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Abstract: The goal of this article is to study conformal Yamabe soliton and conformal
gradient Yamabe soliton on the para-Kenmotsu manifold. Firstly, we have proved some
results of para-Kenmotsu manifold when its admit conformal Yamabe soliton. Later, we

have worked on conformal gradient Yamabe soliton on the para-Kenmotsu manifold.
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§1. Introduction

The concept of Yamabe flow was introduced by Hamilton [9] in order to produce Yamabe metrics
on compact Riemannian manifolds. The evaluation of the metric go in time ¢ to g = g(t) using
the equation is known as Yamabe flow. The equation of this is

0 glt) = —r(g(t),  9(0)=0,t>0,

where 7 is the scalar curvature of the Riemannian metric g. In dimension 2, the Yamabe flow
is similar to the Ricci flow. However, the Yamabe flow and the Ricci flow exhibit distinct
behaviors at higher dimensions. The Yamabe soliton [1] is a specific solution of the Yamabe
flow that moves via a homothetic family of one-parameter difeomorphisms, much like the Ricci

soliton [9]. The equation of the Yamabe soliton is

1
§£X9:(T_AM7

where Lx is the Lie derivative along the vector field X. Many researches have studied on
Yamabe soliton such as [5, 6, 8, 11, 17] and many others.
In 2021, Roy, Dey and Bhattacharyya [13] generalized the notation of Yamabe solition and

1Received July 24,2024, Accepted October 20,2024.
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they introduced conformal Yamabe soliton which is

(Lxg)(U,V) = [2r — 22+ (p+ 2)|o(U, V), (0.1)

where Lx denotes the Lie derivative along X, r is the scalar curvature, A is a constant and p
is the time dependent scalar field. A < 0, A = 0 and A > 0 confirmed that conformal Yamabe

soliton is expanding, steady and shrinking respectively.

When a smooth function f’s gradient is represented by X, it can be substituted by D f
to create the conformal gradient Yamabe soliton, for which the equation (1.1) takes on the

following form
V2f:{r—)\+(p+g)} (L.1)
n )

where, V2 f is the Hessian of f and this defined as Hess¢(U,V) = g(VyDf,V), D denotes the

gradient [1] operator.

This paper is constructed as follows:

After a brief introduction, we have covered some necessary results of para-Kenmotsu man-
ifold in section two. In section 3, we have worked on conformal Yamabe soliton on para-
Kenmotsu manifold. Here we have proved that the scalar r curvature is dependent on p, the
soliton vector field X and the Reeb vector field ¢ are Killing, X is constant multiple of &, the
soliton is shrinking, steady and expanding if p > %, p= % and p < % respectively and some
other results are also proved. In section 4, we have worked on conformal gradient Yamabe

soliton.

82. Preliminaries

An n— dimensional smooth manifold M™ is said to be an almost para-contact manifold ([3],
[10], [12]) if it admits an (1, 1) tensor field ¢, a unit vector field &, the smooth 1-form 7 and the

pseudo-Riemannian metric g such that

QU =U—-nU), nE)=1 ¢£=0, no¢p=0, (2.1)
9(U, &) =n(U), (2.2)

9(&:¢) =1, (2.3)

9(eU,oV) = —g(U, V) +n(U)n(V), (2.4)

for YU,V € x(M), where x(M) denotes Lie algebra of smooth vector fields on M.
dn(U,V) = g(U, V), (2.5)

for every U,V € x(M).
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An almost para-contact metric manifold is said to be paraKenmotsu manifold if it satisfies

(Vuo)V =g(oU, V) —n(V)eU, (2.6)
where V is the Levi-Civita connection of the pseudo-Riemannian metric g.

Moreover, in a para-Kenmotsu manifold, we have the following relations [7]

Vu& =U —n(U)S, (2.7)
(Vum)V = gU, V) = nU)n(V), (2.8)
R(U,V)E =n(U)V —n(V)U, (2.9)
R(EU)V =n(V)U = g(U,V)§, (2.10)
R(E,U)§ =U —nU),
S(U,&) = —(n—1)n(), (2.11)

where @@ and R denotes the Ricci operator and the Riemann curvature tensor respectively and
9(QU,V) = S(U,V).

It’s known that the Ricci tensor of a 3—dimensional para-Kenmotsu manifold is
1
SUV) =5 [(7’ +2)g(U, V) = (r = 6)n(U)n(V)]. (2.12)

Several authors have studied on para-Kenmotsu manifold such as [2, 14, 15, 16] and many

others.

83. Conformal Yamabe Soliton

Theorem 3.1 If a para-Kenmotsu manifold M™ admits conformal Yamabe soliton (g,&, A, p),
then the scalar curvature is dependent on p and the Reeb vector field £ is Killing.

Proof 1If € is the Reeb vector field then
(Leg)(U,V) = g(VuE, V) +g(U, V).
Using (2.7) in the above equation and then applying (2.2), we get
(Leg)(U, V) =2[g(U, V) = n(U)n(V)]. 3.1)

Again from equation (1.1), we have

(Le)(U,V) = [2r =22+ (p+ 2 )]0, V) (32)
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Equating (3.1) and (3.2), we get

[27« —oA+ (p + %)]g(U, V) = 2[g(U, V) = n(U)n(V)].

Substituting ¢ in the place of V' in the previous equation, we get

2r—2x+ (p+ %)]n(U) —0.

Since n(U) # 0, it gives

p 1
- (3+2).
" 2+n

where ) is a constant so, the scalar curvature r is dependent on p.

Using (3.5) in (3.2), we get (L¢g) = 0. Hence, the Reeb vector field ¢ is Killing.

(3.3)

(3.4)

(3.5)

Theorem 3.2 Let a 3—dimensional para-Kenmotsu manifold M3 admits conformal Yamabe

soliton (g,&, A\, p), € being the Reeb vector field and if the manifold is Ricci symmetric, then

6\ — 3p = —34.

Proof Using (3.5) in (2.12) for 3—dimensional, we obtain

S(U,V) = %HA - (g + é) + 2}g(U, V)
(r- (e ) s o]
Taking covariant derivative of the above equation along Z, we get
waswr) = - Gg) o)

<{nO) (V) +n(V)(Vzn)U).

The manifold is Ricci symmetric ie, (VzS)(U,V) =0, then from (3.7), we get

D= (24 2) + 6 {n@) (@ amv 4 0@} = 0.

Applying (2.8), in the foregoing equation (3.8), we obtain

(- (D) o} ooriav) -o.

Since g(oU, ¢V') # 0, it yields

(3.6)

(3.9)
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Hence, from the above
6\ — 3p = —34. (3.10)

This completes the proof. O

Corollary 3.3 If a 3—dimensional para-Kenmotsu manifold M3 admits conformal Yamabe

. . . . . . . . . . . . 34
soliton (g,&, \, p) and if the manifold is Ricci symmetric, then the soliton is shrinking if p > =5,
steady if p = 3—34 and expanding if p < 33—4.

Proof From equation (3.10), we get
6\ = 3p — 34.

The definition of shrinking, steady and expanding is that A > 0, A = 0 and A < 0 respec-
tively.

So, from the above soliton is shrinking, steady and expanding if p > %4, p= % and p < %
respectively. a

Theorem 3.4 Let a n—dimensional para-Kenmotsu manifold admits conformal Yamabe soliton
(g, X, \,p), such that the soliton vector field X is pointwise collinear with &, then X is a constant
multiple of € and X is a Killing vector field.

Proof Let X = ¢, where c is a function and £ is the Reeb vector field then
(Legg)(U, V) = g(Vueg, V) + g(U, Vyct).
Using (2.7) in the above equation and then applying (2.2), we get
(Legg)(U, V) = Uc)n(V) + (Veyn(U) + 2c{g(U, V) —n(U)n(V)}. (3.11)
Again from equation (1.1), we have
2
(L) U, V) = [2r =22+ (p+ 2) (U, V). (3.12)

Equating (3.11) and (3.12), we get

=22+ (p+ 2)]o@.v) = W) + Vo)
+2c{g(U, V) = n(U)n(V)}- (3.13)

Putting V = £, in the previous equation, we obtain

(Uc) = {27" -2\ + (p + %) - §c}n(U). (3.14)
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Again, Substituting U = £ in above equation, we get

(&)= [r—r+ (§+%)} (3.15)
Using (3.15) in (3.14) becomes
We)=[r—a+(5+ %)}n(U). (3.16)

Now, taking exterior differentiation of (3.16), we get

e e o )

Since dn # 0, the above equation becomes

P11y _
Using (3.18) in (3.16) gets
Uc=0,

which implies that ¢ is constant.

If we are using (3.18) in (1.1) yields
(Lxg)(U,V) = 0.

Hence, X is a Killing vector field. U

84. Conformal Gradiant Yamabe Soliton

Theorem 4.1 If a n—dimensional para-Kenmotsu manifold admits conformal gradient Yamabe
soliton with potential function f, then if the scalar curvature is constant then the potential

function f is also constant and conversely.
Proof From equation (1.2), we gets
2
VuDf = [r—/\—k(p—kﬁ)}U. (4.1)
Taking covariant differentiation (4.1) along the vector field V', we get
2
VyVuDf = (ViU + {7’ W (p + ﬁ> }VVU. (4.2)
Interchanging U and V in the above equation, we get

VuVyDf = U0V + {r—at (p+ %)}VUV. (4.3)
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Again, from (4.1) we have
ViewDf = [r=2+ (p+ %)}(VUV—VVU). (4.4)
As is widely known that
RU,V)Df =VyVvDf —-VyVuDf - Vv Df,

Using (4.2),(4.3) and (4.4) in the previous equation, we get

RU,V)Df =(Ur)V — (Vr)U. (4.5)
Contracting (4.5) over U, we get

S(V,Df)=—(n—1)g(V, Dr). (4.6)

Substituting, V' = ¢ and using (2.11) in (4.6), we get £f = &r.
Putting U = ¢ in (4.5), we obtain

R, V)Df = (&r)V — (Vr)E. (4.7)
Taking inner product with U, yields
9(R(&,V)Df,U) = (§r)g(U, V) — (Vr)n(U). (4.8)

From (2.10)
g(R(E V)DL, U) = [n(U)(Vf) = 9(U, V)(ES)]: (4.9)

As we know,
g(R(ﬁ, V)Df, U) = _g(R(§7 V)Uv Df)

So, from equation (4.8) and (4.9) we get,

€r)g(V,U) = (Vr)n(U) = =[n(U)(V f) = (U, V)(ES)]; (4.10)

which gives the following after antisymmetrizing

Ur)n(V) = (Vr)nU) = (Uf)n(V) = (VH)n(U). (4.11)

Replacing V' by ¢ in the previous equation (4.11) and using & f = £r implies that Df = Dr.
So, if the scalar curvature is constant, then the potential function is also constant and conversely.
This completes the proof. O
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Abstract: This paper investigates the structural properties of the Klein cubic threefold F
in 4—dimensional projective space over the finite field GF(2). We focus on the intersection
properties of the lines and the planes with F in PG(4,2). Notably, it is identified six spreads,
each containing five lines in F. Additionally, two distinct affine plane models are presented
by using the tangent planes of F. Furthermore, it is shown that Desargues’ theorem does
not hold in F.

Key Words: Klein cubic threefold, projective spaces, spread, Galois field.
AMS(2010): 51E20, 51E30.

§1. Introduction

Cubic surfaces have been extensively studied in algebraic geometry and have applications in
fields such as those of the computer graphics, physics and engineering. One notable early exam-
ple is the non-singular Klein cubic threefold studied by Klein in 1879, [11]. The classification of
non-singular cubic surfaces, particularly over finite fields, remains a significant area of research.
For instance, it has been shown that a non-singular cubic surface over the field GF'(2) can have
15,9, 5, 3, 2, 1, or O lines in [5,6,10]. In [13], Rosati further demonstrated that when ¢ is
odd, the number of lines must be one of 27, 15, 9, 7, 5, 3, 2, 1, or 0. In the 1960s, Hirschfeld
initiated a program to classify cubic surfaces with 27 lines over finite fields, [8]. This work is
a substantial contribution to this problem. Some examples of the nonsingular cubic surfaces
were given in [9].

In order to classify projective spaces, tools from Veronesean embedding and quadric theory
were used [1]-[4], [7], [12].

In this paper, we delve into the structural properties of the Klein cubic threefold F situated
in 4—dimensional projective space over the finite field GF(2). Our investigation primarily
focuses on the intricate intersection properties of lines and planes with F. Notably, every
point on the Klein cubic threefold is identified as an Eckardt point, marking a fundamental
characteristic of F.

Utilizing Schlafli labeling, we systematically notate the 15 lines comprising F. Through our

analysis, we observe that each line intersects six others while remaining skew to eight additional

1Received August 25,2024, Accepted October 22,2024.
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lines. Moreover, F has six spreads, each consisting of five lines.

An important finding in our study is the determination of the point (1,1,1,1,1), which is
the nucleus of F. We meticulously examine the tangent planes to F and present two distinct
affine plane models based on their specific properties.

Furthermore, we rigorously demonstrate that Desargues’ theorem, a cornerstone of pro-
jective geometry, does not hold in F. This observation underscores the unique geometric and
algebraic characteristics that distinguish F.

Throughout this paper, we aim to provide a comprehensive exploration of these structural
properties, offering insights into the rich interplay between algebraic geometry and combinato-
rial structure in the context of cubic threefold PG(4,2).

82. Preliminaries

Let GF(q) denote Galois field of order ¢ = p* where p is a prime. If any (n + 1)—dimensional
vector space V', the n—dimensional projective space PG(n,q) over GF(q) is the set of all sub-
spaces of V distinct from the trivial subspaces. 1—dimensional subspaces are called the points
of PG(n, K), 2—dimensional subspaces are called the (projective) lines and 3—dimensional ones
are called (projective) planes. We remark that by going from a vector space to the associated
projective space, the dimension drops by one unit. Hence an (n + 1)—dimensional vector space
V gives rise to an n—dimensional projective space PG(n, K) [3]-[7].

This is, the points in projective space PG(n,q) are defined by equivalence classes of non-
zero vectors in the vector space V.

For example, for 4—dimensional vector space, the associated 3—dimensional projective s-
pace would be where points are represented by equivalence classes of vectors (w, x, y, z), reducing
the dimension by one unit.

The 4—dimensional projective space PG(4,q) over GF(q) contains ¢* + ¢* + ¢*> + ¢ + 1
points and PG(4,2) has 31 points. The points of PG(4,2) are respectively listed as follows:

P1(0,0,0,0,1),  P»(0,0,0,1,0), P5(0,0,1,0,0), P4(0,0,1,0,1), P5(0,0,1,1,1),

Ps(0,1,0,0,0),  P7(0,1,0,0,1), Px(0,1,0,1,0), Py(0,1,1,1,0), Pyo(1,0,0,0,0),

Py1(1,0,0,1,0), Pi2(1,0,0,1,1), P13(1,0,1,0,0), P14(1,1,0,0,1), Pi5(1,1,1,0,0),

Pi6(0,0,0,1,1), P17(0,0,1,1,0), Py5(0,1,1,0,0), Pi9(1,0,0,0,1), Paso(1,1,0,0,0)

P51(0,1,0,1,1), P»(0,1,1,0,1), P»3(1,0,1,0,1), Py(1,0,1,1,0), P»5(1,1,0,1,0),
( ) ( ) ( ) ( ( )
( )

)

—_ — ~— ~—

P26 Oa1,171713 P27 170a171717 P28 1717031a17 P29 1717170317 P30 1317]-’1703
Py (1,1,1,1,1).

The Klein cubic threefold F is given by the equation
F 22y + 922+ 220 + 0®w 4+ wiz =0,

where z,y, z,v and w represent the coordinates of a point (v, w,z,y, 2) in the projective space
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PG(4,q) over GF(q). In algebraic geometry, a cubic threefold is a hypersurface of degree 3 in
4—dimensional projective space. This Klein cubic threefold F over the field F(q) is the zero

set of a homogeneous cubic equation in five variables over GF'(q).

2.1. Klein Cubic Threefold F with 15 Lines

We use the combinatorial definition where a line is considered as a subsets of points on F.

Proposition 2.1 FEvery Klein cubic threefold F over the field GF(2) contains 15 points and

15 lines. Every line has three points on it.
Proof In PG(4,2), a point is denoted by P(ag, a1, as,as,a4). A line through the points
P(ao, ai,ag,as, a4) and P(bo, bl, b27b3, b4) is denoted by

ap a1 G2 a3z a4

bo by by by by

[ =

Let F be Klein cubic threefold over the field GF(2). F can be identified with a set of the
points P; satisfying the equation x?y + y?z + 2%v + v?*w + w?x = 0 in PG(4,2) such that
P4(0,0,0,0,1), P»(0,0,0,1,0), P5(0,0,1,0,0), P4(0,0,1,0,1), P5(0,0,1,1,1), Ps(0,1,0,0,0),
P;(0,1,0,0,1), Ps(0,1,0,1,0), Py(0,1,1,1,0), P1o(1,0,0,0,0), P1:(1,0,0,1,0), P12(1,0,0,1,1),
Pi15(1,0,1,0,0), P14(1,1,0,0,1) and Py5(1,1,1,0,0). The incidence relation on F over the field
GF(2) is given as the following table: We define the incidence matrix A = [a;;] of F such that
a;; = 1, where 4,j € {1,2,---,15} if and only if the line /; is incident to the point P; and 0
otherwise; here the rows represent the lines and the columns the points of F. This matrix rep-

resents the incidence relation between the points P; and the lines /; of the Klein cubic threefold
over the field GF(2) in Table 1.

Pl PQ -Pii P4 -PS -!D[i P? PS 1DSJ Pl(! -Pll P12 Plli -P1—1 Pl!')

L 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0
L 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0
I; 1 0 0 0O O O 0 0 0 0 1 1 0 0 0
L, o 1 0 1 1 0 0 0 0 0 0 0 0 0 0
I, o0 1 0 0O O 1 0 1 0 0 0 0 0 0 0
lz; 0 1 0 0 O 0 0 0 0 1 1 0 0 0 0
I o 0 1 0o 0o 0o 0 1 1 0 0 0 0 0 0
g, 0 0 1 0o 0O 0 0 0 0 1 0 0 1 0 0
ly, 00 0 1 0 0 0 0 0 0 0 0 0 1 1
ly O 0 O O 1 0 1 0 1 0 0 0 0 0 0
hy o0 0 0O 0 1 O 0 0 0 0 0 | 1 0 0
ly O 0 O O O 1 0 0 0 0 0 0 1 0 |
Ly 0O 0 0 0 O O 1 0 0 1 0 0 0 1 0
ly 00 0 0 0o 0 0 1 0 0 0 1 0 1 0
Lis 0 0 0 0 O ) 0 0 1 0 1 0 0 0 1

Table 1. Incidence relation between the points and the lines of F

This completes the proof. O
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Proposition 2.2 FEuvery point of Klein cubic threefold over the field GF(2) is an Eckardt point,
and the three Eckardt points lie on a line on the cubic threefold F.

Proof Let F be Klein cubic threefold over the field GF(2) of characteristic 2. Every point
of Klein cubic threefold lies on three lines in F. So, the number of Eckardt points of Klein
cubic threefold over the field GF(2) is 15. Eckardt points with their coordinates as the point
of concurrency of three labeled lines can be seen in Table 1. Also, the three Eckardt points lie
on a line on the cubic threefold F. For example, P, P3 and Py lie on the line I; of F. O

Proposition 2.3 Fach line in F intersects exactly six others and is skew to the remaining

eight lines in F.

Proof Consider the subset of 15 lines of the Klein cubic threefold over the field GF(2)
labeled according to the Schléfli notation. The intersection properties of these lines indicate that
each line intersects exactly six others and is skew to the remaining eight. The intersection table
for these 15 lines is provided in Table 2, where intersections are marked and non-intersecting
lines are represented by O.

