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Fuzzy Product Rule for Solving Fully Fuzzy Linear Systems

Tahir Ceylan

(Department of Mathematics, University of Sinop, Tiirkiye)

E-mail: tceylan@sinop.edu.tr

Abstract: In this paper we construct solutions of the fuzzy matrix equation Az = for
Z when the elements in A and b are MMCE-triangular fuzzy numbers. Here we apply the
product rule to solve the equation without any restriction on the signs of multiplied fuzzy

numbers. Then we give two examples of the fuzzy product rule.

Key Words: Neutrosophic fuzzy set, fuzzy number, fully fuzzy linear system (FFLS), fuzzy
product, MMCE-representation.

AMS(2010): 34A07, 34L10.

§1. Introduction

The systems of linear equations play important role in various areas of mathematics, statis-
tic and engineering systems. Fuzzy systems represented by fuzzy numbers rather then crisp
numbers have a major role for fuzzy modelling which can formulate uncertainty in real world
problems. Fuzzy arithmetic operations have an essential role for treat linear systems whose
parameters are all or partially fuzzy numbers. Firstly, the basic arithmetic structure for fuzzy
numbers was introduced by Zadeh [11] and later this was developed many researcher such as
Mizumoto and Tanaka [15], Dubois and Prade [7], Klir [9]. The fuzzy addition operation is
practically easy to use. But, the other three fuzzy operations see various difficulties. Here we
consider the multiplication operation for use the system of linear equations. A main disadvan-
tage of this operation is that the shape of type fuzzy numbers (L-R, triangular or trapezoidal
numbers) is not preserved. For this reason the researchers sought alternative ways for the
product of fuzzy numbers.

Ma et al. introduced a new multiplicative operation of product type in [4]. They defined
easily computable arithmetic operations based on split representation. But it has a drawback
about the support. This problem has been solved by using middle-core-ecart representation
(MCE-representation) of fuzzy numbers. Later, Zeinali and Maheri [6] introduced the modified
MCE-product (MMCE, for short).

The system of linear equations A7 = E, where A is a crisp matrix and bisa fuzzy number
vector, is called a fuzzy system of linear equation (FSLE) have been solved firstly Friedman et

al. [12]. Following general model for solving such a fuzzy linear systems was proposed by many

1Received December 29, 20243, Accepted June 10,2024.



2 Tahir Ceylan

researchers ([13], [16], [4]). The linear system AZ = b, where A fuzzy matrix and b is a fuzzy
number vector, is called a fully fuzzy linear system (FFLS). A lot of works have been done this
area with different methods ([ [17], [14], [8], [10]).

In this paper we will investigate the solutions of FFLS with MMCE-representation of
triangular fuzzy numbers. This paper is organized as follows. In Section 2, we briefly present the
necessary preliminaries on fuzzy theory and MMCE-representation. In section 3, we summarise
the definition and some properties of the FFLS. Then the solution of FFLS is constructed via
MMCE-representation of fuzzy numbers. The proposed method is illustrated by solving some

examples. Section 4 conclusion and some suggestions for future works are given.

§82. Preliminaries

In this section, we recall the basic notation of fuzzy numbers, the cross product and FFLS.

Definition 2.1([2]) Let E be a universal set. A fuzzy subset A of E is given by its membership
function p g E — [0,1], where 3 (t) represents the degree to which t € E belongs to A We
denote the class of the fuzzy subsets of E by the sembol F (E).

Generally, a neutrosophic fuzzy set A(NFSA) is characterized by truth membership func-
tion Ta(z), an indeterminacy membership functions I4(x) and a falsity membership function
Fy(x).

Definition 2.2([9]) The a—level of a fuzzy set AcC E, denoted by [g]a, is defined as
{A\r = {xGE:A\(t) Za}, Va € (0,1].

Furthermore, if E is also topological space, then the O—level is defined as the closure of the
support of A. That 18,

30 =

H :{meE:A(t)>0}.

~ —~ 1 ~
The 1—level of a fuzzy subset A is also called as core of A and denoted by [A} = core (A)

Definition 2.3([9]) A fuzzy subset & on R is called a fuzzy real number (fuzzy interval), whose

a— cut set is denoted by [u]”, i.e., [u|® = {z : U (t) > 0}, if it satisfies two axioms:

(i) There exists r € R such that u (r) = 1;
(ii) For all 0 < a < 1, there exist real numbers —oco < u, < ub < +o0o such that [a] is

equal to the closed interval [u,ul].

(e o

Similarly, we can also define a neutrosophic fuzzy real number and fuzzy interval.

Definition 2.4([2]) A fuzzy number A is said to be triangular if the parametric representation

of its a—level is of the form

[ATX = [(a2 —a1) @ + a1,a3 — (ag — az2) a
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0 ~
for all o € [0,1], where {A} = la1,a3] and core (A) = ay. A triangular fuzzy number is

denoted by the triple (a1, a2, as).

The set of all fuzzy real numbers (fuzzy intervals) and triangular fuzzy numbers are denoted
by Rr and Ry , respectively.

Definition 2.5([1]) An arbitrary fuzzy number U in the parametric form is represented by an
ordered pair of functions [uy,ul], 0 < a < 1, which satisfy the following requirements

(i) u, is a bounded non-decreasing left continuous function on (0, 1] and right- continuous
for a=0;
(i) ul is bounded non- increasing left continuous function on (0,1] and right- continuous

for a=0;
(ii) uy, <ul,0<a<l

Definition 2.6([4],[3]) For u € Rp, consider the functions 0,,,0F — Ry defined by

0, (o) = my —ug, 0F (o) = ul —my

- ot
where m,, = % Then, U = (my;0,;0F) is MCE-representation of w. Note that the

semicolon symbol makes this different from the well-known notation of a general triangular

fuzzy number denoted by (a,b,c). From now on, this notation is used for fuzzy numbers.

From reference [5], clearly, (m.; 0, ;0]) represents a fuzzy number if and only if 8, 01 are

ur’u uru

bounded, positive, non-increasing, left-continuous on (0; 1] and right-continuous at 0.

Although the MCE-product is easy to use, it doesn’t preserve the shapes of triangular and
trapezoidal fuzzy numbers in reference [4].
First, we note that for a triangular fuzzy number @ = (a;b; ¢), MCE-representation is in

the form
U= (b;(b—a) (1 —a);(c—b)(1-a)),

which means that if & € Ry, then u can be presented by (my;k; (1 — «);kf (1 — «)), where
k., kT € R,. Now, the modification of MCE-product can be done as follows:

u ) ttu

Definition 2.7([6]) Let u = (my;k, (1 — a); k(1 —a)) and v = (my; k(1 — a); k(1 — «))
be two triangular fuzzy numbers. The modified MCE-product (denoted by MMCE-product for
short) is defined by

T®V = (mumy; k, ky (1 —a);kTEN (1 - a)),

Tt

the a—cut of U® D 1s

(U® D)o = [mumy — k k(1 — a);mym, + kT (1 — 7))

u v

and its support is

Sup pu ® 0 = [mym, — k ky smam, + k.
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The triple representation for u ® v as a triangular fuzzy number is

u v Y

URV = (mumv — ko ko mymy, kf{kj) .
For u,v € Ry and t € R, the sum and scalar multiplication are defined by
T®0 = (mut+mek,(1—a)+k,(1—a)ki(l—a)+ki(1-0a)
(tmu; thy (1= a);th (1 —a)), >0,
(tmy; —tht (1 — a);—thk, (1 —a)), t<0

and the MMCE-product is invertible and the inverse of @ = (my; k, (1 — a); k(1 — «)) is

u

i = (@)1= )

b —
My ky

Example 2.8 Consider A = (—1,1,3) and B = (1,3,6), then A = (1;2(1 — a),2(1 — a))
and B = (3;2(1 —a),3(1 —a)) are MMCE triangular fuzzy numbers. The below algebraic
operations can be easily done.

A®B = (44(1-«),5(1 —«))=(0,4,9);
AeoB = (=2;5(1 —a),4(1 —«a)) = (-7,-2,2);
A®B = (3:4(1-a),6(1—a))=(~1,-3,9);

A\B = A®B'=(-32(1-0),2(1-q))=(-5,-3,—1).

Definition 2.9([7]) A matriz C = (€ij) is called a fuzzy matriz,if each element of Cisa

MMCE triangular fuzzy number.

Up to rest of this paper, we represent n X m fuzzy matrix C = (Cij)pserm With €5 =
(- ) (BT _ ion () — —
((mc)ij s (ko )ij (1 —a); (k! )ij (1 — a)) and a new notation C' = (C, E, F'), where C = (m,)
E=(k;);; (1 —a)and F = (k}),;; (1 — a) are three n x m crisp matrix.

ij?

Definition 2.10([7]) Consider the n x n linear system of equations:

(811 ®§C\1) D (612 ®£2) (Eln ®5n) = b1
(621 ®EE\1) ® (822 ®{E2) (6271 ®xn) = 02

The matrixz form of the above equations is

Cez=0b (1)
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where the coefficient matriz C = (€i5) is a n xn fuzzy matriz for integers 1 < i,j <mn and Zi, b;
are MMCE triangular fuzzy numbers, 1 < i < n. Such a system is called a fully fuzzy linear
system (FFLS).

§3. The Solution of FFLS

In this section we solve a FFLS C®7 = b using Computational methods given by [8]. However,
in this fuzzy system we use MMCE triangular fuzzy numbers instead of LR fuzzy numbers.
Thus, a FFLS will be solved not only for positive fuzzy numbers but also for all fuzzy numbers.

In this paper, we suppose that all fuzzy numbers are MMCE triangular fuzzy numbers.

Definition 3.1([8]) We say T is a fuzzy approzimate solution or more shortly, fuzzy solution of
C ®7 = b with the left and right shape functions similar to that L(.) and R(.) which used in C
and b if and only if C®z =b with approximate operators as mentioned above, i.e. T = (x,y, 2)
is said to be fuzzy solution of (C,E,F)®T = (b,q,s) iff

Cr=b Cy+Exr=q, Cz+Fr=s (2)

where the membership function of each element of {x 1 uz > 0} can be defined with the same
functions L and R which used in C and b.

Note that we use MMCE triangular fuzzy number with semicolon notation which is p-
resented by (my;k, (1 — a);kf (1 — «)) = (C; E; F) instead of LR fuzzy number denoted by
(C,E,F) in (2).

Now, we use the Eq (1) as follow

()3 (67, (1= 1) (k) 1—a>>®<<mm>j;(k;)j (1= a)i (k) (1 - )
:((mb)j7(kb )J (1-a) ,(k;_)] (1-a)

If we rearrange the Eqs in (2), we get the following equations

- ey (65), (1= ) + 32 (k) (=) Gma); = (), (1)
D )y (K), (1= @)+ 32 (k) (=) Gma); = (), (1 - )

where C' is a nonsingular crisp matrix (1 < j < n).
If we assume that C is a nonsingular crisp matrix, we can write similarly from reference
[8] that
(Cx,Cy+ Fz,Cz+ Fz) = (b,q,s).
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So, we have

Czr =0,
Cy=q— Ex, (3)
Cz=s—Fux.
Thus, we can easily get
x = C7'b, (4)
y = C'¢—C'Ex, (5)
z = C's—C 'Fuz, (6)

by using the inverse matrix of C', which enables us to get the following result.

Theorem 3.2 Let A = (A; M;N) and b= (b;g; h) be non-negative fuzzy matriz and non-
negative fuzzy vector, respectively, and A be the product of a permutation matriz by a di-
agonal matriz with positive diagonal entries. Moreover let h > MA™'b, g > NA™'b and
(MA*1 + I) b > h. Then the system Az =1 has a positive fuzzy solution.

Proof See [8] for its proof. O

Now we consider two examples, one consisting of positive triangular fuzzy numbers and for
the other example it does not matter the sign of the triangular fuzzy numbers.

Example 3.3 Consider the following FFLS for positive fuzzy numbers (Test 3.2 in [8])

B2, + 625 = 50,
T, + 47, = 48
where 4 = (4,4,5),5 = (4,5,6), 6 = (5,6,8), 7 = (6,7,7), 48 = (43,48, 55) and 50 = (40, 50, 67)

are triangular fuzzy numbers. Using MMCE triangular fuzzy numbers instead of triangular

fuzzy numbers we mean

Bi(l=a);(1-a))®(zi;31(1 —a);z1(l — ) @ (6;(1 — a);2(1 — a))
® (223 92(1 — @); 22(1 — a)) = (50; 10(1 — a); 17 (1 — o))
(7;(1—);0)® (z1;91(1 —a);21(1 — @) ® (4;0; (1 — ) ® (z2;y2(1 — a); 22(1 — )
= (48;5(1 — a);7(1 — @))

So with Eq. (4) we get

T 50 X1 4
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Similarly by Eqgs. (5) and (6) we have

y(1—a) B 10(1 — o) B 11—a) 1(1—-a) 4
74| | wi-a)| [ 50-a) 11-a) 0(1—a) || 5

. 0 | ym

o 1/11

and

6|[20-0]  [wa-o] [10-0 20-0]]4
74| n0-a)| [ 70-0) 0(l—a) 1(1—a) | |5

_Zl 0

_— =
_22 1/2

So, the solution is
(454 (1 —a);0)
(5: (1= a): 3 (1 - )

where this solution is a fuzzy solution; also we consider that our solution is the same as the
solution in [8].

Example 3.4 Consider the following FFLS for all fuzzy numbers (Example 2 in [10])

T1F + 230 = -2,

3%, 437, =14
where,

-3 = (_4a _37 _2)7 :\1 = (_3a_172)7

o)
I

(1,2,4), 3=(1,3,6),
=2 = (=3,-2,-1), 4=(1,4,5)
are triangular fuzzy numbers. Using MMCE triangular fuzzy numbers instead of triangular
fuzzy numbers we mean
(121 -a);3(1—a)) ® (z1;91(1 —a);z1(l — @) + (25 (1 — a); 2(1 — o))
® (z2;52(1 — a); 22(1 — @) = (=2; (1 — @); (1 — @)
(=31 —a);(1-a)® @iyl —a)z1(l —a))+(3;2(1 — @) ;3 (1 - a))
® (22;92(1 — a);22(1 — @) = (4;3(1 — a); (1 — @)
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So with Eq. (4) we get

-1 2 I —2 I
-3 3 To 4 )

Similarly by Eq. (5) and (6) we have

-1 2 p(l-a) | | 11l-a)| |2(1-q)
-3 3 Y2 (1—a) 3(1-a) 1(1-a)
| 1/11
Vs 1/11
and
12| [aa-a|  [ra-w| [s0-w
=3 3| | 2l-a |  |10-0a 1(1-a)
= 11.22
= =
_22 16.44

So, the solution of system is

(—4.66; —8.77 (1 — @) ; 11.22 (1 — a))
(—3.33;8.88 (1 — );16.44 (1 — o))

8])
I
\

where this solution is a fuzzy solution; but the solution in [10] is not a fuzzy solution. So the

method we used in this paper is more convenient.

84. Conclusion

In this study, we introduced the Direct method in [8] for finding the solution of fully fuzzy linear
system (FFLS) by using the MMCE triangular fuzzy numbers with the product rule instead of

LR fuzzy numbers. We presented two examples to implement the given method. We verified

~14/3
~10/3
1(1-a) ~14/3
2(1—a) ~10/3
2(1-a) —14/3
3(1-a) ~10/3

(—8.77, —4.66,15.33)
(—12.21,-3.33,13.11)

that the sign of fuzzy numbers does not matter in the fuzzy solution of the system.

This product rule easy to use for multiplication of fuzzy numbers which are not depend on
the signs . For this reason, it provides a great advantage in solving fuzzy equation systems. So,
for future work, we can apply this new method to find fuzzy eigenvalues and fuzzy eigenvectors

of the the system of linear equations A7 = A7
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Abstract: The objective of this article is to establish a condition by which we are able to
state that an ellipsoidal fragment formed by a plane cutting the ellipsoid can always contain
a sphere in any position inside in it. A method to construct a chain of mutually tangent
spheres inscribed in the ellipsoidal segment has been proposed. The locus of the centroid as
well as the radii of the mutually tangent spheres have been computed. The prime concern of
our work is to explore some geometrical properties of such a chain of spheres which includes
the condition of inscribability of a sphere in any position inside the ellipsoid along with the

computation of points of tangency between consecutive spheres.
Key Words: Spherical chain, ellipsoidal segment, ellipsoid.
AMS(2010): 51M04, 51MO05.

§81. Introduction

The proposed problem can be considered as a novel problem as there is not so much information
present about this in the literature. The proposed problem is the enhancement of the same type
of problem in 2-dimensions in which a chain of circles was considered in an elliptical segment.
The purpose of this article is to extend the same problem to 3-dimensions in which a chain of
spheres are considered to be inscribed in an ellipsoidal segment formed by a cutting plane to the
ellipsoid. Lucca (2009) described the properties of the chain of mutually tangent circles inside
a circular segment. In this paper, the authors discussed the locus of the centers of mutually
tangent circles inside a circle. They also explored the points of tangency of the these circles and
later they derived the recursive and non recursive formula for centers and radii of the circles in
the chain. In their paper, Poelaert et al. (2011) discussed about the surface area and curvature
of a general ellipsoid. They also derived the expressions for mean and Gaussian curvature
of the ellipsoid. Pal et al. (2016) explored the properties related to the chain of mutually
tangent spheres inside a spherical segment. In this article all the properties that has been
found for a circular chain is recalled for a chain of spheres. Finally, Lucca (2021) enhanced his
previous work to explore the properties of mutually tangent circles inside an elliptical segment.

1Received March 1, 2024, Accepted August 2,2024.
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The organization of the proposed article is as follows. The introduction is given in section 1.
Section 3 contains the basic concepts used to formulate the results. In section 4, radii and
centers of the chain spheres are derived. In section 5, the condition for inscribing the chain
of spheres inside the ellipsoidal segment has been obtained. Some geometrical properties are

derived in section 6. Section 7 contains the conclusion.

82. Motivation of Work

The research work done in the above articles motivates us to extend this idea for a 3-dimensional
objects like ellipsoid. The novelty of our work is the extension of the geometrical properties
of the objects inscribed in a conic to the properties in a conicoid. In this paper, we have
considered an ellipsoid cutting by a plane vertically to form an ellipsoidal segment. A vertical
chain of mutually tangent spheres are considered inside the ellipsoidal fragment to describe

various properties like point of tangency, locus of centroid of the spheres.

§3. Basic Concepts

Let us consider a chain of spheres inscribed in an ellipsoid. It is assumed that a plane cutting
the ellipsoid to form an ellipsoidal fragment M QN to which the spheres are inscribed. Now
our aim is to explore some geometrical properties of the chain of mutually tangent spheres in
an ellipsoidal segment. For this, it is better to deal with the problem in spherical coordinates.

Therefore we consider the coordinate system as

= p(0,¢)cosfsin

(
(

p(0, @) sin b sin ¢
p(0, ¢)

cos 6.

Figure 1. A chain of spheres inscribed in an ellipsoidal fragment
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The equation of ellipsoid with principle semi axes a, b and ¢(a > b > ¢) and with eccentric
anomalies (0 < 6 < 180) and (0 < ¢ < 360) is given by

abc

Vb2c2 sin? 0 cos? ¢ + a2c2 sin? O sin® ¢ + a2b? cos? 6

05(97¢) = (1)

The equation of a plane cutting the ellipsoid in spherical coordinates is given by

0 (0, 9) P (2)

- Isin cos ¢ + msin @ sin ¢ + ncosf’

where [, m, n be the direction cosines of the line perpendicular to the plane and p be the
distance of the plane from the origin.

Equating equations (1) and (2) and simplifying, we get the expression for p as

abe(l cos ¢ + msin ¢ + n cot 9)
p= .
\/b202 cos? ¢ + c2a2 sin? ¢ + a2b? cot? 0

84. Radii and Centers of the Spheres Under Two Tangent Planes

In order to inscribe a generic sphere inside an ellipsoidal segment, it is obvious to determine
its radius and center. For this, it is mandatory that the centers of the spheres must lie on the
bisector of the angle formed by the plane intersecting the ellipsoid and the tangent plane to the
ellipsoid in the point of tangency between the spheres and the ellipsoid.

|
)

T

Figure 2. Spherical chain inside the ellipsoidal fragment under two planes

Theorem 1 The radii r;(0,¢) and centers [X.(0,9),Y.(0,0), Z.(0,d)] of spheres inscribed in
an ellipsoidal segment under two tangent planes are
kG (kb?c? + 1)abesin@cos ¢ (kc?a® + 1)abesinfsing  (ka?b? + 1)abe cos 6)

T ond W : W : W
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respectively, where

GM + N
abc(GS +T)’

=~
|

= abC\/b4c4 sin? 0 cos? ¢ + act sin? O sin® ¢ + atb? cos? 0,

= pW — abe(lsinf cos ¢ + msinfsin ¢ + n cos ),

a’b? (W2 — b2c?sin? 0 cos? ¢ + a?c? sin? Osin? ¢ + a?b? cos? ),
= 1b*c?sinf cos ¢ + mc?a® sin @ sin ¢ + na®b? cos b,

= abe(bct —atct — atb?),

S R w22 Q
I

\/b202 sin? 0 cos? ¢ + a2¢? sin® 0 sin® ¢ + a2b? cos? 6.

Proof Let us consider a point @ be the generic tangancy point of the sphere with the
ellipsoid. The coordinates of () are

abcsin 0 cos ¢

:Ee (0’ ¢) = )
Vb2 sin? 6 cos? ¢ + a2¢? sin® 0 sin® ¢ + a2b? cos? 6
Y0, 6) = abcsin 0 sin ¢
o V/b2¢2 sin? 0 cos? ¢ + a2c? sin® sin’ ¢ + a2b? cos? 0
abccos @
ze(0,9)

B Vb2 sin® 0 cos? ¢ + a2¢? sin® 0 sin? ¢ + a2b? cos? 9
The equation of tangent plane to the ellipsoid at Q is given by

xze(0a¢) + yye(ﬂ,qb) + ZZe(e,d))

a? b2 2 L )
The equation of a plane cutting the ellipsoid is
lx +my +nz = p. (5)

The equation of angle bisector between the planes (4) and (5) is given by

x4 my +nz — p— a?b?c? — b2 cax (0, ) — 2alyy. (0, ¢) — a®b?22.(0, ¢) —0 (6)
Vicia2(0,0) + claty2(0, ¢) + a'biz2(0, ¢) .

The equation of normal to the ellipsoid at @ given by equation

r—2.(0,0)  y—ye(0,6) z—z2(0,0)
0 0.0) ~ Py 0.0)  PPalr.0) OV @)

Now, substituting the values of z.(6, ¢), y.(0,¢) and z.(0,¢) in equation (7), we get the
coordinates of the centers [X.(0, @), Y.(0,¢), Z.(6, ¢)] of the spheres inside the the ellipsoidal
segment. Next using the distance formula between the points (2.(0, ¢),y.(0, @), z.(0, ¢)) and
(Xc(0,0),Y.(0,0), Z:(0,0)) , we get the radii r;(0, ) of the spheres inside the ellipsoidal seg-
ment. 0
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85. Inscribability Condition

In this section, we derived the condition for inscribability of a sphere inside an ellipsoidal

segment.

Theorem 2 A generic sphere can always be inscribed in an ellipsoidal segment formed by a

vertical plane cutting the ellipsoid if

A?sin? 0 + B%cos?’§ = (C'sinf + Dcosf — U)?

where,
A% = kb1t cos® ¢ + ctatsin? ),
B2 — k2a4b4
C = I(kb*c®+1)cos ¢ +m(kc*a® + 1)) sin ¢,
D = n(ka*c®+1),
_
vo= abc’

Proof Notice that the equation of sphere having center (X.(6,¢),Y.(0,¢), Z.(0,¢)) and
radius r(6, ¢) is

(gj - XC(97 ¢))2 + (y - YC(aa ¢)>2 + (Z - ZC(Gv ¢))2 = T2(05 d)) (8)

and the equation of the ellipsoid circumscribing the sphere is

2 2
> =1 (9)

z?2 oy z
Considering a generic sphere touches the ellipsoid at the point (x.(6, ¢), ye(0, @), z.(6, P))
of @ in Figure 2 and lx + my + nz = p be the plane cutting the ellipsoid and also touching the
sphere. It is obvious that a sphere will be completely inscribed inside the ellipsoid if the distance
between the center of the sphere from the point () is equal to the length of the perpendicular

from the center to the plane lx + my + nz = p.

Now, the distance between the center of the sphere and point @ is

V(Xe(0,0) = 2e(0,0))2 + (Ye(0,0) — ye(0,0))2 + (Ze(0, ) — 20, 9))?
and the length of perpendicular on the given plane from the center of the sphere is

VBt nE T |
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Equating the above two expressions and squaring both the sides, we have

(Xc(ea ¢) - xe(ga ¢))2 + (Yc(ev ¢) - ye(aa ¢))2 + (Zc(aa ¢) - Ze(aa ¢))2
= (IXc(0,9) +mYe(0,¢) +nZ:(0,9) - p)*, (10)

where 12+ m?2 +n2 = 1.

Substituting the values of X.(0,¢),Y.(0,¢), Z.(0,¢) and (0, }),yc (0, d), 2z.(0, ¢) in the

above expression, we have
A%sin? 0 4+ B%cos?f = (C'sin® + Dcosf — U)?, (11)

which is the desired result. U

86. Geometrical Properties of a Spherical Chain Inside an Ellipsoidal Segment

In this section we have explored some of the properties of a spherical chain inside an ellipsoidal

segment.

