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Abstract: In this paper, the RoR1Rs - - - Rq-cyclic codes of block length (aw, -+ ,a,) are
studied, where R; = Fifui,--- ,u,]/<uf — Uj, UjUs 7US'LL]‘>, jys = 1,2,--- i, j # s for
i=1,2,---,a and Ry = Fy4. Their generator polynomials are given. The structures of the
separable RoR1 Rz - - - Rq-cyclic codes are determined. A necessary and sufficient conditions
of the separable RoR1R2 - - - R, cyclic codes to be reversible and reversible complement are
determined. By introducing a map, the separable RoRi1R2--- Rq-cyclic DNA codes are

mapped to DNA codes with some examples.

Key Words: RyR1Rs - Re-cyclic code, separable RoR1R2 -+ R, cyclic code, generator
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81. Introduction

It is well known that DNA contains a genetic program for the biological development of life
and has two strands which are linked by Watson-Crick pairing so that every A is linked with a
T and every C with a G, and vice versa, where A, T,C,G are the four bases of a DNA sequence.

DNA computing started in 1994 when Adleman showed how to solve a computationally
difficult problem (traveling salesman problem, a well-known NP-complete problem) by ma-
nipulations of DNA molecules in [2]. A DNA code C of length n is a subset of S}, , where
Sp, = {A,T,C,G} is the DNA alphabet. Moreover a DNA code satisfies some constraints
such as the Hamming constraint for minimum distance, the reverse-complement constraint, the
reverse constraint, and the fixed GC content.

Designing the DNA codes for DNA computing has been a major topic of research since
the beginning of the century. The authors used a lot of methods to obtain them. One of
the methods is to use skew cyclic codes over some finite rings. In [4], they introduced the
Fy(Fy + vFy)-skew cyclic codes, where v? = v. A characterization of the Fy(Fy + vFy)-skew
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cyclic codes, which are reversible complements, has been obtained.

The other method is to use the cyclic DNA codes. In [7], they introduced the Fy RS- cyclic
codes, where R = Fy + uFy,u?® = u, S = Fy + uFy + vFy with v? = u,v? = v,uv = vu = 0
in order to construct the DNA code. They gave a one-to-one correspondence between DNA

codons of the alphabet
{Aa Ca Ta G}27 {Aa 07 Ta G}37

by using the Gray maps from R to F7 and S to F}, respectively. By using the structures of
separable codes, they studied cyclic DNA codes. They constructed DNA codes from them.

Motivated by the work in [7], we decided to study separable RyRjRs - -- R,-cyclic DNA

codes to construct DNA codes.

This paper is organized as follows. Section 2 gives some basic knowledge and in Section
3, the structures of linear codes over R;, for i = 1,2,--- ,a and the Gray maps are presented.
Section 4 gives the structures of RyRjRs - -- R4-cyclic codes, and a necessary and sufficient
conditions of RgR1 Rs - -+ R4-cyclic to be separable are determined. Section 5 determines a nec-
essary and sufficient condition of cyclic codes over R; to be reversible and reversible complement
fori =2,3,--- ,a, obtain a necessary and sufficient condition of separable RyR1 Rs - - - R4-cyclic
to be reversible and reversible complement. It is obtained the DNA codes by using a map and

these type codes with some examples.

82. Preliminaries

Let Rg = Fy = {0,1,w,w? = w+ 1}. A family of the finite rings R; = Fyuy, - ,u;]/ <
u? — U, ujus — Usuj >, where j,s =1,2,--- jiand j # s for i =1,2,--- ,a is studied in [5]. If
i =1, then Ry = Fy 4+ ui Fy, where u% =wuy. If i =2, the Ry = Fy + u1 Fy + usFy + uqus Fy,
where u? = uy,u% = ug,ujus = uguj. The rings in this family contain the commutative ring

with 42" elements and the characteristic 2, where i =1,2,--- ,a.

Let B C {1,2,---,i} and up = Ijcpu;, where i = 1,2,--- ,a. In particular uy = 1.
Each element of R; is of the form ZBePi apup, where ag € Fy, P; is the power set of the set
{1,2,--- ,i} fori=1,--- ,a. For A,B C{1,2,--- ,i}, we have that uaup = uaup which gives

that
S apun. 3 feue— 3 ( 5 /a> s
BeP; cep; DeP; \BUC=D

for integers i =1,--- ,a.