P P PR Py P B PP BB By Pp Pu Pa Pz Py Bis
{1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0

ILb 1 0 0 0 0 1 1 0 0 0 0 0 0 0 0
I; 1 0 0 0O O O 0 0 0 0 1 1 0 0 0
L 0o 1 0 1 1 0 0 0 0 0 0 0 0 0 0
I, 0 1 0 0o O 1 0 1 @0 0 0 0 0 0 0
l; 0 1 0 0 O O 0 0 0 1 1 0 0 0 0
I o 0 1 0o 0 0o 0 1 1 0 0 0 0 0 0
s 0 0 1 0o 0O 0 0 0 0 1 0 0 1 0 0

—
—_—

1 0 0 0 0 0 0 0 0 0 1 1
o 1 0 1 0 1 0 0 0 0 0 0
1 0 0 0 0 0 0 1 1 0 0
0o 0 1 0 0 0 0 0 0 1 0 1
Lis 0 0 0o 0 0 1 0 0 1 0 0 0 1 0
lymb 0O 0 0 0 0o o0 0 1 0 0 0 1 0 1 0
Ly O 0 0 0 0 0 0 0 1 0 1 0 0 0 1

ey
[hipt
[ =1
—_——

Table 2. Pairwise intersection table of the 15 lines of F

This completes the proof. O

83. Classifications the Lines of the Klein Cubic Threefold F Modulo 2

3.1. Line Spreads of F

A (crisp) k—spread, or simply spread of the projective geometry PG(n, K) is a partition of the
point set of PG(n, K) into k—spaces, for some k, 1 < k < n — 1. We now give line spreads of
Klein cubic threefold F over the field GF(2).

Proposition 3.1 Fvery Klein cubic threefold F over the field GF(2) has 6 spreads with five
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lines. Moreover, every line of the threefold F belongs to exactly two spreads.

Proof Let F be Klein cubic threefold over the field GF(2). Let S; be the set of lines
spreads of Klein cubic threefold F. 1—spread S; of F must be five lines because of a partition

of the point set of F. It is easily obtained that there are six line spreads of F from Table 1.

lh={P, P3Py} le = {P2, Pro, P11} | lin = {Ps, P12, P13}
lo = {Py, Ps, Pr} l; ={Ps,Ps, Py} li2 = {Ps, P13, P15}
I3 = {P1, Pi1, P2} | Is = {P3, Pro, P13} | lis = {Pr, Pro, P1a}
ly ={P», Py, Ps} lo = {Py, P4, P15} | lia = {Ps, P12, P14}
ls ={P, Ps, Ps} | lio ={P5, Pr, Po} | lis ={Po, P11, P15}

Table 3. Lines spreads of Klein cubic threefold F

and lines spreads of Klein cubic threefold F are S;, i =1,2,--- ,6, where

S1={l,ls,l11, 13, lis}, Sz = {l1,ls, b0, a2, lia},  S3 = {l2, 14,18, 114, 15},
Sy ={la,ls, 17,19, 111}, S5 ={ls,la,l7, 112,113}, Se = {l3,15,18,1l9,l10} -

From Table 3, two different spreads of F have a common line. O

3.2. Skew-Tangent-Secant Lines to F

The study of lines in relation to the Klein cubic threefold F reveals geometric properties and
relationships. The classification of lines as skew, tangent, or secant provides insight into the
structure and interaction of F within the projective space PG(4,2). The following theorem

presents detailed characteristics of these lines in relation to F.

Theorem 3.2 Let F be a Klein cubic threefold with exactly 15 lines. Then,

(1) There are four tangent lines and eight secant lines passing through any point in F;

(2) PG(4,2) has exactly 20 lines not intersecting with F, 60 tangent lines to F, and 60
secant lines to F;

(3) Four lines of the lines passing through any point in PG(4,2)\F intersect with F at two
points; seven lines of them intersect with F at one point; and four lines of them intersect with
F at no point;

(4) Eight lines of the lines passing through any point on F intersect with F at two points;
four lines of them intersect with F at one point; and three lines of them intersect with F at

three points.

Proof (1) Let F be the Klein cubic threefold with exactly 15 lines. Since the incidence
relation between the points and the lines of F, there are three points on any line and three
lines passing through any point P;, i = 1,2,--- ,15 in F. Also, three of the 15 lines in PG(4,2)
passing through any point of F belong to F. There are seven points of F on these three lines,
and there are eight points of F apart from these lines. Therefore, 8 lines passing through any
point P;, i = 1,2,--- /15 of F are formed secant lines. Thus, the remaining 4 lines passing
through any point P; of F are tangent lines.
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(2) Since the number of tangent lines passing through each of the 15 points on F is 4, the
total number of tangent lines to F in PG(4,2) is 60. In addition, since the number of secant

lines passing through a point on F' is 8, the total number of secant lines is calculated % = 60.

(3) Let the points of PG(4,2) be denoted by their indices, and the lines of PG(4,2) denoted
by the points on them. There exist 15 lines passing through any point in PG(4,2). Tt is easily
seen that four lines of them do not intersect with F, four lines of them intersect with the F at
two points, and seven lines of them intersect with F at one point. The lines in PG(4,2) through

the points not on F are listed according to the intersection points with F in the following tables.

16-20-28 | 17-19-27 | 18-19-29 | 19-26-30 | 21-24-29
16-18-26 | 17-20-30 | 18-24-25 | 20-22-23 | 22-24-28
16-23-24 | 17-21-22 | 18-27-28 | 20-26-27 | 22-25-27
16-29-30 | 17-28-29 | 19-21-25 | 21-23-30 | 23-25-26

Table 4. Lines not intersecting with F

16-4-17 | 17-12-23 | 19-5-24 | 21-3-26 | 23-8-31 | 26- 10-31
16- 6 -21 17- 15 -25 | 19- 7 -20 21- 13 -31 | 23-9 -28 26- 11 -29
16-9-22 | 17-14-31 | 19-8-28 | 21- 15-27 | 24-1-27 | 26- 13 -28
16-11-19 | 18-1-22 | 19-9-31 | 21-10-28 | 24-6-30 | 27- 6 -31
16- 13 -27 | 18-5-21 | 19-15-22 | 22-2-26 | 24-7-31 | 27-7-30
16- 14 -25 | 18- 11-30 | 20- 2-25 | 22- 11-31 | 24- 14 -26 | 27- 8 -29
16- 15 -31 | 18- 12 -31 | 20- 4 -29 22- 10 -29 | 25-1-28 28- 3 -31
17-7-26 | 18-13-20 | 20- 5-31 | 22-12-30 | 25- 3-30 | 28-4-30
17-8-18 | 18- 14-23 | 20-9-24 | 23-2-27 | 25-4-31 | 29-2-31
17- 10 -24 | 19- 3 -23 20- 12 -21 | 23- 6 -29 25- 5 -29 30-1-31
Table 5. Tangent lines to F
16- 1 -2 18-4 -7 21-1-8 23-5-11 | 26-1-9 28- 6 -12
16- 3 -5 18- 10-15 | 21- 2 -7 23-7-15 | 26-4 -8 28-7-11
16- 7 -8 19-1-10 | 21-4-9 24-2-13 | 26-5-6 20-1-15
16- 10-12 | 19-2-12 | 21-11-14 | 24-3-11 | 26- 12-15 | 29- 3 -14
17-1-5 19- 4 -13 22- 3 -7 24- 4 -12 | 27- 3 -12 29- 9 -12
17-2-3 19-6-14 | 22-4-6 24-8-15 | 27-4-11 | 29-7-13
17-6 -9 20-1-14 | 22-5-8 25-11-6 | 27-9-14 | 30-2-15
17-11-13 | 20-3-15 | 22-13-14 | 25-7-12 | 27-5-10 | 30-5-14
18-2-9 20-6-10 | 23-1-13 | 25-8-10 | 28-2-14 | 30- 8 -13
18- 3 -6 20-8-11 | 23-4-10 | 25-9-13 | 28-5-15 | 30-9-10

Table 6. Secant lines to F
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(4) Tt is easily seen that eight lines of the lines passing through any point on F intersect
with F at two points from Table 6; four lines of them intersect with F at one point from Table
5; and three lines of them intersect with F at three points from Table 3. g

Let B, be a set of ¢" ! +¢" 2 + ... 4+ g + 1 points, not all on a hyperplane in the
n—dimensional projective space PG(n,q) over the Galois field GF(q), n > 2. A point not in
B, is called a nucleus of B, if every line through it meets B,, (exactly once, of course). The
set of all nuclei of B,, is denoted by N(B,,).

Proposition 3.3 The point Ps; = (1,1,1,1,1) not on F in PG(4,2) is nucleus of F.

Proof Let F be Klein cubic threefold over the field GF'(2) of characteristic 2. The projective
space PG(4,2) contains 31 points and 135 lines. There are 15 lines through every point. 15
points of these 31 points are on F and these points are labeled P;, i = 1,---,15. Consider the
point P3; = (1,1,1,1,1) in PG(4,2) not satisfying the equation

22y + 122 + 220+ 0%w + w?r =0

and every line passing through the point Ps; is a tangent line of F from Table 6. So, P37 is a
nucleus of F. O

84. Geometric Structures Associated with the Klein Cubic Threefold F

In this section, we investigate well-known geometric structures such as the Fano plane, affine
plane, and Desargues configuration associated with the Klein cubic threefold F.

First of all, we show that F does not include any projective plane. Then, we determine
the planes that are tangent to F. We give two different affine plane models with these tangent

planes. Finally, we show that the Desarg theorem is not valid in F.

Proposition 4.1 There is no any projective plane in Klein cubic threefold F over the field
GF(2).

Proof Let F be Klein cubic threefold over the field GF(2). If there is a projective plane in
Klein cubic threefold F over the field GF(2),then there are seven points and seven lines such
that three points on any line and three lines passing through any point in this projective plane
in F. It is well known that seven points of the projective plane on three lines passing through
any point. But the remaining 4 lines of the projective plane are secant lines from Table 7 in
PG(4,2). So, there is no any projective plane in Klein cubic threefold F. O

Proposition 4.2 Let F be Klein cubic threefold over the field GF(2) in PG(4,2). There is
a single tangent projective plane at every point of the Klein cubic threefold F over the field
GF(2).

Proof Let F be Klein cubic threefold over the field GF(2). Let the points of F be
shown with their indices. Table 7 shows the tangent projective planes 7; at the points P;,
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i=1,2,---,15, to F over the field GF(2).

m = {{1,18,22},{1,24,27}, {1,25,28}, {18, 27,28}, {22, 24,28}, {22, 25,27}, {18, 24, 25} }
2 = {{2,20,25}, {2, 22,26}, {2,23,27}, {22, 25,27}, {20, 26, 27}, {23, 25, 26}, {20, 22, 23} }
75 = {{3,19,23}, {3,21,26}, {3,25,30}, {23, 25,26}, {19, 21, 25}, {19, 26, 30}, {21, 23,30} }
= {{4,16,17}, {4, 20,29}, {4, 20, 28}, {16, 29, 30}, {17, 20, 30}, {17, 28,29}, {16, 20, 28} }
s = {{5,18,21}, {5, 19,24}, {5, 25,29}, {18, 24,25}, {19, 21, 25}, {21, 24,29}, {18, 19,29} }
76 = {{6,16,21}, {6, 23,29}, {6,24, 30}, {16, 23,24}, {16,29, 30}, {21, 24,29}, {21, 23,30} }
77 = {{7,17,26},{7.19,20}, {7, 27, 30}, {17, 20, 30}, {19, 26, 30}, {20, 26, 27}, {17, 19, 27} }
7s = {{8,17,18},{8,19,28}, {8,27, 29}, {17, 28,29}, {18, 19,29}, {18, 27,28}, {17, 19, 27}}
7o = {{9,16,22}, {9, 20,24}, {9,23, 28}, {16, 23, 24}, {20, 22, 23}, {22, 24,28}, {16, 20, 28} }
m10 = {{10,17,24}, {10, 21, 28}, {10, 22,29}, {17, 28,29}, {21, 24,29}, {22, 24, 28}, {17, 21,22} }
71 = {{11,16,19}, {11, 18,30}, {11, 26,29}, {16, 29, 30}, {18,19, 29}, {19, 26, 30}, {16, 18,26} }
T2 = {{12,17,23}, {12, 20,21}, {12, 22, 30}, {17, 21,22}, {20, 22, 23}, {21, 23, 30}, {17, 20, 30} }
ms = {{13,16,27}, {13, 18,20}, {13, 26,28}, {16, 20,28}, {18, 27,28}, {16, 18, 26}, {20, 26, 27} }
T4 = {{14,16,25}, {14, 18,23}, {14, 24, 26}, {16, 23,24}, {18, 24, 25}, {23, 25, 26}, {16, 18,26} }
715 = {{15,17,25}, {15, 21, 27}, {15, 19,22}, {17, 19,27}, {19, 21, 25}, {22, 25, 27}, {17, 21,22} }

n

Table 7. Tangent projective planes to F
This completes the proof. O

The following results are obtained from the Table 7.

Corollary 4.3 (i) Fach tangent plane of the surface F contains three tangent lines passing
through the tangent point on F and four lines not intersecting the surface F.

(ii) Three tangent planes of F intersect along a line not intersecting with F.

(#i1) The nucleus of F is not on any tangent planes of F in PG(4,2).

(iv) There are four tangent lines any point in F.

Theorem 4.4 Three of the planes passing through the nucleus of F intersect along a line with

F, and four of them intersect with F at two points.

Proof The planes D;, i =1,---,7, passing through the nucleus of F can be listed as

D, = {{1,6,7},{1,24,27}, {1, 30, 31}, {6, 24, 30}, {6, 37, 31}, {7, 27, 30}, {7, 24, 31} } ,

D, = {{1,3,4},{1,25,28}, {1, 30,31}, {3, 25,30}, {3, 28,31}, {4, 28, 30}, {4, 25,31} } ,

Dy = {{1,11,12}, {1,18,22}, {1,30, 31}, {11, 18, 30}, {11, 22, 31}, {12, 22, 30}, {12, 18,31} }
D, = {{1,5,17},{1,14,20}, {1, 30, 31}, {5, 14, 30}, {5, 20, 31}, {14, 17, 31}, {17, 20, 30} } ,
D = {{1,9,26}, {1, 10,19}, {1, 30,31}, {9, 10, 30}, {9,19, 31}, {10, 26, 31}, {19, 26,30} } ,
Ds = {{1,8,21}, {1,13,23}, {1, 30, 31}, {8, 13, 30}, {8, 23,31}, {13, 21, 31}, {21, 23,30} } ,
D7 = {{1,2,16}, {1,15,29}, {1, 30,31}, {2, 15, 30}, {2,29, 31}, {15, 16,31}, {16,29,30} } .

It is easily seen that the planes D;, Do, and D3 intersect along a line with F, and the
others intersect with F at two points. O

Theorem 4.5 There are siz-tangent planes of F passing through any point not on F in
PG(4,2). Moreover, these planes form four different plane bundles that intersect a line three
by three, so that two different bundles have a common tangent plane.

Proof Tt is seen from Table 7 that any point P;, P; € {16,---,30} not on F in PG(4,2) is
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contained in six-tangent planes. For example, the point (0,1,1,0,1) not on F is on the tangent
planes 71, mo, mg, m10, T12,and m15. The triplets of different tangent planes passing through a

common line are {71'1, T2, 7T10}7 {7T1,7T12,7T15}, {7’1’2, 9, 7T12} and {71'10,’/T12,7T15}. D

Theorem 4.6 An affine plane in PG(4,2) can be formed with siz tangent planes that passes
through a point outside the surface F.

(1) Let each of the triplets of different tangent planes tangent to the surface from a point
outside the surface in PG(4,2) passing through a common line be called a point and each of the
tangent planes be called a line. The incidence relation between a point and a line means that

each point is on the three tangent planes (three lines) that form it;

(2) Let each of the triplets of different tangent planes that are tangent to the surface from
a point outside the surface in PG(4,2) not containing a common line be a point and each of
the tangent planes be a line. The incidence relation means that every point is on the tangent

planes that form it.

Proof Let F be Klein cubic threefold over the field GF(2). An affine plane is a collection
of points and lines in space that follow the following fairly sensible rules:

(A1) Given any two points, there is a unique line joining any two points.
(A2) Given a point P and a line L not containing P , there is a unique line that contains

P and does not intersect L.

(A3) There are four points, no three of which are collinear.

Since every tangent plane in only two triplets of different tangent planes, Al is satisfied.
Since a tangent plane is in only two triplets and not in two triplets of different tangent planes,
A2 is satisfied. Since there are only four triplets, and any three of these have not common
tangent plane, A3 is satisfied. d

Example 4.7 The six tangent planes passing through the point (0,1,1,0,1), which is not on
the surface F are my, mo, mg, M0, m12 and m15. The triplets of different tangent planes passing

through a common line are

{m1, 2, M0}, {m1, T2, M5}, {m2, m9, M2} and {71, T12, T15}.

If we define respectively the points set, line set and the incidence relation as:

the point set

P = {{7T177T2; 7710}7 {771’77127 7715}7 {7T277T977712}, {7710,71-1277715}}’7

the line set

E = {7r1; 71—2377—977(10377—12771—15},

the incidence relation

I: the point {m;, m;, 7} I the lines m;, m;, and 7y
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then, the structure (P, L, ) is an affine plane of order 2.

Example 4.8 The six tangent planes passing through the point 22, which is not on the surface
F are my, o, Mg, M10, T12 and my5. The triplets of different tangent planes not containing a

common line are

{7713772771-9}7 {7T177T10,7T15}, {7T277T1277T15} and {71-977(10771-12}-

If we define respectively the points set, line set and the incidence relation as:

the point set

P/: {{771’772777'9}7 {771777'10’7715}’ {77'2,771277715}7 {71'9; 7710771'12}};

the line set

/
L'= {7T1»7T2;77977T10, 7712,7T15},

the incidence relation
I’ : the point {m;,m;, 7} I’ the lines m;, 7;, and 7,
then, the structure (P’,£',I') is an affine plane of order 2.

Proposition 4.9 If two triangles are in perspective centrally in Klein cubic threefold F over
the field GF(2), then they are not in perspective from an axis in PG(4,2)\F.

Proof Let F be Klein cubic threefold over the field GF(2). Denote the three vertices of one
triangle by P3, Ps and P;; and those of the other by Py, P; and P;o. Central perspectivity means
that the three lines P3Py, PsP7, and P;1 P are concurrent at the point P; called the center of
perspectivity. Axial perspectivity means that lines P3P and Py, P; meet in the point Pig, lines
P3P;p and PyPi5 meet in a second point Py and lines PsP;; and P;Pio meet in a third point
P55 and that these three points all lie on a common line called the axis of perspectivity. This
axis {Pis, Pa4, P25} of perspectivity is not on F. The line joining the three collinear points of
intersection of the extensions of corresponding sides in perspective triangles is not intersecting
with F. O

85. Conclusion

This study has delved into the structural properties of the cubic threefold F over the field GF(2)
in 4—dimensional projective space, focusing particularly on its intersection properties with lines
and planes. The analysis has revealed the presence of six spreads, each composed of five lines,
offering insights into the combinatorial structure of F. Exploring tangent planes to F has led
to the formulation of two distinct affine plane models, highlighting its geometric versatility.
Additionally, the non-validity of Desargues’ theorem within F underscores its departure from

classical projective geometry norms. This research contributes to advancing our understanding
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of cubic threefolds over finite fields, pointing towards further investigations into their algebraic

and geometric intricacies.
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§1. Introduction

The notion of coupled fixed point for a partially ordered set €2 was introduced by Bhashkar and
Lakshmikantham [9]. Several other authors such as Ciri¢ and Lakshmikantham [10], Sabet-
ghadam et al. [33] and Oleleru et al. [26] have established some coupled fixed point theorems
in metric spaces. Afterwards, many researchers have obtained coupled fixed point results for
mappings under various contractive conditions in the setting of metric spaces and generalized
metric spaces (see [1], [6], [14], [19], [24], [37]).