Theorem 3 The locus of the centers of mutually tangent spheres inscribed in an ellipsoidal

fragment formed by a plane cutting the ellipsoid is
(I+t2+2%)2 = 4T+ J)

where, I = a?sin® 0 cos® ¢ + b?sin? @sin? ¢ + ¢? cos? 0 and J = 2 + y? + 22.

z

r

Locus of the
-~ Centersof
< spheres

4

Figure 3. Locus of centers of Chain of spheres inscribed in an ellipsoidal fragment

Proof Let us consider a chain of mutually tangent spheres inscribed inside an ellipsoidal
fragment formed by plane cutting the ellipsoid and tangent to the spheres. Let the origin O be
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the center of the ellipsoid. Now a generic point R on ellipsoid will be (a sin 6 cos ¢, bsin 8 sin ¢, ¢ cos 6).
Let (¢,y, z) be the center Cy of spheres inside the ellipsoidal fragment M N@Q. Now the line OR

can be defined as

OR = \/a2 sin? 0 cos? ¢ + b2 sin? O sin? ¢ + ¢2 cos? 6.

Similarly, the line OCy, = \/t2 + y? + 22.

Using the geometry, we have

\/aQSin20cos2¢+b2sin20sin2¢+6200s20—y = 2 +y? + 22,

ie.,
y = \/(12 sin? 0 cos? ¢ + b2 sin? Osin® ¢ + 2 cos? O — /12 + 2 + 22.
Squaring both the sides, we have
y? = a?sin®fcos? ¢+ b2sin? Osin? ¢ + ¢ cos? 0 + 12 + % + 22
—2\/(a2 sin? 0 cos? ¢ + b2 sin? @sin? ¢ + 2 cos? 0) (12 + y2 + 22).
Again, squaring both the sides and simplifying the above expression, we have the required
result. g

Theorem 4 The locus of points of tangency between consecutive spheres of the chain lie on

PT? —t* —b* = 2r;b— 22 =0,

K2

where r; be the radii of the spheres inscribed in the ellipsoidal segment and P is a point on

ellipsoid in y-axis and T be the point of tangency.

Figure 4. Point of tangancy of the spheres inside ellipsoidal fragment

Proof Let us assume that the two neighbouring spheres having centers C;(¢,y;, 2;) and
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Ti(t,y; + 1, 2z; + 1) with respective radii r; and r; + 1 and tangent to each other at T; and also
touching the ellipsoidal fragment and the plane Y=0. From the above figure it is observed that
the coordinate of point P is (0, —b,0). Then we have,

PC? = 2+ (yi +b)2+ 22 =12+ 02+ 42 + 2yib + 22,
But it is obvious that r? = y? and hence using it we can write
PC’i2 = 2+ 12 —l—r? + 2r;b+ 212
Now, using the Pythagoras theorem in the right angled triangle PC;T;, we have

PT? = PC? — 72 =1+ b* 4+ 2r;b + 27

K2

This proves the theorem. O

§7. Conclusion

In this paper, we have analyzed various properties of a chain of spheres inscribed in an ellip-
soidal segment formed by a vertical plane cutting the ellipsoid. We have derived the radii and
coordinates of centers of mutually tangent spheres inside the ellipsoidal segment. An inscrib-
ability condition for the vertical chain of spheres along with the locus of the centers of such a
chain has been also derived. Finally some geometrical properties are also developed for such an
arrangement. From a very short literature review, it has been observed that not so much work
has been done so far in this field. A symmetrical extension has been done by Pal et al. (2016)
of the work done by Lucca (2009) which pulls the properties of chain of circles inside a circular
segment to the chain of spheres inside spherical segment. In this article, we have accomplished
the task of unsymmetrical extension which extends the properties of chain of circle inside an
ellipse to the chain of spheres inside an ellipsoidal fragment.
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Appendix A

Substituting the values of x.(0, ¢), ye(0, ®), z.(0, $) in equation(7), we have

R (kb?c® + 1)abesin 0 cos ¢ _ (kb?c? + 1)abesin 0 cos ¢
Vb2e2sin? 0 cos? ¢ + a2¢? sin? O sin? ¢ + a2b? cos? 0 w ’
B (kc?a? + 1)abesin 0 sin ¢ _ (kc?a® + 1)abesin 0 sin ¢
oo \/b2c2 sin? 0 cos? ¢ + a2¢? sin O'sin® ¢ + a2b? cos? 0 B w 7
— (kab? + 1)abccos 0 _ (kab? + 1)abccos 0
V/b2c2 sin? 0 cos? ¢ + a2c? sin® Osin’ ¢ + a2b? cos? 0 w -

Substituting the above values of z, y and z along with z.(0, ¢), y.(0,$) and z.(0, ) in
equation (6), we have

[(kb%c? + 1)abesin 6 cos ¢ n m(kc?a® + 1)abesin 0 sin ¢

w W
n(ka?b? + 1)abccos d Wabc
+ —
W Vbt sin? 0 cos? ¢ + ctat sin® Osin’ ¢ + a*bt cos? 0

b2k (b%c? + 1)abesin® 0 cos? ¢
W /bt sin? 6 cos? ¢ + ctat sin® Osin’ ¢ + a*b? cos? 0
a’c®k(a?c? + 1)abesin® O sin® ¢
W/bActsin? 6 cos? ¢ + ctat sin? 0 sin® ¢ + a*b? cos? 0
N a?b?k(a®b? + 1)abe cos? 0 .
W /bt sin? 6 cos? ¢ + ctat sin® Osin’ ¢ + a*b? cos? 0

Simplifying the above expression for k, we have the desired value of k.

Appendix B

Substituting the values of (Xc(0,¢), Ye(0, ¢), Zc(0, ¢)) and ((ze(0,¢), ye (0, ¢), ze (0, ¢)) in equa-
tion (10), we have

E2b*c*a?b?c? sin’ 0 cos? ¢ L k2a*c*a?b?c? sin? O sin? ¢ . k2a*b*a’b?c? cos? 0

w2 W2 W2
_ [U(kb*c* + 1)abesin 6 cos ¢ n m(ka®c?® + 1)abcsin 0 sin ¢) n n(ka?b? + 1)abccos B 2
- w w W p
]{?2 2b2 2
%((b%4 cos? ¢ + c*a’ sin? ¢) sin” 0 4 a’b? cos? 0)
22,2 w2
= GW2C {(l(kaCQ + 1) cos ¢ + m(kca? + 1) sin ¢) sin 6 4 n(ka?b? + 1) cos § — ]Zzbc}

E2((b*c* cos? ¢ + c*a sin? ¢) sin? 0 + a*b* cos? 6)

2
= [(l(kb%2 + 1) cos ¢ + m(kc*a® 4 1) sin ¢) sin 6 + n(ka?b? + 1) cos § — ] .
a
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§1. Introduction

The Dedekind eta function is defined by
n(r) = q= [J(1—q"),
n=1

where ¢ = ™7 with I'm(7) > 0. A Dedekind eta function identity is said to be of level n, if
it involves Dedekind eta functions n(dy7),n(da7), ..., n(dkT), where the least common multiple
of dy,da, - ,dj is n.

Recently Z. S. Aygin and P. C. Toh [2] determined all eta quotients whose derivative is
also an eta quotient up to level 36 by employing the theory of modular forms. In fact, they
have obtained one hundred of level 12 and four of level 16 of above said type. Further they
have conjectured that these are the only identities of level 12 and 16 of this nature. Also they
have shown application of these identities to the theory of partitions, integral representation of
eta functions and many more. Some of the identities of Aygin and Toh [2] exist before their
discovery, see for example [6], [5] and [10]. The purpose of this article is to give an elementary
proof for level 12 and 16 eta quotient identities by using the theory developed in [5] and [10].

In Section 2, we provide alternative proof for level 12 identities. In Section 3, we give proof
for level 16 identities. We close this section by recalling the definitions, notations and certain

existing eta function identities which are required to prove the above said identities.

Let s 9 g
o= N273M12

NG

1Received March 15, 2024, Accepted August 15,2024.
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We require following eta function identities:

3,36
21 = 47727732771927 (1.1)
LU

3,.6,,3
k241 = 2772277377192’ (1.2)
M1 M476
2. 2.3
312 — 277177277377712 (1.3)
NaMg
and 5 9 o
342 = 477277377477712
"6
where 1, = n(k7). The proofs of the above four identities are found in [4], 8], [3]. S. Ramanujan
recorded two of the above four theta function identities in the form of modular equations in his
notebook [7, p.230]. We denote

: (1.4)

ki
Ml ko, k] = mitnlEalenle o ng ik
where dy,ds, - -+ ,ds are proper divisors of n and k1, ko, ...,k € Z.
§2. Level 12 Identities
5,2 92
Theorem 2.1 Letk = ?722173277152. Then we have
N1N4Me
d ninin3ng
T (logk) = 2T 21)
q 276
nsnanty k-1
3.3 18 ) (2.2)
N1M4"e 8

nining 9 -k

mnsniy k=1 23
and 24,1212 4(1.4
Lo i gL L) (2.4
N"M1" e 9—-k
The parameter k is almost the same as the p defined in [1]. In fact k& = 2p + 1, where
p= % [% — 1] The (2.1) is due to Ramanujan and the proof of the same was given by

B. C. Berndt [4]. The proof of (2.2) — (2.4) are found in [5].

From the above, one can easily deduce that

7738 B {4L12 (2 5)
77%47734 (k4 _ 1)(9 _ k4)3’ ’
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nélS 84k.4

T AR RO}

and . ) .
b k(9 — k%)

e ki1

Also, from [9], we have
mg _ 3k

T w1+ R
From [5], we have
ntngt _ 2*(1—a?)
ming® o 9—a?
and
ning _ 82
muy 9—a?

From (2.8),(2.9) and (2.10), one can easily deduce that

U O e C R

st kS +k2)3(k2 - 1)

and
ni‘l G k2)2(1 + k2)6
B B R -1

From (2.5),(2.6),(2.11) and (2.12), we have

3t 8O+ KD (3 - k)

mt BHE)S (R - 1)

and
ﬁ 84k2(1 + /4}2)3(3 _ k‘2)

ny o (B2 =153+ k%)

Now, we prove two out of one hundred level-12 identities.

Theorem 2.2 If X = n;5[10,—36, 18,8,0,0], then

d
qd—q(log(X)) = m2[10,-7,-6,1,9,-3].

Proof By the definition of X, we have

5 36 4 9
= () ()" () ()
n3t ns n3t ngt

Employing (2.11), (2.7),(2.13) and (2.12) in the above, we find that

(K2 — 1)(1 + k%)

X = .
16 k12(3 + k2)3

21

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Taking logarithm on both sides and differentiating with respect to g, we obtain

4(3 — k2)? q dk
(1+k)(k2—1)B+ k) kdg

qdiqaogm) - (2.17)

Using (1.1),(1.2), (1.3), (1.4) and (2.1) in the right hand side of the above, we find that

qdiq(log(X)) = 7712[10) _77 _65 17 97 _3] (218)

This completes the proof. O

Theorem 2.3 IfY = n;2[—18,0,-10,0, 36, —8], then

d
qd—q(log(Y)) = 3m12[—6,9,10,-3,-7,1].

Proof By the definition of Y, we have

9 5 4 36
12 7734 77(254 ’7(%4 77(6i
Y= = 21 21 21 6] (2.19)
m n3 M2 M2
Employing (2.7), (2.11), (2.12) and (2.14) in the above, we find that

16k 1)
Y = GG (2.20)

Taking logarithm on both sides and differentiating with respect to g, we obtain

1221+ k%) qdk
K2 —1)(B-k2)(3+ k%) kdq

qdiqaog(Y)) - (2.21)

Using (1.1),(1.2),(1.3), (1.4) and (2.1) in the right hand side of the above, we find that

qdiq(log(Y)) = 3m12[—6,9,10, -3, -7,1]. (2.22)

This completes the proof. O

We proved the remaining 98 identities of level 12 [2], in the same way. Let

f(T) = 777L(k1’ ko, -~ 7kl)'

We first express f(7) in terms of product of powers of k, k? £ 1, k% £3 and then, we display
the ¢ times of logarithmic differentiation of f(7) in terms of k, k> 41, k?+3 and qg—’;, and finally

we represent
d
—I
9 og(f)

in terms of n,(k1, k2, - , ki) in the following Table 1- Table 7.



SI.No eta quotient (f) k-parameter representation [f(k)] qd%(log f(k)) logarithmic derivative of f
1 2[4, ~18,0,5,0,9) UshvCasy AL g d 4n1a[1, ~7,3,10,9, —6]
2| 712[0,0,—4,-9,18, 5] %&;) e ey 1 | 1215[-3,9,1, 6, 7, 10]
3 | mal—2,4,6,0,-16,8] (1) 3+k7) k) g dk Mal—2,7,6,-3, =5, 1]
4| o6, —16,—2,8,4,0] (E-Ek7) T )4 dk M6, —5,—2,1,7, =3]
5 | ma[—4,8,0,—3,—2,1] A Tk ) o 4 dh dma[l, —5,—3,6,7,—2]
6 | mol0,—2,—4,1,8,—3] N e o g dk Amia[—3,7,1,-2,—5,6]
7 | mf2,0,-6,-8,12,0] = ) 4 dk m2(2,5,2, -3, 3, 1]

8 | m2l6,-12,-2,0,0,8] S k) 4 dk 3mal2,—3,2,1,5,—3]
9 M2(—4,0,0,1,6,—3] 2/ s ) gk Ama[—3,5,1,2,-3,2]
10 | 71200, -6,4,3,0,-1] P Tl L& 129151, —3,-3,2,5,2]
11| 7ia[6, 12, —18,24,0,0] (g hiae)’ e e 1 | a6,3,-2,-3,1,1]
12 Ma[—6,0,2,0, -4, §] \/“2 WG Rtk | 3,2, -1,6,1,3, 3]
13 | 1ma[-12,6,0,-3,0,9] \/% e G 4k 45[-3,3,1,6,—1, 2]
14 m2[0,0,—4,3,2, —1] Q/W G A 4 | 125[1, -1, -3, -2,3,6]
15 m=l9, —30,9,12,0, 0] (ELIRGEE] Bk g dk ma[9, —6,—3,3,2, 1]

(+F?)(F?=1) k dg

Table 1
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SI.No eta quotient (f) k-parameter representation [f(k)] qd%(log f(&)) logarithmic derivative of f
16 Mia[—3,0,-3,0,10,—4] T — e g dk 3mal—3,2,9, -1, -6,3]
17 212, -30,0,9,0,9] QD217 Tk g gk Ana[3,—6,-1,9,2, —3]
18 m2[0,0, 4, —3,10, -3] s Tl L& 12715[~1,2,3, 3, =6, 9]
19 | miol-8,-2,-8,0,26, 8] . b L) 14k | 15[-8,16,8, -6, -8, 2]
20 m2l8, —26,8,8,2,0] -ty Ty L | 1a]8, 8, —8,2,16, 6]
21 o4, —13,0,4,1, 4] \/% T S | 252, -8, 6,8,16, 9]
22 M0, —1, —4, —4, 13, —4] . e e 1| 215(6,16,2, 8, 8, §]
23 Thal—4,6,12,4, —30, 12] GRS D - Lmet T Mal—4,14,4,—6,-6,2]
24 ma[—2,—3,—6,2,15, —6] W m%%’; 2n12[—6,14,2, —4, —6, 4]
25 212, —30,—4,12,6, 4] GHR) (1) T L 3mial4, —6,—4, 2,14, 6]
26 M2[—6,15, -2, —6, —3,2] L o 6112[2, —6, —6, 4,14, —4]
27 | o1, -3,-9, 5,27, -9 \/% e PR | mel-9,23,3,-10,-9,6]
28 | mia[—10, -6, 18, -2, 54, — 18] e et | mal-10,23,6,-9,-9,3]
29 m2[18,—54,10, 18,6, 2] ARk 1) e L | 3mal6, -9, -10,3,23, 9]

R0 (3+52)

Table 2
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SI.No eta quotient (f) k-parameter qdiq(log f(k)) logarithmic derivative of f
representation [f(k)]

30 ma[9, —27,1,9,3, 5] Sl e 2 3n12[3, -9, —9,6,23, —10]
31 Thal—6,6,18,18, —54, 18] e Ty Lk Thal—6,21,2, -9, 7, 3]
32 Mma[—9, —3,—9,3,27, —9] Y sy TR b Mia[—9,21,3,—6, -7, 2]
33 Mmal-3,9, -3, -3, —1,1] Y et T 3ma[3, 7, -9,2,21, —6]
34 m2[6, 18, —2,6,2, 6] o SR e i 3112(2, —7, —6,3,21, —9]
35 | m2—12, —12, —36, —12, 108, —36] I I e et | mal-12,30,4,-12,-10,4]
36 (12, —36,4,12,4, 4] e e sl s gk | 3[4, —10,-12,4, 30, 12
37 Mia[—1,6,-9,4,0,0] by Ty 4 219, —4, —3,-1,0,3]
38 m2[—9,0,—1,0,6,4] e kL g dk 3ma[—3,0,9,3, 4, —1]
39 Mma[—4,-6,0,1,0,9] e il e dk Anmia[—1,-4,3,9,0, 3]
40 M12[0,0, 4,9, 6, 1] A el g dk 1271[3,0, 1, -3, —4, 9]
41 mal7,—21,3,8,3,0] (RS0 1) k) e a7, —7,—5,4,9, —4]
42 mal8, —21,0,7,3,3] (k2 0i-1) gtk Sade 2mald, —7,—4,7,9, —5]
43 Ma[—3,—3,—7,0,21, -8 2 Ch (LR g dk 3mal—5,9,7, 4, —7,4]

(B3-k2)(3+k?) k dg

Table 3
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SI.No eta quotient (f) k-parameter representation [f(k)] qdiq(log f(k)) logarithmic derivative of f
44| mi2[0,-3,-8,-3,21, -7 s G P | 6mal—4,9,4,-5,-7,7]
15 | mal-1,4,-1,-4,2,0] o (ohlade mals, —2,1,—1,-2,3]
46 mall, —2,1,0, —4, 4] GRS g}gfjg g dk ma(l, —2,5,3, -2, —1]
AT mal0, —2,4,1, —4, 1] Qi) e A10]3, —2, —1,1, -2, 5]
48 | mi2[-4,4,0,-1,2, 1] s (Srhlade Aia[—1,-2,3,5,-2,1]
49 | mol5,-12,-3,4,6,0] (G (3okladk s[5, —4,1,3,0, 1]
50 ma[—3,6,5,0, 12, 4] b3+ k%) i) e de 312[1,0,5, —1, —4, 3]
51 | m1a[—4,12,0,—5,-6,3] o2 (rhlade dnia[3, —4,—1,5,0, 1]
52 | mal0,—6,—4,3,12, 5] . R ade 1212[~1,0,3,1,—4, 5]
53 | mal-7,0,-3,1,12, -3 L) e b | ma[-7,14,5,-3,-6,1]
54| mal—1,0,3,7,-12,3] el S £ | [-3,14,1,-7,-6,5]
55 | mif3,-12,-1,3,0,7) e it | 3mall, —6,-3,5,14, 7]
56 | mal—3,12,—7,-3,0,1] R arrim t 4 | 3mal5, —6,-7,1,14, 3]
57 | ma[-1,3,3,-8,3,0] L B g dk | [3,5, 1,4, -3,4]

Table 4
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SI.No eta quotient (f) k-parameter representation [f(k)] Udg (log f(k)) logarithmic derivative of f
58 m2[-8,3,0,-1,3,3] R v Sk adk | 9yy[-4,5,4,3,-3, 1]
59 Mia[—3,—3,1,0,-3,8] P o) adk | 3y,[-1,-3,3,4,5, 4]
60 Mm2[0,-3,8,-3, -3, 1] et ok e 24k | 6ia[4, -3, —4, 1,5, 3]
61 | ma[—1,—2,—5,—1,14, 5] e e t 2 | py[-7,16,5, -7, -8, 5]
62 a5, —14,1,5,2,1] A+E)(-1) it | maf5, -8, ~7,5,16, 7]
63 mal—1,3,3,-2,-9,6] (G Y ma[~1,5,3,0, -3, 0]
64 ma[—2,3,6,—1,—9,3] % (1‘{‘52)%% 2112[0, 5,0, —1, —3, 3]
65 Thal—3,9,1, -6, —3,2] e Y 3n1a[3, =3, —1,0,5,0]
66 Tal—6,9,2,—3, =3, 1] S e Y 6712[0, =3, 0,3, 5, —1]
67 | m2[-3,6,9,-3,-18,9] A+RD (1) et | na[-3,12,1,-3,—4,1]
68 Mhal—3,6,1,-3,-2,1] i oy oot P | 3mall, —4,-3,1,12, 3]
69 mal—4,-1,0,0,1,4] s GHNOTRI Lk | 9n[~2,-2,6,6, -2, 2]
70 Mm2l0,—1,4,—4,1,0] il RO R Ik | 91s[6, -2, ~2, ~2, ~2,6]

Table 5
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SI.No eta quotient (f) k-parameter representation [f(k)] q%(log f(k)) logarithmic derivative of f
1| mis4,-9,0,2, -3, 6] L) (k3 g gk 21[2, —4,2,6,0, 2]
72 | mal—2,9,-6,—4,3,0] o2k (B-klade 2012[6, —4, —2, 2,0, 2]
73| mal—6,3,-2,0,9, 4] e ko ade 61m2[—2,0,6,2, —4,2]
74 [0, —3,4,6, -9, 2] (481" ST 61712[2, 0,2, —2, —4, 6]
75| mold,—6,-12,8,6,0] (et k) e 14k | p[4,2,-4,-2,6, 2]
6 | mal—4,3,0,—2,-3,6] ey e L | 21y[-2,2,-2,4,6, 4]
77 | mi2[-12,6,4,0,6,8] G e b ) s 14k 3y[—4,6,4,-2,2, 2]
78 | mal0,—3,-4,6,3, 2] e s 2k | Gyy[-2,6, -2, 4,2, 4]
79 | mel12,-33,0,12,9,0] Q4h7) (7 -1) Bk g di 2012[6, —6, —2, 6,2, —2]
80 | mal0,—3,—4,0,11, 4] e Ll 6112[—2, 2,6, —2, —6, 6]
81 | mall,0-3,-1,0,3] P e em e mal1,2,—3,1,6,—3]
82 | m1a[-3,0,1,3,0,—1] i) o il 3012[—3,6,1, 3,2, 1]
83 | ma[-1,1,-1,-1,-1,3] ¢4(1$;2igggi,@) i P | mal-1,1,-5,2,13, 6]
84 | miaf2,-2,-6,2,2,2] Coala s L | maf2,1,-6,-1,13, 5]

Table 6
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SI.No eta quotient (f) k-parameter representation [f(k)] q%(log fk) logarithmic derivative of f
85 | mo[~1,-1,-1,3,1, 1] \/22(1(4?,;7% Ty £ & Mel—5,13, —1,—6,1,2]
86 | mia[—6,2,2,2,-2,2] LR T L M2[—6,13,2, 5,1, —1]
87 | mal-2,6,6,—10,—6,6] R pRies) T L mal—2,11,-2, 5,3, 1]
88 | ma[-5,3,3,—1,-3,3| \/W R R ERLIE Mal[~5,11, —1,-2,3, —2]
89 | 112[-3,3,5,—3,-3,1] \/% T L 3m12[—1,3, -5, —2, 11, 2]
90 | 712[-6,6,2, 6, —6,10] e T sy D 32[~2,3, -2, —1,11, 5]
91 | mal—4,4,4,—4,—4,4] e R i P | ma[-4,10, -4, ~4,10, 4]
92 mel3, —7,~1,2,1,2] (e =1) et mal3, =5, —1,4,7, —4]
93 | ma[-1,1,3,2,-7,2] G+ L hal—1,7,3,—4, -5, 4]
94 | ma[-2,-1,-2,1,7, —3] = (32_’3:2) gk 2m10[—4,7,4,—~1,-5,3]
95 | m2[-2,7,-2,-3,~1,1] e 2L 212[4, —5,—4,3,7, —1]
96 | mo[-3,2,1,-1,-2,3] =4 T mal—3,4,1,1,4, —3]
97 | m2l-1,2,3,-3,-2,1] 2 e L mall,4,—3,-3,4,1]
98 | mal-2,5,2,-2,-5,2] k gk 21a[2, 2, 2,2, ~2,2]

Table 7
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30 K. R. Vasuki, P. Nagendra and P. Divyananda

83. Level 16 Identities

Let

2
27
h = 510, (3.1)
nins
From [10], we have
d 121318
ag 18 ninis (32
5
1273
1+2h = , 3.3
s )
6
n
1+4h = —25, (3.4)
1M1
7.5
278
1+6h+8h% = , 3.5
mininis (35)
10
4
1+4h+8h% = , 3.6
3 (30
h
24 6
- ) 3.7
T F T 2h)5(1 + 4h)2(1 + 4h + Sh2)5 (37)
h2(1 + 4h)?
24 6
_ 3.8
T F T 2h)i(A 1 4h + sh2)E (3:8)
h4
24 6
_ 3.9
T T U 2h)2(1 + 4R)2(1 + 4k + 8h2)2 (3:9)
h8(1+ 2h)?
83t = 2° 3.10
8 T T I Ah)A(1 + 4h 1 Sh2)E (3.10)
and 16
24 6
= . 3.11
M6 = F 1 20)2(1 + 4h)5 (1 + 4h + Sh2) (8:11)
Now, we prove one out of four level-16 identities.
Theorem 3.1 Let Z = (2, —5,2,—1,2] then, prove that
d
qd—(log(Z)) = mse[2, —5,8,1, —2].
q
Proof By the definition of Z, we have
48,48, 48
24 M "4 "he
Employing (3.7), (3.8),(3.9), (3.10) and (3.11) in the above, we find that
h
Z = (3.13)
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Taking logarithm on both sides and differentiating with respect to g, we obtain

d 8h? qdh
—(log(2)) = - .14
05 (0x(2) = A (3.14)
Using (3.1), (3.2) and (3.4) in the right hand side of the above, we find that
d
qd—q(log(Z)) = m12[10,—7,—6,1,9,-3]. (3.15)
This completes the proof. O

We proved the remaining 3 identities of level 16 [10], in the same way. Let g(7) =
(K1, ko, -+, k). We first express f(7) in terms of product of powers of h, 1+ 2h, 1+ 4h, and
then we display the ¢ times of logarithmic differentiation of g(7) in terms of h, 1+ 2h, 1+ 4hand

q‘;—z, and finally we represent qdiqlog(g) in terms of 7, (k1, k2, -+ , ki) in the following Table 8.
SI.No eta quotient h-parameter qdiq(log f(h)) logarithmic
) representation [f(h)] derivative of f

1 Me[—2,1,—2,5, —2] 1+2h 1j’;h%% 2me[—2,1,8,-5,2]

2 7716[_231707_172] h %% 7716[_27176317_2]

3 me[—2,5,0,—5,2] EET) Wg% 2m6[2, —5, 10, =5, 2]

Table 8
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General Connectivity Entropies of Certain Interconnection Networks
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Abstract: The general connectivity indices (including the general Randi¢ index, the gen-
eral sum-connectivity index, the general ABC index and the general ABS index) are an
important degree-based topological index in chemical informatics. In this paper, the general
connectivity entropies of a graph are defined as the Shannon’s entropy based on the infor-
mation functional that associates the general connectivity indices. We compute the general
connectivity entropies for certain interconnection networks like butterfly networks, Benes
networks, and mesh derived networks, which can be helpful to understand their underlying

topologies and structural complexity.
Key Words: Shannon’s entropy, interconnection network, connectivity index.