The finite rings of the family are also written as recursively
Ri=Ri 1+ uiRi,

where i =1,2,--- ,a.

The set RyR1Ry--- Ry = {(ro, - ,7a)|ri € Ri,i = 0,--- ,a} forms an R, module under
the componentwise addition and the following multiplication. For any elements z € R,,r =
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(ro,-++ ,7q) € RogR1 Ry - - - Ry, the multiplication is defined as

e : Ry,XRyRi1Rs..R, — RoR1Rs---R,
(z,7) = zer={(po(z)ro, - ypa-1(2)Ta—1,2Ta),
where
pi  R,—R;
Z apup — Z apup
BEP, BeP;
ring homomorphisms for ¢ = 0,--- ;a — 1 and
po  Ra— Ro

E apup ‘—  Qg.
BepP,

This multiplication can be extended componentwise on Ryga,..0, = By® X BRI X -+ X RGe

as for any z € Ry and r = (ro,r1,- - ,Tq) € Ragay-an, Where r; = (rj, i, -+ 7l _)) € R for
i:O71a"' ) @,
° : Ra X Raoal..an, — Ragozlmaa
(z,r) = zer=(po(2)ro, p1(2)r1, - ; pa-1(2)ra-1,2Ta)

S0 Rogay--a, 18 an R,-module. A non empty subset C' of Ryya,..q, iS called an RgRi Ry - - - Ry-
linear code of block length (ag,- - ,aq) if C is an R,- submodule of Ryga .o, -

Definition 2.1 An RoR1Rs2:-- Ry-linear code C of block length (ag,- -+ ,aq) is called an
RoR1Ry - -+ Ry-cyclic code if its cyclic shift o(r) = (o(rg),o(r1), - ,0(rs)) € C, for any
r=(ry,ry,-,r,) €C.

LR /
Definition 2.2 Let v = (rg,r{, - 790 1,178,711, - T, 1, -, rf, -, rd ) and r =

((TO),7 (TO)/a R (T((,)vo—l),7 (rl)la (T%),7 Tty (T(il—l),v Tty (Tg)la (Ttll)la Tty (7‘3&_1)/) be two elements

of Rogar--ay- Then, the inner product is defined as

ao—l al—l
r_ 0,0 1.1
r-r = U]UQ"'U/GE 750 (T5) —‘y—UgUg"'uaE 5, (r5,)
Jjo=0 Jj1=0
ag—1—1 ag—1
a—1 a—14' a a '
SRR T SR (b S DR A ()
ja71:O ja:()

Theorem 2.3 Let C be an RoR1Rs - Rq-cyclic code of block length (ag, -+ ,aq). Then, its
dual C+ is also an RyR1Ry - - - R, -cyclic code.
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Proof For any r’ = (rj,r;, - ,r)) € Ct, we have to show that o(r') € C*. For this, take

r = (ro,r1, - ,r,) € C, where C is a RyR1 Ry - - - Ry-cyclic code of block length (ag, -, aq),
then we have

ro(r') = wjug---u, Z roo(ry) + usus - - Ug Z rio(ry)

+ -4 ug Zra_lo(rg_l) + Zrag(r;)'

Since C'is an RyR1 Ry - - - Ra-cyclic, if we take lem(ao, - -+ , aq) = d, then we have 0?1 (r) =
(09 (rg),--- ,0% L(rg)) € C, for any r € C. By taking the inner product of ¢?~!(r) € C and
r' € Ct, we get

o)y = uluQ~-~uaZod_1(r6)r6+uzu3-~-uaZad_l(r'1)r’1
SRR DA CARY AR P A A4

By comparing the coefficients, we have

where i = 0,1,--- ,a. Hence ro(r') = 0, which shows that o(r') € C*. O

With the map Yoa,-a, from Rygaq-a, tO

Qag-a, = Rolz]/ (0 — 1) X -+ X Ry[z]/ (x%* — 1),

and to any element r = (rg, 7y, -+ 70 1,785,711, rh e TGt 18 1) € Raganaa
corresponds to the element r(x) = (rg+r{z+-- 415z~ ri4riz+--4rl ot
+ric 4.+ 7ﬂgza—lxaail) = (To(ﬂf), Tl(x)a T ,ra(x)) € QOtO“'aa'

The multiplication of any element f(x) = fo + fiz + -+ + fsz° € Ry[z] with the element
r(z) = (ro(x), -+ ,7a(x)) € Qag--a, is defined as

f@)x(ro(x),- -+ ra(@)) = (po(f(2))ro(2), - s par (f(2))ra—1(2), f(2)ra(2))

where p;(f(2)) = pi(fo)+pi(f1)z+--+pi(fs)x® fori =0,--- ,a—1. So the set Q... o, forms
an Rg[r]-module with respect to usual addition an multiplication . For any r(z) € Quq...a,,

the vector  * r(z) is a cyclic shift of the corresponding vector of r(zx).