In 1994, the notion of partial metric space was introduced by Matthews (see, [23]) as part
of the study of denotational semantics of dataflow networks. It is well-known that partial metric
spaces play an important role in the theory of computation (see, e.g., [15], [21], [32], [36]). The
PMS is a generalization of usual metric spaces in which the self-distance need not be zero.
Later, Matthews proved the partial metric version of Banach fixed point theorem [8].

Several famous mathematicians have contributed to the development of this research fields.
Masiha et al. [22] proved some fixed point results for weakly contractive type mappings in par-
tially ordered partial metric spaces. They applied their results to nonlinear fractional boundary
value problem. Altun et al. [5] established some fixed point theorems for generalized contrac-
tive type mappings on partial metric spaces. They also proved a homotopy result. Aydi et

1Received September 8,2024, Accepted December 8,2024.
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al. [7] introduced the concept of partial Hausdorff metric and they initiated the study of fixed
point theory for multi-valued mappings on partial metric spaces using the partial Hausdorff
metric and proved an analogous to the well-known Nadler’s fixed poin theorem. Heckmann [15]
introduced the concept of weak partial metric function and established some fixed point results.
Oltra ans Valero [27] generalized the Matthews results in the sense of O’Neil [28] in complete
partial metric space (see, also [2], [3], [6], [12], [13], [17], [20], [25]).

The practice of improving contraction conditions in proving fixed point and common fixed
point theorems is still in fashion. Recently, with a view to accommodate many contraction
conditions, Popa [29] and Popa et al. [31] introduced implicit functions which are proving
fruitful due to their unifying power besides admitting new contractive conditions.

In nonlinear analysis, especially in fixed point theory, implicit relations on metric spaces
have been investigated highly in many articles (see, e.g., [4], [16], [30], [34] and references
therein).

Inspired and motivated by the works of [6, 9, 29] and others, the purpose of this article is to
examine the existence of a coupled fixed point theorem for mappings satisfying mixed monotone
property in the context of partial metric spaces by using implicit relations. In addition, we
provide some consequences of the established result. We also state an example to illustrate
our result. Finally, an application to the integral equation is included. Our results extend,

generalize and enrich several results in the existing literature.

82. Preliminaries

In this section, we give some definitions and lemmas related to partial metric spaces which will

be useful in the proof of our main results.

Definition 2.1([23]) Let 2 be a nonempty set. A partial metric on Q) is a function p: Q x Q —
[0,400) such that for all vi,vqe,u € Q the followings are satisfied:

(p1) v1 = v2 & p(v1,v1) = p(v1,v2) = p(v2,v2);
(p2) p(v1,v1) < p(v1,v2);

(p3) p(v1,v2) = p(va, v1);

(p4) p(v1,v2) < p(vi,u) + p(u,v2) — p(u, u).

Then, p is called a partial metric on Q and the pair (Q,p) is called a partial metric space.

It is clear that if p(vy,ve) = 0, then from (pl), (p2), and (p3), v1 = ve. But if v; = va,
p(v1,v2) may not be 0.
If p is a partial metric on 2, then the function dP: Q x Q — [0, +00) given by

d?(v1,ve) = 2p(v1,v2) — p(v1,v1) — p(v2, va), (2.1)

is a usual metric on €.
Each partial metric p on §2 generates a T topology 7, on 2 with the family of open p-balls
{Bp(y,€) : y € Q,¢ > 0} where By(y,e) = {z € Q : p(y,2) < p(y,y) + ¢} for all y € Q and
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¢ > 0. Similarly, closed p-ball is defined as By[y,e] = {z € Q : p(y,z) < p(y,y) + €} for all
y e Qande > 0.

Example 2.2([7]) Let Q = [0,400) and p: Q x Q — [0, +00) be given by p(y, z) = max{y, z}
for all y,z € Q. Then (Q,p) is a partial metric space.

Example 2.3([7]) Let Q = I, where I denote the set of all intervals [y1, z1] for any real numbers
y1 < z1. Let p: © x Q — [0,00) be a function such that p([y1, z1], [y2, 22]) = max{z1, 22} —
min{y1, y2}. Then, (2, p) is a partial metric space.

Example 2.4([11]) Let Q@ = R and p: Q x Q — R* be given by p(y, z) = e™>{»:2} for all
y,z € . Then (£2,p) is a partial metric space.

Definition 2.5([23]) Let (2,p) be a partial metric space. Then,

(A) A sequence {yn} converges to a point y € Q if and only if lim,— 00 (Y, yn) = 2(y,y);
(B) A sequence {yn} in Q is called a Cauchy sequence if and only if lim, n—c0
D(Ym, Yn) exists (and finite);
(C) A partial metric space (S0, p) is said to be complete if every Cauchy sequence {yn} in
Q converges, with respect to T,, to a pointy € Q, such that, limy, n—oo D(Ym, Yn) = Py, y);
(D) A mapping f: Q — Q is said to be continuous at yo € Q if for every e > 0, there exists

n > 0 such that f(Bp(yo,n)) C Bp(f(yo),f-:),

Definition 2.6([23]) A partial metric space (€, p) is said to be complete if every Cauchy

sequence {yn} in Q converges to a point y € Q with respect to Tp. Furthermore,

im  p(ym,yn) = lm p(yn,y) = p(y,y).

m,n— oo

Definition 2.7([9]) Let (2, <) be a partially ordered set. The mapping H: QxQ — Q is said to
have the mized monotone property if H(x,y) is monotone non-decreasing in x and is monotone

non-increasing in y, that is, for any x,y € €,
21,22 € Q, 11 <29 = H(x1,y) < H(x,v),

and
y1,y2 €Q, y1 <y = H(z,y1) > H(z,y2).

Definition 2.8([9,10]) An element (z,y) € Q X Q is said to be a coupled fized point of the
mapping H: Q x Q — Q if H(z,y) =« and H(y,z) = y.

Example 2.9 Let Q = [0,+00) and H: Q x Q — Q be defined by H(z,y) = ZE for all

x,y € Q. Then one can easily see that H has a unique coupled fixed point (0, 0).

Example 2.10 Let Q = [0,+00) and H: Q x Q — Q be defined by H(z,y) = Z5¥ for all
z,y € Q. Then we see that H has two coupled fixed point (0,0) and (1, 1), that is, the coupled
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fixed point is not unique.

Lemma 2.11([6, 23]) (1) A sequence {yn} is Cauchy in a partial metric space (Q,p) if and
only if {yn} is Cauchy in a metric space (2, dP) where

d?(y,z) = 2p(y, z) — p(y,y) — p(z,2) forall y,z € Q.

(2) A partial metric space (2,p) is complete if a metric space (2, dP) is complete, i.e.,

lim d”(y,y) =0 & p(y,y) = lim p(yn,y) =

n—roo

pm Py, Ym).
Lemma 2.12([17]) Let (Q,p) be a partial metric space.

(1) Ify,z € Q, p(y,z) =0, then y = z;

(2") If y # 2, then p(y, z) > 0.

One of the characterization of continuity of mappings in partial metric spaces was given

by Samet et al. [35] as follows.

Lemma 2.13([35]) Let (2,p) be a partial metric space. The function F: Q — Q is continuous
if given a sequence {Yn}tnen and y € Q such that p(y,y) = lim, 00 P(Y, Yn), then p(Fy, Fy) =
limy, 00 p(F'y, F'yn)-

Example 2.14([35]) Let £ = [0, 4+00) endowed with the partial metric p:  x  — [0, +00)
defined p(y, z) = max{y, z} for all y,z € Q. Let F': Q@ — Q be a non-decreasing function. If F
is continuous with respect to the standard metric d(y,z) = |y — 2| for all y,z € Q, then F is

continuous with respect to the partial metric p.

Lemma 2.15([11]) Let y, — y as n — oo in a partial metric space (2, p) where p(y,y) = 0.
Then limy, o0 p(Yn,u) = p(y,u) for all u € Q.

A set of implicit relations, denoted by V, is the collection of all continuous functions
V: (R*)® — R which satisfy:

(V1) V(t1,ta,ts,t4,t5) is non-increasing in ¢4 and t5, and
(V2) there exists a function ¢ € ¥ such that

V(u,v,w,u~+v,u+v) <0 implies u < v+ P (w),

where ¥ denotes the set of all functions y: RT — Rt with the properties:

(i) ¢ is continuous and non-decreasing;
(73) (t) < t for each t > 0 and ¢ (0) = 0.

Example 2.16 It is easy to check that the following functions are in V.

(Vi) V(t1,ta,t3,t4,t5) = t1 — ate — btz — ¢ty — dts, where a,b, ¢, d are non-negative real
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numbers such that a + b+ 2c + 2d < 1;
(‘/2/) V(tl,t27t37t4,t5) =t1 — a max {tg,tg, %, %5 s where a € (0, 1),
(Vzg/) V(t17t2,t3,t4,t5) =1 — 1/J(max{t2,t3}), where ’ll) ew.

83. Main Results

In this section, we shall prove a coupled fixed point theorem via implicit function in the frame-

work of partially ordered partial metric spaces.

Theorem 3.1 Let (2, p, <) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V € V such that

p(H(u’ U)’ H(y’ Z))ap(u7 y)vp(v, Z),
V(p(H(u,v),u) + p(H(y, z),y),p(H(u,v>7y)) <0, (3.1)

for all u,v,y,z € Q with uw >y and v < z. Suppose that either

a) H is continuous or

(
(b) Q2 has the following property
(

i) if a non-decreasing sequence {un,} in Q converges to some point u € Q, then u, < u
for all n;
(#9) if a non-increasing sequence {vy,} in Q converges to some point v € 2, then v < v, for

If there exist two elements ug, vy € Q with ug < H(ug,vy) and vy > H(vg, ug), then H has
a coupled fixed point in 2.

Proof Let ug, vy € Q be such that ug < H(ug,v9) and vg > H(vg, ug). We construct the
iterative sequences {u,} and {v,, } in Q as follows: let uy = H(ug, vg) and v1 = H(vg, ug). Then
ug < uy and vg > vy. Again, let ug = H(uy,v1) and va = H(vy,u1). Since H has the mixed
monotone property on (2, then we have u; < ug and v; > vy. Continuing the same way as

above, we get
Unt1 = H(up,v,) and vp41 = H(vn, uy) forallm >0, (3.2)

and
g Sup <o Sy SUppr Soey V92V 2 U 2 Uppl e (3.3)

If there exists ng € NU {0} such that u,, = up,4+1 and vp, = vpy+1, then
Ung = Ung+1 = H (Ungy, Uny) and Vg = Vpgr1 = H(Vng, Ung ),

which concludes that (up,, vn,) is a coupled fixed point of H. So, we assume that w,, 7# Uny+1
OF Upy # VUpg+1 for all n. By Lemma 2.12 (2'), we have p(up41, un) > 0 and p(vy41,v,) > 0 for
all n.

Since tp41 > Uy and va41 < vy, from equation (3.1) with w = up41, v = Upt1, Y = Uy
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and z = v,, we have

V( p(H(un+1avn+1);H(un7Un))ap(un-i-laun),p(vn-i-lvvn)a ) < 0

p(H(Un+1, Un+1)7 un—i—l) + p(H(un, Un)a Un)ap(H(un+1a vn+1), un) -

or

V( p(un+27 un+1)7p(un+17 u’n)vp(vn-‘rh Un)a > S 0. (34)
P(Uny2, Ung1) + P(Unt1, Un), P(Unt2, Un)
By PMS condition (p4), we have
P(tung2,Un) < pltngo, Ung1) + P(Uny1, Un) — P(Ung1, Ungr)

S p(un+27un+1) +p(un+laun)' (35)

By the properties of V' and equation (3.5), the inequality (3.4) reduces to

V( P(Uny2, Ung1), P(Uns1, Un ), P(Vnt1,Vn), > <0, (3.6)
p(un+2; un+1) + p(un+17 un);p(un+27 un+1) + p(un+1; un)

which yields that
P(Uny2, Ung1) < P(Untt1, un) +P(P(Vrg1,Vn))- (3.7)

Similarly, we can show that
P(Unt2,Unt1) < p(Uny1,vn) + P (p(Ungr, un))- (3.8)
By adding equations (3.7)-(3.8) and using the properties of 1, we have
Sp < Sn-1+¥(Sn-1), (3.9)

where S,, = p(un+Qa un+1) + p(vn+27 Un+1)-

If there exists n; € N U {0} such that p(un,42,Un,+1) = 0, p(Un,+2,Vn,+1) = 0, then
Uny+1 = Unyt+2 = HWUny+1,Vn,41)s Unj41 = Unyt2 = H(Uny41,Un,+1) and (Upy+1, Uny41) 1S
a coupled fixed point of H and thus the proof is finished. Suppose, on the contrary, that
P(Uny+2, Uny+1) Z 0, D(Vny+2,VUn,+1) 7 0 for all n € N. Then by the properties of function 1,
we have

Sn S Snfl + 'l/}(snfl) S Snflv (310)

where S, is a non-negative sequence and hence convergent to a limit, say S*. Taking the limit

when n — oo in equation (3.10), we get
S* < S*+(ST) (3.11)

and consequently, we have ¢(S*) = 0. By the property of function v, we obtain S* = 0, that

is, lim,, o0 S, = 0. Thus

lim S, = lim p(upy1,un) + pVnt1,vn) =0
n— oo n—oo
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= lim p(“n-{-lv“n) = lim (Un-i-lzvn) =0. (312)

n—roo n—oo

Next, we prove that {u, } and {v, } are Cauchy sequences. Suppose, to the contrary, that at
least one of {u,} or {v,} is not a Cauchy sequence, then there exists an € > 0 for which we can
find subsequences {ty, (k) }, {tmr)} of {un} and {vn@)}s {vm@y} of {vn} with n(k) > m(k) > k
such that

P(Un (), Um(k)) > €, forall b =1,2,3,---. (3.13)

Furthermore, corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfies equation (3.13). Then, we have

P(Un (k)1 Um(k)) < € (3.14)

Using the triangle inequality, we have

P(Un(k)s Um(k)) < P(Un(k)s Un(k)—1) + P(Un(k)—1, Um(k))
— P(Up(ky—15 Un(k)—1)
< P(Un(r), Un(k)—1) + P(Un(k)—15 Um(k))
< P(Un(kys Un(ky—1) + €. (3.15)

Similarly, we have

P(Wn (k) Vm(k)) < P(Vnk)s Vn(k)=1) + P(Vn(k)—15 Vm(k))
= P(Vn(k) 15 Vn(k)-1)
< P(Vn(k)s Vn(k)—1) + P(Vn(k)—1 Vm(k))
< P(Vn(k) Vn(k)—1) + € (3.16)

From equations (3.13) and (3.15), we have
€ < P(Un(k)> Um(k)) < P(Un(k)s Un(k)—1) + € (3.17)

Letting k£ — oo in equation (3.17) and using equation (3.12), we get

kIL%p(u"(k)’um(k)) =e. (3.18)
Similarly, one can prove that

li =e. 3.19

kiﬂgop(vn(k),vm(k)) € (3.19)

By the triangle inequality, we have

( m(k)» un(k)—l) + p(un(k)—la un(k)) - p(un(k)—la un(k)—l)

p(unL(k)vun(k)) < p(u
P(Um (k) Un(k)—1) + P(Un(k)—1, Un(k))s (3.20)

IN
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and

P(Unn (k) Un (k) —1) < P(Um (k) Un(k)) + P(Un(k)s Un(k)—1) — P(Un (k) Un(k))
< P(Um (k) Un(k)) + P(Un(k)s Un(k)—1)- (3.21)

Taking the limit as k — oo in equations (3.20), (3.21) and using equations (3.12), (3.18),

we get
li _ =c. 3.22
kiﬂgop(un(k) 1,Um(k)) € ( )

Again, by triangle inequality, we have

P(Un (k) =15 Um(k)) < P(Un(k)—1> Um(k)—1) + P(Um(k)=15 Um(k))
- p(um(k)—h um(k:)—l)

< P(Un(k)—1> Um(k)—1) + P(Um (k) =15 U (k) )5 (3.23)

and

P(Un (k) =15 Um(k)—1) < P(Un(k)—15 Um (k) F P(Um () U (k) —1)
- p(um(k)a u7n(k))
< P(Un(k)—1> Um(k)) + P(Um(k)s Um(k)—1)- (3.24)

Taking the limit as kK — oo in equations (3.23), (3.24) and using equations (3.12), (3.22),

we get
im =¢. 2
kh p(un(k)flaum(k:)fl) € (3 5)

Once again using triangle inequality, we have
P(Un (k) =1 Um(k)—1) < P(Un(k)—1> Un(k)) + P(Un(k)> Um(k)—1)

- p(“n(k)v un(k:))
< P(Un(r)y—1 Un(k)) + P(Un(k)s Um(k)—1); (3.26)

and
P(Un (k) U (k)—1) < P(Un (k) Un(k)—1) F P(Un(k) =15 Um (k) —1)

- p(un(k)—la un(k)—l)

< P(Un (k) Un(k)—1) + P(Un(k)—1, Umn(k)—1)- (3.27)

Taking the limit as k — oo in equations (3.26), (3.27) and using equations (3.12), (3.25),
we get
li 1) =€ 2
kggop(un(kyum(k) 1)=¢ (3.28)

Since n(k) > m(k), Unk)—1 > Umk)—1 and Vpy—1 < Vpk)—1. From equation (3.1), we
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have
PH (Un (k)15 Vn(k)=1)s H (U (k) =1, VUm(k)—1))5

p(un(k)ﬂ, um(k)71)7p(vn(k)f17 Um(k)q),
4 P(H (U (k)15 Un(k)—1)» Un(k)—1) <0,
FP(H (U (k) —15 Vi (k)—1) ) U (k) —1)»
P(H (Un (k)15 Vn(k)—1)> Um (k)—1)

or
v (p(un(k)v um(k))vp(un(k)—lv um,(k)—l)ap(vn(k)—la vm,(k)—l)a) <0. (329)
P(Un(k)s Un(k)—1) + DU (k) U (k) —1)5 P(Un(k)> Um(k)—1)

Letting k¥ — oo in equation (3.29), using equations (3.12), (3.18), (3.25) and (3.28), we

obtain
Ve, e,e,0,e) <O0. (3.30)

Hence, we find
Vie,e,6,0+¢,e4+0) <V(eee0,e) <0,

which implies e < € + ¢(g). Thus, ¥(g) = 0 and so € = 0 by the property of ¢. Which is a
contradiction. Thus {u,} is a Cauchy sequence. Using the same arguments as above, we can
show that {v,} is also a Cauchy sequence. Since 2 is complete, there exist u,v € € such that

lim p(un7um) = lim p(unau) :p(uvu)a

n,m—0oo n—00
pJm  p(vn, vm) = lim_ p(vn, v) = p(v, v). (3.31)

Now, we want to show that
p(u,u) =0=p(v,v).

Suppose, on the contrary, that
p(u,u) = p >0 and p(v,v) =v > 0. (3.32)

Then, we see that
p(H (Un—1,0n-1), H(Um—1,Vm-1)),
P(tn—1,Um—1), P(Vn-1,Vm-1),
4 P(H (Up—1,Vn-1), Un—1) <0,
+p(H (Um—1,Vm-1)), Um—1),
p(H(un,l,Un,1)7um,1)

or
<p(un, um)ap(un—h Um—l)ap(vn—lv 'Um—l)a) <0

p(unvunfl) +p(um7um71)vp(un7umfl) -
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By using the triangle inequality (p4), we get

p(unv um)vp(unfla umfl),p(vnfla vmfl)v
V p(unyunfl) +p(Um’Um—1)7 S 0.