AMS(2010): 94A17, 68R10, 05C09.

§1. Introduction

In 1948, Shannon [17] introduced the concept of entropy in communication theory to measure

the uncertainty of a system, which is defined as follows:

Definition 1.1 Let p = (p1,p2,-* - ,pn) be a probability vector, namely, 0 < p; < 1 and
p1+p2+ -+ p, =1. The Shannon’s entropy of p is defined as

n n
1
I(p) = E p; log b E pilog pi,
i=1 v i=1

where the notation log denotes the logarithm based on 2.

Due to the ubiquitous uncertainty, the Shannon’s entropy has found extensive applications
in various disciplines such as discrete mathematics, computer science, information theory, s-
tatistics, chemistry, biology, etc., see [2, 9, 19]. On this basis, the concept of graph entropy
introduced by Rashevsky [16] and Trucco [18] has been used to measure the structural com-
plexity of graphs (or networks) [7, 8]. An extensive overview on graph entropy measures can
be found in [10]. A statistical analysis of topological graph measures has been performed by
Emmert-Streib and Dehmer [11].

ISupported by the Qinghai Normal University Youth Science Fund (No.2023QZR012).
2Corresponding author: Zhen Lin, Email: Inlinzhen@163.com
SReceived June 12, 2024, Accepted August 16, 2024.



34 Yanyan Ge and Zhen Lin

In chemical informatics, many degree-based topological indices have been introduced and
extensively studied. Let f(x,y) be the information function with the property f(x,y) = f(y,x).

Then, their general formula is

DTI(G)= > f(du,dy)

wveE(G)

where E(G) is the edge set of a graph G, and d,, is the degree of the vertex u. From the
definition of Shannon’s entropy, we can obtain the degree-based graph entropy [5, 6, 14] as
follows:

I(G) = log DTI(G) — > fdu,dy)log f(dy,dy). (1)

DTI( ) weE(G)

In this paper, we use the following classic general connectivity indices as the information

function:
e The general Randié¢ index [3]: Ry (G) = ZMEB(G) (dudy)®;
e The general sum-connectivity index [20]: Ho(G) = X, () (du + do)®;

e The general ABC index [12]: ABC,(G) = }_,,ep(q) (d'”;d;_Q)a;

e The general ABS index [1]: ABS,(G) = ZquE(G) (dd"'id_Q) .

Further, the Shannon’s entropy corresponding to these general connectivity indices is called
the general connectivity entropies of a graph, denoted by Ir_ (G), Iy, (G), Iapc,(G) and
Iaps, (G), respectively. The main purpose of this paper is to provide quantitative calculation
formulas for the general connectivity entropies of certain important interaction networks (in-
cluding the butterfly networks, Benes networks, and mesh derived networks, see [4, 13, 15]),

which can be helpful to understand their underlying topologies and structural complexity.

(a) (b)
(a)Normal representation of butterfly BF(3); (b)Diamond representation of butterfly BF'(3).

Figure 1
82. The General Connectivity Entropies of Butterfly Networks

Certainly, the most popular bounded-degree derivative network of hypercube is the butterfly
network. The set V of vertices of an r-dimensional butterfly network correspond to pairs [w, 7],
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where i is the dimension or level of a node (0 < ¢ < r) and w is an 7-bit binary number that
denotes the row of the node. Two nodes [w,i] and [w’,#’] are linked by an edge if and only
if #/ =4+ 1 and either: w and w’ are identical, or w and w differ in precisely the ith bit. A
r-dimensional butterfly network is denoted by BF(r). Manuel et el. [15] proposed the diamond
representations of these networks. The normal and diamond representations of 3-dimensional
butterfly network are given in Figure 1, in which the number of vertices and number of edges
in a butterfly network are
2"(r+1) and 27t

Theorem 2.1 For an r-dimensional butterfly network, the general connectivity entropies are

equal to
, _ log 2[3 + 29t (r — 2)]
In (BF — log[230tT+2(1 4 20— 1(r —9))] = &
RABF) = Togf2 (14 201 - 2))) - SRR,
In, (BE(r) = log2 ™23 4 9% 1(r — )]
_a[3%log 6 +2** "1 (r — 2) log 8]
3o 220471(7, _ 2) ?
Lape (BF()) = logl2#370(1 + 2720 (¢ — 2)3)]
_aflog 3 +272071(r — 2)3% log ]
14 2-2a—1(; —2)30 ’
Iaps,(BE(r)) = log[2°T"2 x 37%(1 + 27371 (r — 2)32%)]

_aflog 2 p273071(r — 2)32%]og 3]
142 8a-1(y—2)320

Proof Let mg, q, be the number of edges in BF(r) joining vertices of degree d,, and d,.
From the definition of r-dimensional butterfly network, we know that there are two types of

edges in BF(r) based on degrees of end vertices of each edge, see Table 1.

md, d, ma 4 My 4

Number of edges ~ 2"+2  2r+l(r —2)

Table 1. The basic information on BF(r).

Thus, we have

Ro(BF(r)) = 2"72(2x4)* + 2" (r — 2)(4 x 4)®
— 23a+r+2[1 4 2&71(7, _ 2)}7

H,(BF(r)) = 2224 4)* 42" (r — 2)(4 4 4)*
— 2a+r+2[3a 4 22(171(7, _ 2)],

or+2 <2+4—2>a 42l — 2) <4+4—2>a

ABC..(BF
Ca(BE(r)) 2% 4 A x4
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97 +2-a(] 4 om0 l(p  9)30],

ABS.(BF(r)) = 2T+2(M 4""4_2>

« 27’-‘1-1 _2
oya ST )< 1+4

= 2012 3T 27 (p — 2)329].
By Formula (1), we get

_ alog2[3 + 2% (r — 2)]

. 3a+r+2 a—1
Ir,(Br@) = log[2 (1+2°7°(r - 2))] 1+20-1(r —2) ’
— a+r+2qa 200—1 a[?’a log 6+ 221 (T — 2) log 8]
Iy, Brey) = log[2 (B +277(r—2))] - 3a 1 2%a-1(r _ 2) ’
Iape,srey = log[2 2 (142727 (r — 2)3%)]

_aflog 3427207 (r — 2)3%log 3]
1422 1(r—2)30

Iugs.Brey = log[22t72.37%(1 273 1 (r — 2)32)]

_aflog 2 42787 1(r — 2)3%Jog 3]
1+ 2% 1(r —2)320

This completes the proof. O

By Theorem 2.1, we obtain the following corollaries.

Corollary 2.2 For a 3-dimensional butterfly network, the general connectivity entropies are

equal to
Ip Br@e) = log[2****(1+277)] - %
I pre)y = log[2°(3* + 22271 — o 10;6: 22::1 log8]
Iipe.Br)y = log[2>~*(1+272*71.3%)] - olog %1 J+r 3:22:1 22 oe %]7
Iaps.(pra) = log[2®t?.37(1 427371, 3% — aflog 2 + 27371 322 ]og %].

1+ 2730171 . 32a

Corollary 2.3 For a 3-dimensional butterfly network with o = %, the general connectivity

entropies are equal to

13 1 10g2[3+2%]
Ig, (Br) = logl2Z(1+272)] — YT

7

[N

32 log 6 + log 8
2.33 42

IH% (BF(3)) log[2% (32 +1)] — ;
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log: +1.331og?
24+2-1.32

)

IABC%(BF(g)) = log[Q%(l +272 .3%)]

I — log[2% -372(14+27%.3
ABS 1 (BF(3)) og[ 1+ )] 21233

83. The General Connectivity Entropies of Benes Networks

B log§+2_% ~310g%

37

A r-dimensional Benes network is nothing but back-to-back butterflies. A r-dimensional Benes

network has 2r + 1 levels, each level with 27 nodes. The level 0 to level r» nodes in the net-

work form an r-dimensional butterfly. The middle level of the Benes network is shared by

these butterflies. An r-dimensional Benes is denoted by B(r). Manuel et al. [15] proposed

the diamond representation of the Benes network. The normal representation and diamond

representation of B(3) network is shown in Figure 2. The number of vertices and number of

edges in a r-dimensional Benes network are 2"(2r + 1) and 7272, respectively.

AVS=SZAN
N/ R/
VA= VANY(/
(D
SN
AV GD:0Y/iN
BVAV=O=VAVA

(a) (b)

(c)Normal representation of Benes network B(3); (d)Diamond representation of Benes network B(3).

Figure 2

Theorem 3.1 For an r-dimensional Benes network, the general connectivity entropies are

equal to
_ 3a+r+2 o . . « 10g 2[3 + 2a+2 (T‘ - 1)]
In,(B(r)) = log[2 (142°(r — 1))] ey
— a+r+2qa 200(,, . a[ga log 6+ 2%« (T — 1) log 8]
IHQ (B(T)) = 10g[2 (3 +2 (7" 1))} 30+ 22(’“(7" — 1) )
Iape,(B(r)) = log[2""7%(1427*(r — 1)3%)] ollog +27 H(r — 5" log
ABC,(D(1)) = log r 1+2-2o(r — 1)3
log 2 4+ 273%(r — 1)32*log 2
IABSQ (B(?")) _ log[2a+r+2 _3—&(1 + 2—3a(r _ 1)32(1)] _ CV[ 0g 3 + (T ) og 4] )

1+ 273 (r — 1)32a



38 Yanyan Ge and Zhen Lin

Proof Let mg, 4, be the number of edges in B(r) joining vertices of degree d, and d,.
From the definition of r-dimensional Benes network, we know that there are two types of edges

in B(r) based on degrees of end vertices of each edge, see Table 2.

Md(u),d(v) ma2 4 My 4
Number of edges ~ 2"+2  2r2(r — 1)

Table 2. The basic information on B(r).

Thus, we have

Ro(B(r)) = 2772 (2. 4)* 42" 2(r — 1) - (4 - 4)* = 237 F2[1 4 2%(p — 1)],
H,(B(r)) = 272 (244)*+ 2" 2(r — 1) - (4 +4)% = 2°FT72[3% 4 22%(r — 1)],
ABCL(B(r) = 27 e g o) (AT 2
= 2Pl 4 2729(r — 1)39),
ABS.(BE) = 2 (e e (e

= 2023701 4 270 (r — 1)3%].
By Formula (1), we get

_alog2[3 +2°F2(r — 1]

I (B(r)) = log[23*TT2(1 +2%(r — 1))]

1+22%(r—1) ’
In.(B(r)) = log[20+™+2(3% 4 22a(r — 1))] — af3* 10;6:—2221(13_11)) log 8],
anc,(Br) = ol 71+ 2720(r — 1] - A2 R,
Laps. (B) = Togl2t7 370(1 4-9700(p — 1gem] - 28 §1 i iiiiﬁi - 3222 los 3]
This completes the proof. -

By Theorem 3.1, we obtain the following corollaries.

Corollary 3.2 For a 3-dimensional Benes network, the general connectivity entropies are equal

to

alog 2[3 + 2073]

In (BE) = loglz*3(1+ 20+ S82E T,

3%log 6 + 22 F1og §]
3o + 22a+1 4

I, (B(3) = logl2® 33 + 22+t —
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aflog 3 + 272+ . 3% Jog 2]
142204 30

Lipe.(B(3)) = log[257@(1 4 2721 . 3)] —

aflog 2 4 2731 . 320 ]og 3]
1+ 9—3a+1 . 32«

Iaps,(B(3)) = log[2*t?. 37 (14 273>F! . 32)] —

Corollary 3.3 For a 3-dimensional Benes network with o = %, the general connectivity en-

tropies are equal to

13 3 log 2[3 + 27]
Ir, (B(3 = log[27(1422)— =22
5y (BE) = log2¥ (1423 - £
1,1 3%10g6+410g8
Iy, (B(3 = log[22 (32 +4)] - —————,
ny (B3) = 1ogl2¥ (3} + )] - BT
log £ + 32 log 2
1 B(3 = log[2%(1+ 32 -2~ 8
4y (BE)) = logl23 (1434 - 220
1 1 log§—|—2_%-3log%
IABSL(B(S)) = 10g[22 -3 2(1+2 2 3)]— T .
2 2+22-3

84. The General Connectivity Entropies of Mesh Derived Networks

The dual of a planar graph G, denoted by G*, is a graph whose vertex set is the set of faces
of G, where two vertices f* and g* in G* are joined by an edge e* if the faces f and g are
separated by the edge e. Clearly, the number of vertices of G* is equal to the number of faces
of G and the number of edges of G* is equal to the number of edges in G. Since every planar
graph has exactly one unbounded face. By deleting the vertex placed in unbounded face, we
get the bounded dual of that graph. The medial of a planar graph, denoted by G** is obtained
from graph G in a special way: Add a vertex at the middle of each edge in G, i.e. barycentric
subdivision of G and then join two such newly added vertices whose original edges span an
angle in G. By deleting the vertex placed in unbounded face, we get the bounded medial of
that graph as shown in Figure 3.

Now, we introduce two new architectures using m x n mesh network in which defining
parameters m and n are number of vertices in any row and column respectively. It can be
easily observed that the bounded dual of m x n mesh is m — 1 x n — 1 mesh. We apply medial
operation on m x n mesh and then by deleting vertex placed on unbounded face we get bounded
medial of m x n mesh. By taking union of m x n mesh and its bounded medial in a way that the
vertices of bounded medial are placed in the middle of each edge of m x n mesh, the resulting
architecture will be the planar named as mesh derived network of first type i.e. MDN1(m,n)
network as depicted in Figure 4(e). The vertex and edge cardinalities of MDN1(m,n) network
are

3mn —m —n and 8mn —6(m +n) + 4,

respectively.
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Figure 3. Bounded dual and bounded medial of graphs.

The second architecture is obtained from the union of m x n mesh and its bounded dual
m —1xn—1 mesh by joining each vertex of m —1 x n — 1 mesh to each vertex of corresponding
face of m x n mesh. The resulting architecture will be mesh derived network of second type i.e.
MDNZ2(m,n) network as depicted in Figure 4(f). This non planar graph has number of vertices
and edges are 2mn —m —n + 1 and 8(mn — m — n + 1) respectively. Some other types of
mesh derived networks are defined and studied in [4]. The important graph parameter which is
discussed in [4] for mesh derived networks is the metric dimension/location number of networks.

O
O
2
O

Figure 4. Mesh derived networks MDN1(m,n) and MDN2(m,n) with m =n = 5.

CRKKL
CRKKL
KX

Theorem 4.1 For a Mesh derived network MDN1(m,n), the general connectivity entropies
are equal to

Ir, (MDN1(m,n)) =log Ro,(MDN1(m,n))
8- (8)*1og(8)* +4(m +n —4) - (12)*log(12)*
R,(MDN1(m,n))
2(m+n—4)-(18)*1log(18)* + 4(mn — m — n) - (24)* log(24)*
Ry(MDN1(m,n))
4-(16)*log(16)™ + 4(mn — 2m — 2n +4) - (36)* log(36)*
Ro(MDN1(m,n)) ’
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Iy, (MDN1(m,n)) =log Hyo(MDN1(m,n))
~ 8-(6)*1og(6)” +4(m +n —4) - (7)* log(7)*
H,(MDN1(m,n))
~ 2(m+n—4)-(9)1og(9)* + 4(mn —m —n) - (10)* log(10)*
H,(MDN1(m,n))
4-(8)*1og(8)* +4(mn —2m —2n +4) - (12)*log(12)“
H,(MDN1(m,n)) ’

Iape,(MDN1(m,n)) =log ABCo(MDN1(m,n))

8- (4) log()" +4(m +n — 4)- ()" log()”

ABCo(MDN1(m,n))
2(m+n—4) - (§5)* log(5)* +4(mn —m —n) - (3)*log(3)*
ABCL(MDN1(m,n))
4-(3)*log(2)™ + 4(mn — 2m — 2n 4+ 4) - (&)~ log(3)*
ABCL(MDN1(m,n)) ’

Iaps,(MDN1(m,n)) =log ABS,(MDN1(m,n))

8- (3)log(3)* +4(m+n—4)-(3)log(3)"

ABS,(MDN1(m,n))
B 2(m+n—4)- (%)0‘ log(%)o‘ +4(mn—m —n) - (%)O‘ log(%)o‘
ABS,(MDN1(m,n))
4-(3)*log(3)™ + 4(mn — 2m — 2n 4+ 4) - (3)*log(3)*
ABS,(MDN1(m,n)) '

Proof Let mg, 4, be the number of edges in MDN1(m,n) joining vertices of degree d,, and
d,. From the definition of mesh derived network M DN1(m,n), we know that the types of
edges in MDN1(m,n) based on degrees of end vertices of each edge, see Table 3.

md,.d, ma 4 ms3,4 ms,e my6

Number of edges 8 dm+n—4) 2(m+n—4) 4(mn—m—n)

Md,, d, ™My 4 me.6

)

Number of edges 4 4(mn —2m — 2n +4)

Table 3. The basic information on MDN1(m,n).
Thus, we have
R,(MDN1(m,n)) =82 x4)*+4(m+n—-4)3x4)*+2(m+n—4)(3 x6)°
+4(mn —m —n)(4 x 6)* +4(4 x )* + 4(mn — 2m — 2n + 4)(6 x 6)*
=8x 8 +4(m+n—4)12% +2(m +n —4)18%
+4(mn —m —n)24% + 4 x 16% 4+ 4(mn — 2m — 2n + 4)36<,

Ho(MDN1(m,n)) =802 +4)* +4(m+n—4)(34+4)* +2(m+n—4)(3+6)“
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+4(mn—m—n)(446)* +4(4+4)* +4(mn —2m — 2n 4+ 4)(6 4+ 6)¢
=8x6+4(m+n—4)7%+2(m+n—4)9°
+4(mn —m —n)10% + 4 x 8% + 4(mn — 2m — 2n + 4)12%,

2+4—2\“ 3+4—2\"
o<1 ) +4(m+n—4)<3x4 )

3+6-—2\" 446-—2\"

4+4-2\" 6+6—2\"
+4<+) +4(mn—2m—2n+4)(+>

ABC,(MDN1(m,n)) =8 (

4 x4 6 x 6
) amna (2] samen o (3
+4(mn —m —n) (;>a+4(z>a+4(mn—2m—2n+4) (g)a>

244 —2\" 34+4-2\°
2+4) +4<m+"‘4><3+4)

+2m4n—4) <3+62>a—|—4(mn—m—n) <4+62>a

ABS,(MDN1(m,n)) =8 (

346 4+6

444—92\% 6+6—2\"
4| —— 4 —2m —2 4) | ——

+ ( 1 ) +4(mn —2m — 2n + )( 656 )
2 o (0% [e3
=8<3) —|—4(m+n—4)<i) +2(m+n—4)(g>

[}

+ 4(mn —m —n) (§>a+4(i>a+4(mn—2m—2n+4) (2)

By Formula (1), we get

Ir, (MDN1(m,n)) =log Ro(MDN1(m,n))
8% 8%log8” +4(m +n —4)12* log 12°
R,(MDN1(m,n))
_ 2(m+n —4)18%log 18 4 4(mn — m — n)24* log 24*
Ro,(MDN1(m,n))
4 x16%log 16% 4 4(mn — 2m — 2n + 4)36* log 36"
Ro(MDN1(m,n))

)

Iy, (MDN1(m,n)) =log Ho(MDN1(m,n))
~ 8x6%1log6” +4(m +n—4)7% log 7*
H,(MDN1(m,n))
2(m +n —4)9%log 9* + 4(mn — m — n)10* log 10
H,(MDN1(m,n))

4 x8%log8" +4(mn — 2m — 2n + 4)12% log 12
H,(MDN1(m,n))

)
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Iape,(MDN1(m,n)) =log ABCo(MDN1(m,n))
_ 8(3)"log (5)" +4(m+n —4) (75)" log (55)”
ABC,(MDN1(m,n))
B 2(m+n—4) (%)a log (1—78)a +4(mn—m —n) (%)a log (%)a
ABCL(MDN1(m,n))
4 (%)a log (%)a +4(mn —2m —2n+4) (1%)@ log (%)a
ABC,(MDN1(m,n)) ’

Iags, (MDN1(m,n)) = log ABS.(MDN1(m, n))
_8(3) " log (3)" +4(m+n—4) (%) log (3)"
ABS,(MDN1(m,n))
B 2(m+n —4) (%)a log (g)a + 4(mn —m —n) (%)a log (%)a
ABS,(MDN1(m,n))
4(3)%1og (2)” +4(mn —2m —2n+4) (2)" log (2)°
ABS,(MDN1(m,n)) '

This completes the proof. O

Theorem 4.2 For Mesh derived network M DN2(m,n), the general connectivity entropies are

equal to

Ir, (MDN2(m,n)) =log Ro(MDN2(m,n))
4 x18%1og18% + 8 x 15% log 15
Ro(MDN2(m,n))
8% 30%1og30° + 2(m + n — 6)25% log 25% + 4 x 48" log 48°
R,(MDN2(m,n))
2(m+n —4) x 40* log40%* + 4(m + n — 6)35% log 35*
Ro(MDN2(m,n))
2(m +1n — 8) x 49% log 49% + 8 x 427 log 42°
Ro(MDN2(m,n))

6(m +n — 6)56° log 56~ + [8mn — 24(m + n) + 72]64“ log 64
Ro(MDN2(m,n)) ’

Iy, (MDN2(m,n)) =log H,(MDN2(m,n))

4 x9 log9* 4+ 8 x 8*log 8* + 8 x 11*log 11¢
H,(MDN2(m,n))

2(m +n — 6)10* log 10* + [8mn — 24(m + n) + 72|16 log 16*
H,(MDN2(m,n))

2(m 4+ n)13*log 13% 4+ 4(m + n — 6)12% log 12¢
H,(MDN2(m,n))
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2(m+n —6)14%log 14* 4+ 6(m + n — 6)15* log 15
H,(MDN2(m,n)) ’

Iapc,(MDN2(m,n)) =log ABCo(MDN2(m,n))
4(55)" o (%)a 8 (%) log (3)"
ABC,(MDN2(m,n))

g (1) +2(m +n —6) (35) " log (55)" +4 (5)" log(})”
ABCL(MDN2(m,n))

2(m+n—4) (%)alog (%)a +4(m+n—6) (%)a log (%)a

ABCL(MDN2(m,n))

8 (45)" lo

C2m+n—8)(52) log ()" +8(53) log (33)"
ABCL(MDN2(m,n))
6(m +n—6) (1) log (£2)* + [8mn — 24(m + n) + 72] () log (5)"

ABCL(MDN2(m,n)) ’
Iaps,(MDN2(m,n)) =log ABS,(MDN2(m,n))
4(5)"log (5)" +8(3) " log (3)”
ABSL(MDN2(m,n))
_2(m+n—6) (£)"log ()" + [8mn — 24(m +n) + 72 (£)" log (§)"
ABS,(MDN2(m,n))
2(m +n) (1) log (13)° + 4(m +n — 6) (3)" log (3)" + 8 ()" log (§7)"
ABSL(MDN2(m,n))
2(m+n—06) (%)a log (g)a +6(m+n—06) (%)a log (%)a
ABS,(MDN2(m,n))

Proof Let mg, 4, be the number of edges in MDN2(m,n) joining vertices of degree d,, and
d,. From the definition of mesh derived network M DN2(m,n), we know that the types of
edges in MDN2(m,n) based on degrees of end vertices of each edge, see Table 4.

md, d, mse M35 Mse ms.5 me,8 ms.8 ms.7

Number of edges 4 8 8 2(m+n-—06) 4 2m+n—-4) 4(m+n-—06)

md, d, my 7 me,7 mr.s msg

Number of edges 2(m +n — 8) 8 6(m+n—6) 8mn—24(m+n)+ 72

Table 4. The basic information on M DN2(m,n).
Thus, we have
Roy(MDN2(m,n)) =4x(3-6)*+8x(3-5)*+8x (5-6)*

+2(m+n—6)(5x5)*+4x(6x8)*+2(m+mn—4)(5x8)“
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+4m+n—6)6xT)*+2(m+n—8)(7 x 7)* +8(6 x 7)¢
+6(m+n—6)(7x 8%+ [8mn — 24(m + n) + 72](8 x 8)*
=4 x18% 48 x 15% 4 8 x 30
+2(m+n—6)25% +4 x 48% + 2(m + n — 4)40%
+4(m+n—6)35% 4+ 2(m +n — 8)49% + 8 x 42¢
+6(m +mn —6)56% + [8mn — 24(m + n) + 7264,
Ho(MDN2(m,n)) = 4(3 + 6)* + 8(3 + 5)* + 8(5 + 6)*
+2(m+n—6)(5+5)"+4(6+8)" +2(m+n—4)(5+8)*
FAm+n—6)5+7)"+2(m+n—8)(T+7)*+8(6+7)"
+6(m+n—6)(7+8)*+[8mn —24(m +n) + 72](8 + 8)*
=4x9%+8x8¥+8x11*+2(m+n —6)10% + 2(m + n)13%
+4(m +n — 6)12% + 2(m + n — 6)14% + 6(m + n — 6)15°