Theorem 2.4 A linear code C' is called an RyR1 Ry - - - Ry-cyclic code of block length (ag, -« - , )
if and only if Tagay-a, (C) is an Rg[x]-submodule of Qay ..o, -

83. Linear Codes Over R;

In [6], an idempotent decomposition of the finite ring B; = Fprlug, - ,u;]/ < u? — Uj, UjUs —

ugu; > for j,s =1,--- i was given. By taking p = 2,7 = 2, a idempotent decomposition of R;
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is written as follows, where i =1,--- | a.

€yy = €1 =1+ ZUB

BeP;

and the number of e, is (é),

eukl = ukl + E U‘B

k1EBEP;,|B|>2

for k1 =1,2,--- 4 and the number of e,, is (i)

e = Uk Uk + E up
Uk Ukg —
ki <o k1,ka€BEP;,|B|>3

for ki, ko =1,2,--- ¢ and the number of ey, v, is (;),

uklukzuks

u
k‘1<]<12<k‘3 Z B

k1,k2,ks€ BEP;,|B|>4

eukluk2uk3 -

for k1, ko, k3 = 1,2,--- ,i and the number of gy py iy 1S (;)

Cugug-u; — ULTU - - - Ug

and the number of ey, 4y ..u; 18 <Z>, where B C {1,2,---,i} and P; is the power set of
i
{1723"' 7i}ai: L2, ,a.

Then, we have

2
g eup = 1, (euz)” =euy and ey ey, =0
BeP;

if A% B forany A,B C {1,2,---,i}. Hence,

RZ' = @ RieuB = @ F4euB

BePp; BeP;

fori=1,---,a. So every element r; of R; can be uniquely expressed as

T = g TiupC€up

BeP;
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where 7 4, € Fu.

Example 3.1 Let a = 3. Then, Ry = Fy+ui Fy + usFy +usFy +uqus Fy + uqus Fy + ugus Fy +
uiususFy. Consider the idempotent elements of Rz below

eyy = e€1=1+wur+uz+uz+uruz + uruz + usuz + urugugz,
€y, = ULt ULU2 + UIU3 + UTULUS,
€uy, = U2+ UUz + Uu3 + UU2U3,
€y = U3+ uUu3z + usuz + ujusuz
and
Cujus = ULU2 T UIUUSZ, €y yuy = UIU3 + UIUUS,
Cusuz = UU3 + UTUUZ, Eyqupuy = UTU2US.

Moreover, any element r3 of Rg3 is written as
T3 =T3,1€1 + T3,u1 €uy + T3,u3€us + -0+ T3 uiusus Cujusus-

If C,, is a linear code of length «; over R; , the C,, is written as

Cozi - @ Cai7uBeuBa

BeP;
where Cl, ., are codes over Fy for integers i =1,2,--- ,a with
[e 7] (677
Cozi,um = Cai,l = {ri,u@ €F4’|E|I‘i’uB,B§£Q]€F477 E T upCup ECai}7
BeP;
[e 77 (e77
Cai,ul = {ri,ul € F4 Bri,uB,B;ﬁ{l} € F4 ) E TiupCup € Cai}7
BeP;
[e 77 Qg
Cai,uz = {ri,uz € F4 Bri,uB,B#{Q} € F4 ) E Tiupup € Cai}7
BeP;
................................................... ,
[e 77 (e7)
Coiu; = {ri,ui € Fy Bri,uB,B#{i} €k, E TiupCup € Ca,}
BeP;
and
(e} Qg
Caiﬂhuz = {riﬂuuz € F4 |3ri7uB1B¢{172} € F4 ) E TiugCup € Cai}’
BeP;
................................................... ,
(e 73 (e7)
Cai,ulugv--u,- = {ri7u1u2-~ui € F4 ‘Hri,uB,B;é{l,m i} € F4 ) E TiupCup € Cozi}
BeP;