P(tns un—1) + P(Up—1, Um—1)
Letting n, m — oo and using equation (3.12), we obtain
V(e 11,0,0, ) < 0.
Hence, we get that
V(g s 1, 04 iy o+ 0) < V(o 1,0, ) <0,

which implies that u < g+ (). Thus, ¥(u) = 0 and so u = 0 by the property of 1. Hence
p(u,u) = 0. By similar fashion, we can show that p(v,v) = 0.

Now, suppose that the assumption (a) holds. Then, we have

p(u, H(un,vp)) < p(t; tng1) + p(tnsr, H(un, vn))
—P(Unt1, Unt1)
< puyunga) + p(unsr, H(un, vn))
= p(u, H(un,vn)) + p(H(tn, vyn), H(ty,vy)). (3.33)

Taking the limit as n — oo in equation (3.33), using equation (3.31) and continuity of H,

we obtain
p(u, H(u,v)) = 0.
Similarly, we can show that
p(v, H(v,u)) = 0.

Therefore, w = H(u,v) and v = H(v,u). This shows that (u,v) is a coupled fixed point of
H in Q.

Finally, suppose that assumption (b) holds. Since {u,} is a non-decreasing sequence and
U, — uw as n — oo and {v,} is a non-increasing sequence and v,, — v as n — oo, by the

assumption, we have u,, < u and v, > v for all n. From equations (3.1) and (3.31), we have

lim p(un,u) = p(u,u) = lUm p(H (un, vy),u), (3.34)
n— 00 n—00
and
lim p(un,0) = p(v,0) = Tim p(H (v, un), ). (3.35)

n—oo n—oo
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We also have

v p(H(umvn),H(u, v)),p(un,u)m(vn,v), <o.

P(H Uy Un)s ) + p(H (u,0), 1), p(H (tn, vn),u) |

Letting n — oo and using equations (3.34) and (3.35), we have
V(p(u, H(u,v)),0,0, p(u, H(u, v)), p(u, H(u,v))) <0,

which implies that p(u, H(u,v)) < 0+ (0) = 0. Hence u = H(u,v).
Similarly, one can show that v = H(v,u). Thus in all the above cases, we proved that H

has a coupled fixed point in 2. This completes the proof. O

From Example 2.16 and Theorem 3.1, we obtain the following results.

Corollary 3.2 Let (2,p, <) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V € V such that

p(H(u, ’U), H(y7 Z)) < w p(u, y) + agp(v, Z) +as [p(H(u, U)v u)
+p(H(y’ Z)7 y)} + ay p(H(% U)v y) (336)

for all u,v,y,z € Q with u >y and v < z, where a1, as, as,ay are non-negative reals such that
a1 + as + 2a3 + 2a4 < 1. Suppose that either

a) H is continuous or

(
(b) Q has the following property:
(

1) if a non-decreasing sequence {un,} in £ converges to some point u € Q, then u, < u

n
(1) if a non-increasing sequence {vy} in Q converges to some point v € §2, then v < v, for

If there exist two elements ug, vy € Q with ug < H(ug,vy) and vg > H(vg, ug), then H has
a coupled fixed point in 2.

Corollary 3.3 Let (Q,p, <) be a partially ordered complete partial metric space. Suppose that

H: QxQ — Q be a mapping such that H has the mized monotone property. Assume that there
exists V €V such that

P(H (), Hy,2) < amax {p(uy),p(v, 2), 3 p(H (w,0), )
+p(H(y,2), )], gp(H(u,0),)} (337)

for all u,v,y,z € Q with u >y and v < z, where a € (0,1) is a constant. Suppose that either

(a) H is continuous or

(b) Q has the following property:
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(1) if a non-decreasing sequence {un} in Q converges to some point u € Q, then u, < u
for all n;
(1) if a non-increasing sequence {vy} in Q converges to some point v € 2, then v < v, for

all n.

If there exist two elements ug, vy € Q with ug < H(ug,vo) and vo > H(vg,up), then H has
a coupled fixed point in 2.

Corollary 3.4 Let (2,p,<) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V €V such that

p(H (u,v), H(y, 2)) <1 (max {p(u,y),p(v, 2)}) (3.38)

for all u,v,y,z € Q with uw >y and v < z, where ¢ € V. Suppose that either

(a) H is continuous or
(b) Q has the following property:

(i) if a non-decreasing sequence {u,} in Q converges to some point u € Q, then u, < u
for all n;

(i) if a non-increasing sequence {v,} in € converges to some point v € Q), then v < v,
for all n.

If there exist two elements ug, v € Q with ug < H(ug,vo) and vg > H(vg,ug), then H has
a coupled fixed point in €.

If we take a; = k, ag = [ and a3 = a4 = 0 where k,l € (0,1) in Corollary 3.2, then we

obtain the following result.

Corollary 3.5 Let (2,p,<) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V €V such that

p(H (u,v), H(y, 2)) < kp(u,y) +1p(v,2) (3.39)

for all u,v,y,z € Q with u > y and v < z, where k,l are non-negative reals such that k+1 < 1.
Suppose that either

(a) H is continuous or
(b) Q has the following property:
(

i) if a non-decreasing sequence {un,} in Q converges to some point u € Q, then u, < u

for all n;
)

(i) if a non-increasing sequence {v,} in Q converges to some point v € Q, then v < v, for

If there exist two elements ug,vo € Q@ with ug < H(ug,v9) and vy > H(vo,up), then H has
a coupled fixed point in ).



32 Gurucharan Singh Saluja

If we take k =1 = m where m € (0,1) in Corollary 3.5, then we obtain the following result.

Corollary 3.6 Let (2, p, <) be a partially ordered complete partial metric space. Suppose that
H: QxQ — Q be a mapping such that H has the mixed monotone property. Assume that there
exists V €V such that

P(H(u,v), H(y,2)) < T [p(u,y) + p(v, 2)] (3.40)

for all u,v,y,z € Q with u >y and v < z, where m € (0,1) is a constant. Suppose that either

a) H is continuous or

(
(b) Q has the following property:
(

1) if a non-decreasing sequence {u,} in  converges to some point u € Q, then u, < u
for all n;
)

(i) if a non-increasing sequence {v,} in Q converges to some point v € Q, then v < v, for

If there exist two elements ug, vy € Q with ug < H(ug,vo) and vg > H(vg,up), then H has
a coupled fixed point in 2.

Remark 3.7 Corollary 3.6 extends and generalizes Theorems 2.1 and 2.2 of [9] from partially

ordered complete metric spaces to partially ordered complete partial metric spaces.

Example 3.8([18]) Let 2 = [0, 00) with usual order <. Then, (Q,p, <) be a partially ordered

partial metric space where p(u,v) = max{u,v}. Suppose

Hu,v) = e, it u>w,
V) =
0, otherwise,

and V (t1,ta,ts,t4,t5) = t1 — %max{tg,tg}. It is clear that all conditions of Theorem 3.1 are
satisfied. Notice that (0,0) is the coupled fixed point of the operator H.

Now, note that if (£2, <) is a partially ordered set, we endow the product space 2 x Q with

the partial order relation given by
(a,0) < (f,9) & [f>aand g<b.

We say that two pairs (p, q) and (r, s) are comparable, that is, every pair of elements has either

a lower bound or an upper bound.

Theorem 3.9 In addition to the hypotheses of Theorem 3.1, suppose that, for every (a,b), (¢,d) €
QO x Q, there exists a pair (n,p) € Qx Q such that (n,p) is comparable to (a,b) and (¢,d). Then
H has a unique coupled fized point. Moreover p(t,t) = 0.

Proof Suppose that (z,y) and (s,t) are coupled fixed point of H, that is, z = H(z,y),
y=H(y,x), s= H(s,t) and t = H(t,s).
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Let (o, 8) be an element of Q x © comparable to both (z,y) and (s,t). Suppose that

(z,y) > (o, B) (the proof is similar in other cases).

Assume that (z,y) and (s,t) are comparable, then from inequality (3.1), we have

p(H(x,y), H(s,t)),p(x, s), p(y, 1),
V<p<H<x, y).2) + p(H (s,1), 3), p(H (x. 1), s>> =0

V(p(z,s),p(x,s),p(y,t),p(z, ) + p(s, s),p(z,5)) <0,

V(p(z,s),p(z,5),p(y,1),0,p(z,s)) <0,
V(p(x,s),p(z,s),p(y,t),0 + p(x,s),p(z,s) +0)
<V(p(z,s),p(z,s),p(y,1),0,p(z,s)) <0,

which implies
p(z,s) < p(z,s) +¢(p(y, 1)) (3.41)

By similar fashion, one can show that
p(y:t) < p(y,t) + ¥(p(x, 5)). (3.42)

From equations (3.41) and (3.42), we obtain

p(z,s) +p(y,t) < pl,s)+py,t) +Yp(z,s) +py,t)]
p(x,s) +p(y,t) =0
= p(a)‘, 8) = p(yvt) = 07

=

and so, x = s and y = t. Thus, (z,y) = (s,t). This shows the uniqueness of coupled fixed
point. This completes the proof. O

Theorem 3.10 In addition to the hypotheses of Theorem 3.1, if ug, vy are comparable, then
the coupled fized point (u,v) € Q X § satisfies u = v.

Proof Assume that ug < vy (a similar argument applies for vg < ug). Then, by using the

mathematical induction
Up+1 = H(uruvn) < H(Unyun> = Un+1-
Taking the limit as n — oo, we have

u= lim u, < lim v, = v.
n—oo n— o0
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From the contractive condition (3.1), we have

p(H (u,v), H(v,u)), p(u,v), p(v, u),
V(p( )

H(u,v),u) + p(H (v,u), 0), p(H (1, 0),0)) ="

— b

V(p(u,v), p(u,v),p(v,u), p(u,uw) + p(v,v), p(u,v)) <0,
V(p(u,v), p(u,v), p(u, v), p(u,v) + p(u, v), p(u,v)) <0 (by (p2),(p3))

or

V(p(u, v), p(u, v), p(u, v), p(u, v) + p(u, v), p(u, v) + p(u, v))
< V(p(u, v), p(u, v), p(u, v), p(u, v) + p(u, v), p(u, v)) <0,
which implies

p(u,0) < plu,v) + ¢ (p(u, v))
= plu,v)=0=>u=u,

by the property of ). This completes the proof. O

Theorem 3.11 Let Q = [0,1]. Then (2, <) is a partially ordered set with a natural ordering
of real numbers. Let p: Q x Q — [0, 1] be defined by p(u,v) = |u—v| for all u,v € Q. Consider
the mapping H: Q x Q — [0, 1] defined by

u2—1)2+1 .

— Zf u<v
H _ 3 ) =
(wv) = 1 ifu>w
30 )

for all u,v € Q. Then,
1) (Q,p) is a complete partial metric space since (Q,dP) is complete;

2) H has the mized monotone property;

4)0< H(0,1) and 1> H(1,0);

(1)
(2)
(3) H is continuous;
(4)
(5)

there exists a constant 0 < m < 1 such that

p(H(u,v), H(y,2)) < T [plu,y) +p(v, 2)]

for all u,v,y,z € Q withu <y and v > z. Thus, by Corollary 3.6, H has a coupled fized point.

Moreover, (%, %) is the unique coupled fized point of H.

Proof The proofs of (1) — (4) are obvious.

For any u <y and v > 2z, we have

plu,y) =y —u, pv,2)=v—=z
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The proof of (5) is divided into the following cases.
Case 1. If y < z. In this case, u <y < z <w, and so

w?—v2+1 -2+

H(u,v) = 3 , H(y,z)= 3

Hence, we get

(u2—v2+1 y2722+1)

p(H(U,’U),H(y,Z)) = P 3 ) 3
= S0P = S - )+ (0P - )
< Sl —w+ = 2) = 3 bluy) + o, 2)]
= 2 [p(w )+ p(v,2)]

Withm:%<1.

Case 2. If y > 2. In this case, u <y < v, and so

w? —v?2 41

H(uvv): 3 >

1

Hence, we get

p(H(u,v), H(y, z))

2?41 1 1
4& ,) _ g(vz —u?)

3 "3
< S0Pyt =) = 0 ) + 0 - )
< Yy—w+ -2 = 2 pluy) +p.2)
= %[p(u,y)—FP(U,Z)}

with m = 2 < 1.

Case 3. If u > v. In this case, y < z < v, and so

2 722
H(u,v) = é, H(y,z) = yfﬂ
Hence, we get
p(H(u,v), H(y,2)) = p(%y%m) = %(y2 — 27
< S0P+ =) = S — )+ (0P - )
< Sl + = 2) = 3 bley) + o)

SIE

[p(u,y) + p(v, 2)]
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with m = % <1l
Thus, in all the above cases, the condition (5) is satisfied. Since @ = [0,1] is a totally

ordered set, by Theorem 3.9, (%, %) is the unique coupled fixed point of H. O

84. An Application to the Integral Equation

In this section, we study the existence of solution of the nonlinear integral equations, as an

application of the coupled fixed point theorem proved in the previous section.

Consider the following nonlinear integral equations
T
ot) = wl0)+ [ R 2) )b
0
T

u(t) = ult)+ / Rt 9)g(p,y(p). 2(p))dp, (4.1)

where t € I =[0,T], with T' > 0.
We consider the space Q = C(I,R) of continuous functions defined in I. Define p: Q@ xQ —
[0, +00) by
p(z,y) = max |z(t) — y(t)] (4.2)

for all 2,y € Q. Then (Q,p) is a complete partial metric space.
Let Q = C(I,R) with the natural partial order relation, that is, z,y € C(I,R),

r<y < zl)<y),tel

We consider the following assumptions:

(i) the mapping g: I x Rx R — R and p: I — R are continuous;

(49) there exists a continuous 0 < m < 1 such that

l9(p.2.9) = g(p.uv)] < (e = ul + |y — o)) (4.3)

for all x,y,u,v € Q2 and for all p € I;
(491) for all ¢,p € I, there exists a continuous R: I x R — R such that

T
sup/ R(t,p)dp < 1; (4.4)
teT Jo

(iv) there exist xg,yo € € such that

T
nolt) < ul)+ /O Rt p)g(p 20 (p), yo(p))dp,

IN

T
wlt) < ult)+ / Rt p)g(p, yo(p). 20(p) )dp, (4.5)
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where t € 1.

Theorem 4.1 Consider the Corollary 3.6 and assume that conditions (i) - (iv) are satisfied.

Then equation (4.1) has a unique solution in Q.
Proof Define the mapping H: Q% — Q, (z,y) — H(z,y), where
T
H(z)(0) = u0)+ [ R(D)glr. ), 90))dp. 1 € 1 (46)
0

forall z,y € Q and t € I.
Equation (4.1) can be stated as

x=H(z,y) and y = H(y,x). (4.7)
For z,y,u,v € Q be such that x < v and y < v and
T
Ha)©) = u)+ [ Rt.pol.o)ue)dp
0

< pu(t) +/0 R(t,p)g(p,u(p),v(p))dp
H(u,v)(t) forall t € I. (4.8)

From equations (4.2) and (4.3) for all ¢ € I, we have

p(H(x,y) H(u.v) = max |H(z,y)(t) — Hw,v)(0)
T
< max [ R ol o). 9(0) - oo, ulp). oo)]dp
0
< glp, (), y(p)) — 9(p, u(p), v(p))|
< G (a) —up)| + ly() ~ ()
= Glp(@.w) +p(y.v))

where 0 <m < 1.
So that

p(H(.y). H(u,)) < [p(e,u) + ply. ).

which is the contractive condition in Corollary 3.6. Thus H has a coupled fixed point in €2, that
is, the system of nonlinear integral equation has a solution. Finally, let (p, ¢) be a coupled lower
and upper solution of the integral equation (4.1), then by assumption (iv) of the Theorem 4.1,
we have p < H(p,q) < H(q,p) < q. Corollary 3.6 gives us that H has a coupled fixed point, say
(m,n) € Q x . Since p < ¢, Theorem 3.10 says us that m = n and this implies m = H(m,m)
and m is the unique solution of the integral equation (4.1). O

The aforesaid application is illustrated by the following example.
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Example 4.2 Let Q = C([0,1],R), g: I x Rx R — R and p: I — R. Now consider the

following functional integral equation

2 [Tsinp3 e |a(p)] ly(p)]
o(t) = 144 +/0 9(t + 3) (1+|$(p)| 1+|y<P)\)dp
o Ysinp3Pe P/ |y(p)| |z (p)]
O g +/0 9(t +3) (1+|y(p)\ 1+|x(p)\)dp

for all z,y € Q2 and ¢
with

€ I. Observe that the above equation is a special case of equation (4.1)

2
) = —.
ut) 1+ ¢4
3—Pe—P
R(t, = .
(t:7) t+3
sinp ¢ |z(p)| ly(p)!
gp,x,y) = .
e = S T )
sinp ( |y(p)| |z(p)|
9y, ( + )
( ) 9 \+Jyp)| 1+ |z(p)l
It is also easily seen that these functions are continuous.
For arbitrary x,y,u,v € Q2 and for all p € I, we have
sinp ¢ |z(p)| ly(P)|
g\p,x,y) —g\p,u,v = ‘
D el b N Cea T ),
_sinp( |u(p)| v(p)| )‘
9 \+fulp) 1+ (p)
1 m
< gl —ul+ly—vl) = 5 (e —ul+y - ).
Therefore, the function g satisfies equation (4.3) with m = % < 1.
For all ¢,p € I, there exists R: I X R — R such that
1 1 o— —1
37 Pe7?P 1 e —3
R(t,p)dp = d —7<—>
/o (t, p)dp /0 t+3 P73\ 3+ 1)t +9)
_ (1_i);< _7<g<1
N 3e/ (In3+1)(t+3) — 3e — 10
We put zo(t) = 7(%;4) and obtain
t) 5t2 < t2
€T =
0 T1+th) ~ 1+
2 ! sinp z(p y(p
< 4+/ (I()I ly(p)| )dp
1+t Jo 9 \A+[z(p)] 1+ y(p)l

T
(t) + / Rt p)g(ps 20(p), yo(p))dp.
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Similarly, we have

T
yolt) < u(t) + / Rt p)g(p, v0(p). z0(p))dp.

This shows that equation (4.5) holds.

85.

Hence, the integral equation (4.1) has a unique solution in © with Q = C([0, 1], R).

Conclusion

In this paper, we prove some coupled fixed point theorems via implicit relations in the setting

of partially ordered partial metric spaces. Furthermore, we give some consequences of the main

result. We provide some illustrative examples to validate the established results. An application

to the integral equation is also given. Our results extend and generalize various results in the
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81. Introduction

The use of topological indices in chemistry began in 1947, when chemist Harnold Wiener devel-
oped the most widely known topological descriptor, the Wiener index and used it to determine
the physical properties of alkanes known as paraffin. A topological descriptor was computed
from a molecular graph representing the information about the corresponding chemical com-
pound. These descriptors are commonly used in mathematical chemistry, particularly QSPR
and QSAR research. Topological indices are useful for predicting the physico-chemical behavior
of chemical compounds. Encouraged by Manjunath Muddalapuram [7], we obtained the upper
and lower bounds for the additional topological indices of &-graph. Throughout this study,
we consider G = (V(G), E(G)) as a simple and connected undirected graph with |[V(G)| = n
vertices and |E(G)| = m edges.