+ [8mn — 24(m + n) + 72]16%,

—2\“ —92\ ¢ _9\®

3-6 3x5 5x6
6+8—2
-2 < ) ()
+2(m+n—4 b8 4(m+n—6) hrTo2 "
5x8 5x7
P T+ 7— 6+7—2
7><7 C6xT
T+8-2 8+8—-2\"
7\“ 2 @ 3 8\

+4<i)a+2(m+n— )<40> +4(m+n —6) (i)a

+2(m +n —8) < ) ) m+n—6)<;2>a

+ [8mn — 24(m +n) + 72] <32) )

346-—2\“ 34+5-—2\“ 54+6—2\°
ABS,(MDN2(m,n)) =4 ( 22> 2oz 2 2rh=2
Sal (m. n)) < 316 ) +8< 345 ) +8< 516 )

5+5—2\ 6+8—2\"

5+8—2\" 5+7-2\°



46

_|_

_|_

+

Yanyan Ge and Zhen Lin

T+ 77— 2)
m+n—

T+7

T+8—-2

(m+n=6){ ——3

+4(m+

n 11
(m+mn)
13

i
(5
~1(5) o(3) (@) o 5)
§)
(s

) - 8mn—24(m—|—n)+72]<

6+7—-2
647
8+8—
8+8

6)(2>a+20n+716)($>a

13 « 7 «
+6(m-+n—6 15 + [8mn — 24(m + n) + 72] 3) -

By Formula (1), we get

Ir, (MDN2(m,n))

= log Ro, (M DN2(m,n))

4 x18 log 18% + 8 x 15% log 15¢

Ro(MDN2(m,n))

8 x30%10g(30)* +2(m + n — 6)25% log 25% + 4 x 48 log(48)”
Ro(MDN2(m,n))
2(m + n — 4)40% log 40“ + 4(m 4+ n — 6)35% log 35~
Ro(MDN2(m,n))
2(m +n — 8)49° log 49% + 8 x 42% log 42°
Ro(MDN2(m,n))

~ 6(m +n—6)56%log 56* + [8mn — 24(m + n) + 72]64% log 64
Ro(MDN2(m,n)) ’

Iy, (MDN2(m,n))

=log H,(MDN2(m,n))

~ 4 x9%1og9* + 8 x 8% log 8 + 8 x 11%log(11)«
H,(MDN2(m,n))

2(m +n —6)10% log 10% + [8mn — 24(m + n) + 72]16“ log 16¢

H,(MDN2(m,n))

~ 2(m+n)13%log13* 4+ 4(m + n — 6)12% log 12¢
H,(MDN2(m,n))

2(m +n —6)14%log 14* + 6(m 4+ n — 6)15* log 15~

H,(MDN2(m,n)) ’

IABCa (MDNQ(TI’L, n))

=log ABCo(MDN2(m,n))

4 (18) log (18) +38 (%)abg (%)a

ABCy(MDN2(m,n))

2>a

~6) ()" log ()" +4.(3) " log (3)°

3 8 (%)a log (%)a +2(m+n
ABCo(MDN2(m,n))
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2(m+n —4) (%)a log (E +4(m+n —6) (%)alog (%)a

2(m +n—8) (13)"log (33)" + 8 (3)" log (33)”
ABC,(MDN2(m,n))
~ 6(m+n—6) (£)%1og (£)7 + [8mn — 24(m +n) + 72] (55) " log (55)"
ABCy(MDN2(m,n)) ’

Iaps,(MDN2(m,n)) =log ABSo(MDN2(m,n))
4(5) " log (5)" +8(5) " log (3)"
ABS,(MDN2(m,n))

2(m+n—=6 (%) ( )a+[8mn—24(m—|—n)—|—72] (%)alog (%)a
ABS,(MDN2(m,n))

_ 2(m+n) (35)"log (35)" + 4(m +n —6) (§)"log (§)" +8 (57) " los (57)"
ABS,(MDN2(m,n))

2(m 40— 6) ()" 10g (8)° + 60m +n —6) (1) og (12)°
ABS,(MDN2(m,n))

This completes the proof. O
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Abstract: Let a graph G = (V, E) be a (p,q) graph. Define

p .
= is even
2’ p Vi

-1
— p is odd,

and M = {£1,42,--- &+ p} called the set of labels. Consider a mapping A : V. — M by
assigning different labels in M to the different elements of V when p is even and different
labels in M to p — 1 elements of V' and repeating a label for the remaining one vertex when
p is odd. The labeling as defined above is said to be a pair mean cordial labeling if for
each edge uv of G, there exists a labeling w if A(u) + A(v) is even and Mif
Mu) + A(v) is odd such that [Sy, — S,\ﬂ < 1 where Sy, and S,\f respectively denote the
number of edges labeled with 1 and the number of edges not labeled with 1. A graph G
with a pair mean cordial labeling is called a pair mean cordial graph. In this paper, we
discuss here the pair mean cordial labeling of union graphs like L., U L,,, P, ULy, Cy,, U Ly,
Wm ULy, Sm U Ln,.

Key Words: Pair mean cordial labeling, Smarandachely pair mean cordial labeling, S-

marandachely pair mean cordial labeling graph, path, cycle, shell, wheel and ladder.

AMS(2010): 05C78.

81. Introduction

In this paper, we will deal with finite, simple, connected and undirected graphs. We follow
Harary [3] for basic terms and notations of graph theory and see Gallian [2] for more details
on graph labeling. The concept of graph labeling was introduced by A. Rosa in 1967 [16]. The
concept of cordial graphs was introduced by Cahit [1] and also studied some cordial related
graphs in [4-7,13-15,17-20]. We have introduced the notion of pair mean cordial labeling of

1Received January 31, 2024, Accepted August 18, 2024.
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graphs in [8] and studied their properties in [9-12]. In this paper, we discuss here the pair mean
cordial labeling of union graphs like L,, U L,, P,, UL,, C;, UL,, W, UL,, S, UL,.

§82. Preliminaries

Definition 2.1 A graph labeling is an assignment of integers to the vertices or edges, or both,
subject to certain conditions.—vskip3mm

Definition 2.2 The union of two graphs G1 and Gq is the graph G1 U Gy with V(G1 U G3) =
V(G1) UV (G2) and E(G1UG3) = E(G1) U E(G2).

Definition 2.3 The shell S,, is the graph obtained by taking n — 3 concurrent chord in cycle

C,. The vertex at which all the chords are concurrent is called the apex verter.

Definition 2.4 A wheel W,, is a graph with n+ 1 vertices, formed by connecting a single vertex
to all the vertices of the cycle C,,. It is denoted by W,, = C,, + K;.

Definition 2.5 A ladder graph L, is a planar, undirected graph with 2n vertices and 3n — 2
edges.

83. Pair Mean Cordial Labeling

Definition 3.1 Let a graph G = (V, E) be a (p,q) graph. Define

P p is even
p= 2
o -1
pT’ p is odd,

and M = {+1,4+2,---+p} called the set of labels. Consider a mapping A : V. — M by assigning
different labels in M to the different elements of V. when p is even and different labels in M
to p — 1 elements of V and repeating a label for the remaining one vertex when p is odd. The
labeling as defined above is said to be a pair mean cordial labeling if for each edge uv of G, there
exists a labeling w if Mu) + A(v) is even and % if Mu) + A(v) is odd such that
ISx; = Sac| < 1 where Sy, and Sy respectively denote the number of edges labeled with 1 and
the number of edges not labeled with 1. A graph G with a pair mean cordial labeling is called a
pair mean cordial graph.

Otherwise, if |Sx, — §>\§| > 2, such a labeling on G is said to be Smarandachely pair mean

cordial labeling and G is called a Smarandachely pair mean cordial labeling graph.
Theorem 3.2 L,, U L, is pair mean cordial for all m,n > 2.

Proof Let V(L,, ULy) = {w,vi,z5,y; : 1 <i<m,1<j<n}and E(L,, UL,) =
{wiviyzjy; 21 <0 <m, 1 < j < npU{uitipn, 0ivie1, 22541, Y59541 0 1 <i<m—1,1 < j
n — 1}. Note that L,, U L,, has 2m + 2n vertices and 3m + 3n — 4 edges.

IA
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Case 1. m =0 (mod 4)

Let us assign the labels 2,6,...,m — 2 to the vertices ui,us,--- ,umn_3 respectively and
—2,—6,---,—m + 2 respectively to the vertices us,ug, - ,um—o. Next we assign the labels
—3,—=7,--- ,—m-+1 to the vertices usz, u7,- -+ , um—_1 respectively and 5,9, - - - ,m+1 respectively
to the vertices wug4,ug, -+ ,un. Now we give the labels —1,—5,--- ,—m + 3 to the vertices
V1, Us, -, Upm—3 respectively and 3,7,--- ,m — 1 respectively to the vertices va,vg, -+ , Vm—2.
Then, we give the labels 4,8, - - - , m to the vertices vs, vy, - -+ , vy —1 respectively and —4, —8, - - - |
—m respectively to the vertices vy, vs, - ,vy,. There are four subcases arise:

Subcase 1.1 n =0 (mod 4)

First we assign the labels m + 2,m + 6,--- ,m + n — 2 to the vertices z1,x5, - ,Tp_3
respectively and m + 3,m + 7,--- ;m + n — 1 respectively to the vertices x2,x¢, - ,ZTp—2.
Now we assign the labels —m — 3,—m — 7,--- ,—m — n + 1 to the vertices zs3,x7, - ,Tn_1
respectively and —m —4, —m — 8, --- , —m — n respectively to the vertices x4, xs, - ,z,. Then
we give the labels —m —1,—m —5,--- | —m —n+ 3 to the vertices y1,ys, - - - , Yn—3 respectively
and —m—2,—m —6,--- ,—m —n+ 2 respectively to the vertices ya, yg, - ,Yn—_2. Also we give

the labels m +4,m +6,--- ,m + n to the vertices y3,y7, - ,yn—1 respectively and m + 5, m +
9,---,m+n — 3 respectively to the vertices y4,ys, -+ ,yn—4a. Fix the label 1 to the vertex y,,.

Subcase 1. n =1 (mod 4)

In this case, we assign the labels m 4+ 2,m + 6,--- ,;m + n — 3 respectively to the vertices
T1,X5, s Xn_g and m+3, m+7,--- ,m+n—2 to the vertices xs, xg, - - - , T, _3 respectively. Also
we assign the labels —-m—3,—m—7,.-- , —m—n-+2 respectively to the vertices x3,z7, -+, Zn_2
and —m—4,—-m—28,--- ,—m —n+1 to the vertices x4, s, - - ,x,_1 respectively. Fix the label
1 to the vertex x,. Further more we give the labels —-m —1,—m —5,--- , —m —n respectively to
the vertices y1,9s5, -+ ,yn and —m —2,—m —6,--- , —m —n+ 3 to the vertices y2,¥s, - , Yn—3
respectively. We give the labels m + 4,m + 8,--- ,m + n — 1 respectively to the vertices
Y3, Y7, 3 Yn—o and m+5,m+9,--- ,;m+ n to the vertices y4,ys, - -+ ,yn—1 respectively.

Subcase 1.3 n =2 (mod 4)

We now assign the labels m+2, m+6, ..., m+n respectively to the vertices 1,5, - ,Tn_1
and m+3,m+7,--- ,m+n— 3 to the vertices x3,xg, -+, T,_4 respectively. Then we assign
the labels —m — 3,—m — 7,--- , —m — n + 3 respectively to the vertices z3,z7, -+ ,z,_3 and
—-m—4,—m —8,--- ,—m — n + 2 to the vertices x4, g, -+ ,T,_2 respectively. Fix the label 1
to the vertex x,,. More over we give the labels —m — 1,—m — 5,--- , —m — n + 1 respectively
to the vertices y1,¥ys5, - ,Yyn—1 and —m — 2, —m — 6,--- , —m — n to the vertices ys,vs, - , Un
respectively. Finally we give the labels m +4,m +8,--- ,m 4+ n — 2 respectively to the vertices
Y3, Y7, yYn—z and m+5,m+9,--- ;m +n — 1 to the vertices y4, ys, - - - , Yyn—2 respectively.

Subcase 1.4 n =3 (mod 4)

Let us assign the labels m +2,m + 6,--- ,m + n — 1 to the vertices zi,25, - ,Tp_2
respectively and m + 3,m + 7,--- ,;m + n respectively to the vertices xo,x¢, -+ ,xpn_1. Next

we assign the labels —m — 3,—m — 7,--- ,—m — n to the vertices z3,x7, - ,x, respectively



52 R. Ponraj and S. Prabhu

and —m —4,—m — 8,--- ,—m — n + 3 respectively to the vertices x4, xg, - ,x,_3. We give
the labels —m — 1,—m — 5,--- ,—m — n 4 2 to the vertices y1,¥ys, - ,yn—2 respectively and
-m —2,—m — 6,---,—m — n + 1 respectively to the vertices y2,ys, -+ ,yn—1. We give the

labels m+4,m+38,--- ,m+n — 3 to the vertices ys,y7, - - , Yn_4q respectively and m + 5, m +
9,---,m+n — 2 respectively to the vertices y4,ys, - ,yn—3. Fix the label 1 to the vertex y,.

Case 2. m =1 (mod 4)

First we assign the labels 2,6,--- ,m + 1 to the vertices ui,us,- - ,u,, respectively and
—2,—6,---,—m + 3 respectively to the vertices us,ug, -+ ,um—3. We now assign the labels
—3,—7,---,—m + 2 to the vertices us,u7,--- ,upy_o respectively and 5,9, -- ,m respective-
ly to the vertices ug4,us, - ,Umnm—1. Then we give the labels —1,—5,---,—m to the vertices
v1,Us, -+, Uy respectively and 3,7, -+ ,m — 2 respectively to the vertices vs, vg, -« , V3. Al-
so, we give the labels 4, 8, -- - ,m—1 to the vertices vs, vz, -+ , V;—o respectively and —4, —8, - - - |
—m + 1 respectively to the vertices vy, vs, - ,vpy,_1. There are four subcases arise:

Subcase 2.1 n =0 (mod 4)

Now we assign the labels —m —1,—m —5,--- , —m —n + 3 to the vertices x1, 5, - ,Tn_3
respectively and m + 3,m + 7,--- ;m + n — 1 respectively to the vertices xo,xg, " ,Tn_2.
Now we assign the labels m +4,m +8,--- ;m + n to the vertices x3,x7, - ,x,_1 respectively
and —m —4,—m — 8,--- ,—m — n respectively to the vertices z4,xs,---,2,. Then we give
the labels m 4+ 2,m +6,--- ;m +n — 2 to the vertices y1,ys, ..., Yn—3 respectively and —m —
2,—m —6,--- ,—m —n+ 2 respectively to the vertices y2,ys," - ,yn—2. Also we give the labels
-m—-3,—m—"7,--- ,—m —n + 1 to the vertices ys3,y7,- - ,y,—1 respectively and m + 5, m +
9,---,m+n — 3 respectively to the vertices y4,ys, - ,Yn—a. Fix the label 1 to the vertex y,.

Subcase 2.2 n =1 (mod 4)

Also we assign the labels —m—1, —m—5, - - - | —m—n respectively to the vertices z1, x5, - ,
T, and m+3,m+7,---,m+ n — 2 to the vertices xo,x¢, - ,xn_3 respectively. Next we
assign the labels m +4,m 4+ 8,--- ,m 4+ n — 1 respectively to the vertices x3,x7, -+ ,T,_2 and
-m—4,—-m—28,--- ,—m — n + 1 to the vertices x4, zs, - ,T,_1 respectively. More over we
give the labels m + 2,m + 6,--- ,m + n — 3 respectively to the vertices y1,ys5, - ,yn—4a and
-m—2,—m —6,---,—m — n + 3 to the vertices ys,ys, - ,Yn—3 respectively. Then we give
the labels —m — 3, —m — 7,--- , —m — n + 2 respectively to the vertices y3,y7, -+ ,yn—2 and
m-+5m+9,--- ,m+ n to the vertices y4,ys, -+ ,yn—1 respectively. Fix the label 1 to the

vertex Y.
Subcase 2.3 n =2 (mod 4)

We now assign the labels —m — 1,—m — 5,--- ,—m — n + 1 respectively to the vertices
T1,T5, ,Tpn_1 and m+3,m+7,--- ,m+n — 3 to the vertices xo,x¢,- -+ ,xn_4 respectively.
Then we assign the labels m+4, m+8,--- , m+n—2 respectively to the vertices x3, 7, -+, Tp_3
and —m —4,—m — 8,--- ,—m — n + 2 to the vertices x4, s, -+ ,T,_2 respectively. Fix the
label 1 to the vertex x,,. More over we give the labels m + 2,m + 6,--- ,m + n respectively

to the vertices y1,¥s5, - ,yn—1 and —m — 2, —m — 6,--- , —m — n to the vertices ys,vys, ** , Un
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respectively. Finally we give the labels —m—3, —m—7, - -- , —m—n+3 respectively to the vertices

Y3, Y7, s Yn_s and m+5m~+9,--- ,m+n— 1 to the vertices y4,ys, - -+ , Yn_2 respectively.
Subcase 2.4 n =3 (mod 4)

Then we assign the labels —m —1, —m —5,--- | —m —n+ 2 to the vertices 1,25, -+ ,Tp_2
respectively and m+3,m +7,--- ,m + n respectively to the vertices xo,xg, - ,xp_1. Next we
assign the labels m +4,m +8,--- ,m +n — 3 to the vertices x3,x7, - , x,_4 respectively and
—-m—4,—m —38,--- ,—m — n + 3 respectively to the vertices x4, xs, - ,x,—3. Fix the label 1
to the vertex x,,. We give the labels m+2,m+6,--- ,m+n—1 to the vertices y1,ys5, - , Yn—2
respectively and —m — 2, —m — 6, ..., —m — n + 1 respectively to the vertices y2,ys, -, Yn—1-
We give the labels —m — 3, —m —7,--- , —m — n to the vertices ys3,y7, - - , yn respectively and

m+5m+9,--- ,m+n — 2 respectively to the vertices y4,ys, -, Yn—3-

Case 3. m =2 (mod 4)

Assign the labels 2,6, --- ,m to the vertices uy,us, - , uny_1 respectively and —2, —6,--- |
—m respectively to the vertices us, ug, - -+ , uy,. Then we assign the labels —3,—-7,--- ,—m + 3
to the vertices ug,u7, - ,u,_o respectively and 5,9,--- ,m — 1 respectively to the vertices
Ug,Ug, *** , Um—3. Also we give the labels —1,—5,--- ,—m + 1 to the vertices vy, us, *+ , Vm—_1
respectively and 3,7, -+ ;m 4+ 1 respectively to the vertices vs,vg, -+ ,vm. Next we give the
labels 4,8,--- ,m — 2 to the vertices vz, v7,- - ,vmy—o respectively and —4,—-8,--- ,—m + 2
respectively to the vertices vy, vs, - , Vm_3.

Subcase 3.1 n =0 (mod 4)

Assign the labels to the vertices x; and y; for 1 < j < n as in Subcase 1.1 of Case 1.
Subcase 3.2 n =1 (mod 4)

Let us assign the labels to the vertices z; and y; for 1 < j < n as in Subcase 1.2 of Case 1.
Subcase 3.3 n =2 (mod 4)

Also, we assign the labels to vertices ; and y; for 1 < j < n as in Subcase 1.3 of Case 1.
Subcase 3.4 n =3 (mod 4)

Now, we assign the labels to vertices x; and y; for 1 < j <n as in Subcase 1.4 of Case 1.

Case 4: m = 3 (mod 4)

Let us assign the labels 2,6, --- ,m — 1 to the vertices uy,us,- -+ ,uUnm—o respectively and
—2,—6,--- ,—m respectively to the vertices us, ug, - - - , Um—1. Then we assign the labels —3, —7,
-, —m to the vertices us, ur, - - - , u,, respectively and 5,9, - - - , m—2 respectively to the vertices
Ug, Ug, "+, Um—3. Also we give the labels —1,—5,---  —m + 2 to the vertices vy, us, -+, Vpm_o
respectively and 3,7, - - - , m respectively to the vertices vo, vg, - - - , Uym—1. Next we give the labels
4,8,--- ,m+ 1 to the vertices vs,v7,--- ,v,, respectively and —4, —8,--- , —m + 3 respectively
to the vertices vyq, v, , Uy_3.

In this case, there are 4 subcases should be discussed.
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Subcase 4.1 n =0 (mod 4)

Assign the labels to the vertices x; and y; for 1 < j < n as in Subcase 2.1 of Case 2.
Subcase 4.2 n =1 (mod 4)

Let us assign the labels to the vertices z; and y; for 1 < j < n as in Subcase 2.2 of Case 2.
Subcase 4.3 n =2 (mod 4)

Also, we assign the labels to vertices x; and y; for 1 < j < n as in Subcase 2.3 of Case 2.
Subcase 4.4 n =3 (mod 4)

Now, we assign the labels to vertices z; and y; for 1 < j < n as in Subcase 2.4 of Case 2.
The following table shows that this vertex labeling A is a pair mean cordial of L,,, U L,, for
all m,n > 2.

m " N Sxc
n =0 (mod 4) 3m+§"_4 3m+23"_4
m=0,2 (mod 4) | n=1 (mod 4) 37"*5"*5 3m+23"*3
n=2 (mod 4) | 3mt3n=d | Smiin-d
n =3 (mod 4) 3m+§’”_5 3m+23"_3
n=0 (mod 4) | Bmsn=s | smisn-s
m=1,3 (mod4) | n=1 (mod 4) | mt3n=d | Imiin—id
n =2 (mod 4) 3m+§"_5 3m+23"_3
n =3 (mod 4) | 3mi3n=d | 3miin_d
Table 1
This completes the proof. O

Example 3.3 A pair mean cordial labeling of Ls U Lg is shown in Figure 1.

18 4 -4 -5 7 <7 <& 10 31 i1
2 -2 -3 5 6 -6 8§ 9 -9-10 1
Figure 1

Theorem 3.4 W,, U L, is pair mean cordial for all m > 3 and n > 2.

Proof Let V(W,, UL,) = {ug,ui,vj,w; : 1 <i<m,1<j<n}and E(W, UL,)
{uous, vjw; 1 1 <i<m,1 < j < n}U{wtipr, Umta, vjvj41, wwip1 1 1 <i<m—-1,1<j<
n — 1}. Note that W,,, U L,, has m + 2n + 1 vertices and 2m + 3n — 2 edges.
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Case 1. m is odd.

Fix the label 2 to the vertex up. Let A(v1) = 245 and A(w;) = =2=3. Then we as-
sign the labels —1,—2,--- | %ﬁl to the vertices uq,us, ..., u,, respectively and 3,4,--- | mT%
respectively to the vertices ug, ug, -+ , uy,—1. Hence there are four subcases arise:

Subcase 1.1 n =0 (mod 4)

Next we assign the labels ’”;*5, *m;l?’, <.+, —m —n + 4 to the vertices vg,vg, -+ ,Vp_2
respectively and %, 7”;17, .-+ ,m+n — 2 respectively to the vertices vs,v7,--- ,v,_1. Then
we give the labels %ﬂ, %19, -+ ,m+mn — 5 to the vertices vy, vs, - ,vn_4 respectively and
%*11, %*19, -+« ,—m — n + 5 respectively to the vertices vs,vg, -+ ,v,_3. Fix the label

1 to the vertex v,. More over we assign the labels mT”, %15, -« ,m+n — 3 to the ver-

tices wq, wg, - - - , Wy, 2 respectively and _"5_7, %_15, -+, —m —n + 3 respectively to the ver-
tices ws, w7, - ,wp_1. Also we give the labels %‘9, %‘17, <o+, —m —n + 2 to the ver-
tices wy,ws, - - -, w, respectively and %13, %ﬂ, ---,m + n — 4 respectively to the vertices
Ws, Wy, -+, Wn—3-

Subcase 1.2 n =1 (mod 4)

Now we assign the labels 7”375, ”"2’13, -+« ,—m —n + 5 to the vertices vo,vg, - , v, re-
spectively and mT-s-g’ #7 -+ ,m+n—3 respectively to the vertices vz, v7, - ,v,—1. Therefore
we give the labels %ﬂ, %19, ---,m+n — 2 to the vertices v4,vs, - ,vn_o respectively and
%*11, %*19, -+« ,—m — n + 2 respectively to the vertices vs,vg,- - ,v,. More over we as-
sign the labels mT”, %15, -« ,m +n — 4 to the vertices wag, wsg, -+ , wy_3 respectively and
_";_7, _m2_15, -«+,—m — n + 4 respectively to the vertices ws, w7, -+ ,wy_2. Also we give
the labels %‘97 %‘177 ---,—m —n + 3 to the vertices wy,ws, - ,w,_1 respectively and
%13, m;Ql ;- ,m~+n — 5 respectively to the vertices ws, wy, -+ ,w,_4. Finally fix the label
1 to the vertex w,.

Subcase 1.3 n =2 (mod 4)

In this case, we assign the labels 7”;*5, ”"2’13, -+, —m—n+2 to the vertices v, vg, -+ , Uy
respectively and #, #, ---,m+n — 4 respectively to the vertices vs, vz, -+ ,v,_3. Next
we give the labels %ﬂ, %19, ---,m~+n — 3 to the vertices v4,vs, - ,vn_2 respectively and
%*11, %*19, -+« ,—m — n + 3 respectively to the vertices vs, vy, -+ ,v,_1. Further more we
assign the labels mT”, %15, --+,m+n —5 to the vertices ws, wg, - -+ , w,_4 respectively and
_";_7, _m2_15, <+ ,—m — n + 5 respectively to the vertices ws, w7, ,w,_3. Also we give
the labels %‘97 %‘177 -« ,—m —n + 4 to the vertices wy,ws, -+ ,w,_o respectively and
%13, m;Ql ;- ,m—+n — 2 respectively to the vertices ws, wg, -+ ,w,_1. Finally fix the label
1 to the vertex w,.

