(H), and so on, P"™Y(H) = P(P"(H)).

The powerset P(H) means all non-empty and empty subsets of H, including the empty set
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(), which represents the indeterminacy that occurs into the set H (as in our real world where
we deal with unclear/indeterminate/unknwon information in any space/set); and similarly for
P"(H).

While P, (H) means all non-empty subsets of H, or P,(H) = P(H) — (). And similarly for
PI(H).

A structure built on P*(H) is called a SuperHyperStructure (has no indeterminacy), while
built on P™(H) it is called Neutrosophic SuperHyperStructure (does have indeterminacy).

In a SuperHyperStructure we deal with SuperHyperAxioms, SuperHyperLaws, SuperHy-
perTheorems, SuperHyperProperties, SuperHyperOperators, etc. Similarly for a Neutrosophic
SuperHyperStructure.

§2. “Hyper” and “Super” Prefixes

The prefix “Hyper” (Marty [1], 1934) stand for the codomain of the functions and operations
to be P(H), or the powerset of the set H.

While the prefix “Super” (Smarandache [2], 2016) stands for using the P"(H),n > 2, or
the n-th PowerSet of the Set H because the set (or system) H (that may be a set of items, a
company, institution, country, region, etc.) is organized in sub-systems that are part of P(H),
which in their turn are organized in sub-sub-systems, that are part of P(P(H)) = P?(H) and

so on in the domain and/or codomain of the functions and operations and axioms.

83. SuperHyperStructure

A SuperHyperStructure [2, 2016] is a structure built on the n-th powerset P]*(H) of a non-empty

set H, for integer n > 1, whose SuperHyperOperators are defined as follows:
sus : (P (H))™ — P(H),

where P (H) is the r-powerset of H, for integer r > 1, while similarly Pl*(H) is the n-th
powerset of H, and the SuperHyperAxioms act on it. Indeterminacy is not allowed on this

structure.

84. Neutrosophic SuperHyperStructure

A Neutrosophic SuperHyperStructure is a structure built on the n-th powerset P"(H) of a
non-empty set H, for integer n > 1, whose Neutrosophic SuperHyperOperators are defined as
follows:

fsus : (PT(H))™ — P"(H),

where P"(H) is the r-powerset of H, for integer r > 1, while similarly P"(H) is the n-th
powerset of H, and the SuperHyperAxioms act on it.
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Indeterminacy is allowed on this structure.

§5. History: From the classic and HyperStructures to SuperHyperStructures

(i) Classical Structure

A classical Structure is built on a non-empty set H, whose classical operations fg are defined
as:
fs: H™ — H, for integer m > 1,

and with classical Axioms acting on it.
(i7) Classical HyperStructure

A classical HyperStructure (Marty [1], 1934) is built on a non-empty set H, whose HyperOper-
ations are defined as:
fas: H™ = Px(H),

where P x (H) is the powerset of H, without the empty setand the HyperAxioms acting on it.
(iii) Neutrosophic HyperStructure

The Neutrosophic SuperHyperStructure is an extension of the Classical HyperStructure, because
it allows indeterminacy (uncertainty, unknown), denoted by the empty set (), into the the
powerset of H, that it is denoted by P(H), without *.

(iv) SuperHyperStructure

A SuperHyperStructure is built on n-th powerset P™(H) of a non-empty set H, for integer
n > 1, whose SuperHyperOperators are defined as follows:

tsms : (P"(H))™ — P"(H),

where P"(H) is the r-powerset of H, for integer r > 1, while similarly P"(H) is the n-th
powerset of H, and the SuperHyperAxioms act on it.

Indeterminacy is not allowed in this structure.

(v) Neutrosophic SuperHyperStructure

A Neutrosophic SuperHyperStructure is built on n-th powerset P™(H) of a non-empty set H,
for integer n > 1, whose SuperHyperOperators are defined as follows:

tsms : (P"(H))™ — P"(H),

where P"(H) is the r-powerset of H, for integer r > 1, while similarly P"(H) is the n-th
powerset of H, and the SuperHyperAxioms act on it.
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Indeterminacy (denoted by the empty set @) is allowed in this structure.

(vi) The n-th powerset of H with indeterminacy (denoted by the empty set (})

The n-th powerset P™(H) of the set H, that the Neutrosophic SuperHyperStructure is built
on, best describe our real world where always the indeterminacy occurs, and a set (or system)
H (that may be a set of items, company, institution, country, etc.) is organized in sub-systems,
which in their turn are organized each of them in sub-sub-systems, and so on.

The n-th PowerSet P"(H) is defined recursively:

PmE) ¥ om
1

PY(H) = P(H),

P2(H) = P(P(H)),

P¥(H) = P(P*(H))= P(P(P(H))),

P"(H) = P(P"'(H))=P(P(---P(H)--)),

where P is repeated n times into the last formula, and the empty set () (that represents indeter-
minacy, uncertainty) is allowed in all sequence terms: H, P1(H), P*(H), P*(H),--- ,P"(H).

(vii) The n-th powerset of H without Indeterminacy

The n-th powerset PI*(H) of the set H, that the SuperHyperStructure is built on, describe a
world that does not contain indeterminacy , where similarly the set (or system) H (that may
be a set of items, a company, institution, country, region, etc.) is organized in sub-systems,
which in their turn are organized each of them in sub-sub-systems, and so on.

The n-th powerSet P*(H) is also defined recursively:

PoH) ¥ om

Pl(H) = P.(H),

PXH) = P.(P.(H)),

P}(H) = PJ(P!(H))= PP.(P.(H))),

P(H) = PP (H))=P(P.(---P.(H)---)),

where P, is repeated n times into the last formula, and the empty set () (that represents

indeterminacy, uncertainty) is not allowed in none of the sequence terms:

The n-th powerSet P™(H) and P}*(H) of a non-empty set H, were introduced by Smaran-
dache [2] in 2016.
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86. Particular Cases of SuperHyperStructure, Neutrosophic SuperHyperStructure

Depending on the type of Structure, in any field of knowledge, on has multiple types of Super-
HyperStructures and respectively their corresponding Neutrosophic SuperHyperStructures, such

as:

— SuperHyperAlgebra (when the structure is an Algebra), SuperHyperGraph (when the
structure is a Graph), SuperHyperGeometry (when the structure is a type of Geometry), Su-
perHyperCalculus etc.

Further on, a SuperHyperAlgebra may be as particular cases: SuperHyper Semigroup, Su-
perHyper Group, SuperHyper Field, etc.

A SuperHyperGeometry may be as particular cases: SuperHyper EuclideanGeometry, Su-
perhyper NonFEuclideanGeometry, SuperHyper ProjectiveGeometry, etc.

See hitps://fs.unm.edu/SHS/ for more details on the SuperHyperStructure and Neutro-
sophic SuperHyperStructure.
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Famous Words

In science, where there is no access to any kind of mathematics, where there is no connection
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By Da Vinci, a famous Italian scholar.
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