Now we recall some well known topological indices. In 2010, Vukicevic [14] introduced

inverse sum index and is defined as

d(u)d(v)
1G)= . Juyrdw)

1Received May 27,2023, Accepted December 10,2024.
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In 2013, Ranjani et al. [10] introduced third redefined Zagreb index and is defined as

ReZG3(G) = Y (dudy)(dy + dy).
weE(G)

In 2015, Furtula and Gutman [2] introduced forgotten index and is defined as

F(G)= > (di+d).

weEE(G)

In 2016, Shigehalli et al. [11] introduced the SK, SK; and SK> topological indices of a
graph G and is defined as

(v,-,vj)eE(G)

and 1
SKy(G) == Z [d(v;) + d(v;)]?.
(vi,v;)EE(G)

Definition 1.1([6]) The corona product of G ® H of these two graphs is obtained by taking one
copy of G, ny copies of H and by joining each vertex of the it" copy of H to the i*" vertex of
G, where 1 <i < njy.

In order to study bounds on £-graph, we divide the paper into few sections. The section one
contains preliminaries, definitions of well known topological indices which are useful to prove
our main results. Section two deals with new class of operator graph with their properties. In
section three consisting of results related to bounds for defined class of graph using recalled

topological indices. Paper conclude with the conclusion and references.

§2. Essential Prerequisite

Throughout the article, we utilized finite simple connected graphs with the following notions.

Let G and H be graphs with vertex sets V(G), V(H) and edge sets E(G), E(H) respec-
tively. The degree of vertex v is the number of vertices adjacent to v.
Let V(G)NV(H) =0,9 € V(G),h € V(H). The number of vertices and number of edges

in the graphs G and H are represented by n; , ny and my, my respectively. we have

Ag > dega(g),  da < dega(g),
A > degr(h), o < degp(h).

Now, the bounds for different topological indices are obtained by many researchers for
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graphs [4].

Definition 2.1([7]) The GOrH = &, is a graph obtained from one copy of graph G and my
copies of H and joining a verter of V(G), that is, on the i*" vertex in G is adjacent to every
vertex of i copy of H.

Furthermore, let Hy < H be a typical subgraph of H. If the it" vertex in G is adjacent
to every vertez of ith copy of H \ Ho, such a &-graph is said to be a Smarandachely &-graph of
G,H on Hy and denoted by s. Certainly, if Hy = () then &5 = £.

§3. Limits on Various Topological Indices of ¢ Graph

In this section, we formulate the limits on the I1SI, ReZG3, F', SK, SK, and SK5 indices of
&-graph.

Theorem 3.1 Let G and H are two simple connected graphs, then the limits for the inverse

sum indeg index of £-graph are given by

ISI[¢] <m [(MG tna) | 42Ac +na) } - {(AH - 1)2]

2 2Ag + ng + 2 Q(AH—FI)

4 nyns [(AH +1)(2A¢ + nz)]

2Aq +Ag +no+1

and

IST1[¢] > ms [(256 T n2) | (206 +ny) ] +n1m2{(5H N 1)2}

2 20G +no + 2 2(5H+1)

+ nang [(5H +1)(26¢ + ’Ilg):|.

20g + 0y +no +1

Proof Using definition of inverse sum indeg index, we get

d(u)d(v)
ISI(G) = s
UU;E(G) d(u) + d(v)
_ (QdG + ’ng)(QdG + ng) 2(2dg + ng)
1818 = m e | Y e e 2

+n1m2{ (dg +1)(dg +1) ]+nn { (dg +1)(2dg + n9) ]

dg + 1)+ (dg + 1) 21 (g + 1) + 2dg + n2)

(2dg + n2) 4(2dG+n2)} 1 2[(dH+1)2}

I811e] = m [ 2 2d¢ + ng + 2 2(dg +1)

T [(dH +1)(2dg + 77/2):| ,

2dg +dyg +ns+1
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IST[¢] < ma [(QAG tn2) | 4206+ n2) } - {(?AHH)?]

2 2Ag + ng + 2 2AH+1)

(AH + 1)(2AG + ’17,2):|

+nin
! Q[QAG+AH+7L2+1

Similarly,

(20¢ +n2) | 4(20¢ +n2) (0 +1)?
151[5]2”“{ 5 25G+n2+2]+nm2{2(5}1+1)}

(0 +1)(20¢ + n2)}

+nin
! 2[25G+5H+n2+1

This completes the proof. O

Illustration 3.1 Let the {-graph of G and H be shown in Figure 1.

¢-graph of G and H

Figure 1

Then,

d(u)d(v)
ISI(G) =
uveZE(G) d(u) +d(v)’

+
_ 6x6 6 x2 8 x 6 L5 8 %X 2
“\6+6 6+2 8+6 8+2
8 x4 4 x2 2 x 2

(2AG + 7’7,2) 4(2AG —|— ’ng) (AH —|— 1)2
ml[ 2 +2Ag+n2+2 n 212(Ag + 1)

(Ag +1)(2A¢ +n2)]
2Aqg + Ag +no+1

1S1(¢) <

+ nmz[



46 Nirupadi K., V. Lokesha, Ranjini P.S. and Harini M.R.

§4[(2><3+2) 4(2><3+2)] 4{(1+1)2} +8{(1+1)(2x3+2)}

2 2%x3+2+2 2(1+1) Ix3+1+2+1
— 45.6.
(2(5@ + ng) 4(256‘ =+ ng) (5]-1 + 1)2
1SITE] > On +1)7
S[ﬂ—ml[ 2 %6 +mat2] 2205, 1)

(5H + 1)(2(5(; —|—n2)]
20 + 0y +na+1 ]|

(2x1+2) 4(2x1+2) (1+1)? (1+1)(2x1+2)
24{ 2 +2><1+2+2] 4[2(1+1)} 8{2><1+1+2+1'

= 33.324

+n1n2{

and therefore,
33.32 < 40.37 < 45.8.

Theorem 3.2 Let G and H are two simple connected graphs, then the limits for the redefined
third Zagreb index of £-graph are given by

ReZG3¢] < m1{2(2AG +n2)[(2A¢ + n2)? + 2(2A¢ + no + 2)]} + nyms {Q(AH + 1)3}
+ ning [(AH +1)(2A¢ + n2) (A + 2A¢ + ns + 1)} :
and
ReZG3[¢] > m1{2(26G + n2) [(20¢ + n2)? 4 2(26¢ + 1 + 2)] } + nymy {2(5,{ + 1)3]

+ ning [(61{ +1)(20¢ + n2) (0 + 20¢ + na + 1)] .

Proof Using definition of redefined third Zagreb index, we get

ReZG3(G) = Y (dudy)(dy+ dy),

weE(G)

ReZG3[¢] = my [(ng +n9)(2dg + n2)(2dg + no + 2dg + TLQ):l
+ 2my |:2(2dG =+ ’I’LQ)(QdG —+ no + 2):| —+ nime |:(dH + 1)(dH =+ 1)(dH +1+dyg+ 1):|

+ nine [(dH + 1)(2d(; + nz)(dH + 2dg + no + 1):|,

R(:’ZGg[f] =m {2(2dg + 712) [(2dG + 712)2 + 2(2dG + ng + 2)} } + nime [2(dH + 1)3]

+ nineo [(dH + 1)(2dg + n2)(dy + 2dg + no + 1):| ,
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ReZG3[€] < m1{2(2AG +n2)[(2A¢ + n2)? + 2(2A¢ + no + 2)]} + nimy {Q(AH + 1)3}
+ning {(AH +1)(2A¢ +n2)(Ag +2A¢ +ng + 1)].
Similarly,
ReZG3[¢] > m1{2(2(5G + n2) [(20c + n2)® 4 2(26¢ + na + 2)] } + nymy {2(&1 + 1)3]
+ ning [((SH +1)(20Gg +n2)(0g + 20 + na + 1)] .

This completes the proof.

Illustration 3.2 Let the £-graph of G, H be shown in Figure 2.

¢-graph of G and H

Figure 2

Then,

ReZGg (G) = Z (dudv)(du + dv)7
weE(G)

— 3(4 x 4) + 6(8 x 6) +2(24 x 10) + 4(12 x 8),
= 1200,

ReZG3l€] < m1{2(2AG +n2)[(2A¢ + n2)® + 2(2A¢ + no + 2)]} + nyme {Q(AH + 1)3}
+ nine I:(AH + 1)(2AG + ng)(AH +2Aqg +n9 + 1):| .
g2{2(2>< 24+2)[(2x2+2)*+2(2 x 2+2+2)]}+3[2(1+1)3}

+6{(1+1)(2x2+2)(1+2><2—1—2—&—1)}

= 1872,

47
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RGZGg[E} > m1{2(25g + TLQ) [(250* -+ n2)2 + 2(256' —+ no + 2)} } + nime |:2(§H + ]_)3]
+ nineg |:(5H + 1)(20G + n2)(0g + 20 + na + 1):|
2{2(2 x1+2)[(2x142)%+2(2 x 1+2+2)]}+3[2(1+1)3]

+6{(1+1)(2><1+2)(1+2><1+2+1)}
— 784

and therefore,
784 < 1200 < 1872.

Theorem 3.3 Let G and H are two simple connected graphs, then the limits for the forgotten
index of &-graph are given by

F[g] S 4m1 |:(2AG + n2)2 + 2:| + 2n1m2(AH + 1)2 + ni1ng |:(AH + 1)2 + (QAG + ’I’L2)2:|
and

F[ﬂ > 4m,q |:(25G + n2)2 + 2] + 2n1m2((5H + 1)2 + nine |:(5H + 1)2 + (25@ + 77,2)2:| .

Proof Using definition of forgotten index

FlE) = ma (24 + 1) + 2+ n)?) + 2 (2 + na)? + 2]
+nymy [(dH +1)* + (dy + 1)2} +ning [(dH +1)% + (2dg + ng)Q} ,
Fl¢] = 4my [(ng +n9)? + 2] + 2nyma(dy + 1)% + ning {(dH +1)% + (2dg + nz)ﬂ ,
Fle] < 4my [(mg +n)? + 2] + 2nyma(Ag + 1)% + nyng [(AH +1)? + (2A¢ + n2)2} .
Similarly,
Fl€] > 4my {(265; +ng)? + 2] + 2nyma(0g + 1)% + nins {(5}1 +1)* + (26¢ + nQ)Q} :

This completes the proof. O
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Illustration 3.3 Let the £-graph of G, H be shown in Figure 3.

*———o o ———o
G H

&-graph of G and H

Figure 3

Then,

F(G) = Y (d+d})

uwv€EE(G)
= 6(2% + 5%) + 2(3% 4+ 5?) + 4(3% 4 22) + (5% + 57)

= 344,

F[f] S 4m1 |:(2AG + TL2)2 + 2:| + 2n1m2(AH + 1)2
+ nine l:(AH + 1)2 + (QAG + n2)2:|

:4[(2>< 1+3)2+2] +8(2+1)2+6[(2+1)2+(2x 1+3)2}
= 384,
F[f] > 4m1 |:(25G + 712)2 + 2:| + 2’1117%2((5[—] + 1)2 + ning |:(($H + 1)2 + (25@ + n2)2:|
—4[(2>< 1+3)2+2] +8(1+1)2+6[(1+1)2+(2x 1+3)2}
= 314

and therefore,
314 < 344 < 384.

Theorem 3.4 Let G and H are two simple connected graphs, then the limits for the SK index
of &-graph are given by

1
SK(G) < 3 dmy(2Ag +no + 1) + 2nimae(Ag + 1) + nina(Ag + 1 4+ 2A6 + na) |-
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and

SK(G) > [4m1 (2(5@ + no + 1) + 2n1m2(6H + 1) + ’I’Llng(éH + 1+ 20 + ’ng) .

N | =

Proof Using definition of SK index
1
SE(G) =5 ) ldw)+d(w))],

(vi,v;)EE(G)

1
= 5 |:m1(2dG —|—n2 =+ 2dG +TL2) + 2m1(2+2dg -I-TLQ) +n1m2(dH + ]. +dH + ].)

+nina(dy + 14 2dg + na) |,

1
=3 [4m1(2dg +ng+ 1)+ 2nyma(dy + 1) + nine(dy + 1 + 2dg + ng)] ,

IN

1
5 [4m1(2AG +no+1)+2nima(Ag + 1) + nine(Ag + 1+ 2A6 + TLQ):|.
Similarly,
1
SK(G) > 5 [4m1(26G + no + 1) + 2n1m2(6H + 1) + nlng(éH + 1+ 20 + ’I’Lg):| .

This completes the proof.

Illustration 3.4 Let the £-graph of G, H be shown in Figure 4.

¢-graph of G and H

Figure 4
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Then,

SK@Q) =5 Y ld(w) +d(wy)
(vi,v;)EE(G)
-6(3 +2)+12(7+2) +3(7+3) +3(T+ 7)} = 106.5,

SK(G)

IN

o= o= N = N = N

dmq(2Ac +n2 + 1) + 2nyma(Ag + 1) + nina(Ag + 1+ 2A¢ + ng)]

12(2><2+3+1)+12(2+1)+9(2+1+2><2+3)} =111,

SK(G) > =4m1(20¢ +n2 + 1) + 2nyma(dg + 1) + nina(dg + 1 + 20 + nQ)}

12(2x2+3+1)+12(1+1)+9(1+1+2><2+3)} =105

and therefore,
105 < 106.5 < 111.

Theorem 3.5 Let G and H are two simple connected graphs, then the limits for the SK1 index
of &-graph are given by
1
SKl(g) < 2{m1(2AG + n2)[2AG +n2 + 4] + nlmg(ZAH + 1)2
and

SKl(f) > {m1(26G + n2)[25G +ng + 4] + n1m2(26H + 1)2 + nlng[((SH + 1)(250 + nz)]}

N =

Proof Using definition of SK; index, we get

SKl(G):% > [d(vi)d(v))],
(vi,v;)EE(G)

T mmal(di + 1)(2de +n2>1}

1
= 2{m1(2dc +n2)[2dg + no + 4] + nyme(2dg + 1)2 + nins[(dg +1)(2dg + ng)]}7
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1
SKl(f) § 2{m1(2AG + nQ)[QAG “+ ng + 4] -+ nlmg(QAH + 1)2

Similarly,

SKy(¢) > {m1(25c +12)[20G + no + 4] + n1ma(20y + 1)% + nyna[(6m + 1)(20¢ + nz)]}

N =

This completes the proof.

Illustration 3.5 Let the £-graph of G, H be shown in Figure 5.

¢-graph of G and H

Figure 5

SKy\(G) =5 > [dv)d(v;)]
(01,07 € E(G)

- [8(3 X 2) + 4(3 x T) + 16(7 x 2) + 4(7 x 7)} — 276,
SKi(§) < ;{ml(zAG +n2)[2A¢ + ng + 4] + nyma(2Ax + 1)°
+ nlng[(AH =+ 1)(2AG + 77,2)]}

:;{4(2X2+3)(2X2+3+4)+8(2X2+1)2+12[(2+1)(2X2+3)]}

= 380,
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SKl(f) Z ;{ml(%g -+ n2)[25G -+ U») + 4] —+ n1m2(25H —+ 1)2
a6+ 1)(256 + )]

;{4(2><2+3)(2><2+3+4)+8(2x1+1)2+12[(1+1)(2x2+3)]}
=274

and therefore,
274 < 276 < 380.

Theorem 3.6 Let G and H are two simple connected graphs, then the limits for the Harmonic
index of £-graph are given by

SKyle] < i{2m1 2286 + 12)® + (286 + na + 2)2] + dnyma(Ag + 1)
+nino (A 4+ 2A¢ +ny + 1)2}
and
SK>[¢] = le{le [2(26¢ + n2)? + (20¢ + 2 + 2)°] + dnyma (6 + 1)°

+ 1m0 + 260G + no + 1)2}.

Proof Using definition of Harmonic index, we get

SK(@) =7 Y [dlw) +dwy)

(vi,v)EE(G)

1
SKs[€] = 4{m1 [(2de + n2) + (2dg + n2))* + 2m1[(2dg + n2) + 2°
+nima[(dg +1) + (dg + 1)) + ninaldy + 1+ 2dg + HQ]Q}
1
— 4{2m1 [2(2dc + n2)? + (2dg + n2 + 2)%] + dnyma(dy + 1)°

+ nyna(dy + 2dg + na + 1)2}7

1
SKQ[f] < 4{2m1 [2(2AG + ’I’L2)2 + (QAG + no + 2)2] + 4n1m2(AH -+ 1)2

+ nina(Ag + 2A¢ + no + 1)2}.
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Similarly,
1
SKQ[E] > 4{2777,1 [2(2561 + n2)2 4 (25@ + ng + 2)2] + 4n1m2(5H + 1)2
+ nlng(éH + 2(5@ + n9 + 1)2}

This completes the proof.

Illustration 3.6 Let the £-graph of G, H be shown in Figure 6.

¢-graph of G and H

Figure 6

Then

)

SEAG) =7 YD [dlw) + d(ey)?

(Ui,'l}j)EE(G)

= i {5(2 +2)2 4+ 3(44+2)2 +5(2+8)% +12(246)% +2(6 +6)2
+2(6+8)% 4 (4 + 8)2} = 570,
1
SK>[¢] < 4{2m1 [2(2A6 +12)? + (286 + 1o + 2)2] + dnima(Ag +1)?

+ nina(Ag + 2A¢ + no + 1)2}
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1
— 4{10[2(2 x3+2)%+(2x3+2+2)%] +20(1 + 1)

+10(1 + 2 x 3+2+1)2} = 850,
1
SKQ[{] > 4{27711 [2(25@ + n2)2 + (25(; + n9o + 2)2] + 4n1m2(5H + 1)2

+nine(6g + 20G + no + 1)2}

_ i{10[2(2 K 1422+ (2% 1+2+2)?] +20(1 + 1)

+10(1+2x1+2+1)2}:280

and therefore,
280 < 570 < 840.

84. Conclusion

This work focused on six significant topological indices and determined their limits while con-
sidering the &-graph. Similarly, researchers can consider various classes of topological indices

and ascertain the limits that correspond to them for £-graphs.
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Abstract: The main objective of this article is to introduce four new inferences of fuzzy
soft Ty spaces by using the concept of fuzzy soft topological spaces. We present several new
theories and some implications of such spaces. We also show that all these notions preserve

some soft invariance properties such as soft hereditary and soft topological properties.

Key Words: Soft sets, fuzzy soft sets, soft topology, fuzzy soft topology, fuzzy soft open

sets, fuzzy soft mapping, image of fuzzy soft mapping.
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§1. Introduction

It is an undeniable fact that the invention of fuzzy sets by Zadeh [1] in 1965 was a ground-
breaking event. This type of set is used in control system engineering, image processing, in-
dustrial automation, robotics, consumer electronics, and other branches of applied sciences.
Besides, it is connected to fuzzy logic giving the opportunity to model under conditions of
uncertainty that are vague or not precisely defined, thus succeeding to mathematically solve
problems whose statements are expressed in our natural language. Since then, a lot of research
has been carried out for generalizing and extending the fuzzy set theory for the purpose of tack-
ling more effectively the existing uncertainty in problems of science, technology, and everyday
life.

Consequently, the Russian mathematician Dmtri Molodstov [2] proposed the soft sets in
1999 to overcome the existing difficulty of properly defining the membership function of a fuzzy
set. After the introduction of the notion of soft sets, several researchers improved this concept.
Maji et al. [3]-[5] presented an application of soft sets in decision-making problems based on
the reduction of parameters to keep the optimal choice objects. Pei and Miao [6] showed that
soft sets are a class of special information systems.

Topological structures of soft sets were also studied by Sabir and Naz [7]. They defined the

1Corresponding author: fazlulmath@pust.ac.bd
2Received October 12,2024, Accepted December 11,2024.
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soft topological spaces over an initial universe with a fixed set of parameters and studied the
concepts of soft open sets, soft closed sets, soft closure, soft interior points, soft neighborhood
of a point, soft separation axioms as well as their basic properties. Later, Roy and Samanta [8]
gave the definition of fuzzy soft topology over the initial universe set. It was further extended
by Varol and Aygun [9] and Cetin and Aygun [10].