Subcase 1.4 n =3 (mod 4)

In this case, we assign the labels 7”;75, %’13, -+, —m—n+3 to the vertices va, vg, « -+ , Up_1
respectively and %, 7”;17, -+ ,m +n — 5 respectively to the vertices vs,v7, -+ ,v,-4. Then
we give the labels %ﬂ, %19, ---,m+n — 4 to the vertices v4,vs, - - ,vn_3 respectively and

—m—11 —m—19

, =5, ,—m — n + 4 respectively to the vertices vs,vg, - ,v,-2. Fix the label
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1 to the vertex w,. More over we assign the labels mT”, %15, ---,m+n — 2 to the ver-
tices wsg,wg, -+ ,w,_1 respectively and 77"’7, %715, -+, —m — n + 2 respectively to the
vertices ws, wr, -+ ,w,. Also we give the labels Lg, %‘17, <o+, —m —n + 5 to the ver-
tices wy, ws, - - - , w,_3 respectively and %13, %21, -+ ,m+n — 3 respectively to the vertices
ws, Wy, * + + , Wnp_2. Finally fix the label 1 to the vertex w,,.

Case 2. m is even.

Fix the label 3 to the vertex ug. Then we assign the labels 2, -- ,mT“ to the vertices
UL, U3, ,Um—1 Tespectively and —1,—2,---, =" respectively to the vertices ug,usq,  + , Un,.
Hence there are four subcases arise:

Subcase 2.1 n =0 (mod 4)

In this case, we assign the labels m+4, m+12 ,- -+ ,m+n—> to the vertices vi,v5,- -+ ,Vn_3
respectively and mTH’, m«&2»147 eom4n—4 rebpectively to the vertices vg,vg, - ,Vp_o. Now
we give the labels 7";6, ’m2714, -+« ,—m —n + 4 to the vertices vz, v7, - ,v,_1 respectively
and _"5_8, _’"2_16, .-+, —m — n + 3 respectively to the vertices v4,vs,---,v,. More over we
assign the labels %‘2, %‘10, --+,—m —n + 6 to the vertices wy,ws, - ,w,_3 respectively
and *”;74, *m2*12,~-~ ,—m — n + 5 respectively to the vertices ws,wg, - ,w,—2. We also
give the labels mTJFS, mJ2rlG’ -+ m +n — 3 to the vertices ws,wr, -+, wy_1 respectively and
mAl0 mAl8 ... m 4 n — 6 respectively to the vertices wy, ws, -+ ,w,—_4. Finally fix the label
1 to the vertex w,,.

Subcase 2.2 n =1 (mod 4)

We now assign the labels m+4, m+12, -+« ,m+n—6 to the vertices vy, vs, -+ ,vp_4 TESPEC-
tively and mT%, %14, --+,m + n — 5 respectively to the vertices vy, vg, -+ ,v,—3. Therefore
we give the labels 7";6, ’m2714, -+« ,—m — n + 5 to the vertices vs, v7,- - ,v,_o respectively
and _7’;_8, %‘16, --+,—m — n + 4 respectively to the vertices vy4,vs, - ,v,_1. Fix the la-
bel 1 to the vertex v,. Furthermore we assign the labels %‘2, %‘10, ceo,—m —n+ 3 to
the vertices wy,ws, - -+ ,w,_3 respectively and *”;*4, 7m2712’ -+« —m — n + 6 respectively to
the vertices wo, wg, - ,wy—3. We also give the labels mTJrS, m<|2»16’ -+ ,m+mn — 4 to the ver-
tices ws, wr, - -+ , w,_2 respectively and %10, %18, -+ ,m+n — 3 respectively to the vertices
Wy, We,*** s Wp_1.

Subcase 2.3 n =2 (mod 4)

In this case, let us assign the labels m+4, m+12 , -+ ,m+n—23to the vertices v, vs, -+ ,Upn_1
respectively and m“’, m§147 e om4n—=6 rebpectively to the vertices vg,vg, - ,Vn_4. Now
we give the labels —75= 6 ”"2’14, --+,—m —n + 6 to the vertices vs,v7, - ,v,_3 respective-
ly and =%~ —m=8 _m2_16, .-+, —m — n + 5 respectively to the vertices vy, vs, -+ ,v,—2. Fix the
label 1 to the vertex v,. More over we assign the labels %‘2, %‘10, oo, —m—n+4 to
the vertices wy,ws, -+ ,w,_1 respectively and *”;*4, %*12, -+, —m — n + 3 respectively to
the vertices wo,wg, -+ ,w,. We also give the labels mTJrs, mgw, --«,m+n —5 to the ver-
tices ws, wy, - - -, w,_3 respectively and %10, %18, -+ ,m+n — 4 respectively to the vertices

Wy, Wg, -+, Wn—2.
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Subcase 2.4 n =3 (mod 4)

In this case, we assign the labels mT""L, %12, -+ ,m-+n—4 to the vertices vi,v5, -+ ,VUn_o
respectively and mT%, m;M, ---,m+n — 3 respectively to the vertices ve, vg, - ,Vn_1. Next
we give the labels ’”;’6, ’"3’14, -«+,—m — n + 3 to the vertices v3,v7,- - ,v, respectively
and _”5_8, %_16, -+, —m — n + 6 respectively to the vertices v4,vs, -+ ,v,—3. Then we
assign the labels %‘2, —m2—107 <o+, —m —n + 5 to the vertices wy, ws, -+ ,w,_o respectively
and _";_47 _m2_12,~-- ,—m — n + 4 respectively to the vertices wa,wg, - ,wn—1. We also
give the labels mTJrS, %16, -+ m+n — 6 to the vertices ws,wr, -+ ,wy_4 respectively and
mAl0 mAl8 ... m+n—5 respectively to the vertices wy, ws, -+ ,w,—3. Fix the label 1 to the
vertex wy,.

The following table shows that this vertex labeling A is a pair mean cordial of W,,, U L,
for all m >3 and n > 2.

m n S)\l S)\f
n =0 (mod 4 2m+§’"—2 2m+23n—2
misodd | n=1 (mod 4 2m+23n—3 2m+§n—1
n =2 (mod 4 2m+23"*2 2m+23n*2

2m+3n—3 2m+3n—1
2 2

n =0 (mod 4 2m+§’"_2 2m+§’”_2
miseven | n =1 (mod 4) | 2md3n=3 | 2midn-l
n=2 (mod 4) | Zmt3n=2 | 2mtin-3
n= mod 4 2m+23n—3 2m+23n—1
Table 2
This completes the proof. O

Example 3.5 A pair mean cordial labeling of Wg U L7 is shown in Figure 2.

5 -6 8 9 -9 -10 1

[ -7 -8 10 11-11

Figure 2

Theorem 3.6 P,, U L, is pair mean cordial for all m,n > 2.

Proof Let P, be the path ujus - - - u,. Note that P,, UL, has m+2n vertices and m+3n—3
edges.
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Case 1. m is even.

First we assign the labels 1,2,---, % to the vertices ui,us, -, um—_1 respectively and
—1,-2,---, *”;“ respectively to the vertices wuo, uq,- -+, Um—_2. Fix the label %*2” to the

vertex u,,. Hence there are four subcases that arise:

Subcase 1.1 n =0 (mod 4)

m+2 m+10 |
2 0 2

respectively to vertices v, vg, -+ ,Un_2. Next, we give

In this case, we assign the labels . ,W to vertices v, vs,- - ,U,_3 Te-

m+4 m+12 . m+2n—4
2 0 2 ) 2
he labels =m=4 —m—-12 ... —m—2ntd i ively and the label
the labels ——, —5—==, , 5 to vertices vz, v7, ,Un—1 respectively and the labels
—-m—6 —m-—14 = —m—=2n42
2 0 2 ) 2
—-m —m—8 —m—2n+8 : : —m—2 —m—10
bels =*, ceey 5 to vertices wy, ws, - -+ ,wp_3 respectively and =5—=, ===, ...

2 )

_’”%2"% respectively to the vertices wa, wg, - -+ , wp_o. Also, we give the labels T"T"‘G, %14

m+8 m+16 . m+2n
2 072 T T

spectively and

respectively to vertices vy, vs, -+ ,v,. Moreover, we assign the la-

S,

mA2=2 {6 the vertices ws, wr, -+ ,w,—1 respectively and respectively

to vertices wy, wg, -+ , Wy,.

Subcase 1.2 n =1 (mod 4)

m+2 m+10 |
2

Furthermore we assign the labels . ,%2” to the vertices vy, vs,- - , v, re-

s T 9
mtd mtl2 L. mA2nb regpectively to the vertices vg,vg, -+, vp—3. Therefore

we assign the labels =%=4 =m-12 ... —m-2n+0

ly and _”;_6, _m2_14, BN _m_22"+4 respectively to the vertices wvy,vs, - ,v,_1. More over

spectively and

to the vertices wvs,v7,--- ,v,_o respective-

we assign the labels =", *”;*8, -

”’5’2, 7m2710’ ceey ’m’;”*g respectively to the vertices wa, wg, - -+, wy_3. Also we give the la-

bels 26 mtld .. md2n—d ¢4 the vertices ws, wr, - -, w,_o respectively an
m+4+2n—2
2

-, =m=2n42 to the vertices wy, ws, - - -, w, respectively and

m+8 m+16
d 552, 557

respectively to the vertices wy, ws, -+ , Wp_1.

Subcase 1.3 n =2 (mod 4)

m+2 m+10
2

) 2
respectively to the vertices va,vg,- - ,v,. Therefore

In this case, we assign the labels . % to the vertices vi,vs5, -+ ,Vn_1

m+12 . m+42n

2 ) 2
—m—4 —m-=12
2 2 )

_m_22”+6 respectively to the vertices vy, vs, - ,vn_2. Furthermore we

respectively and mTH,
., =m=2nt8 o the vertices v3,v7,- -+ ,vn_3 respectively

we give the labels

—m—6 —m—14
a,nd 2 5 2 7- .. s
assign the labels =%, _”5_8, e _m_22"+4 to the vertices wy,ws, -+ ,wy_1 respectively and
—m—=2 —m=10 = —m—2n+2
2 T 2 T 2
m+6 m+14
2 0 2

respectively to the vertices wy, ws, - , Wy_2.

respectively to the vertices wso, wg, -+ ,w,. We give the label-

S
m+2n—4
2

m+2n—=6 : 3 m+8 m+16
. 5 to the vertices ws,wr, -+, w,_3 respectively and ™5=, =L

Subcase 1.4 n =3 (mod 4)

m+2 m+10 m+2n—4 -
ST, s 1o the vertices vy, vs, -+ ,Up_o

respectively to the vertices vs,vg, -+ ,v,—1. There-

In this case, we assign the labels

m+12 . m+4+2n—2
2 0 ’ 2

fore we give the labels =%=% =m-12 ..

7”376, ””2’14, cee ””722”*8 respectively to the vertices v4,vs, -+ ,v,_3. More over we
assign the labels =", _7’5_8, ceey _7”_22”"'6 to the vertices wy,ws, -+ ,w,_o respectively and
—-m—=2 —m-—10 = —m—2n+4

2 T 2 T 2

m+6 m+14
labels 5=, M52

respectively and mTH ,

- 7"“22’”2 to the vertices wvs,v7,--- , v, respectively

and

respectively to the vertices ws, wg, - - ,wp—1. Then we give the
m+16 |
2

- ,%2" to the vertices ws, w7, - ,w, respectively and mT%, AR

)
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W respectively to the vertices wy,ws, -+ , Wy—_3.

Case 2. m is odd.

In this case, assign the labels to the vertices u;,1 <7 <m —2 and v;,w;,1 <j <nasin

Case 1, Mum—1) = =252 and A(uy,) = =222,

In general, we shows that this vertex labeling A is a pair mean cordial of P,, U L,, for all
m,n > 2 in Table 3.

m n S)\l S)\tl:
= +3n—3 +3n—3
n =0 (mod 4) | ™t i
misodd | n=1 (mod 4) m+35n74 m+35n—2
= +3n—3 +3n—3
n =2 (mod 4) | M e
= +3n—4 +3n—2
n =3 (mod 4) | mER mt3n
= +3n—4 +3n—2
n =0 (mod 4) | M7 e
miseven | n =1 (mod 4) m‘*‘%"—?) m+:‘;n—3
= +3n—4 | m+3n—2
n=2(mod4) | & 2" m 2n
= +3n—3 +3n—3
n =3 (mod 4) | M1 el Bn
Table 3
This completes the proof. 2

Example 3.7 A pair mean cordial labeling of P; U Ly is shown in Figure 3.

8 -4 6 7 7
1 -1 2 -2 8§ -2 -8 [
- - - i 5 5 6 8

Figure 3

Theorem 3.8 C,,, U L, is pair mean cordial for all m > 3 and n > 2.

Proof Let C,, be the cycle ujus---uuy. Note that C,, U L, has m + 2n vertices and
m + 3n — 2 edges.
Case 1. m is even.

In this case, we assign the labels to the vertices u;, 1 < ¢ < m as in Case 1 of Theorem 3.7.

Hence there are four subcases that arise:
Subcase 1.1 n =0 (mod 4)

In this case, we assign the labels

)

mTH %10’... ,W to the vertices vy, vs, - -, Up_3
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respectively and *"5*2, 7777,27107 cee *m*22”+6 respectively to the vertices vo, vg, « -+ , Up—2. Nex-
t we give the labels ’”3*4, ”"2’12, S ’m722”+4 to the vertices vs3,v7, - ,v,_1 respective-
ly and @7 w, e ,% respectively to the vertices wvy,vs,: - ,v,. More over we as-
sign the labels =7, _72_87~-~ , _m_22"+8 to the vertices wi,ws, - ,w,_3 respectively and
mTH, %12, R %”*4 respectively to the vertices ws, ws, ..., w,_2. Also we give the labels
mi6 mAld .. mAZn=2 6 the vertices ws, wr, -+, Wy—1 respectively and =2=0 =m=ld .
_’”%2"” respectively to the vertices wy, ws, -+ , Wy,

Subcase 1.2 n =1 (mod 4)

In this case, we assign the labels %”, w

m+42n :
yor, 5 to the vertices vy, vs, -+ , v, re-

spectively and _"3_2, —m2—10’ SRR _m2_2" respectively to the vertices v, vg, -+ ,v,_3. There-

*”;*4, %,127 R *m%w to the vertices vz, vy, -+ ,v,_o respec-
m+8 m+16 . m+2n—2

2 0 2 J 2
we assign the labels =7, _”;_8, e _m_22”+2 to the vertices w1y, ws, - ,w, respectively and

mTH7 m-|2-12’ cee % respectively to the vertices ws, wg, - - - , w,_3. More over we give the la-

m+6 m+14 m-+2n—4
bels ™=, ML= 5

respectively to the vertices wy, ws, -« , Wp—1.

fore we give the labels

tively and respectively to the vertices vy, vs, - ,v,_1. More over

—m—=6 —m-—14
2 2 ’ ’

to vertices ws, wy,- -+ , wy_o respectively and
—m—2n+4
2

Subcase 1.3 n =2 (mod 4)

Furthermore assign the labels 742, mt10 ..

spectively and _"5_2, —m2—10’ cee _m_22"+2 respectively to the vertices v, vg, -+ ,v,. There-

m+2n—2 :
. 5 to the vertices vy, vs, -+ ,vp_1 TE-

_"3_4, %‘12, SRR _m%?’”'g to the vertices vz, v7,---,v,_3 respec-

m—+2n—4
2

fore we give the labels
2

tively and mT%, , , respectively to the vertices vy, vg, -+ ,vp—2. Next we as-

sign the labels =*, ’”378,~~- , ’"“22”*4 to the vertices wi,ws,- - ,w,_1 respectively and

m+4 m+12
2 02

m+2n
2

, , respectively to the vertices ws,wsg, - - ,w,. Finally we give the labels

%%7 %14, e % to the vertices ws, wr, -+ ,wy,_3 respectively and

—m—2n+6
2

—-m—6 -—m-—14
2 ’ 2 ’ )

respectively to the vertices wy, ws, - , Wp—_o.

Subcase 1.4 n =3 (mod 4)

m+2 m+10 |

2 0 2 >
_"5_2, _7”2_10, cee _m_22"+4 respectively to the vertices vo,vg, -+ ,vUp_1. Al-
so we give the labels _73_47 _’”2_12,~-- , _m_22"+2 to the vertices vs,v7,--- ,v, respective-
1y and mT—&-S’ 771—‘,2-167 e, —m—22n+6
assign the labels =", *”;*8, s *m*22”+6 to the vertices wy,ws, -+, wy_o respectively and

m+4 m+12 m+2n—2
2 2 2

In this case, we assign the labels , mE2n=4 6 the vertices v1,vs, -, Up_2

respectively and

respectively to the vertices vy, vs, -+ ,v,_3. More over we

respectively to the vertices wy, wg, - -+ , wp—1. Then we give the labels

—m—=6 —m-—14 = —m—2n+8
2 2 ) ’ 2

s S,

m+6 m+14
2 02

AR @ to vertices ws, wr, - - - , w, respectively and

respectively to the vertices wy, wg, - -+ , wWy_3.
Case 2. m is even.

In this case, assign the labels to the vertices u;,1 <4 <m and v;,w;,1 < j < n as in Case
1. If m = 3, A(um—1) = 1 and Table 4 shows that this vertex labeling A is a pair mean cordial
of C,, UL, for all m >3 and n > 2.
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m n S)\l S)‘T

m+3n—3 m+3n—1
2 2

: — m+43n—2 m+43n—2
misodd | n= 3 3

m+43n—3 m+43n—1

m—+3n—2 m+3n—2
2 2

m+3n—2 m+3n—2
2 2

miseven | n= m*%"’B m*%"’l

= +3n—2 +3n—2
n =2 (mod 4 e e
— +3n—3 +3n—1
n = mod 4 m 2” m 2’1
Table 4
This completes the proof. O

Example 3.9 A pair mean cordial labeling of C7 U Lg is shown in Figure 4.

1
11 % 34 6 7 -7 -8 10 1

i 5 5 6 8 9 -9-10

Figure 4

Theorem 3.10 S, U L, is pair mean cordial for all m > 3 and n > 2.

Proof Let us define
V(SmUL,) = {ujvj,wj:1<i<mand1l<j<n},

E(SnUL,) = {wtit1,unur,vjwj:1<i<m-—1land1l<j<n}

U{ului+2,vjvj+1,ijj+1 01 S ) S m—3and 1 SJ S n— 1}.

Clearly, the graph S,,, U L,, has m + 2n vertices and m + 3n — 2 edges.
Case 1. m is even.

In this case, we assign the labels to the vertices u;,1 <7 < m as in case (i) of theorem 3.9.

Hence there are four subcases that arise:

Subcase 1.1 n =0 (mod 4)

m+2 m+10 |
5

=3 -, mE2n=6 {6 the vertices vi, Vs, ,Vp—3

In this case, we assign the labels
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respectively and *"5*2, 7777,27107 cee *m*22”+6 respectively to the vertices vo, vg, « -+ , Up—2. Nex-

t we give the labels =%=% =m-12 ... —m-2ntd

mt8 mAl6 .. mA2n respectively to the vertices vy, vs,:+-,v,. More over we as-

sign the labels =7, _72_87~-

mTH, %12, R %”*4 respectively to the vertices wo, wg, -+, w,—_2. Also we give the labels
m+6 m+14
2 0 2

_’”%2"” respectively to the vertices wy, ws, -+ , Wy,

to the vertices vs3,v7, - ,v,_1 respective-

ly and

-, _m_22"+8 to the vertices wi,ws, - ,w,_3 respectively and

—-m—6 —m-—14
2 ) 2 ) )

-, =2 46 the vertices ws,wr, -+, wy—_1 respectively and

Subcase 1.2 n =1 (mod 4)

Assign the labels mT"‘Q, %10,"' ,%2” to the vertices wvq,wvs,--- ,v, respectively and

_"2“2, —m2—10’ s _m2_2” respectively to the vertices vs, vg, -+ ,v,_3. Then we give the labels
—-m—4 —m-12
2 1 2
m+2n—2
2

) )

- *m*22"+6 to the vertices vs, vy, -+ ,v,_o respectively and mT%, %16

respectively to the vertices v4,vs, - ,v,—1. More over we assign the labels =", =

m+4 m+12 . m+2n—6

2 0 2 T 2

tively to the vertices wo, wg, -+, wy,_3. We give the labels mTJrﬁ, mJQFM, R m+22"_4 to the ver-

—m—=14 = —m—2n+4
2 o 2

. _7”%2”"’2 to the vertices wy, ws, -+ ,w, respectively and

respec-

tices w3, wy, - -+ , Wy, _o respectively and *”;*6, respectively to the vertices

Wy, W+, Wp—1-

Subcase 1.3 n =2 (mod 4)

In this case, we assign the labels 22 mH0 .. mA2n=2 44 the vertices vy, vs,  * ,Un_1

=m 10 ... =me2nt2 pegpectively to the vertices vg,vg, - -+, v,. Then

—m—=4 —m-=12
2 > 2

m+2n—4 yespectively to the vertices vy, vs, - ,vn,—2. We also assign the labels

m+4 m+12 . m42n
2 T 92 ’ 2

m+6 m+14 . m+2n—=6
2 02 T2

. —m—2
respectively and —%5—=,

we give the labels
m+8 m+16
2 2

- _m_22"+8 to the vertices vs, vy, - - , v,_3 respectively and

s AU

= mme8 L =megntd g vertices wi, ws, ¢ -+, Wo—1 respectively and

2 2 ) )
respectively to the vertices ws, wg, - - - , w,. Furthermore we give labels

to the vertices ws, wr,- -+ ,w,_3 respectively and _"5_6, _7"2_14, s _m_22"+6 respectively to

the vertices wy, wg, -+ , Wy_o.

Subcase 1.4 n =3 (mod 4)

More over we assign the labels L+2’ mglo,

2
—m—10 ... _m_22”+4 respectively to the vertices vo, vg, - -+ ,v,_1. There-

2 ) )

fore we give the labels _@_4, —m2—127 -

ly and mT"'S, m;16,~-~ , _m_22”+6 respectively to the vertices wvyq,vs, - ,v,_3. Next we as-
sign the labels =m =m=8 ... *m*22”+6 to the vertices wi,ws, -+ ,w,_o respectively and

2 2
m+4 m+12 m+2n—2
2 2 2

m+2n—4 .
- S to the vertices vy, vs, - ,Up_o Te-

spectively and _";_2 ,

Y _m_22"+2 to the vertices vs, vy, -, v, respective-

respectively to the vertices way, wg, - - - , wy—1. Furthermore we give the

—m=14 .
2 ) )

) sy

labels %“'6, #, ceey %2” to the vertices ws, wz, - - - , w, respectively and %‘6,

_7”%2"4'8 respectively to the vertices wy, ws, -+ , Wp_3.

Case 2. m is even.

In this case, assign the labels to the vertices u;,1 <7 < m and v;,w;,1 < j < n as in Case
1. If m = 3, A(usm—1) = 1 and Table 5 shows that this vertex labeling A is a pair mean cordial
of S,, UL, for all m > 3 and n > 2.
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m n Sx, Sxe
n=0 (mod 4) | mtin=3 | mi3n-1
misodd | n=1 (mod 4) 7”‘*‘35"—2 m+?§"_2
n=2 (mod 4) | mt3n=3 | midn-l
n=3 (mod 4) | mtin=2 | mi3n-2
n=0 (mod 4) | mt3n=2 | mt3n-2
mis even | n=1 (mod 4) | mE3n=3 | midn-]
n=2 (mod 4) | mtin=2 | mt3in-2
n =3 (mod 4) m‘*‘?é"—?’ m+?é"—1

This completes the proof.

Example 3.11 A pair mean cordial labeling of Sg U L5 is shown in Figure 5.
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Abstract: This study introduces generalized integral type a — F-contraction mappings in
partial metric spaces that combine F-contraction, integral transformations, and a-admissible
mappings. It also investigates the existence and uniqueness of fixed points in the context of
partial metric spaces. We provide some examples to corroborate our findings.
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§1. Introduction

In 2002, Branciari [2] introduced the integral contraction as follows.

Theorem 1.1 Let (Qs,d) be a complete metric space, k € (0,1) and let T : Q5 — Qs be a
mapping such that for each s, (s € Qs

d(T”/s’TCS) d('YSA,Cs)
/ () dt < k / £(t) dt
0 0

where @ : [0,00) — [0,00) is a Lebesgue-integrable map which is summable, (i.e., with finite inte-
gral) on each compact subset of [0, 00), nonnegative, and such that for each € > 0, fOE &(t)dt >0,
then Y has a unique fized point.

For some motivated results on integral type contractions, see [10, 12, 5].

In 2012, Samet et al. [13] introduced a — 1) contractive type mappings and shown some
fixed point results for them. Wardowski [15, 16, 17] identified a new sort of contraction mapping
called F-contraction and shown that this mapping is a Banach contraction. Wardowski’s result
has been generalized by many authors (see [9, 1, 4, 14, 6]).

We begin by recalling a few definitions and lemmas. In 1992, Matthews [7] presented the

concept of partial metric space (PMS) as follows:

Definition 1.1 Let Q, be a non-empty set. A function gpm : Qs x Qs — [0,00) is said to be a

ICorresponding author: Heeramani Tiwari, Email: toravi.tiwari@gmail.com
2Received June 4, 2024, Accepted August 20,2024.
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partial metric on Qg if the following conditions hold:

(PMSl) Vs = Cs = me(%,%) = Q;Dm(C&Cs) = Q;Dm("YSaCs);

(PMSQ) me(fYSv’ys) S me(’)/s,Cs);

(PMS3) 0pm (s, Cs) = 0pm(Css7s);

(PMS4) me(’Ys,Cs) < QPWL('YSa LS) + me(L57Cs) - Q;Dm(Ls,Ls>' for all v4,(s,ts € €.

Lemma 1.2([7]) Let (Qs, 0pm) be a partial metric space.

(a) A sequence {vs,} in (Qs, 0pm) converges to a point s € Q5 <

Opm (Vs Vs) = nlggo Opm (Vs s Vs)-

(b) A sequence {vs, } in (s, 0pm) s a Cauchy sequence if limy, n—soo Opm Vs, s Vs, ) €Tists
and finite.

(¢) (s, 0pm) is complete if every Cauchy {vs,} in Qs converges to a point vs € Qg, such
that

Opm (Vs:Ys) = lim Opm (Vs s Vs ) = Jim Opm (VsnsVs) = Opm (Vs> Vs)-

Lemma 1.3([7],[8]) Let 0pm be a partial metric on Q, then the function dg,, : Qs x Qs — R
such that

dgm(%, Cs) = 2me('757 Cs) - .me(%, 'Vs) - me((m Cs)
is metric on Q. Let (Qs, 0pm) be a partial metric space. Then,
(1) A sequence {vs, } in (Qs, 0pm) is a Cauchy sequence < {vs,} is a Cauchy sequence in

the metric space (Qs,d2,,.).

S pm

(2) (s, 0pm) s complete < (Qy,d8,,) is complete. Moreover,

S pm

lim dﬁm(%nﬁs) =0« me(’Y&'YS) = nlggo me(’}/sn,’}/s) = lim me(’sta'Ysm)'

n—oo n,m—o0

Lemma 1.4([11]) Assume that s, — ts as n — 00 in a partial metric space (Qs, Opm) such

that opm (ts,ts) =0 Then limy, o0 0pm(Vs,:Cs) = 0pm(Ls, (s) for every (s € €.

Lemma 1.5([3]) Let (Qs, 0pm) be a partial metric space.

(1) if me(’stCs) =0 then vs = (5.
(2) If vs # s then opm (s, Cs) > 0.

Samet et al. [13] introduced a-admissible mapping as follows:

Definition 1.6 Let T : Qs — Qg and a: Q5 X Qg — [0,00). T is said to a-admissible if

a(’stCs) > 1= O‘(T’Y&TCS) >1
for all vs, (s € Q.

Wardowski [15] presented a new class of contraction mappings as follows:
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Definition 1.7 Let Az be family of all functions F Rt = R satisfying
(F1) F is strictly increasing, i.e. for allw,v € RT if w < v then F(w) < F(v);

(F2) for each sequence {wy} of positive numbers,

lim w, =0 < lim F(w,) = —oc;
n—oo n—oo

(F3) there exists A € (0,1) such that

lim w*F(w) = 0.

w—0T

Wardowski [15] defined F-contraction as follows:

Definition 1.8 Let (Q25,d) be a metric space, then the mapping T : Qg — Qg is said to be an
F-contraction, if there exist F € Az and T > 0 such that for all v, (s € Qg with d(Tvs.T¢s) >0

we have
T+ F(d(Ys, YCS)) < F(d(vs, Cs))-

§2. Main Results

Let ® be family of all functions ¢ : [0,00) — [0,00) such that ¢ is a Lebesgue-integrable

mapping which is summable on each compact subset of [0, c0), nonnegative and for each ¢ > 0

/Ef(t)dt>0
0

Definition 2.1 Let (Qs, 0pm) be partial metric space and let T : Qg — Q5 be a self map. Then
T is said to be generalized integral type o — F-contractive mapping if there exists two functions
a: Qs x Qs —[0,00) and Fe Ag such that for > 0 with opm (Tvs.Y¢s) >0

- 0pm (T7s,Y¢s) N A(7s,Cs)
- f(am o | 0 dt) < f( [ ew dt), (2.1)

where p € ¢ and

A('YSa Cs) = max{@pm(’)/m Cs), Opm ('YSa T'Ys)a me(CSv TCS)}

Theorem 2.1 Let (s, 0pm) be a complete partial metric space and T : Qg — Q5 be self
mapping. Suppose a: Qs x Oy — [0,00) be the mapping satisfying the conditions:

(i) Y is a-admissible mapping;

(i1) Y is generalized integral type o — F-contractive mapping;
(731) There exists vs, € Qs such that a(Vsy, Yvso) > 15

(iv) T is continuous,
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then Y has a fixed point in ().

Proof Let 75, be an arbitrary point such that a(vs,, Tvs,) > 1. Consider a sequence {~;s, }
in Q, such that v,,,, = Tv,, for allm € N.
If vs,, = Y54, for some n € N, «, is a fixed point of T, completing the existence proof.

Assume vy, # vs,,, for every n € N, Lemma 1.5 states that

me('stv’yanﬂ) = me(T’ySn—17T’ysn) > 0.
Now, since T is a-admissible, so
a(Yvsg, Ts,) = sy, 7s,) = 1
(T, Ts,) = Vs, Vss) = 1

and using induction we have a(vs,,,7s,,,) > 1 for all n. € N.
Now, Using the property (F1) we get

- me(’st”stJrl) - Opm (VSna’stJrl)
7 ( f0at) <7+ (o) | &0 at)
0 0
~ .me(T'st,I ;T"/sn)
—T+F<a(’ysn,’ysn+l)/ &(t) dt>
0

gl

A(’st_l 7"/571)

IN

£(t) dt) (2.2)

S—

where

A(Vsp 1) Vsn) = maX{me (Vsn_19>Vsn)s Opm (Ysn—1s TVsp 1) Opm (Ysns Ts,)}
= maX{me (Ysn_15Vsn)> Opm (Ysn_15Vsn)s Opm (Vs> Vsn+1 )}

= max{ Opm (YVon_15Vsn)> Opm (Vs> Vsnt1 )} (2.3)

Now, using (2.3) in (2.2) we get that

B Opm (Vsp »Ysp 1) 5 max{0pm (Vs,, _1,Ysn):0pm (Vo Vs 1)}
T+f</ 0 dt) gf(/ £(t) dt). (2.4)
0

0

Now, if me(7571a7sn+1) > me(f)/sn—17pysn)7 then we get

~ Opm ('Ys" Vspg1 ) ~ Opm (’st Vepp1 )
T-l—f(/ f(t)dt><}—</ f(t)dt)7
0 0

which is a contradiction, Therefore

A(’st,m’}/sn) = me('st,p’st)- (25)
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Again, Using (2.5) in (2.4) we get

B opm (Ysp, v'YsT,,_H) ~ Opm (Ysp_1:Vsn)
}'< / () dt) < f( / (1) dt) o (2.6)
0 0

Continuing in the same way, we obtain

- 0pm (Vsn Vs 1) - Opm (Vs p_1+6pp_2)
]-'(/ &(¢) dt) < ]-'(/ &(t) dt> —T. (2.7)
0 0

Using (2.7) in (2.6) we get that

_ Opm ('st Vspp1 ) - Opm (’st—l sVsn )
]—'(/ £(t) dt) < ]-'</ £(t) dt> -
0 0

Opm (’st,1 7‘£pn72 )
( / 0 dt) _or
0
On generalizing

~ Opm (’Y"‘n”ysnﬁ-l) ~ me(gpoyfpl)
]-"( / £(t) dt> < ]—'( / £(t) dt> . (2.8)
0 0

Letting the limit 7 — oo in (??) and using the definition of F we get

IN
N

Opm ('Ys” ”st-f—l)
lim ]—'(/ () dt) = -0 & ILm Opm (Vs s Ysnia) = 0. (2.9)
0 n oo

n— oo

Consequently, we get
m 0pm (Vs,s Ysnia) = 0. (2.10)

n—oo
Now, we show that {vs,} is a Cauchy sequence in s, i.e., we prove that

lim me(%n,%m) =0.

n,Mm—00

Put €, = 0pm (Vs,»Vsn.s) for n € N. Then, from the property (F3) of F contraction there
exists k € (0, 1) such that
lim ef F(e,) = 0. (2.11)

n—oo

Following (2.8) for all n € N we obtain

~ opm (Vsp, Vepp1 ) - Opm (5170 Ep1 )
ek (]—'(/ £(t) dt) — ]—'(/ () dt)) < —efnr <o. (2.12)
0 0

Considering (2.10), (2.11) and letting n — oo in (2.12) we get

i (n(0pm (Vs> Venss)*) = 0. (2.13)

n—oo
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Since (2.13) holds, there exists n, € N such that n(0pm (Vs,, Vs..,))* < 1 for all n > n, or
(2.14)

3
|

QPM(’st,’stH) <

for all n > ny,.
Using PMS/ (triangular inequality) and (2.14) we obtain that for m > n > n,,

Opm (Vs s Vom) < me('ysn ) '78n+1) + Opm ('78%1 ) 'st+2> ot me(’ysm—l s Vs )
- [me('787L+1a'75n+1) + Opm ('st+2>'78n+2) ++ 0pm (Vsm—1> Vsm_1)]

< me('ysn ) '78n+1) + Opm (78n+1 ) 'st+2) ot ‘me(’ysm.—l s Vsm)

m—1 0o oo 1
= Z me(’ysiv'ysprl) < Z me(75i77si+1) < Z T
i=n i=n i=n nk

Since k € (0,1), the series > ;o I is convergent, so

nk
M 0pm (Ys,s Vs ) = 0.

n,Mm—00
This implies that {vs,} is a Cauchy sequence in (Qs, 0pm). Due to Lemma 1.3, {v,} is a
Cauchy sequence in (£, dg,,) which is complete. Therefore the sequence {v;,} is convergent
in the space (s, dgm) as a result there exist ¢5 € {25 such that lim,, dg,, (¥s,,ts) = 0. Again
from Lemma 1.2, we get

Opm (s, ts) = nlglgo Opm (Vs » bs) = mlgrgoo 0pm (Vsn»Vsm) = 0. (2.15)
Moreover, As T is continuous, we have
te = lim v,,., = lim Tv,, =T,
n—oo n—oo
O

This completes the proof.

Theorem 2.2 Let (s, 0pm) be a complete partial metric space and T : Qg — €5 be self
mapping. Suppose a: Qg x Qs — [0,00) be the mapping satisfying the conditions:

(i) T is a-admissible mapping;
(it) Y is integral type generalized ov — F-contractive mapping;

(iit) There exists vs, € Qs such that a(Vs,, Yvso) = 1;
(iv) If {vs,} s a sequence in Q such that a(vs,,Vs,.,) = 1 for all n and ~,, — ts € Qy

asm — oo, then there exists a subsequence s, of {7s,} such that a(vs, ,ts) > 1 for all i;

(v) F is continuous,
then T has a fized point in Qg.Further if vs, 1 are fized points of T with a(ts,tt) > 1, then T

has a unique fized point in .

Proof From the proof of the Theorem 2.1, the sequence {v,, } defined by v;,,, = Tv,, is
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a Cauchy sequence in (s, gpm). Due to Lemma 1.3, {75, } is a Cauchy sequence in (s, d2,,)

$H»¥'pm

which is complete. Therefore the sequence {7, } is convergent in the space (€2, d,,) as a result

there exist 15 € Qg such that lim,,_ o dgm('ysn,Ls) = 0. Again from Lemma 1.2, we get
Opm (s, ts) = 7}1_{1010 Opm (Vs » Ls) = m}}lgloo 2pm (Vs> Vs) = 0. (2.16)

We now prove that YT has a fixed point.

On contrary we suppose that (Yis,¢s) > 0. Then from condition (iii) there exists a
subsequence s, ,, of {7s,} such that a(vs,,ts) > 1 for all i. By Using given contractive
condition (2.1) for 75 = s, and (s = ¢ and property of F we have

- QPM(Epn(,-)Jrl Yes) - me(T'st(i>7TLs)
T—i-]:(/ f(t)dt)=T+]:(/ §(t)dt>
0 0

~ Qp'rn(T’st(i) 7TL5)
T+ ‘F(a(fysn(i) ils) / &(t) dt>
0

IN

- A(’sta)ﬂ/s)
< }'< / 0 dt) (2.17)
0
where
A('st(i) L) = maX{me(’st(i) ils)s me(%n(i) ) T'stu))a opm (ts, Tis)}
= max{gpn ('st(i) s Ls)s Opm (73n<i) ) fpn(i)+1 )s Opm (s, Tis)} (2.18)

Taking n — oo in (2.18) and using (2.16) we get that

hm A('Ys,,,(i) ? LS) = me(l's7 TLS)' (219)

n—oo

Now, Letting n — oo in (2.17) and using (2.19) and the continuity of F we get that

pm (Ls,Tis) 5 pm (Ls,Ts)
T+ﬁ</g §(t)dt> g]—‘(/g 5(t)dt>
0 0

which is a contradiction since 7 > 0, Thus we have Yty = t,. This shows that ¢, is a fixed point
of T. Further, suppose ¢s and ¢; be two fixed point of T such that g, (ts,t) > 0. From (2.1)

we have

< ﬁ(/OA(LS’H)g(t) dt), (2.20)
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where
A(Ls; Lt) = max{@pm(bsa Lt)a me(bsa Tbs)a me([/ta Tbt)}
= max{gpm(Lsa Lt)v me(bsa Ls)a «me(Lt; Lt)} = me(Lsa Lt)' (221)

Putting (2.21) in (2.20) we get

p'm(’»s;’*t) p'm(’»s;’»t)
T+f</g £(t) dt> < ﬁ(/g £(t) dt>, (2.22)
0 0

which is a contradiction. Hence Y has a unique fixed point. O

Following are consequences of the theorems.

Corollary 2.3 Let (s, 0pm) be a complete partial metric space and let T : Qs — Qg be a self
map. Suppose that there exist F € Ag and T > 0 with 0pm(Y7s.T(s) > 0 be such that

0pm (Tvs,T¢s) 0pm (Vs,Cs)
r+ﬁ(/ ! £(t) dt> < ﬁ(/ ! £(t) dt) (2.23)
0 0

for all vs,(s € Qs and ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable

on each compact subset of [0,00), nonnegative and for each € > 0

/eg(t)dt>0
0

and F or Y is continuous. Then Y has a unique fized point in Q.

Corollary 2.4 Let (Qs, 0pm) be a complete partial metric space and let T : Q3 — Qg be a
continuous self map. Suppose that there exist k € (0,1) with gpm (Tvs.YCs) > 0 such that

QPM(T'YS 7T<S) me(')'-w(s)
/ () dt < k / £(t) dt (2.24)
0 0

and ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable on each compact

subset of [0,00), nonnegative and for each ¢ > 0

/eg(t) it >0,
0

then YT has a unique fized point in €.

Example 2.5 Let Qg = [0,1] and define g, : Q5 X Q5 = RY by 0pm (75, () = max{ys, (s}
Then (s, 0pm) is a complete partial metric space. Consider the mapping T : Q5 — Q defined
by T(ts) = 4. Suppose that {(t) = 2t. Define the function F:Rt - R by F(a) = Ina for all
a€RY >0and a: Qs x Qs — [0,00) by a(vs,(s) = 4 for all v, (s € Qs.

We show that contractive condition of Theorem 2.1 is satisfied. Let 75, (s € €5, without
loss of generality we assume that v, > (,. Suppose that gpm(Yvs, T¢;) > 0 and let 7 = In(2),
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then
B opm (T7s,Y¢s) ~ Qp”m(%7%) 72
T+I<a(%,Cs)/ f(t)dt> =r+f(4/ 2tdt> =7 +F())
0 0

2 2

vz Y3

=In(2) + In(2) =In(=

n(2) + () = In(5)

Hence, T has a fixed point, which in this case is 0.

Example 2.6 Let Qg = [0,1] and define g, : Q5 X Q5 = RY by 0pm (75, () = max{ys, (s}
Then (9, gpn;) is a complete partial metric space. Consider the mapping Y : Q; — Q; defined
by Y(ts) = L3+f2'045. Suppose that 7 = In(1.5) and £(¢t) = 1 for ¢ > 0. Define the function
F:RT = R by F(a) = In(a) for all a € R* > 0.

We show that contractive condition of Corollary 2.3 is satisfied. Let s, (s € €25, without

)

loss of generality we assume that v5 > (5. Suppose that Y~y # T(,, then

- 0pm (Y75, TCs) - Qpm (
7'—|—]:</ g(t)dt)=r+f</
0 0

- (72 +0.045
=7+ ]-"(7“’ + )

72+40.045 ¢240.045
2 T 12

12

2+0.04
=In(1.5) + In <W>

12
<In(ys) = f-( /OQW(%CS) &(t) dt). (2.26)

Therefore, it satisfies the condition of Corollary 2.3. Hence Y has a fixed point, which in this
case is 0.003751.

§3. Conclusion

In this article, we prove fixed point theorems for generalized integral type o — F contraction
in complete partial metric spaces and provide corollaries of the results. We also provided some
examples to validate the results. This article extends and generalises previous research findings.
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Abstract: The spectral graph theory explores connections between combinatorial features
of graphs and algebraic properties of associated matrices. In this paper, we introduce modi-
fied maximum degree matrix M (¢) of a simple graph ¢ and obtain a bound for eigenvalues
of Mar(¢). We also introduce modified maximum degree energy Ear,,(¢) of a graph ¢ and
obtain bounds for Ear,, (¢).
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values, energy of a graph.
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§1. Introduction

The spectral graph theory plays an important role in analyzing the matrices of graphs with the
help of matrix theory and linear algebra. Now, spectral graph theory has attracted the attention
of both pure and applied mathematicians whose benefit lies far from the spectral graph theory,
which may be surprised because graph energy is a special kind of matrix norm. They will then
recognize that the concept of graph energy (under different names) is encountered in several
seemingly unrelated areas of their own expertise.

The eigenvalues are closely related to almost all major invariants of a graph, linking one
extremal property to another, they play a central role in the fundamental understanding of
graph. In 1978, I. Gutman related the Graph energy and total 7-electron energy in a molecular
graph; it was defined as, the sum of absolute values of the eigenvalues of the associated adjacency
matrix of a graph (. Later, many matrices were defined based on distance and adjacency among
the vertices, degree of the vertices involved in forming the graph structure like: Zagreb matrix
[5], Randic matrix [10], distance matrix [1], Seidel matrix [2], Laplacian matrix [6], Seidel
Laplacian matrix [9], signless Laplacian matrix [3], Seidel signless Laplacian matrix [8], degree
sum matrix [7], etc.

In the study of spectral graph theory, we use the spectra of certain matrix associated with
the graph, such as the adjacency matrix, the Laplacian matrix and other related matrices. Some

useful information about the graph can be obtained from the spectra of these various matrices.

1Received April 9, 2024, Accepted August 22, 2024.
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Throughout the paper, we consider a simple graph (, that is nonempty, finite, having no
loops, no multiple and directed edges. Let V(¢) = {d1,02, -+ ,0v(c)}- The adjacency matrix
A(C) of the graph ( is a square matrix of order |V (¢)| whose (i, j)- entry is equal to unity if the
vertices 0; and d; are adjacent and is equal to zero otherwise. The eigenvalues A1, A2, -+, A\jy(¢),
of A(¢), assumed in non-increasing order, are the eigenvalues of the graph ¢. As we defined
before the energy of ( is

B(Q) =3I\,

The concept of graph energy arose in chemistry. An interesting quantity in Huckel theory is
the sum of the energies of all the electrons in a molecule, the so-called total m—electron energy.

In this article, we introduce modified maximum degree Matrix M;(¢) of a simple graph
¢ and obtain a bound for eigenvalues of Mj;({). We also introduce modified maximum degree
energy Fr,,(¢) of a graph ¢ and obtain bounds for Fyy,,(¢). Also we define the concept of
HDR energy of graph with some interesting results.

82. Modified Maximum Degree Matrix of a Graph

Definition 2.1 Let ¢ be a simple graph with vertices 1,02, ,0|v(¢)| and let d; be the degree
of 6;, 1 =1,2,--- ,|V(C)|. Define,

b max{ds;,ds;} +1, if §; and 0; are adjacent,;
N 0, otherwise.

Then, the |V (C)| x |V ()| matriz M (C) = [bij] is called the modified mazimum degree matric
of graph C.
The characteristic polynomial of modified maximum degree matrix My, (¢) is defined by

(¢ A) = Det(A — My (Q))
— /\|V(<)‘ +a; /\‘V(C)|—1 + as )\|V(C)‘—2 4+ ..+ a|V(C)"

where [ is the unit matrix of order [V({)|. The roots A1, s, -+, Ajy(¢) assumed in non-
increasing order are the modified maximum degree eigenvalues of (. The modified maximum

degree energy of a graph ( is defined as
[V (<)l

1=1

Since M;(¢) is a real symmetric matrix with zero trace, these modified maximum degree

eigenvalues are real numbers with sum equal to zero. Thus Ay > Xy > ... > /\‘V(<)| and

ALF A2+ A = 0
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Example 2.2 The modified maximum degree matrix of the graph (; in Figure 1 is

My (G) =

oS W o W

30
0 3
30
0 3

w O w O

The characteristic polynomial of the modified maximum degree matrix My (¢) is

Y(C15A) = Det(A — Ma(C1))

I A =3 0
0o -3 X =3
-3 0 =3 A
A =3 0 -3 -3 0 -3 X 0
=Al-3 X =3|+3|0 X -=3/+0]0 -3 -3
0 -3 A -3 -3 A -3 0 A
-3 X -3
+3]0 -3 A
-3 0 -3

= A(A(V —9)+3(=3X-0) + 0)
+ 3<3()\2 -9)+3(0-9)+ 0>
+ 3(—3(9 —0) —A(0+3X) —3(0— 9))
= A" —36\°
and the modified maximum degree eigenvalues of (; are
A =0, Aa=0, A\3=6, A\y =—6.

1 2

4 3

Figure 1. The graph (4
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Definition 2.3 dj,(v) = |{u,v € V()|d(u,v) = [Z]}| and d(u,v) is the distance between the
vertices u and v in V(¢) and R is the radius of graph (.

Definition 2.4 Let ¢ be a simple graph with n vertices vy, va, ..., v, and let dp,i be the degree
of v;, 1 =1,2,..n defined

dnrij = max{dpri, dprj}

if the vpi,vprj adjacent and 0 otherwise. Then the n x n matriz H(C) = [dp,ij] is called
mazimum HDR degree matriz of (. The characteristic polynomial of the maximum degree

matriz H(C) is defined by
a(Ce) = det(el — H(Q))
= "Hae" Faxe" - tap,

where I is the unit matriz of order n.

83. Some Bounds of Modified Maximum Degree Energy

We now give the explicit expression for the coefficient a; of AIV(OI=% (7 =1,2,3,.-- [ |V(¢)]) in
the modified characteristic polynomial of the maximum degree matrix My, (¢). It is clear that
ap =1 and a; = trace Mp;(¢) = 0. We have

0 opy+1
a9 =
1<r<i<iv(e) 0L + 1 0
and
0 dry+1) ) —(max{d;+1,dy + 1})?, if 67 and d;, are adjacent;
dyjp+1 0 0, otherwise.
Thus,

V)l
ay=— Y (ri+z)(dy +1)°
k=1

V(O
= — Z (ri + z1)(d(0) + 1)2
k=1

where 7, = the number of vertices in the neighborhood of §; whose degrees are less than d(dy)
and z, = the number of vertices §; j > k in the neighborhood of §;, whose degrees are equal to
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d(5).

drp+1 dpg+1 dpp+1
B0 T e dtt e
1<SL<J<hL|V(Q)] dp +1 dpg+1 dpp+1

— 9 Z (drg+1)(dyn 4+ 1)(dp + 1)
1<L<I<hL|V(Q)]

=-2 > (d(dn) +1)*(d(65) + 1)
d(81)<d(d5)<d(6n)

Example 3.1 For the graph (; in Figure 1, the coefficient as of A% in the characteristic

polynomial of the modified maximum degree matrix Mj;({1) is equal to

4

ag = — Z(rk + 2)(d(6) +1)?

k=1

= - ((o +2)2+ 1)+ 0+ D2+ 1)+ 0+ 12+ 1)+ (0+0)(2+ 1)2) = —36.

Theorem 3.2 If A1, A2, -+, \jy(¢)| are the modified mazimum degree eigenvalues of a graph ¢,

then
V(O

Z )\12 = 720,2.
i=1

Proof We have

V(I VOl AVl
Z M = trace of My (¢) = Z (Z dijdji)

i—1 i=1 N j=1
V(O
=2 Z ('l"i + Zl)(d(éz) + 1)2 = —2as.

i=1

This completes the proof. O

Theorem 3.3 Let  be a graph. Then,

V)l .
2 Z (d(8:) + 1) + [V(OI(IV (O] = 1)pTver

V(O
< Eany (€) < 4 | 21V(O)] Z (ri + 2:)(d(d:) + 1)*.
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Proof We have

V() 2 V()]

i=1 i=1 i#l

Vol ]
>2 3 (ri+2)(d(8) + 1) + [V(QI(V(Q) — 1B,

i=1

where
V(O

= 1] Nl

i=1
and the last inequality is due to Theorem 3.2, the arithmetic mean, the geometric mean in-

equality. On employing Holder’s inequality, we obtain

V(I

EJWM(C): Z ‘)‘2|
i=1

V(¢

)|
S\ > il VIV

V(O
= 2VQI S (i + 2)(d(5) +1)2
=1

This completes the proof. O

Proposition 3.4 Let ¢ be a graph such that ¢ = C,,, Ky, m, Wy, Fp. Then, the mazimum HDR

degree energy of ¢ is same as its maximum first degree energy.
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Abstract: A Grundy n-coloring of a graph G is a proper vertex coloring in which every
vertex in V(G) colored with C,, is adjacent with all C,,—1 colors. The Grundy cloring or
Grundy number I'(G) is the maximum number which can also be predicted by greedy coloring
strategy by choosing some vertex order to obtain maximum colors. In this paper, we provide
some exact values for Grundy coloring of degree splitting graph of wheel graph, helm graph,
sunlet graph, crown graph and Friendship graph which are denoted by [D.S(W,,)], [DS(H,)],
[DS(Sn)], [DS(Hn,n)] and T'[DS(Fy)] respectively.