Sabir Hussain and Bashir Ahmad [11] redefined and explored several properties of soft T;,
i = 0,1,2, soft regular, soft T3, soft normal, and soft T, axioms using the soft points defined
by Zorlutuna [12]. They also discussed some soft invariance properties, namely soft topological
property and soft hereditary property. In this work, we newly define in four different ways the
notions of Fuzzy Soft Tj spaces, develop several theories, and discuss various properties, namely
hereditary and topological properties.

Throughout this paper, X and Y will be non-empty sets, ¢ will denote the empty set, and
E will be the set of all parameters. Fg will denote the soft set, f4 will denote the fuzzy soft
set, T and 7 will represent the soft topology and fuzzy soft topology, respectively.

The rest of this paper is organized as follows: Section 2 presents a brief review of the
relevant definitions such as fuzzy sets, soft sets, fuzzy soft sets, soft topology, fuzzy soft topology,
fuzzy soft mapping, and the image of fuzzy soft mapping. In Section 3, we develop four ideas of
fuzzy soft Ty spaces, show some implications among them, and introduce several new theories on
fuzzy soft Ty spaces. The concepts of, good extension, hereditary property, and related theorems

are given in Section 4. Finally, Section 5 presents the conclusion and further discussion of this

paper.

82. Preliminaries

We recall some basic definitions and known results of soft sets, fuzzy soft sets, operations on

fuzzy soft sets, soft topology, fuzzy soft topology, and fuzzy soft mapping.

Definition 2.1([1]) Let X be a non-empty set and I = [0,1]. A fuzzy set in X is a function
u: X — I which assigns to each element x € X a degree of membership u(x) € I.

Definition 2.2([16]) A pair (F,E) denoted by Fg is called a soft set over X, where F is a
mapping given by F : E — P(X). We denote the family of all soft sets over X by SS(X, E).

Definition 2.3([16]) A soft set (F,E) over X is called a null soft set and denoted by ¢ if
F(e) = ¢ for every e € E.

Definition 2.4([16]) A soft set (F, E) over X is called an absolute soft set and denoted by X
if F(e) =X for everye € E.

Definition 2.5([16]) Let X be an initial universal set, and A C E. Let T be a subfamily of the
family of all soft sets S(X). We say that the family T is a soft topology on X if the following
axioms hold:

(1) éAvXA € T;'
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(2) If Fa,G4 € T, then FaANGy4 € T,‘

(3) If Gia € T for eachi € A, then |J;cp Gia € T.
Then, the triple (Xa, T, A) is called a soft topological space (STS, for short) and the members
of T are called soft open sets (SOS for short). A soft set Fa is called soft closed set (SCS, for
short) if and only if its complement is a soft open set. That is, F§ € T.

Definition 2.6([7]) A soft topological space (Fa,T,A) is called soft Ty (STo) space if for
each x1,r0 € X with ©1 # w2, there exists a SOS F4 € T such that 1 € Fa,xo ¢ Fa or
€1 ¢FA,I2 € Fy.

Definition 2.7(]9]) A fuzzy soft set fa on the universe X is a mapping from the parameter set
E toIX, ie., fa: E — I, where fa(e) # 0x ife € AC E and fa(e) = O0x ife ¢ A, where
Ox is the empty fuzzy set on X.

From now on, we will use F(X, F) instead of the family of all fuzzy soft sets over X. A
classical soft set F'4 over a universe X can be seen as a fuzzy soft set by using the characteristic
function of the set F4(e):

1, ifa € Fa(e),

fale)(@) = xra(e(a) = .
0, otherwise.

Definition 2.8([13]) Two fuzzy soft sets fa and gg on X, we say that f4 is called a fuzzy soft
subset of gg and write fa C gp if fa(e) < gp(e) for everye € E.

Definition 2.9([13]) Two fuzzy soft sets fa and g on X are called equal if fo C gp and
98 C fa.

Definition 2.10([13]) Let fa,g5 € (X, E). Then the union of fa and gp is also a fuzzy soft
set he, defined by ho(e) = fa(e) V gp(e) for all e € E, where C = AU B. Here we write
he = faUgs.

Definition 2.11([13]) Let fa,95 € (X, E). Then the intersection of fa and gp is also a fuzzy
soft set he, defined by hao(e) = fa(e) Agg(e) for all e € E, where C = AN B. Here we write
hc = fanga.

Definition 2.12([13]) A fuzzy soft set fr on X is called a null fuzzy soft set, denoted by O,
if fe(E)=0x for each e € E.

Definition 2.13([13]) A fuzzy soft set fg on X is called an absolute fuzzy soft set, denoted by
1g, if fe(E) =1x for each e € E.

Definition 2.14([13]) Let fa € (X,E). Then the complement of fa is denoted by f§ and is
defined by fq(e) =1— fa(e) for each e € E.

Definition 2.15([14]) A fuzzy soft set ga is said to be a fuzzy soft point, denoted by ey, , if for
the element e € E, g(e) # ¢ and g(¢/) = ¢ for all ¢ € A — {e}.
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Definition 2.16([14]) A fuzzy soft point ey, is said to be in a fuzzy soft set ha, denoted by
€gs € ha, if for the element e € A, g(e) < h(e).

Definition 2.17([14]) Let fa be a fuzzy soft set, FS(fa) be the set of all fuzzy soft subsets
of fa, and T be a subfamily of FS(fa). Then T is called a fuzzy soft topology on fa if the
following conditions are satisfied:

(1) ¢pa, fa €7

(2) fia, foa €T = fiaNfoa € 7;

(3) For any index set I, if fia € T for any i € I, then |J;c; fia € T.
Then, the pair (fa,T) is called fuzzy soft topological space (FSTS, for short), and the members
of T are called fuzzy soft open sets (FSOS, for short). A fuzzy soft open set g4 is called a fuzzy
soft closed set (FSCS, for short) if g§ € T, where g9 1is the complement of ga.

Definition 2.18([14]) A fuzzy soft topological space (fa,T) is said to be a fuzzy soft Ty space
if for every pair of distinct fuzzy soft points en, and ey, there exists a fuzzy soft open set
containing one but not the other.

Definition 2.19([9]) Let (fa, 1) and (gB,72) be two fuzzy soft topological spaces (FSTSs), on
the two universal sets X and Y, respectively. Then a fuzzy soft mapping (o,¥) : (fa,71) —
(9B, T2) is called:

(1) Fuzzy soft continuous if (,%) " (gg) € 11, for all g € To;

1)
(2) Fuzzy soft open if (p,0)(fa) € T2, for all fa € 11;
(3) Fuzzy soft closed if (p,¥)(fa) is a fuzzy soft closed set of 7o for each fuzzy soft closed

set fa of 1
(4) Fuzzy soft homeomorphism if (v,v) is bijective, continuous, and open.

Definition 2.20([13]) Let ¢ : X — Y and ¢ : E — F be two mappings, where E and F
are parameter sets for the crisp sets X and Y, respectively. Then (p,1) is called a fuzzy soft
mapping from (X, E) into (Y, F) and denoted by (p,¢) : (X, E) — (Y, F).

Definition 2.21([13]) Let fa and gp be two fuzzy soft sets over X and Y, respectively, and
(p, ) be a fuzzy soft mapping from (X, E) into (Y, F).

(1) The image of fa under the fuzzy soft mapping (p, 1), denoted by (v, ¥)(fa), is defined
as

Vo(x) =y Vi(e) =kfale)(x), if o '(y)# ¢, 0 (k) # ¢;

0, otherwise,

(o, ) (fa)k(y) =

forallke F andyeY.
(2) The image of gp under the fuzzy soft mapping (p,%), denoted by (p,) 1 (gB), is
defined as

(e, 9) M gB)(e) (@) = gB((e))(p(x)) for alle € E and x € X.
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Proposition 2.1([15]) Let (Xa,T,A) be a soft topological space over X. Then the collection
T.={F(e) | (F,E) € T} for each e € E, defines a topology on X .

83. Definitions and Properties of Fuzzy Soft T; Spaces

Before we mentioned the definition of fuzzy soft Ty space, and now in this section we introduce
four new ideas of fuzzy soft Tj spaces, establish some implications among them and develop
several new theories on fuzzy soft Ty spaces. We denote the grade of membership and the grade
of non-membership of any point in fuzzy soft set is 1 and 0 respectively. Here & means that

the grade of membership of any point in fuzzy soft set lies between 0 and 1.

Definition 3.1 A fuzzy soft topological space (FSTS) (fa,T) is called:

(a) FSTy(2) if for any pair of x1,xs € X with x1 # x2, and for all e € A, there exists an
FSOS fia € 7 such that fia(e)(x1) =1, fra(e)(xz) =0, or fia(e)(z1) =0, fiale)(xs) = 1;

(b) FSTo(ii) if for any pair of x1,x9 € X with x1 # x2, and for all e € A, there exists an
FSOS fia € 7 such that fia(e)(x1) = @, fia(e)(za) =0, or fra(e)(z1) =0, frale)(z2) = a
as 0 < <1y

(¢) FSTy(wit) if for any pair of x1,xe € X with x1 # x2, and for all e € A, there exists an
FSOS f1a € 7 such that fra(e)(z1) > fia(e)(z2), or fra(e)(xza) > frale)(z1);

(d) FSTy(iv) if for any pair of x1,x2 € X with x1 # x2, and for all e € A, there exists an
FSOS fia € 7 such that fia(e)(z1) # frA(e)(x2) or fia(e)(x2) # fiale)(xy).

Theorem 3.1 Let (fa,T) be a fuzzy soft topological space. Then the above four notions of it

form the following implications:

FSTy(3) > FSTy (i)

FSTO (’LU) - FST()(ZZZ)
Figure 1 The implications of four notions are shown by a quadrilateral with two diagonals

Proof Let (fa,7) be a FSTy(i). Then by definitions, for any pair of 21, z9 € X, with a;
xo, and for all e € A, there exists an FSOS f14 € 7 such that fia(e)(z1) =1, fra(e)(x2) = 0,
or fra(e)(z1) =0, frale)(z2) = 1.

fia(e)(z1) =a, frale)(z2) =0, or
fra(e)(z1) =0, fra(e)(z2) =a

as O<axl (1)
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N { fra(e)(@s) > fra(e)(@s), or )

fra(e)(@2) > frale)(z1)

_ ) frale)(@1) # frale)(az), or (3)

frale)(@2) # frale)(@1).
Hence, from (1), (2), and (3), we see that F.STy (i) = FSTy(it) = FSTy(iii) = FSTy(iv).
Again, suppose that (fa,7) be a F.STy(7). Then by definition, for any pair of z1, 29 € X,
with 21 # 9, and for all e € A, there exists an FSOS fi4 € 7 such that fia(e)(x1) =
1, fra(e)(z2) =0, or fra(e)(z1) =0, frale)(z2) = 1.

N fra(e)(z1) > fia(e)(x2), or )
fra(e)(x2) > fia(e)(w1)

N frae)(z1) # fia(e)(x2), or (5)
fra(e)(z2) # firale)(z1).

Hence, from (4) and (5), we see that FSTy(i) = FSTy(iii), and FSTy(i) = FSTy(iv).

Finally, let (f4,7) be a FSTy(4). Then from (1), for any pair of 21,29 € X, with z1 # 29,
and for all e € A, there exists an FSOS f14 € 7 such that fia(e)(z1) = @, fia(e)(z2) =0, or
flA(e)(l‘l) = 67 flA(E)(.TQ) =a,as0<a<l1.

fia(e)(z1) # fia(e)(xz), or

(6)
fia(e)(z2) # frale)(w1).

From (6), we see that F'STy(ii) = FSTy(iv). O

None of the reverse implications is true in general, as can be seen in the following counter

examples.

Example 3.1 Let X = {x1,22}, E = {e1,ea,e3,¢e4,e5} a set of parameters, A = {ey,e2} C E,
and 7 be a fuzzy soft topology on a universal set X generated by 7 = {0,1, fi4} where fi4 =
{e1 ={0.6/x1,0.7/x2}, e = {0.7/21,0.6/22}}. Here fira(er)(x1) = 0.6, fra(er)(x2) = 0.7 and
fra(ea)(z1) = 0.7, fra(e2)(xz2) = 0.6.

Hence, we observe that (fa,7) is F.STy(iv) but not FSTy(i), FSTy(ii), or FSTy(iii).
Therefore, F.STy(iv) = FSTy(i), FSTy(iv) # FSTy(ii), and FSTy(iv) = FSTy(iii).

Example 3.2 Let X = {z1,22}, E = {e1, ea,e3,€4,€5} be a set of parameters, A = {ey,ea} C
E, and T be a fuzzy soft topology on a universal set X generated by 7 = {0,1, f14}, where
fia={e1 ={0.7/21,0.3/22}, €2 = {0.3/21,0.7/22}}.

Here, fia(e1)(z1) = 0.7, fia(e1)(w2) = 0.3, and fra(ez)(z1) = 0.3, fra(ez)(w2) =0.7.

fialer)(z1) =0.7,  firaler)(z2) =0.3
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fia(ea)(z1) = 0.3,  fra(es)(xs) =0.7

Hence, we observe that (fa,7) is F\STy(iii) but not F.STy(i) and FSTy(ii). Therefore,
FSTy(iii) % FSTy(i), and FSTy(iii) # FSTy(ii).

Finally, if we consider f14 = {e; = {&/x1,0/x2},e0 = {0/x1,a/x2}}, where 0 < o < 1,
then we have
fra(er)(z1) =a,  fia(er)(z2) =0

fia(e2)(@1) =0, frales)(z2) =a

Thus, (fa,7) is F'STy(ii) but not FSTy(4).

Theorem 3.2 If a fuzzy soft topological space (FSTS) (fa,T) is a fuzzy soft Ty space, then the
following statements are equivalent:

(a) for all 1,72 € X, 11 # 2, and for all e € A, fia(e)(x1) A frale)(z2) < 1;
(b) for all x1,29 € X, w1 # x2, and for all e € A there exists an FSOS f1a € T such that
fra(e)(z1) >0, fra(e)(x2) =0, or fra(e)(z1) =0, fra(e)(z2) > 0.

Proof (a) = (b): We have from (a) that,
frale)(x1) A fiale)(wa) <T= frale)(z1) <1 or fra(e)(zz) <T.

This implies
T— fiale)(z1) >0 or T— fia(e)(xa) > 0.

Let fia =1 — fia. Then we have
fra(e)(x1) >0, fra(e)(w2) =0 or  fra(e)(z1) =0, fra(e)(zz) >0,

which is (b).
(b) = (a): From (b) we have that, for all z1,25 € X, 21 # x2, and for all e € A, there
exists an FSOS fi14 € 7 such that

fia(e)(x1) >0, frale)(za) =0, or fia(e)(x1) =0, fra(e)(za) > 0.
That implies
11— fiale)(z1) <1, 1— fiale)(xe) =0, or 1— fiale)(ws) <1, 1-— fra(e)(z1)=0.

Since f14 is a fuzzy soft open set (FSOS), therefore 1— f1 4 is a fuzzy soft closed set (FSCS).

Hence, we have
fra(e)(@) <1 or fiale)(z2) <1 = frale)(@i) A fra(e)(a2) <1,

which is (a). O
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Theorem 3.3 Let (fa,7,A) be a fuzzy soft topological space (FSTS) over a universal set X,
and let ey, e, € fa such that e,, # er, as x1 # xa for every pair 1,z € X. If there exist
FSOSs (f1a,A) and (faa,A) such that ez, € (f1a,A) and ez, € (f1a,A)° or ez, € (f2a,A4)
and ey, € (faa,A)C, then

(a) (fa,7,A) is an FSTy space;
(b) (Fa,7,A) is an STy space;
(c) (X,7e) 1s a Ty space.

Proof Firstly we prove (a). It is clear that ey, € (f14,4)° = (ff4, 4) = es, ¢ (f14,4),
= 0. Similarly, e;, € (faa,A4)° = (f§4,A) = ez, & (f2a4,4),
which implies that foa(e)(x1) = 0. Thus, we have e;, € (f1a,A), ez, ¢ (f14,4) or ey, €
(faa,A), ez, & (faa,A). This proves that (fa,7, A) is an F'STy space.

Secondly we prove (b), that is (Fa, 7, A) is an STy space. To do this, we define a charac-

which implies that f14(e)(z2

— —

teristic function 1, such that

Fale)(@) = 15, (¢) = 1 ifx e Fale)

0 otherwise.

Let fa = (fia, f2a) and F4 = (Fia, Fo4). Now, for any z1,29 € X with 1 # 25 we
have fia(e)(z1) =1 = e,, € (F1a,A) and fia(e)(xz2) =0 = ey, ¢ (F1a,A). Therefore,
ez, € (F1a,A) ez, & (F1a,A) or ez, € (Faa,A),e5, ¢ (Faa,A). Thus, (Fa,7,A) is an STy
space.

Finally to prove (c), for any e € A, (X,T,) is a topological space on X (see Proposition
2.1) and ey, € (Fia,4),e5, € (F14,A)¢ or ez € (Faa,A) 5, € (Faa,A)° So that z; €
Fia(e),za ¢ Fia(e) or zo € Faa(e),x1 ¢ Faa(e). Thus, (X, 7.) is a Ty space. O

84. Good Extension, Hereditary and Topological Property

In this section, we discuss some fuzzy soft invariance properties, namely good extension, hered-

itary and soft topological properties.

Definition 4.1 Let (Fa,T,A) be a soft topological space and 7 = {lp, : Fa € T}, and
1p, = fia. Then (fa,T) is the corresponding fuzzy soft topological space of (Fa,T,A). Let P
be a property of soft topological spaces and F'P be its fuzzy soft topological analogue. Then F'P
is called a Good extension of P if the statement (Fa, T, A) has P if and only if (fa,7) has FP
holds true for every soft topological space (Fa, T, A).

Theorem 4.1 Let (Fa,T,A) be a soft Ty space and (fa,7) be FSTy(j) spaces, where j =
i,i4,ii,iv. Then (Fa, T, A) will be FSTy(5) spaces if and only if FSTy(5) will also be a soft Ty

space.

Proof Suppose that (Fa,T,A) is a soft Ty (STy) space. We prove that (Fa,T,A) is
FSTy(j) spaces. Since (Fa,T,A) is a soft Ty space, for each x1,2o € X, with 2; # x5, and



a-Separation Axioms on Fuzzy Soft T Spaces 65

for all e € A, there exists a soft open set (SOS) F4 € T such that ¥y € Fa and x5 ¢ Fa, or

21 ¢ Fy and x9 € F4. Then, by a characteristic function 1g,, we have

jenl]

1FA (6)(1‘1) = L 1FA (6)(3;‘2) =
1r, (8)(.231) = 6’ 1, (6)(372) =

, or
=

=

Let 1p, = fia. Therefore,
fiale)(x1) =1,  fia(e)(z2) =0, or
fia(e)(w1) =0,  fia(e)(xz)

fiale)(x1) =a, fra(e)(wa) =0, or
fia(e)(z1) =0, frale)(ze)=a, asO0<a<l,

= fra(e)(z1) > frale)(z2) or (9)

fra(e)(@2) > fra(e)(z1),

_ ) Na@@) # fae)(z2) or (10)

fra(e)(@2) # frale)(z1).

Hence, from (7), (8), (9), and (10), we see that a soft Ty space is FSTy(i), FSTy(ii),
FSTy(iii), and F'STy(iv) spaces. This implies that a soft Tj space is F'STy(j) spaces, where
§ = 4,4, i, v.