Key Words: Proper coloring, Grundy coloring, Smarandachely Grundy coloring, greedy
algorithm, degree splitting graph.
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81. Introduction

Throughout this, we consider only a simple, finite, undirected & connected graph. Graph
coloring is the allocation of colors to the vertices of a graph G. A proper k-coloring is defined
by the mapping o : V(G) — Cs where o(f) # o(g) for Vf ~ g, (f,9) € V(G) [1, 10]. The
Grundy k-coloring is a proper k-coloring in which f ~ Cy, f ~Cy, f ~Cs, -+, f ~ Cs_1 for ¥V
o(f) = Cs. This Grundy number I'(G) was initially studied by P.M.Grundy for directed version
in 1939 but the undirected version was introduced by Christen and Selkow in 1979 [1, 2, 5]. This
can also be predicted by using greedy algorithm which consider the vertices in some sequence
and assign them its first available color. We know that, u(G) < x(G) < T'(G) < A(G) +1
where u(G) is the clique number [3].

§82. Preliminaries

A Grundy n-coloring of G is an n-coloring of G such that V color Cy, every node colored with C;
is adjacent to at least one node colored with Cy, V Cs < Cy and the Grundy chromatic number
I'(G) is the maximum number n such that G is Grundy n-coloring [3]. Generally, if G \ H is
Grundy n-colourable for a typical subgraph H < G such as a path P, cycle Cs or K; , for an
integer s > 1, then G is said to be Smarandachely Grundy n-colourable on H. Clearly, such a

ICorrespondence author: R. Pavithra, Email: rpavithra_phd@kongunaducollege.ac.in
2Received March 5, 2024, Accepted August 23, 2024.
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Smarandachely Grundy n-colouring is nothing else but a Grundy n-colouring if H = ().

A graph with V(G) = 51 U Sy U---US; UT where each S; is a set of all vertices of same
degree with at least two elements and T' = V(G)\{S1US2U- - -US;}. The degree splitting graph
DS(G), is obtained from G by adding vertices wy, ws,- -+ ,w; and joining w; to each vertex of
S; for 1 <i¢ <t 8, 10].

For any integer n > 4, the wheel graph W, is the n-vertex graph obtained by joining a
vertex vy to each of the n-1 vertices wy,ws, -+ ,wy,—1 of the cycle graph Cy,—1 [11].

A helm graph H, is a graph formed from a wheel W,, by attaching a pendant edge to each
terminal vertex [7].

An n-sunlet graph on 2n vertices is obtained by attaching n-pendant edges to the cycle C,,
and is denoted by S, [11].

A crown graph(also known as a cocktail party graph) H, , is a graph obtained from the
complete bipartite graph K, ,, by removing a perfect matching [6] and the friendship graph F,
is the n-collection of cycle C's with a common vertex.

§3. Main Results

Here, we concentrate on exact values of Grundy Coloring of Degree Splitting graph of wheel
graphs, helm graphs, sunlet graphs, crown graphs and friendship graphs which are symbolised
by [DS(W,,)], [DS(H,)], [DS(Sn)], [DS(Hp )] and T'[DS(F,)] respectively.

Theorem 3.1 Forn > 4, the grundy coloring for degree splitting graph of wheel graph W, is

given by
n+1, n=4,
FDSW,)] =< n—2, n=S5,
4, n > 6.

Proof Consider a wheel graph W,, with vertex set

where v; is the hub vertex and edge set
E(W,) = {viv; i € (1,n]} U {vvig i € (1,n)} | J{vavn}

such that | V(W,,) |= n and | E(W,,) |= 2n — 2. Moreover, A(W,,) = n — 1 and 6(W,,) = 3.
We have T' = {v; : i € [1,n]} for n = 4 otherwise T' = {v; : i € (1,n]}.

Thus, by the construction of degree splitting graph, we introduce a new vertex w corre-
sponding to the vertex set T and hve V[DS(W,,)] = {v; : i € [1,n]} U{w} and E[DS(W,,)] =
{vav,} U{v1v; 1 1 € (I,n]} U{vvipr 14 € (1,n)} U{wy; : ¢ € [1,n]} for n = 4 otherwise
E[DS(W,,)] = {vevn} U {v1v; 2 i € (1,n]} U{vvigr 21 € (I,n)} U{wy; : i € (1,n]} where
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| V[DS(W,)] |=n +1 and

3n—2, n=4,
| E[DS(W,)] |=
3n—3, n#4
provided 6[DS(W,,)] = 4 and
n, n =4,
A[DS(Wy)] =
n—1, n#4.
Consider the colors C1,C5, Cs, - -+ and assign the colors as follows.

Casel. n=14

In this case, assign the colors by using the mapping = : V[DS(W,,)] = {Cy : 1 < k < 5}
such that

em(w) = Cs,
047 1= 15
Cs, i=2,
[ ] 7T(IU,L) = CB 1 3
2, =29,
C, i=4.

Thus, I'[DS(W,,)] = 5 for n = 4 where I'[DS(W,,)] > 5 is not possible since I' < A + 1 and
suppose I'[DS(W,,)] < 5, eventhough it satisfies the definition of Grundy coloring it is not
maximum. Hence, T[DS(W,,)] =n+ 1 for n = 4.

Case 2. n=5

In this case, consider the mapping ¢ : V[DS(W,,)] — {Ck : 1 < k < 3} and assign the
colors as follows.

e p(w) = Cs,
Cs, i=1,

® p(vi) = Cs, i=0(mod)2,
Cy, i=1(mod)2.

Thus, I'[DS(W,,)] = 3 for n = 5.
Suppose I'[DS(W,,)] > 3, then it makes the vertex vs colored with Cy not adjacent with
C4 which contradicts grundy coloring for the mapping ¢(w) = ¢(v1) = Cy,

C3, i =0(mod)2,
¢(U’L) = 027 1= 37
Ci, i=5
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and suppose I'[DS(W,)] < 3, it contradicts the definition of proper coloring. Therefore,
I'DS(W,)] =n—2for n=5.

Case 3. n>6

Let us consider the mapping ¢ : V[DS(W,,)] — {C} : 1 < k < 4} and assign the colors as

follows.

Subcase 3.1 n = 0(mod)2

Y(w) = P(v) =Cy,
P(vg) = Cs,

Y(vi) =

Subcase 3.2 n = 1(mod)2,

Y(w) = P(v) = Cy,
Y(v2) = Y(vp-1) = Cs,

blo) = Cy, z = 1(mod)2, |
Cy, i=0(mod)2 and i=n.
Thus, from the above subcases, I'[DS(W,,)] = 4 for n > 6.

Suppose I'[DS(W,,)] > 4, then it makes some vertex colored with Cj, not adjacent with all
C—1 colors. For instance, I'[DS(Ws)] = 5 in which the vertex vy colored with Cy and vz colored
with C3 are not adjacent with the color C; for the mapping (w) = ¥(v1) = Cs, ¥(va) = Cly,
Y(v3) = Cs, Y(vy) = Y(vg) = Co and ¢ (v5) = Cq. This contradicts Grundy coloring. Similarly
4 < T[DS(W,)] < n leads to contradiction of grundy coloring. And suppose I'[DS(W,,)] < 4,
eventhough it satisfies grundy coloring it is not maximum. Therefore, I'[DS(W,,)] = 4 for
n > 6.

Thus, from all above cases, we have

n+1, n=4,
LIDSW,)] =< n—2, n=5, [
4 n>06

Theorem 3.2 For n > 3, the Grundy coloring for degree splitting graph of sunlet graph S, is
given by

4,
I[DS(Sn)] = 5, ntd

Proof Consider a sunlet graph S,, with vertex set V(S,,) = {u; : i € [1,n]}U{v; : j € [1,n]}
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and edge set E(S,) = {wuit1 = 7 € [L,n)} U{uiu,} U {ww; 4,5 € [1 ,n] and ¢ = j} such
that | V(S,) |=| E(Sn) |= 2n. Moreover, A(S,) = 3 and 6(S,) = 1. Hence, we have
T ={u; i€ [l,n]} and Thr = {v; : j € [1,n]}.

Thus, by the construction of degree splitting graph, we introduce new vertices {wq, wo}
corresponding to vertex set 77 and T and therefore, V[DS(S,)] = {u; : i € [1,n]} U {v; :
j€[Ln]}U{w : k € [1,2]} and E[DS(S,)] = {wittit1 : ¢ € [1,n)} U {waun} U{wv; 14,5 €
[1,n] and ¢ = j} U {wwi : i € [I,n]} U{vjws : j € [1,n]} where | V[DS(S,)] |= 2n + 2 and
| E[DS(S),)] |= 4n provided §[DS(S,,)] = 2 and

n+1, n=23,
A[DS(Sn)] =
n, n # 3.
Consider the colors C1,C5,Cs, -+ and assign the colors as follows.

Casel. n=4

Assign the colors by using the mapping p : V[DS(S,)] — {C: : 1 <t < 4} such that

047 k= 17
° p(wy) =
03, k= 2;
e p(u;) = Cs for i = 1(mod)2;
C , =2,
o fori=0(mod)2, p(u)={ =
Cy, i=4;
027 j: n,

o for 1 <i<n, p(vj) =
Ci, 1<j<n-1
Thus, I'[DS(S,,)] = 4 for n = 4.

Suppose I'[DS(S,,)] > 4 then it makes the vertex vy colored with Cy not adjacent with Cy
which contradicts grundy coloring for the mapping p(u;) = C;, p(v1) = p(vn) = Ca, p(v2) =
p(vz) = Cq, p(wy) = C5 and p(ws) = C5 and suppose T'[DS(S,,)] < 4, Even through it satisfies
the definition of Grundy coloring it is not maximum. Thus, I'[DS(S,,)] = 4 for n = 4.

Case 2. n#4

Let us consider the mapping A : V[DS(S,)] — {C: : 1 <t < 5} and assign the colors as
follows.

Subcase 2.1 n=3

o \u;) = Cigo,V1 <i <m;
e \vj) = Co,V1 < j <
n
° )\(wk) =Ch,Vk € [17 ’VE—H .
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Subcase 2.2 n>5

o ANw;y) = C5 and A(wz) = Cs;
(] /\(Ul) = Ciy2,Vi € [1,2];
Cy, i=1 d)2,
e for odd n, A(u;) = 2, 1= 1(mod)
C1, i=0(mod)2;
Cy, j=0(mod)2,
Cy, j=2and j=1(mod)2;
Cs, i=n-—1,
o for even n, A(u;) Cy, i=1(mod)2 and i = n,
Cy, 1 =0(mod)2;
Cy, j=0(mod)2 and 4 < j < n,
Cy, j=2,nand j = 1(mod)2.
Thus, from all above subcases, I'[DS(S,,)] =5 for n # 4.

Suppose I'[DS(S,,)] > 5, it is not p0551b1e for n = 3 since I' < A + 1 whereas for n > 5, it
makes some vertex colored with C; not adjacent with all C;_; colors. For instance, I'[DS(S5)] =
6 in which the vertex w; colored with Cg is not adjacent with the color C5 for the mapping
Awr) = Cg, Mwe) = Cs,

Ci7
027

1<i<4,
i=5.

C2a
Ola

i=1
2<j<5

Av;) = and  A(u;) =

This contradicts Grundy coloring. Similarly 7 < T'[DS(S,)] < A[DS(S,)] + 1 for n > 6 leads
to contradiction and suppose I'[DS(S,,)] < 5. Even though it satisfies Grundy coloring it is not
maximum. We get I'[DS(S,,)] =5 for n # 4.

Thus, from all above cases, we have

I[DS(Sn)] =

This completes the proof. O

Theorem 3.3 Forn > 3, the grundy coloring for degree splitting graph of helm graph H, is
given by
L[DS(H,)] = 5.

H,)={v;:i€0,n]}U{u; : j € [1,n]}

Proof Consider a helm graph H,, with vertex set V(
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and edge set E(H,,) = {vov; : 1 € [1,n]}U{v1v, }U{v;vi41 1§ € [1,n)}U{v;u; : 4,5 € [1,n]andi =
j} such that | V(H,,) |=2n+ 1 and | E(H,,) |= 3n. Moreover,

Hence, we have
Ty ={v;:i€[0,n]} and Tp ={u,:j € [1,n]}.

Thus, by the construction of degree splitting graph, we introduce a new set of vertices {w, w2}
corresponding to vertex set 77 and T». Consequently, V[DS(H,)] = {v; : i € [0,n]} U {u; :
j e ,n]}U{{wg : k€ [1,2]} and E[DS(H,)] = {vov; : i € [1,n]} U{viv,} U {vviqr 0 €
1,n)} U{viu; 4,5 € [1,n] and i = j} U {v;wy : ¢ € [0,n]} U {ujwse : j € [1,n]} for n = 4.
Otherwise, E[DS(H,)] = {vov; : ¢ € [L,n]} U{viv,} U{vivipr 14 € [I,n)} U {vu; 14,5 €
[1,n] and ¢ = j} U {v;wy : i € [1,n]} U{ujws : j € [1,n]} where | V[DS(H,)] |=2n+ 3 and

m+1, n=4,
| E[DS(H,)] |= _
5n, Otherwise
provided
5 n =34,
A[DS(H,)] = "
n, n>5

and 6[DS(H,)] = 2.
Consider the colors Cy, Cy, Cs, - - - and assign the colors by using the mapping n : V[DS(H,)] —

Case1l. n=3

e n(vo) = n(wg:kell,2])=C
o n(u;) = Cy,Vj€[l,n];
e n(vi) = Ciya,Vie([ln].

Case 2. n=14

e n(w1) = Csand n(wz) =n(ve) = Cr;
C37 .7: 27

o n(u;) = . ,
Cy, Otherwise, for Vj € [1,n];

Cs, 1=1,

o n(vi) =
C;, i>2forVie][l,n]
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Case 3. n>5

e 1)(vo) = n(wy) = Cs and n(wy) = Cs;
Cy, j=1,

o (uj) =
’ Cr, j=2Vje[Ln];
C;, 1<i<A4,
e n(v)) =4 Cy, i=1(mod)2,

C3, i=0(mod)2 for Vi € [1,n].

Thus, from all above cases, I'[DS(H,)] = 5.

Suppose I'[DS(H,,)] > 5, then it makes some vertex v; colored with C; is not adjacent
with all Cy_ colors. For instance, I'[DS(Hj3)] = 6 in which the vertex vy colored with Cj is
not adjacent with Cy and C; for the mapping n(wy : k € [1,2]) = Cy, n(v; : i € [0,3]) = Ciy3
and n(u; : j € [1,3]) = Cy. This leads to the contradiction of Grundy coloring. Similarly,
7 <T[DS(H,)] <n+1for n > 5 leads to contradiction and suppose I'[DS(H,)] < 5. Even
though it satisfies the definition of Grundy coloring it is not maximum, i.e., I'[DS(H,)] = 5 for
n > 3. O

Theorem 3.4 Forn > 2, the Grundy coloring for degree splitting graph of crown graph Hy ,
is given by
I[DS(Hpn)] =n+1.

Proof Consider a crown graph H, , with vertex set V(H, ) = {u; :i € [1,n]} U{v; : j €
[1,n]} and edge set E(H, ) = {uwv; : 4,5 € [1,n] and i # j} such that | V(H,,,) |= 2n and
| E(Hp ) |= n(n —1). Moreover, A(H,, ,,) = 6(Hy,n) =n—1, ie., we have T = u; U v; where
i,7 € [1,n].

Thus, by the construction of degree splitting graph, we introduce a new vertex w corre-
sponding to the vertex set T, and so V[DS(Hy )] = {u; i € [1,n]} U{v; : j € [1,n]} U{w}
and E[DS(H, )] = {wv; 14,5 € [1,n] and i # j} U{w,w:47 € [1,n]} U{vw: j € [1,n]} where
| VIDS(Hp»)] |= 2n+ 1 and | E[DS(Hy )] |= n(n + 1) provided A[DS(H,,,)] = 2n and
S[DS(Hp )] = n.

Consider the colors Cy, Cs, - - - and assign colors by using the mapping o : V[DS(H, )] —
{Cr:k=1,2,3,---} as follows:

o o(w) = Chys;

o o(u;) =o0(v;) =C;, Vi,jell,n].

Thus, I'[DS(H,, n)] =n + 1.

Suppose I''DS(Hy, )] > n+ 1, then some vertex u; or v; colored with Cj, is not adjacent
with all Cj_; colors. For instance, I'[DS(H,, )] = n+2 for n = 2 in which the vertex us colored
with C3 and the vertex vy colored with Cy are not adjacent with C; for the mapping o(w) = Cy,
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o(uy) = o(vy) = Cy, o(u,) = Cpy1 and o(v,) = Cp—1. This leads to the contradiction of
Grundy coloring. Similarly, n+3 < T'[DS(Hp»)] < 2n+1 leads to contradiction. And suppose
I'[DS(Hy.n)] < n+ 1, then it contradicts the definition of proper coloring, i.e., I'[DS(Hp »)] =
n+1 forn > 2. O

Theorem 3.5 Forn > 1, the Grundy coloring for degree splitting graph of friendship graph F,
is given by
4, n=1,
L[DS(Fy)] =
3, n#1l

2n
Proof Consider a friendship graph F,, with vertex set V(F,) = |J{v;} and edge set
i=0
E(F,) = {vov; : i € [1,2n]} U {vv;41 : ¢ = 1(mod)2} such that | V(F,) |= 2n 4+ 1 and
| E(Fy) |= 3n. Moreover,
2,
A(F,) =
2n, n#1

n=1,

2n 2n
and 6(F,) =2. We have T = |J{v;} for n = 1 otherwise T = J {v;} for n > 2.
i=0 i=1
Thus, by the construction of degree splitting graph, we introduce a new vertex w cor-

responding to vertex set T', i.e., V[DS(F,)] = {v; : i € [0,2n]} U {w} and E[DS(F,)] =
{vov; : i € [1,2n]} U {vviy1 @ = 1(mod)2} U {v,w : i € [0,2n]} for n = 1 otherwise
E[DS(F,)] = {vov; : i € [1,2n]} U {vv41 : ¢ = 1(mod2} U {v;w : i € (0,2n]} for n > 2
where

| VIDS(F,)] |=2(n+1) and | E[DS(F,)]|= 3n+1), n=1,

on, n#1
provided
3, n=1,
A[DS(F,)] =
2n, n#1
and [DS(F,)] = 3.
Consider the colors C1,C5, (s, -+ and assign the colors as follows.

Casel. n=1

Let us consider the mapping ¢ : V[DS(F,)] — {Cs : 1 < s < 4} such that

* ((w) = C;
L[] C(’U7) = Ci+1 for 0 S ) S 2n.

Obviously, T[DS(F,)] = 4 for n = 1.

Case 2. n>1



On Grundy Coloring of Degree Splitting Graphs 91

Assume the mapping 7 : V[DS(F,)] — {C : 1 <t < 3} and assign the colors as follows.

o 7(w) = 7(vo) = Cj;
Cy, 1 =0(mod)2,
® T(Ui) =
Cy, i=1(mod)2 for 1 <i < 2n.
Thus, T'[DS(F,)] = 3. Suppose I'DS(F,)] > 3 then the vertex v; colored with C; is not
adjacent with all C,_; colors. For instance, I'[DS(F,,)] = 4, the vertex vy colored with Cy is
not adjacent with Cy for the mapping 7(vg) = Cly,

C3, i=1(mod)2,
7(vi) =
Cy, i=0(mod)2
for Vi € [1,2n] and 7(w) = Cy. This leads to the contradiction of Grundy coloring. Similarly,
5 < T[DS(F,)] < 2n+ 1 leads to contradiction. And suppose I'[DS(F,,)] < 3, it contradicts
the definition of proper coloring. Therefore, T[DS(F,)] = 3 for n # 1.
From all above cases, we have

4, n=1,

[[DS(F,)] = 3, el

This completes the proof. O
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§1. Introduction

Let G = (V, E) be simple, undirected, and nontrivial graph with vertex set V = V(G) and
edge set E = E(G). Also |[V| =n and |E| = m denote number of vertices and number of edges
in G. The open neighborhood N (v) of vertex v denotes number of vertices adjacent to v and
its closed neighborhood N[v] = N(v) U {v}. The B;(G) is the minimum number of edges in
a maximal independent set of edge of G. For notation and graph theoretic terminology, we
generally follow [11].

A set D C V is a dominating set if every vertex not in S is adjacent to one or more vertices
in D. The cardinality of a smallest dominating set of G, denoted by (G), is the domination
number of G. For more details on domination theory, we refer to [12], [13], [14] and [19]. In 1985,
E. Sampathkumar and P. S. Neeralagi [17], introduced an innovative concept of domination
between the vertices and the edges, and vice-versa. They introduced a new parameter called
the neighborhood number of a graph, as follows. A set S C V is a neighborhood set of G, if
G = U,e(N[v]), where (N[v]) is the sub graph of G induced by v and all vertices adjacent to
v. The neighborhood number n(G) is the minimum cardinality of a neighborhood set of G. For
more information on neighborhood number, we refer to [3], [15] and [16].

In 1993, Cockayne et al [7] introduced the concept of perfect domination following in this
sense. A subset D C V is a perfect dominating set of G if any vertex of GG not in D is adjacent
to exactly one vertex of D. In 2010, Chaluvaraju et al [4] and [5] was generalized perfect
domination as follows. A vertex subset D of G is called a k - perfect dominating set of G, if
any vertex v of V not in D is adjacent to exactly k - vertices of D. The minimum cardinality

of a k - perfect dominating set of G is the k - perfect domination number v, (G).

1March 24, 2024, Accepted August 25, 2024.
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The following known results from [4] and [5] are used in the sequel.

Theorem 1.1 Let T be a tree and G be a connected graph. Then,

() aer < we(G);
(i) <><w<T>
(iti) Bu(T) < yep(T);
(v) [292G]) < 40p(G).

Theorem 1.2 Let k = A(G) — 1. Then the graph G is a kPD - graph if and only if G satisfy

one of the following conditions:

(i) there exists at least two adjacent vertices u and v in a graph G such that deg(u) =
deg(v) = A(G);
(9) there exists a vertex u such that deg(u) = A(G) — 1.

Several papers have been written on the subject of & - domination in graphs and when
they exists, cf. [2], [6], [9] and [10]. Further, let k be a positive integer and G be a graph. A
subset S of vertices in a graph G is a k - neighborhood set, if every vertex of V' — S is adjacent
to at least k - vertices in S. The k - neighborhood number 7, (G) is the minimum cardinality
of a k - neighborhood set of a graph GG. Hence for k = 1, 1 - neighborhood sets are the classical
neighborhood set of a graph G, see [17].

Analogously, here we generalize the perfect neighborhood number as follows: A subset S of
vertices in a graph G is a k - neighborhood set, if every vertex of V' — S is adjacent to exactly k
- vertices in S. The k - perfect neighborhood number 7, (G) is the minimum cardinality of a k
- perfect neighborhood set of a graph G. Hence for £ = 1, 1 - perfect neighborhood sets are the
usual perfect neighborhood sets. The concept of perfect neighborhood number was initiated by
Sampatkumar and Neerlagi [18].

Note that every nontrivial graph G has a k - perfect neighborhood set, since the entire
vertex set is such a set and there are graphs whose only k - perfect neighborhood set is V(G).
A graph G for which n;,(G) < n is called a k - perfect neighborhood graph, abbreviated kPN
- graph and a tree T for which n,(T) < n is called a kPN - tree.

82. Specific Families of Graphs

Proposition 2.1 For any complete graph K,; n > 2 vertices with 1 < k < A(G),

ﬁkp(Kn) = k

Proposition 2.2 For any path P, with n > 3 vertices,
(1) mp(Pn)=n—2;

(1) m2p(Pp) = (%] ifnis odd
| %Jrl ifnis even.
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Proposition 2.3 For any Cycle C,, with n > 4 vertices,

(7) mp(Cy) does not exist;

ntl s odd
(i) map(C) = o if n is o

5 if n is even.

Proposition 2.4 For any Fan graph F,, = P, + Ky with n > 1 vertices,

(1) mp(Fn)=1;
(i) % ifn=35+1fort>1
it) nap(F,
% + 1, otherwise;
(zzz nsp(Fp) = [2] +1ifn>4;
(iv) F,)=n—-1ifn>3.

Proposition 2.5 For any wheel graph W,, = C, + K1 with n > 4 vertices,

(Z) an 1;

Y1, if n=3t t>2
(i) nep(W,

(#it) nsp (W, {
Wy) =

5]
5]

, otherwise;

5 +1 if nis even,
”71 if nis odd;
(iv) Nm-1)p( =n-—1.

Proposition 2.6 For any complete bipartite graph K, s with n =r + s vertices,

(i) mp(Kis)
(i1) nsp(K1s)
(“Z) NrpP (Kr',s)
(iv) nsp(Krs) =

lifr=1ands=n-1;

sifr=1ands=n-1;
rif2<r<s;
sif2<r<s.

83. Properties and Bounds

Property 3.1 For every graph G and positive integer k, every vertex with degree at most k—1
belongs to every k - perfect neighborhood set.

Property 3.2 Since v € V — S should be adjacent to k - vertices in S, the graph G is not a
kPN - graph for k > A(G).

Property 3.3 Let v be a verter wit deg(v) = A(G) and let k = A(G). Then V —{v} is a A -
perfect neighborhood set of G. Thus G is a kPN - graph for k = A(G).

Property 3.4 A graph will have two disjoint k - perfect neighborhood sets only if k < 6(G),

since all the vertices with degree less than k belongs to every k - perfect neighborhood set.

Property 3.5 If S is a k - neighborhood set of a graph G, then S is a t - neighborhood set for
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every t < k. But this is not true in case of k - perfect neighborhood set.

Property 3.6 FEvery k - perfect neighborhood set is a k neighborhood set of a graph G and
hence ng(G) < nip(G).

Observation 3.1 An k- perfect neighborhood set is a k - perfect dominating set, and hence

Yep(G) < mip(G) for every graph G and positive integer k.

By above observation and Theorem 1.1, we have the following lower bounds.

Theorem 3.1 Let T be a tree and G be a connected graph. Then,

i) A(G)+k < nep(G);

i) o(T) < nep(T);
iii) Su(T) < nep(T);

iw) |45 O] < pp(G).

Theorem 3.2 Let G be a kPN - graph with n > 2 vertices. Then

(
(
(
(

n—(m/k) <npp(G) <n-1.

Proof Let S be a ngp - set of a nontrivial graph G and |V — S| = ¢t. Then there are t -
times of k - edges from V — S to S with n,p(G)=|S|. Since m > tk , the lower bound follows.
By the definition of kPN - graph, the upper bound follows. O

Theorem 3.3 Let {z1,22, - ,2,} be the degree sequence of a graph G with degv; = x; for
i=1,2,--- ,n. If k is an integer such that k € {x1,22, - ,Zn}, Then G is a kPN - graph.

Proof Let k € {x1,x2,...,2,}. If S =V — v, where v is a vertex of degree k in a graph G,
then S is a k- PNS of a graph G. Therefore G is a kPN - graph. O

Observation 3.2 The converse of above theorem is not true.

For example, we consider the following graph Gj.

V] V2 V3 V4
° °
G °
i v v v

5 6 7 8

Figure 1. The graph G;.
Here, the degree sequence of Gy is {1,4,4,1,1,4,4,1}, we have

(i) If k =2, then nap - set S is {v1, va, v4,v5,vs} and V — S is {vs, vg, v7}.
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(#9) If k = 3, then n3p - set S is {v1,ve, v3,v4,v5,v8} and V — S is {vg, v7}.
Clearly, these graphs are 2PN - graph and 3PN - graph. But £ = 2 and 3 does not belong
to the degree sequence of a graph Gj.

Theorem 3.4 For any connected graph G,

kn

m < nkP(G)'

Theorem 3.5 Let G be a connected graph with npp(G) = k. Then

A(G) > Max.{k,n — k}.

Proof Let S be a ngp - set of a graph G with n,p(G) = k. Then we have the following

cases.

Case 1. Suppose if v € V — S, then the degree of v is greater than |S| = k. There fore
A(G) > k.

Case 2. Suppose if v ¢ V — 5, then the degree of v € S is greater than |V — S| = n — k. There
fore A(G) > n — k.

Thus, the result follows. O

84. Concluding Remarks and Further Scope

Different graph theorists have defined wide varieties of neighborhood related graph parameters
by imposing extra conditions on the neighborhood set S of a graph G, because the neighborhood
number is closely related to the domination number of G. To stimulate further understanding or
advancement in this generalized perfect neighbor based graph parameters, we pose the following

open problems:

(i) Obtain the complexity issues of npp(G);

(i1) Characterize the class of graphs when vxp(G) = npp(G)?

(#91) Obtain some bound and characterization on np(G) in terms of other domination
related parameters such as total domination, connected domination, independence domination

and so on.,

Acknowledgement. Thanks are due to Dr. B. Chaluvaraju, Professor of Mathematics, Ban-

galore University, Bengaluru for his help and valuable suggestions in the preparation of this

paper.
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§1. Introduction

We consider only finite, undirected and simple graphs. The notion of pair difference cordial
labeling of a graph was introduced in [4]. Also we have investigated pair difference cordial
labeling behavior of several graphs like path, cycle, star, wheel, some snake and butterfly graphs,
graphs derived from ladder graph, degree splitting graph of some graphs have been investigated
in [4,5,6,7,8,9,10]. Recently pair difference cordial number of a graph was introduced in [14]. In
this paper we determine the pair difference cordial number of degree splitting graph of bistar,
complete bipartite, ladder, wheel.

82. Preliminaries
Definition 2.1([4]) Let G = (V, E) be a (p,q) graph. Define

. %il z:fp z:s even

5=, if pis odd

and L = {£1,+2,43,--- ,£p} called the set of labels. Consider a mapping f : V. — L by
assigning different labels in L to the different elements of V when p is even and different labels
in L to p-1 elements of V and repeating a label for the remaining one vertex when p is odd. The
labeling as defined above is said to be a pair difference cordial labeling if for each edge uv of G
there exists a labeling | f(u) — f(v)| such that |Ay, — Age
denote the number of edges labeled with 1 and number of edges not labeled with 1. Otherwise, if

<1, where Ay, and Ay; respectively

IReceived April 9, 2024, Accepted August 26, 2024.
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|Ap, — Age

and a graph G for which there exists a pair difference cordial labeling or a Smarandache pair

> 2, such a labeling f is said to be a Smarandachely pair difference cordial labeling

difference cordial labeling is called a pair difference cordial labeling graph or Smarandachely pair

difference cordial graph.

Definition 2.2([5]) Let G = (V, E) be a graph with V=8, U Sy U---U S UT where each S;

t
is a set of vertices having at least two vertices and having the same degree and T =V — |J 5.
i=1

The degree splitting graph degree splitting graph of G denoted by DS (G) is obtained from G by

adding vertices wy,ws ..., w; and joining w; to each vertex of S; (1 < i <t).

Theorem 2.3([13]) DS(K,..) is pair difference cordial if and only if n = 2, where K, ,, is
complete bipartite graph.

Theorem 2.4([13]) DS(Ly,) is pair difference cordial if and only if n < 3, where L,, is the
ladder.

Theorem 2.5([13]) DS(By, ) is pair difference cordial if and only if n < 2, where By, ,, is the

bistar.
Theorem 2.6([13]) DS(Bi,,) is pair difference cordial if and only if n < 4.
Theorem 2.7([13]) DS(W,,) is not pair difference cordial for all n > 3, where W, is the wheel.

Theorem 2.8([4]) The cycle C,, is pair difference cordial if and only if n > 3.

83. Pair Difference Cordial Number of a Graph

Definition 3.1 Let G be a (p,q) graph. Pair difference cordial number of a graph G is the least
positive integer m such that G U Ky is pair difference cordial. It is denoted by PDC,(G).

Remark 3.2 If G is pair difference cordial graph then PDC, (G) = 0.

Theorem 3.3 For any integer n > 1,

0 ifn<d4,

PDC,(Bi1,) =
2n—6 ifn > 5.

Proof Let V(By, UmKsy) = {z,v,w,u,u; : 1 < i < n}U{v,w; : 1 <i<m} and
E(B1 ., UmKs) = {vw, wu, zu, } U{uy; : 1 <i<n}U{vw; : 1 <i<m}. Clearly By, UmK,
has n + 2m + 4 vertices and 2n 4+ m + 3 edges. There are two cases arises.

Case 1. n <4.
The proof follows from Theorem 2.6.

Case 2. n > 5.
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Subcase 2.1 n is odd.

Take m = 2n—6. Define f : V(B1,U(2n—6)K>) — {£1,£2, -+ , & | 22243 |} a5 follows:
Assign the labels 1,2, 3, 4, 4 to the vertices v, w, u, u1, ue and assign the labels —1, —2, -3, —4

to the vertices x, u,, ug, ug. Next, assign the labels 5,7,9, - -, (n+2) to vertices vy, va, v3, - , vz
and assign the labels 6,8,10,--- , (n + 3) to the vertices wy, wq, ws, - - - ;wz . Next, assign the
label —5,—7,-9,---, —(n + 2) to the vertices vm 11,vm 1,01, -+ vy, and assign the label
—6, 8,10, -+, —(n+3) to the vertices wm 4 1,wm {1, wm 1, - Wy, Finally assign the distinct
labels to the vertices us, ug, uz, -+ ,unp—1 from £(n+1),£(n — 1), -, £(220E3),

Therefore, f is pair difference cordial labeling of By, U(2n —6)K>. The maximum number
of edges with labels 1 from the DS(By ) is, Ay, =5, if n is odd.But the size of the DS(B; »,)
is 2n+ 3. Hence 2n — 6 is the least integer such that By, U (2n —6) Ky is pair difference cordial.

Subcase 2.2 n is even.

Take m = 2n—6. Define f : V(By,U(2n—6)K>) — {+1,£2,-- £ | 2144 |} 45 follows:

Assign the labels 1,2, 3,4 to the vertices v, w, u,u; and assign the labels —1, -2, -3, —4 to
the vertices x, u,, ug, uz. Next assign the labels 5,7,9,-- - | (n+2) to the vertices vy, v9, vg, - - - Vs
and assign the labels 6,8,10,---,(n + 3) to the vertices wy, wa, w3, - - - ;wm. Next assign the
label —5,—7,-9,---, —(n + 2) to the vertices vm 1 1,vm j,vm 1,--- v, and assign the label
—6,—8,-10,- -, —(n+3) to the vertices wm 1 1,wm 11, wm 41, -+ wy,. Finally assign the distinct
labels to the vertices ug, us, ug, -+ ,un—1 from £(n+1),£(n — 1), -, £(2t20t3),

Therefore, f is pair difference cordial labeling of By , U(2n—6)K3. The maximum number
of edges with labels 1 from the DS(B1 ,,) is, Ay, =4, if n is even.But the size of the DS(Bj ;)
is 2n+ 3. Hence 2n — 6 is the least integer such that By ,, U (2n —6) Ky is pair difference cordial.
O

Theorem 3.4 For any integer n > 1,

0 ifn<3
PDC,(DS(Ly,)) =< n—1 ifn>5andn is odd,

n—2 ifn>4 andn is even.

Proof Let V(DS(L,)UmKs) = {z,z;,y,y; : 1 <i < n}U{v,w; : 1 <i<m} and
E(DS(L,) UmKs) = {zx1, 2xn, 2y1, 2Yn } U{yyi, yz; : 2 < i <n—1}U{vw; : 1 <i < m}.
Clearly DS(L,,) UmK> has 2n + 2m + 2 vertices and 5n + m — 2 edges. There are three cases

arises.
Case 1. n <3.

The proof follows from Theorem 2.4.
Case 2. n>5 and n is odd.

Take m = n—1. Define f : V(DS(L,)U(n—1)Ky) — {£1,£2,--- ,£n+m+1} as follows:
Assign the labels 1,2,3,—1,—2,—3 to the vertices x1,x, Z,,y1,y2,y and assign the la-
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bels 4,5,6,---,(n + 1) to the vertices x,_1,Zp_2,Tn_3, - ,us,us. Next assign the labels
—4,—-5,—6,--- ,—(n+1) to the vertices ys, ¥4, ys, - - - ,Yn. Next assign the labels (n+2), (n+4),
(n+6),---, (n+m) to the vertices vy, ve, v3, - - ;vn_1 and assign the labels (n+3),(n+5), (n+
7),--+, (n+m+1) to the vertices wy, wa, w3, - - Wi Now we assign the labels —(n+2),—(n+
4), —(n+6),--- , —(n+m) to the vertices Ui 15 Vnst o, Uncd 5,00 5 Unol and assign the labels
—(n+3),—(n+5),—(n+7), -+ ,—(n+m+1) to the vertices Wit g, Woot o, Wasd gy, Wit

Therefore, f is pair difference cordial labeling of DS(L,) U (n — 1)Ks. The maximum
number of edges with labels 1 from the DS(L,) is, Ay, = 2n.But the size of the DS(L,) is
5n — 2. Hence n — 1 is the least integer such that DS(L,,) U (n — 1)K, is pair difference cordial.

Case 3. n >4 and n is even.

Take m =n — 2. Define f: V (L, U (n —2)K3) — {£1,£2,--- ,2n+ m + 1} as follows:
Assign the labels 1,2,3,—1, -2, -3 to the vertices x1,x,2,,y1,y2,y and assign the la-

bels 4,5,6,---,(n + 1) to the vertices zp_1,Zpn_2,Tn_3, - ,us,ugs. Next assign the labels
—4,-5,—6,--- ,—(n+ 1) to the vertices ys, ya, ys, - ,Yn. Next assign the labels (n + 2),(n +
4),(n+6),--- ,(n+m) to the vertices vy, vy, v3, - - yUn_2 and assign the labels (n+3),(n+5),(n+
7),- -+ ,(n+m+1) to the vertices wy, wy, ws, - - - Wz Now we assign the labels —(n+2),—(n+
4),—(n+6),--- ,—(n+m) to the vertices Un—2 1, Un=2_9,VUn-2_3, - ,Un—2 and assign the labels
—(n+3),—(n+5),—(n+T7),--- , —(n+m—=+1) to the vertices Wiz g, Wn=2 o, Wn=2 g, W2

Therefore, f is pair difference cordial labeling of DS(L,,) U (n — 2) K> and the maximum
number of edges with labels 1 from the DS(L,) is Ay, = 2n. But the size of the DS(L,,) is
5n—2. Hence n—2 is the least integer such that DS(L,)U (n—2)K> is a pair difference cordial
graph. O

A pair difference cordial labeling on DS(Lg) U 4K> is shown in Figure 1.

Figure 1



Pair Difference Cordial Number of Some Degree Splitting Graph 103

Theorem 3.5 Ifn > 3, then

—1 ifnis odd,
PDC,(DS(W))) = n if nis o

n—2 if nis even.

Proof Let V(DS(W,) UmKs3) = {z,z;,y : 1 < i < n}U{v,w; : 1 < i < m} and

E(DS(Wp)umKs) = {x12n, zizig1 1 <i < n—1}U{az;,yz; : 1 <i < n}U{vw; : 1 <i<m}.

Clearly, DS(W,,) UmK5 has n + 2m + 2 vertices and 3n + m edges. There are two cases
arises.

Case 1. n is odd.

Take m = n — 1. Define

2 2
[ VDSWa)U (0= 1)) = {1, 42, #2205
as follows:

The maximum possible number of 1 occurs only when we assign the labels 3,4,5,--- ,n+1
to the vertices x3, x4, x5+ ,x, and assign the labels 1,2, n 4 2 to the vertices x1, 2, z. Next
assign the labels —1,—3, -5, -+, —n to the vertices vy, vo,vs,: - s Unl and assign the labels
—2,—4,—6,--- ,—(n + 1) to the vertices wr, ws,ws, - s Wi and assign the labels —(n +

2), —(n+1) to the vertices Ungs wats. Finally assign the labels (n+3),(n+4),—(n+3),—(n+4)
to the vertices Vs ,Wnts Untt Wngt and assign the labels (n+5),(n+6),—(n+5),—(n+6) to
the vertices Unto wn+9 'Un+11 U)n+11 . Proceeding like this until we reach v,_1,w,_1.

Therefore, f is pair dlfference cordial labeling of DS(W,,) U (n — 1)K3. The maximum
number of edges with labels 1 from the DS(W,,) is, Ay, = n + 1.But the size of the DS(W,,)
is 3n. Hence n — 1 is the least integer such that DS(W,,) U (n — 1) K> is pair difference cordial.

Case 2. n is even.

Take m = n—2. Define f : V(DS(W,)U(n—2)Ks) — {£1,£2, - , £ 2202} 4 follows:

The maximum possible number of 1 occurs only when we assign the labels 3,4,5,--- ,n+1
to the vertices x3, x4, %5 -+ ,x, and assign the labels 1,2,n + 2 to the vertices z1,x2,x. Next
assign the labels —1,—3,—5,--- ,—(n 4+ 1) to the vertices vy, vy, v3, - , Ung2 and assign the
labels —2,—4,—6,--- , —(n + 2) to the vertices wy, ws, ws, - - Wiz Finally assign the labels
(n+3),(n+4),—(n+ 3),—(n +4) to the vertices Ungs,Wats Unio ,Wate and assign the labels
(n+5),(n+6),—(n+5),—(n + 6) to the vertices Unis Wats Unt10,Wasto. Proceeding like this
until we reach v,,_o, w,_o.

Therefore, f is pair difference cordial labeling of DS(W,,) U (n — 2)K5. The maximum
number of edges with labels 1 from the DS(W,,) is Ay, = n+ 1. But the size of the DS(W,,)
is 3n. Hence n — 2 is the least integer such that DS(W,,) U (n — 2) K3 is pair difference cordial.
This completes the proof. Il
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Theorem 3.6 For any integer n > 1,

1 if n=1,

0 =2
PDC,(DS(Knn)) = it n

5 if n=23,

n?—2n—2 ifn>4.

Proof Let V(DS(K,,)UmKs,) = {z;,yi,x : 1 <i < n}U{v;,w; : 1 <i < m} and
E(DS(Kp,n) UmKsy) = E(Kpn) U{zz,zy; 01 < i < n}U{vw : 1 <i<m}. Clearly,
DS(K, ) UmKs has 2n + 2m + 1 vertices and n? + 2n + m edges.

Case 1. n=1.

In this case, K, , = Cs. Assign the labels 1,1,2, —1, —2 to the vertices x, x1,y1, v1, w1.
Case 2. n=2.

The proof follows from Theorem 2.3.
Case 3. n=3.

In this case, A pair difference cordial labeling on DS(K3 3) U 5K is shown in Figure 2.

1 3 5

Figure 2
Case 4. n > 4.

Take m = n>—2n—2. Define f : V(DS(K,, »)U(n*—2n—2)Ks) — {£1,42, ... & |2t2mtd |}

as follows:

Assign the labels 1,3,5,--- ,2n — 1 to the vertices x1,z2,x3, - ,x, and assign the labels
2,4,6,---,2n to the vertices y1,y2,¥s3, -+ ,Yn. Next assign the labels —1, -3, —=5,--- , —(2n —
1) to the vertices vy, v2,vs, -+ ,v, and assign the labels —2,—4,—6,--- , —2n to the vertices

w1, W, W3, , Wy, Next assign the labels (2n+1),(2n+2),—(2n+1),—(2n+ 2) to the vertices
Un41,Wn+1,0n+2,Wn+2 and assign the labels (2n+3),(2n+4),—(2n+3),—(2n+4) to the vertices

Un43,Wn+3,Un+d,Wn+q. Proceeding like this until we reach v,2_o, o, Wp2_o,_9.
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Therefore, f is pair difference cordial labeling of K, , U (n? — 2n — 2)K,. The maximum
number of edges with labels 1 from the DS(K, ) is, Ay, = 2n+1.But the size of the DS(K,, 1)
is n2 4+ 2n. Hence n? — 2n — 2 is the least integer such that K, U (n2 —2n — 2)K> is pair

difference cordial. O

Theorem 3.7 For any integer n > 1,

0 ifn =12,

PDC,(DS(K,, =
7(DSEn nt1)) n?—n—2 ifn>3.

Proof Let V(DS(Kpnt1) UmKs) = {zs, v, 2,y : 1 <i<n}U{v,w; : 1 <i<m} and
E(DS(Kpnt1) UmKy) = E(Kypni1) U{zz,yy 0 1 <i<n}U{vw; :1<i<m}. Clearly
DS (K pnt1) UmKs has 2n + 3 vertices and n? + 3n + 1 edges.

Case 1. n=1.
In this case, K, , = Cy4. The proof follows from Theorem 2.8.
Case 2. n=2.

In this case, a pair difference cordial labeling on DS(K> 3) is shown in Figure 3.

Figure 3

Case 3. n > 3.
Subcase 3.1 n is even.

Take m = n?—n—2. Define f : V(DS(Kpny1)U(n?—n—2)Ky) — {£1,+2,--- , + |22 ]}
as follows:

Assign the labels 3,5,7,--- ,n + 1 to the vertices y1,y2,¥y3, - - ;yz and assign the labels

2,4,6,--- ,n to the vertices 1, z9,x3, - ,x2. Next assign the labels —3, -5, =7, - ,—(n+1)
to the vertices xn 1,2 19, Tn 3, -+, 2, and assign the labels —2, -4, —6,--- , —n to the ver-
tices yu 11,yz42,Yz 43, ,Yn. Now assign the labels 1, —1, —(n—1) to the vertices x, y, Zp41.

Next assign the labels (n +2),(n + 3),—(n +2),—(n + 3) to the vertices v1,w;,v2,w2 and assign
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the labels (n+4),(n+5),—(n+4),—(n+5) to the vertices v,13,ws,v4,wys. Proceeding like this
until we reach v,2_,_2, Wp2_,_o.

Therefore, f is pair difference cordial labeling of K, 41 U (n? —2n —2)K5. The maximum
number of edges with labels 1 from the DS(K,, ,,41) is, Ay, = 2n + 1.But the size of the
DS(Kp 1) is n? +3n+ 1. Hence n? —n — 2 is the least integer such that DS(K,, n4+1)U (n? —
n — 2) K> is pair difference cordial.

Subcase 3.2 n is odd.

Take m = n?—n—2. Define f : V(DS(Kpni1)U(n?—n—2)Ky) — {+1,4£2,--- £ |25}
as follows:

Assign the labels 3,5,7,--- ,n to the vertices y1,y2,¥3," - »Ynos and assign the labels

2,4,6,--- ,n+1 to the vertices x1, x3, T3, - s Tngd . Next assign the labels —3, -5, —7,--- | —n
to the vertices Tl s Togd o, Tt g50 0 5 T and assign the labels —2, -4, —6,--- ,—(n+ 1)
to the vertices Ynoi g, Yni o, Ynt gy s Une Now assign the labels 1, —1, —n to the vertices

Z,Y, Tnt1. Next assign the labels (n + 2),(n + 3),—(n + 2),—(n + 3) to the vertices vy,wq,v2,ws
and assign the labels (n+4),(n+5),—(n+4),—(n+5) to the vertices v, y3,ws,v4,wys. Proceeding
like this until we reach v,2_,_2, Wp2_,_o.

Therefore, f is pair difference cordial labeling of K, 41 U (n? —2n — 2)K5. The maximum
number of edges with labels 1 from the DS(K,, ,41) is, Ay, = 2n + 1.But the size of the
DS(Kp 1) is n? +3n+ 1. Hence n? —n — 2 is the least integer such that DS(K,, n4+1)U (n? —

n — 2) K5 is pair difference cordial. O
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A Counterexample to a Theorem about Orthogonal Latin Squares
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Abstract: We give a counterexample to a theorem of Vadiraja and Shankar about orthog-

onality of Latin squares induced by bivariate polynomials in (Z/nZ)[X,Y].
Key Words: Bivariate polynomials, Latin squares, orthogonal Latin squares.

AMS(2010): 08B15.

The topic of orthogonal Latin squares has a rich history dating back to Euler. The main result
of a paper by Vadiraja and Shankar asserts that certain Latin squares are orthogonal to one
another. In this note we give a counterexample to this result. We need some preliminaries in
order to state the result.

Let n be a positive integer, write R := Z/nZ, and pick any polynomials f(X,Y),g(X,Y) €
R[X,Y]. Let S; be the n-by-n matrix with rows and columns indexed by 0,1,2,--- ,n—1 and
whose entry in row ¢ and column j is f(, j). The matrix Sy is called a Latin square if, for each
¢ € R, each of the polynomials f(X,c) and f(c,Y) permutes R. If both S; and S, are Latin
squares then these Latin squares are orthogonal if, for each choice of u, v € R, there exist unique
i,7 € R for which f(i,5) = u and g¢(¢,j) = v. If Sy is a Latin square then we define its “mirror
image” to be Sy where F(X,Y):= f(X,—1—Y). Note that S is the matrix obtained from S
by reversing the order of the entries in each row. It is clear that if Sy is a Latin square then
also S R is a Latin square. In light of this, it is natural to ask when S; and S 7 are orthogonal.
It is easy to see that this never occurs when n is even [1, Theorem 2.3]. Theorem 2.9 of [1] and

Theorem 6.2 of [2] each assert that it always occurs when n is odd.

Theorem A (Vadiraja-Shankar) If n is odd and Sy is a Latin square then Sy and Sf are

orthogonal.

However, Theorem A is not true in general. One counterexample to this conclusion is
f(X,Y)=-X3Y? - X?2Y? — X%V + XY? 4+ X +Y with n = 5. For, we have

f(X,1) = —(X—-1)3, f1LY) = Y341,
f(X’Q) = X3+27 f<27Y) = (Y_2>37

1Received August 10, 2024, Accepted September 15, 2024.
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f(X,3) = X3-2 f3,Y) = (Y +2)3,
f(X,4) = —(X+1)?° f4Y) = Y3 -1

Since X? permutes Z/5Z, we see that Sy is a Latin square. But f(0,0) =0 = f(-1,-1)

and

£(0,0) = £(0,-1) = =1 = f(~1,0) = f(~1,-1),

so that each of the pairs (¢,7) = (0,0) and (¢, ) = (=1, —1) satisfies f(i,5) = 0 and f(i,j) =—1.
It follows that Sy and S 7 are not orthogonal. This concludes the proof that Theorem A is false.

In light of this counterexample, it is natural to reexamine the published proofs of Theorem
A. The proof of Theorem 2.9 in [1] consists of restating the orthogonality condition (incorrectly)
as pairwise distinctness of the pairs (f(i,j),f(—l — i,j)) with 4,7 € R, and then asserting
without further justification that this distinctness follows from S; being a Latin square.

The proof of Theorem 6.2 in [2] notes that there are n? distinct triples (i,j, f(i,j)) with
i,j € R, and also n? distinct triples (—1 — 4,7, f(i,j)) with 4,7 € R, and then asserts orthog-
onality without further justification. Thus, the mistake in the proofs of both [1] and [2] is
that the conclusion of Theorem A was claimed to follow at once from the hypothesis after an

immediate reformulation, when in fact the hypothesis does not imply the conclusion.
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Corrigendum: Variations of Orthogonality of Latin Squares
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In the proof of Theorem 2.9 ([1]), we clearly mentioned that the result applies to bivariate linear
polynomials. Unfortunately, the word linear was omitted from the theorem’s statement and in
the conclusion due to a typographical error. The corrected statement of the theorem should be

Theorem 2.9 For odd n, Latin square over Z, formed by a bivariate linear permutation
polynomial P(x,y) is orthogonal with its mirror image.

The reason of corrected conclusion is as follows:

Identifying a pair of bivariate polynomials modulo n which represent a pair of orthogonal
Latin squares is not obvious. But for odd n, a Latin square formed by a bivariate linear
polynomial is orthogonal to its mirror image. Moreover, no two bivariate polynomials over Z,,,

when n is even can form orthogonal Latin squares.

And so, all words “In the general case, ---. Hence they are orthogonal’ in the Proof of
Theorem 2.9 should be deleted.

References

[1] Vadiraja Bhatta G. R. and B. R. Shankar, Variations of orthogonality of Latin squares,
International J. Math. Combin., 3(2015), 55-61.

1Received August 30, 2024, Accepted September 15, 2024.



Famous Words

Gravity explains the motions of the planets, but it can not explain who sets the planets in

motion.

By Isaac Newton, a British physicist, mathematician and philosopher.
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