Conversely, assume that (fa,7) is FSTy(j) spaces. We will prove that (fa,7) is a soft Tj
space. To do this, we will first prove it for j = 4. Since (fa,7) is F.STy(i), by definition, for all
71,29 € X, with z1 # x5, and for all e € A, there exists an FSOS fi4 € 7 such that

fia(e)(x) =1, fiale)(z2) =0, or

fia(e)(x1) =0, fra(e)(z2) = 1.
Thus

fia(@@) = {1}, fia()(©0) = {2}, or
fra@©) ={z1},  frale)(d) = {z2}.

Let f; i (1) = Fa. Therefore, Fa(e) = {x1} or Fa(e) = {x2}. Hence, for each z1,z5 € X,
with 21 # 29, and for all e € A, there exists a soft open set (SOS) Fu € T such that x; € Fyu
and xo ¢ Fa, or x1 ¢ Fu and 2o € Fu. Thus, FSTy(3) is STo. Similarly, FSTy(ii), FSTo(iii),
and FSTy(iv) imply ST, space. O

Definition 4.2 Let (fa,7) be a fuzzy soft topological space (FSTS) and ga C fa. Then the
fuzzy soft topology 74, = {ganNha | ha € T} is called the fuzzy soft subspace topology, and
(9a,Tg4) is called the fuzzy soft subspace of (fa,T). A fuzzy soft topological property P is called
hereditary if each subspace of a fuzzy soft topological space with property P also has property P.
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Theorem 4.2 Let (fa,T) be a fuzzy soft topological space (FSTS) and (ga,T4,)) be a subspace
of it. Then if (fa,7) is FSTo(j), it implies that (ga, 7y, ) is also FSTy(j), where j = 1,1, 143, iv.

Proof We prove this theorem only for j = i. Suppose that (fa,7) is FSTp(i). It will
be shown that (ga,74,) is FSTy(i). Let 1,22 € X with 1 # x9, and for all e € A such
that ga(e)(z1) =1, ga(e)(z2) = 0. Since (fa,7) is FSTy(i), by definition, for all 21,22 € X,
1 # x9, and for all e € A, there exists an FSOS hy € 7 such that either ha(e)(z1) =
1, ha(e)(z2) =0 or ha(e)(z1) =0, ha(e)(xs)=1.Since ga(e)(z1) =1and ha(e)(x1) =
1, we have (ganha)(e)(x1) = 1 and similarly, (ganNha)(e)(z2) = 0 or (ganha)(e)(z1) =
0,

proved in a similar way. O

Theorem 4.3 Let (fa, 1) and (gg,72) be two fuzzy soft topological spaces (FSTS’s) on the two
universal sets X andY, respectively. Let (¢,v) : (fa,71) — (9B, 72) be a fuzzy soft one-to-one,
onto, and continuous map. Then these spaces maintain the following features:

(a) (fa,m1) is FSTy(i) <= (gB,T2) is F.STy(i);
(0) (fa,m1) is FSTy(ii) <= (9B, 72) is F'STy(ii);
(¢) (fa,m1) is FSTy(iii) <= (gB,72) is FSTy(ii1);
(d) (fa,m) is FSTy(iv) <= (gB,T2) is FSTy(iv)

Proof We prove only (a). Suppose (fa, 1) is F'STy(i). We will prove that (gp, 72) is also
FSTy(i). Let y1,y2 € Y with y1 # ya. Since (¢, 1)) is onto, there exist z1,29 € X with z1 # 2o,
such that ¢(x1) = y1, ¢(x2) = y2, and Y(e) = k for all parameters e € A and for all k € B.
Hence, x1 # x2 since ¢ is one-to-one. Since (fa,71) is F'STy(7), we have that for all z1, 29 € X,
x1 # w9, and for all e € A, there exists an FSOS fi4 € 71 such that either fia(e)(z) = 1
and fia(e)(z2) = 0, or fra(e)(z1) = 0 and fra(e)(z2) = 1. Now, there exists an FSOS
(¢, ¥)(f14) € T2 such that (¢,9)(fra)k(y1) = 1 as fia(e)(z1) = 1 and (¢,9)(fra)k(y2) =
0 as fiale)(ws) = 0. Similarly, (6,9)(fia)e(ys) = 0 and (6,9)(fia)k(ya) = 1. Hence,
(98,72) is FSTy(i).

Conversely, suppose that (gp,72) is F.STy(i). We prove that (fa,m1) is FSTy(i). Let
21,29 € X with 21 # xo. This implies that ¢(z1) # ¢(x2) as ¢ is one-to-one. Put ¢(z1) = y;
and ¢(x2) = ya. Then y; # yo. Since (gp,72) is F'STy(i), there exists an FSOS ¢g15 € 72 such
that either gip(k)(y1) = 1 and gip(k)(y2) = 0, or g15(k)(y1) = 0 and g15(k)(y2) = 1. Now,
there exists an FSOS (¢,v)~!(g15) € 71 such that (¢,%) " (g1p)(e)(z1) = g15(¥(e))(p(x1)) =
G50 w) = T and (6,90)" (@15)()(z2) = 015(0))(é(z2)) = g15(k)(ye) = 0. Similaly,
(6.0) " (gus)(e)(w1) = 0 and (6,5)(915)(e)(z2) = 1. Hence, (fa,m) is FSTo(i). In the
same way, (b), (¢) and (d) can be proved. O

85. Conclusion

This paper develops several new theories based on four new notions of a — separation axioms
on fuzzy soft T spaces. The good extension, soft hereditary and soft topological properties are
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widely discussed with examples and counter examples, which are extensively applicable in fuzzy

logic and fuzzy topology. The similar concepts of such notions and relevant new theories will

be investigated for lattice fuzzy soft Ty spaces in our further study.
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§81. Introduction

Corrado Gini [5] introduced in 1912 several economic summary statistics, among them what is
now known as the Gini index, which it is a parameter that measures how equitably a resource
is distributed throughout a population (for more details, see [4] and [7]. More recent, Balaji
and Mahmoud [1] presented two distance-based molecular descriptors level index and Gini
index. Clearly, the level index is a numerator of the distance-based Gini index which is used
to evaluate the measure for a tree. Balaji and Mahmoud obtained a general phrase of the level
index of trees. Level matrix and level characteristic polynomial concepts introduced recently
[3]. Level characteristic polynomials of rooted stars, rooted double stars, and rooted binary
caterpillars were obtained [3]. The level characteristic polynomials of rooted binary caterpillars
were computed in terms of distance characteristic polynomials of paths. Moreover, distance
characteristic polynomials of paths were obtained by Hosoya et al. in 1973 [6]. The spectrum

of the level matrix was studied very recently in [2].

1Corresponding author: bunyamin.sahin@selcuk.edu.tr
2Received October 16,2024, Accepted December 12,2024.
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In this paper, we compute the level characteristic polynomial of rooted binary caterpillar
by a recurrence relation in terms of Chebyshev polynomials of the first-kind and second-kind.
Therefore, we can present an affirmative answer to the question (Question 4) which appeares
in [2] looking for a rooted tree that its level characteristic polynomial can be computed by a

recursive formula.

§2. Preliminaries

We only consider simple, connected, and undirected graphs. A graph G consists of a vertex set
V(G) and an edge set E(G). The notation d(u,v) is used to show the distance between two
vertices u and v in a graph. Generally, a Smarandachely rooted tree T is a rooted tree T with
s rooted vertices and the level [ of u € V(T is the minimum distance between u to rooted
vertices. Particularly, if there are only one rooted vertex, such a T is nothing else but a rooted
tree T. For a rooted tree T', the level of a vertex w is abbreviated to [,,, i.e., the distance between
u and the rooted vertex, which is the objective in this paper. Certainly, the same question can
be also considered on Smarandachely rooted tree T for a few of typical rooted vertices.

Definition 2.1([1]) The level index of a rooted tree T, denoted by LI(T), is given by

LIT)= Y |L(T)~ (D),

1<i<j<n
where 1;(T) shows the level of the vertex v; in T.

Definition 2.2([1]) The level index of a rooted tree T of mazimum level h is computed by the
following equation such that N; and Ni;; showing the number of vertices at level i and i + j
with the difference in depth of j

h h—i
LI(T) = Z Z.jNiNi-i-j
i=0 j=
Definition 2.3([3]) Let T be a rooted tree and let its vertices be labeled as v1,v2,- - ,vy,. The
level of v € V(T) is the distance from the root of T to v. The level matriz of T is defined as
the square matric L = L(T) = [l;;] where l;; is the absolute value of the levels’ difference of

vertices v; and v; in T

A rooted binary caterpillar Ty is obtained from a k vertex path by attaching a vertex to
each vertex of the path which is illustrated in Figure 1.

m U3 Ugf—3 Vag—1

(o U4 Vag—2 U2k

Figure 1. The rooted binary caterpillar T},
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Definition 2.4 The level characteristic matriz of rooted binary caterpillar Ty is defined by
Matriz My of order 2k:

Ay Ay Az oo Ag
Ao, A Ay
My = A,3 A,Q A1 . Ag
Az
A,k . A,3 A72 Al
where
-1 -k+1 —k
Al = * s a.nd Ak; =
-1 =z —k+2 —-k+1

for all integers k > 2, and A_, = Al (transpose), for all k > 1.

For instance, the level characteristic matrix of T5 is presented as follows

Ms =
-3 2|2 —1|-1 =z| 0 —1|-1 =2
-3 —2| -2 -1]-1 r —1]-1 =2
4 —3|-3 2| -2 —1|-1 x| 0 —1
—4 —3|-3 —2|-2 —1|-1 z -1

-5 —4|-4 -3|-3 -2|-2 —-1|-1 T

Theorem 2.5([6]) The distance characteristic polynomial of a path P, is given by

Nz, 2D 2 (02— (kDY)
Cn(x) = ;2 (k 1)k2(k;2—1)(k2—22)...(k‘2—(k—l)z) )

Theorem 2.6([3]) For k > 2, the characteristic polynomial of the rooted tree Ty, is given by
P(A) = 2N (A Cr(M/2) + Crar (V/2)),
where Cy,(x) is given in Theorem 2.5.

In order to obtain a general result, we can define a family T of trees such that Ny = 1
N1 =Ny =..=Ni_1 =2, and Ny = 1. Clearly T}, € 'T.
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83. Main Result

In this section, we first compute the level index of the rooted trees of the family T that the
level indices of the members of T equal to Octahedral numbers. Moreover, we show that the
determinant of the matrix M}, equals to level characteristic polynomial of only the members of
T with level k. Finally, we obtain the determinant of M} in terms of Chebyshev polynomials
of the first-kind and second-kind.

Theorem 3.1 If a tree T € T with level k, then the level index of T is given by

k(2k* + 1)

LI(T) = ==

Proof By Definition 2.2, the level index of T can be computed by the following equation
such that the numbers of the vertices at level ¢ are ordered as follows Ng =1, Ny = Ny = --- =
Nk:—l = 2, and Nk. = 1. Then

k k—i k—1
LI(T)=> > jNiNiy; =k+4Y ik —1)
i=0 j=0 i=1
k—1 k—1
=k+4k) i—4) i
i=1 =1
-1 —1Dk(2k -1
:k+4k><Lk ) _yx = DFRE=1) )k6(k )
AR+ 2k k(2K% + 1)
6 3 ’
as claimed. O

For instance, by Theorem 3.1, the initial terms of the level index of T} are LI(Ty) = 1,
LI(Ty) =6, LI(T3) =19, LI(Ty) = 44, LI(T5) = 85, and LI(Ts) = 146 (see Sequence A005900
in [8]).

Lemma 3.2 Let T be a rooted tree. Then the level characteristic polynomial of T equals to
determinant of My, if and only if Te T with level k.

Proof The sufficient condition is clear. Then we will prove only the necessary condition.
If T € 'L, then there are two vertices at each level except the last level k£ and there is one vertex
at the last level k. It means that every two rows of the level matrix of T' are equal because the
vertices appeared on the same level. Since T is a rooted tree and there is one vertex at level k,
the first row and the last row of the level matrix of T are equal in the reverse order.

Now assume that T' ¢ T. It implies that there are at least three vertices at a level Then,
at least three rows of the level matrix of T" are the same is a contradiction. It is obtained that

the level characteristic polynomial of T' equals to determinant of M, if and only if T € T. O

In order to find the determinant of the matrix M}, we define the following matrices
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o A (respectively, By, Ci) is the obtained matrix from M} by removing the first row and
first column (respectively, second column, 2kth column).

e Dy is the obtained matrix from Cj by removing the first and last rows, and first and
second columns.

e F; is the obtained matrix from Cj by removing the first, second, and last rows, and the
first three columns.

Then, by evaluating the determinant of the matrices My, Ax, By, Ck, Dy, Ey, according to the
first row, we obtain the following recurrences

det(My) = 2(x + 1) det(Ay) + x det(Bg) + det(Cl),
det(Ay) = 2z det(My_,) — 2 det(Ap_1),
det(By) = —x det(Mg_1) + x det(Ci_1),
det(Cy) = 2% det(Cr_1) — 2z det(Dg_1) + 2 det(Ey_1),
det(Dy) = 2(z + 1) det(Ey) — 2? det(Dy_1),

)

(
det(Ey) = 2z det(Dy_1) — 2 det(Ej_1).
By the recurrence of det(Dy) and det(E}), we obtain
det(Dy) = 2x(x + 2) det(Dy_1) — x* det(Dy_2)
where det(D;) = 2(1 + z) and det(D3) = 42(1 + z)(2 + x). Hence, by induction on k, we have

det(Dy) = 2(1 + x)2** 72U _1(y),

where y = 1+ 2/x and U,, is the mth Chebyshev polynomials of the second kind. Thus, by the
recurrence of det(Dy), we have

det(Ey) = 22 2(Up_1(y) + Ur—_2(y)).

By the recurrence of det(C}), we have

k—2
det(Cy) = —(1 + z)z?* =2 + Z 2% (—2x det(Dg_1-;) + 2* det(Ej_1_;))
7=0
k—2 )
= —(1+2)2™ 2 4 271y 0¥ (@Uy s (y) — B+ 4)Up—2-;(y)).
j=0

Hence, by the recurrences of det(My,), det(Ay), det(By) and det(Cy), we obtain that the
sequence det(My,) satisfies

det(My) = 2z(x + 2) det(My_1) — x* det(My_s) + det(Cy) + 222 det(Ch_1) + 2t det(Cp_2),
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where det(M;) = 22 — 1 and det(Ms) = z(z + 2)(2? — 22 — 4). Moreover, the sequence det(Cy)
satisfies

det(Cy) = z(3z + 4) det(Cy_1) — 23 (3x + 4) det(Ch_2) + 2° det(Cr_3),

where det(C}) = —1 — x, det(Cy) = —z(x + 2)?, det(C3) = —z2(x + 1)(x + 4)?, and det(Cy) =
—23(2? + 8z + 8)%. Hence,

t(t22® — 2tx3 — 3tz + x + 1)
(tx2 — 1)(122* — 2t22 — 4wz + 1)’

> det(Cy)tF =
k>
which implies the following result. O

Theorem 3.3 The generating function Y, det(My)tk is given by

t(ttz10 — 4328 — 8327 — 325 + 61220 + 16122 + 13t22* — dta* — 8ta® — 3ta? + 22 — 1)
(1 — ta?) (20" — 2ta® — dtw + 1)2

On the other hand, we define the sequence m;, as follows

e (0" (10" @kt a) (-0 - @2k —2) (14 0)*

mag = 9 X 2 )
2k+1 2k+1
1 —(1
a0 o)
2

" ((2k + Do +2) (1 — 0)* 4 (2k + 1o — 2) (1 +0)* !

2 )

where v = vz + 1.

By finding the generating function for the sequence my, namely >, < myt*, and comparing
the result with Theorem 3.3, we obtain that det(M}) = my. Thus, we can state the following
result.

Proposition 3.4 For all k > 1, det(My) = my.

Note that the m; can be written in terms of Chebyshev polynomials of the second-kind,
Ui (y), and of the first-kind, T} (y), which, by Proposition 3.4, leads to the following result.

Theorem 3.5 Forallk > 1,

det(Mar) = 2" 2Ty, (y) (2*Ti(y) — 4k(1 + 2)U—1(y)),

det(Max11) = 2" (1 + 2)(2Uk(y) — 2Ti+1(y))

x (22k 4+ 1)(1 + 2)U(y) — 2(2k + D) Ths1 (y) + 22Uk (y) — 22Thi1 ().
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By this way we can give an affirmative answer to an open problem (Question 4) of the
paper [2].
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§81. Introduction

1.1. Background on Fuzzy Logic and Intuitionistic Fuzzy Sets

Fuzzy logic, introduced by Zadeh (1965), extends classical logic to handle uncertainty and im-
precision using membership functions. Intuitionistic fuzzy sets, proposed by Atanassov (1986),
further extend fuzzy sets by including both membership and non-membership degrees, with
their sum constrained to be less than or equal to one. This allows for a more nuanced repre-

sentation of uncertainty.

1.2. Overview of Metric Spaces

A metric space (X, d) consists of a set X and a metric d : X x X — R that satisfies
e Non-negativity: d(z,y) > 0;
e Identity of indiscernibles: d(z,y) = 0 if and only if z = y;
e Symmetry: d(z,y) = d(y,x);

e Triangle inequality: d(z,z2) < d(z,y) + d(y, 2).

1Received August 5,2024, Accepted December 14,2024.
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1.3. Intuitionistic Fuzzy Metric Spaces

Intuitionistic fuzzy metric spaces integrate metric spaces with intuitionistic fuzzy sets. They
are represented as (X, d, ), where X is a set, d is a metric, and p is an intuitionistic fuzzy set
on X.

82. Theoretical Framework

2.1. Intuitionistic Fuzzy Sets

An intuitionistic fuzzy set A is characterized by a membership function ps(z) and a non-
membership function v4(z), where pa(z) + va(x) < 1. Operations on intuitionistic fuzzy sets

include
o Union: paup(z) = max(a(e), ps (2));
e Intersection: panp(z) = min(pa(z), us(x));
e Complement: p_4(x) =1— pa(z).

2.2. Metric Spaces

A metric space (X,d) is defined by the metric d satisfying the above axioms. The distance

function d provides a quantitative measure of ”closeness” between elements of X.

2.3. Intuitionistic Fuzzy Metric Spaces

An intuitionistic fuzzy metric space (X,d, ) extends a metric space to handle uncertainty
through intuitionistic fuzzy sets. The intuitionistic fuzzy distance d,(x,y) incorporates both

membership and non-membership values.

83. Main Results

Theorem 3.1(Fixed Point Theorem) In an intuitionistic fuzzy metric space (X,d, ), if T :
X — X is a contraction mapping, then T has a unique fixed point.

Proof Our proof is divided into five steps following:

(1)(Contraction Mapping) A function T is a contraction if there exists a constant 0 < k < 1
such that for all z,y € X:
d(T(x), T(y)) < k- d(x,y).

(2)(Cauchy Sequence) Define a sequence {x,} by z,+1 = T(x,). For m > n,
ATy xp) = AT (2,), T " (2y)) < K7™ - d(zp, Tp).

Since k < 1, k™™™ — 0 as m,n — oo. Thus, {r,} is a Cauchy sequence.
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(3)(Convergence) In a complete metric space, every Cauchy sequence converges. Let x*
be the limit of {z,}.

(4)(Fized Point) Show z* is a fixed point by

T(x*)=T(lim z,) = lim T(x,) =2 .

n—oo n—oo

(5)(Uniqueness) Assume z* and y* are fixed points. Then:
d(z*,y*) = d(T(z"), T(y")) < k- d(@",y").
Since k < 1, d(z*,y*) = 0, hence z* = y*. Therefore, the fixed point is unique. O

Theorem 3.2(Intuitionistic Fuzzy Convergence) In an intuitionistic fuzzy metric space, a
sequence {x,} converges to x if and only if for every e > 0, there exists N such that for all
n> N, d(x,,z) <e.

Proof Our proof is divided into two steps following:

(1)(Sufficiency) If {x,} converges to x, then by definition, for every ¢ > 0, there exists N
such that for all n > N:
d(z,,x) <e.

This follows directly from the definition of convergence.

(2)(Necessity) Suppose for every € > 0, there exists N such that for alln > N, d(z,,x) < €.
By definition, this implies that {z,} converges to x. O

84. Applications in Image Processing

4.1. Image Segmentation

Intuitionistic fuzzy metric spaces improve image segmentation by handling uncertainty in pixel

classification. For instance,
Algorithm Fuzzy C-means clustering with intuitionistic fuzzy sets.
n C
JU.V) =) Y ufd(i,vy)
i=1j=1

where u;; represents the membership value of pizel x; in cluster j, d is the distance metric and

v; is the cluster center.

4.1. Image Enhancement

Enhancement techniques utilize intuitionistic fuzzy logic to adjust pixel values while preserving

important features. For example,
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Algorithm [Intuitionistic fuzzy filters for contrast enhancement:

p(@) - I(2) + v(2) - I()
(@) + v(z)

Ienhanced<x) =

)

where . and v are membership and non-membership functions, respectively.

4.3. Image Recognition

Intuitionistic fuzzy metrics improve recognition accuracy by dealing with uncertainties in image

features. For instance,
Algorithm Intuitionistic fuzzy logic-based neural networks. The training and

Algorithm Intuitionistic fuzzy logic-based neural networks. The training involves mini-

mizing the loss function:
N
L= Z loss(yi, Ui)
i=1

where y; is the true label and §; is the predicted label for each image.

85. Case Studies and Examples

Example 5.1(Image Segmentation) Medical image segmentation using intuitionistic fuzzy C-

means.

Mathematical Model Define the objective function:

JUV) =3 ulid(x;, v))

i=1 j=1

where u;; is the membership value of pixel z; in cluster j, d is the distance metric, and v; is
the cluster center.

Results The segmentation results show improved accuracy compared to traditional meth-
ods. For instance, the segmentation of tumor regions in MRI scans exhibited better delineation,

reducing false positives and negatives.

Example 5.2(Image Enhancement) Application of intuitionistic fuzzy filters to enhance satel-

lite images.

Algorithm Detail the enhancement process and parameters used. For example, an intu-
itionistic fuzzy filter with membership function p and non-membership function v was applied

to adjust contrast:
p(x) - I(z) +v(z) - I(z)
pu(x) +v(z)

Results Enhanced satellite images exhibited clearer features, such as improved edge

Ienhanced (LC) =

detection and better visibility of geographical details.
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Example 5.3(Image Recognition) Intuitionistic fuzzy logic-based neural networks for facial

recognition.

Algorithm Train the neural network using an intuitionistic fuzzy logic-based approach

to handle uncertainty in facial features. The loss function used is:

N
L= loss(yi, )
i=1
Results The recognition accuracy improved significantly compared to traditional methods.
The model demonstrated enhanced performance in distinguishing between similar faces in varied

lighting conditions.

86. Conclusion

This paper has explored the theoretical aspects of intuitionistic fuzzy metric spaces and demon-
strated their practical applications in image processing. The integration of intuitionistic fuzzy
logic with metric spaces provides a powerful tool for handling uncertainty in various image
processing tasks. The case studies and examples illustrated the effectiveness of these methods

in improving image segmentation, enhancement, and recognition.
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§1. Introduction

The environmental consequences of warfare have become increasingly evident with ongoing
conflicts around the globe. The direct and indirect emissions from military operations contribute
significantly to environmental pollution, affecting air, water, and soil quality. As conflicts
continue to escalate, the cumulative impact on the environment raises critical concerns about
sustainability and ecological health.

Military activities produce substantial emissions of greenhouse gases, such as C'O-, and
other pollutants, including particulate matter and toxic chemicals. These emissions arise from
various sources, including the combustion of fossil fuels in military vehicles and aircraft, the
detonation of explosives, and the destruction of infrastructure. Additionally, the environmental
damage extends beyond emissions, encompassing habitat destruction, soil contamination, and
long-term ecological degradation.

This paper aims to quantify the environmental impact of military conflicts by employing
mathematical models to analyze real-world data on pollutant emissions. By integrating data
from various conflicts, including recent and historical case studies, the study seeks to provide a
comprehensive assessment of how military operations contribute to environmental degradation.
The use of mathematical models allows for the estimation of emissions and their effects on the
environment, providing valuable insights into the scale and scope of the problem.

1Received September 2,2024, Accepted December 16,2024.
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The analysis focuses on several key aspects:

e Direct Emissions. Examining the greenhouse gases and pollutants released directly

from military activities, including fuel combustion, explosives, and military machinery;

e Indirect Environmental Impact. Assessing the broader ecological consequences
of military operations, such as habitat destruction, soil erosion, and contamination of water

sources;

e Geographical Variations. Exploring how environmental impacts vary across differ-
ent regions and types of conflicts, considering factors such as geography, climate, and local

ecosystems;

e Temporal Analysis: Analyzing the short-term and long-term effects of military conflicts

on environmental pollution and recovery processes.

By applying these models, the paper aims to highlight the substantial contribution of
military activities to environmental pollution and to underscore the need for integrating envi-
ronmental considerations into conflict management and military planning. Understanding the
extent of environmental damage caused by warfare is crucial for developing effective strategies
to mitigate its impact and promote sustainable practices.

The findings of this study will contribute to the broader discourse on environmental sus-
tainability in conflict zones and offer recommendations for reducing the ecological footprint of
military operations. Through this research, we seek to advance knowledge in this critical area

and support efforts to address the environmental challenges associated with armed conflicts.

§2. Data Collection

This section details the data collection methodology and includes calculations to quantify the
environmental impact of contemporary conflicts. We gathered data from reputable sources and
performed calculations to estimate the impacts on emissions, fuel consumption, and the extent

of affected areas.

2.1. Global Conflict Data

Data Source. All data from the Global Conflict Tracker, managed by the Council on Foreign
Relations, provides insights into conflict zones, including geographic areas affected by military

operations.

Example Calculation. For the Syrian Civil War, the Global Conflict Tracker estimates that
military operations impact an area of 500,000 square kilometers. To estimate the affected area,

we assume that military operations affect 10% of this region by
Operational Area = Total Area x Percentage Impacted, (1)

Operational Area = 500,000 km? x 0.10 = 50,000 km?. (2)

Thus, the military operations impact 50,000 square kilometers of the Syrian conflict zone. See
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[6] for details.

2.2. Environmental Reports

Data Source. The Environmental Protection Agency (EPA) provides comprehensive data on

emissions, including annual inventories and environmental impact assessments.

CO; Emissions Calculation. To estimate CO5 emissions from diesel fuel consumption in a
conflict zone, we use: Annual Fuel Consumption: 1,000,000 liters emission factor for CO5: 2.68
kg COq/liter

The calculation is as follows:

Eco, = F x EFco,, (3)
Eco, = 1,000,000 liters x 2.68 kg CO,/liter, (4)
Eco, = 2,680,000kg CO,. (5)

Particulate Matter (PM) Calculation. Assuming an emission factor of 0.1 grams of PM
per liter of diesel fuel

Epym = F x EFpy, (6)
Epy = 1,000,000 liters x 0.1 g PM/liter, (7)
Epy = 100,000 g PM = 100 kg PM. (8)

See [7] for details.

2.3. Military Activity Data

Data Source. Reports from the Department of Defense provide detailed data on military

logistics, including fuel consumption and munitions usage.

Fuel Consumption Calculation. For a military unit consuming 50,000 liters of fuel per

day, the annual consumption is

Fannual = Faaity X Days per Year, (9)
Fannual = 50,000 liters/day x 365 days/year, (10)
Fannual = 18,250,000 liters/year. (11)

CO; Emissions from Fuel Consumption. Using an emission factor of 2.68kg COs/liter:

ECOQ = Iannual X EF0027 (12)
Eco, = 18,250,000 liters/year x 2.68kg CO, /liter, (13)
Eco, = 48,900,000 kg CO,. (14)

Munitions Usage Calculation. For an annual usage of 500,000 rounds, with each round
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releasing 0.05kg of heavy metals:

EHcavy Metals = £ X HM) (15)
Eleavy Metals = 500,000 rounds x 0.05 kg/round, (16)
EHeavy Metals — 257000 kg (17)

See the Defense Logistics Agency Reports of U.S. Department of Defense for details, which
is also available at https://www.dla.mil.

83. Methodology

In this section, we outline the methodology used to estimate the environmental impact of
military activities, including pollutant emission models, statistical analysis, and detailed case

study calculations.

3.1. Pollutant Emission Models

To estimate emissions from military activities, we use mathematical models that consider fuel
consumption and the type of pollutants generated. The models used include:

3.1.1 Carbon Dioxide Emissions. The emission of COy from fuel combustion can be

calculated using the following formula:
E002 =F x faF’CO27 (18)

where

e Eco, is the total CO2 emissions;
e [ is the total fuel consumed (in liters);

e EFco, is the emission factor for COq, which is approximately 2.68 kg COq per liter of
diesel fuel [4].

Example Calculation([4]) If a military force consumes 10 million liters of diesel fuel in a

year, the CO9 emissions are calculated as follows:
Eco, = 10,000,000 liters x 2.68 kg CO, /liter, (19)

Eco, = 26,800,000kg CO,. (20)

3.1.2 Particulate Matter. Particulate matter (PM) emissions from fuel combustion are
calculated using
Epy = I X EFpy, (21)

where

e Fp)r is the total particulate matter emissions;
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e [Fp) is the emission factor for particulate matter. For diesel engines, F Fpy is approx-
imately 0.1 grams per liter of fuel [5].

Example Calculation([5]) For 1 million liters of diesel fuel
Epnt = 1,000,000 liters x 0.1g PM/liter, (22)

Epy = 100,000 PM = 100 kg PM. (23)
3.2. Statistical Analysis

Regression models are used to analyze the relationship between military activities and pollution

levels. The model is represented as
P=a+ M +e, (24)

where

e P represents pollution levels (e.g., concentration of COs or PM);
e M represents military activity metrics (e.g., fuel consumption, munitions used);
e « and [ are coefficients determined through regression analysis;

e ¢ is the error term, capturing unobserved influences [1].

Example([1]) To find the impact of increased fuel consumption on COs levels, a regression
analysis might show that (3 is positive, indicating a direct correlation between fuel consumption
and CO5 emissions.

3.3. Case Study Calculations
3.3.1 The Syrian Civil War

Data.

e Total fuel consumption by military forces: 10 million liters/year;
e Emission factor for COq: 2.68 kg CO4/liter;
e Increase in local PM levels: 20% [2].

CO: Emissions Calculation. Using the emission factor for COs following.
Eco, = 10,000,000 liters x 2.68 kg CO, /liter, (25)

Eco, = 26,800,000kg CO.,. (26)

Particulate Matter Increase. Assuming the base level of PM emissions is 50ug/m3, a 20%

increase would result in

Increased PM Level = Base PM Level x (1 + Percentage Increase), (27)
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Increased PM Level = 50 ug/m® x (1 4 0.20) = 60 pug/m®. (28)

See, [2] for details.
3.3.2 The Ukraine Conflict

Data.

e Total fuel consumption by military forces: 5 million liters/year;
e Emission factor for COq: 2.68 kg COq/liter;

e Increase in COg emissions: 15% [3].

CO; Emissions Calculation. Using the emission factor for CO4 following
Eco, = 5,000,000 liters x 2.68 kg CO,/liter, (29)

Eco, = 13,400,000 kg CO,. (30)

Percentage Increase in C'O; Emissions. If the base level of CO5 emissions is considered,
a 15% increase would be calculated as

Increased COy = Eco, X (1 + Percentage Increase), (31)

Increased CO5 = 13,400,000 kg CO, x (14 0.15) = 15,410,000 kg CO,. (32)

See [3] for details.

84. Results

The results section presents the findings of our analysis. The global temperature anomalies

over the past century is shown in Figure 1, which indicates a clear upward trend

Global Temperature Anomalies
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Figure 1. Global temperature anomalies from 1900 to 2020

and the correlation between C'Os concentration and temperature anomalies are illustrated in
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Figure 2, highlighting the impact of greenhouse gases on climate change.
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Figure 2. Correlation between C'Oy concentration and temperature anomalies

85. Further Discussions

5.1.Climate Change Impacts. The discussion section explores the implications of the results.
Climate change impacts include rising sea levels, increased frequency of extreme weather events,
and loss of biodiversity. Figure 3 illustrates key mitigation strategies.

‘ Carbon Capture

Renewable Energy ‘ Reforestation

Figure 3. Key mitigation strategies for climate change

The climate change poses a significant threat to our planet, but there are viable solutions

to mitigate its effects. By adopting renewable energy sources.

5.2.Pollutant Levels. This models indicate significant increases in pollutant levels at-
tributable to ongoing military activities. The environmental impact of such conflicts is profound
and multifaceted, with CO5 emissions being a critical component of the pollution profile.

For instance, the Syrian Civil War, which has persisted for over a decade, is estimated to
have contributed approximately 26.8 million kilograms of COs emissions annually. This sub-
stantial increase in COq levels is primarily due to the destruction of infrastructure, the use of
heavy military vehicles, and the frequent deployment of explosive weaponry. The environmental
degradation extends beyond just greenhouse gas emissions, encompassing widespread deforesta-
tion, soil contamination, and air quality deterioration, further exacerbating the ecological crisis

in the region.

Similarly, the ongoing conflict in Ukraine has added about 13.4 million kilograms of COq
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to the atmosphere annually. The environmental impact of this conflict is also pronounced, with
emissions stemming from the combustion of fossil fuels by military machinery, destruction of
civilian infrastructure, and the resultant fires and explosions. Additionally, the conflict has led
to significant disruptions in agricultural activities, contributing indirectly to emissions through
land-use changes and the displacement of populations.

The cumulative effects of these conflicts have far-reaching implications for global climate
change, contributing to the overall increase in atmospheric COs levels. These emissions not only
exacerbate global warming but also lead to regional climatic shifts, with potential long-term
impacts on biodiversity, agricultural productivity, and human health.

Moreover, the ecological footprint of military activities extends beyond CO5 emissions. The
use of heavy metals, chemicals and other pollutants in weaponry, military operations leads to
soil and water contamination, posing severe risks to local ecosystems and populations. The re-
building efforts post-conflict also contribute to emissions, as the reconstruction of infrastructure
requires substantial energy input, often sourced from fossil fuels.

In conclusion, our findings underscore the significant environmental cost of military con-
flicts. The increase in CO5 emissions, coupled with the broader ecological damage, highlights
the urgent need for incorporating environmental considerations into conflict resolution and post-
conflict reconstruction strategies. Addressing the environmental impacts of military activities
is crucial for achieving long-term sustainability and mitigating the adverse effects of climate

change.

5.3.Military Conflicting. The results demonstrate that military conflicts contribute sub-
stantially to environmental pollution. The increases in COg and particulate matter levels are
linked directly to military activities such as fuel consumption and weaponry use. This under-
scores the importance of integrating environmental considerations into conflict management
and military planning.

The findings reveal that military conflicts are significant sources of both direct and indi-
rect environmental damage. Direct emissions from military operations include CO5 and other
greenhouse gases released during fuel combustion and explosives detonation. Indirect effects,
such as the destruction of natural landscapes, infrastructure, and the subsequent environmen-
tal degradation, also play a crucial role. For instance, large-scale deforestation and soil erosion
resulting from military activities exacerbate carbon release and diminish the earth’s capacity
to sequester carbon.

Furthermore, the study highlights the impact of military activities on air quality through
the emission of particulate matter and toxic substances. The use of heavy machinery, aircraft,
and artillery contributes to increased levels of pollutants such as nitrogen oxides (NO,) and
sulfur dioxide (SO2), which further degrade air quality and have detrimental effects on public
health.

The ecological consequences extend beyond immediate emissions. Military conflicts disrupt
local ecosystems, lead to habitat destruction, and cause long-term damage to biodiversity. The
contamination of water sources with chemicals and heavy metals from weaponry and military
waste poses significant risks to both human populations and wildlife.

Incorporating environmental considerations into conflict management requires a multi-
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faceted approach. This includes adopting sustainable military practices, improving energy
efficiency in military operations, and minimizing the use of environmentally harmful materials.
Post-conflict recovery efforts should prioritize environmental restoration, including reforesta-
tion, soil rehabilitation, and the clean-up of contaminated areas.

Additionally, policymakers and military planners must recognize the long-term environ-
mental costs of armed conflicts and integrate these considerations into strategic planning and
international agreements. This could involve the development of protocols for environmental
impact assessments before and after military operations, and the establishment of guidelines
for minimizing ecological damage during conflicts.

The findings of this study contribute to the broader discourse on the environmental impacts
of warfare and emphasize the need for a comprehensive approach to mitigating these effects.
Addressing the environmental consequences of military activities is crucial for achieving sus-
tainable development and preserving ecological integrity in conflict-affected regions.

In summary, the substantial environmental pollution associated with military conflicts
calls for urgent action to integrate environmental concerns into conflict management strategies.
By adopting environmentally conscious practices and prioritizing ecological restoration, it is
possible to mitigate the adverse effects of warfare on the environment and work towards a more

sustainable future.

86. Conclusion

This paper provides a quantitative analysis of the environmental impact of wars. By employ-
ing mathematical models and analyzing real-world data, we have highlighted the significant
contribution of military activities to pollution, particularly in terms of COs emissions and par-
ticulate matter. Our findings reveal that military conflicts not only increase greenhouse gas
emissions but also lead to extensive environmental degradation through habitat destruction,
soil contamination, and disruption of local ecosystems.

The study demonstrates that the environmental footprint of military conflicts extends
beyond immediate emissions to encompass long-term ecological impacts. This underscores
the necessity of integrating environmental considerations into both conflict management and
military planning. Effective strategies should be developed to minimize the environmental
damage during and after conflicts, including adopting sustainable practices, enhancing energy
efficiency, and prioritizing ecological restoration.

Future research should focus on several key areas to build upon the findings of this s-
tudy. More detailed models are needed to account for a broader range of factors, including
geographical variations, which can influence the extent and nature of environmental impacts.
Additionally, incorporating specific details of military operations, such as types of weaponry
used and operational tactics, could provide a more nuanced understanding of their environmen-
tal consequences.

Research should also explore the long-term effects of military conflicts on climate change
and biodiversity. This includes assessing how prolonged exposure to pollutants and environmen-
tal degradation affects both human health and ecosystem stability. Longitudinal studies could
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offer insights into the recovery processes of affected regions and the effectiveness of different
mitigation strategies.

Moreover, interdisciplinary approaches that combine environmental science, military stud-
ies, and public policy could enhance the development of comprehensive frameworks for min-
imizing the environmental impacts of warfare. Engaging with international bodies and non-
governmental organizations to create guidelines and agreements for environmentally responsible
military practices would be beneficial.

In conclusion, the quantitative analysis presented in this paper underscores the critical
need to address the environmental impacts of military activities. By advancing research and
incorporating comprehensive environmental assessments into conflict planning and post-conflict
recovery, we can work towards reducing the ecological footprint of wars and promoting sustain-

able practices in military operations.
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Famous Words

Science should develop with a criteria that leads all human activities in harmony with
the nature, i.e., promoting the coexistence of humans with the nature in harmony on the
application rule of science by systematic or combined scientific conclusions rather than a partial
or an isolated one, actively terminates those of science that only satisfies the needs of humans

ourselves but intruding too much to the nature.

Extracted from Linfan Mao: Combinatorial science — How science leads humans with the
nature in harmony, International J.Math. Combin., Vol.3(2023), 1-15.
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