where ¢ = 1,--- ,a. And moreover,
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|Cail = H |Caiup| and da(Ca,) = min{du(Ca,up)}
BeP;

fori=1,---,a. In [5], the map on R; was defined as
¢7L : Rz — R2271
i1 +uiYio1r — (o1, Tio1 + Yio1)

where i = 2,--- ,a and

o1 Ri— R}
zo+uiyo — (To,To+Yo)
So, the Gray map is defined as follows
6=¢162-¢i 1 R — RY
Tio1tuiyior > ¢ (Tim1 +uiyio1)
where i =1,--- ,a.

If we take the element of R; as ZBePi Tiup€up, the Gray map defined also as

§ TiupCugp (TLUB)BePi
BePp;

where 1 =1,--- ,a.
Example 3.2 Let a = 2. The Gray map on Ry is defined as

Yo Ry — Rj

§ T2,upCup ? (T2,17T‘27U]7T27u2)r2,u1u2)
BeP>

This can be extended from R to R(Q)i‘” as

(e 7] 2iai
’(/Ji N R1 —>R0
ri = (10,71 Ta—1) = (Piiws)Bep,
where (14,71, ,7q,1) € By and 1 =3 pep TjiupCup, for j =0, jo; —1i=1,---

We define the Gray weight wtg (r;) of an element ré € R; is defined as

wte (r}) = wty (¥; (7)),
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where wty denotes the Hamming weight over Fy, j = 0,--- ,a; — 1,4 = 1,--- ;a. For any

r;,r; € R, the Gray distance between r;, r; is defined as
dg (ri,1}) = wp (i (r; — 7))

It can be easily seen that the Gray map is a Fy-linear and distance preserving map from

R} (Gray distance) to Ffiai (Hamming distance) where i =1,--- | a.

Notice that a linear code over Fy of length «y is a subspace of F,° and a linear code over
R; of length «; is a R;-submodule of R} for i =1,2,--- ,a.

For any element (rg,---,74) = (ro,711(1 4+ w1) + 714, (u1),721(1 + w1 + ug + ugus) +
72,0y (U1 + UrU2) + 72 0y (U2 + UrU2) + T2 uyus (W1U2), D pep, Taup€up) € RoR1R2 -+ Ra, We
define a Gray map from RyR1Rs... R, to Ffaﬂ*l as

20+l _1
©® : RoRlRQ"'Ra—>F4
(TOa"' ,T‘a) L SO(TOW" ,Ta) = (7"071/)1(7’1),"' awa(ra))zea
where
€= (T07 T1,1 71,015 72,15 72,019 2,025 T2,u1uss " 5 Ta, 1 Taurs " s Taugs Ta,uiuss " s Ta,ugug, ,ua)-
It is seen that the map ¢ is a Fy -linear, which can be extended on R, a,...a, as follow

. Zq=02iai
¢ ¢ Ragay-a, » B

_ 0 0 1 1 a a
(r07... ,ra) — (7107...7'&07177’-0,... ’rra1717... 77'07... 77‘0(&71) 9_>5
: — (-0 0 j ; o

with & = (75, 70, -1,70,1,1570,1,u1> T1,1,1, T1,1,u1s> > (Tjaup ) BeP, ), (Thy -+ T, —1) € R{" and
i -
rj - TjiupCup

BeP;
forj=0,---, 0, —1,i=1,--- ,a.
The Gray weight of any element (rg,---,r,) € Ragay..a, 1S defined as wa((ro, - ,1q))

=wy(rg)+twag(r1)+: - -+wag(r,) where wy represents the Hamming weight over Fy. Moreover,

it can be defined Gray distance between any two elements r,f € Ry q,.--0, as
da(x, %) = w (r — )

Proposition 3.3 A Gray map ¢ is Fy-linear and distance preserving map from Roga,---a., (GTay

distance) to F;LO 2o (Hamming distance).

Proof Let r = (rg, -+ ,rq),r = (r(, -+ ,r,) € Rageay, Where ro = (19, ,Tag—1), o =
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(10, s Thy—1) € Fg°, vy =T11€1 + 110 €0,,T) = r’Llel + rﬁ7uleu1 € R, where
ra, = (To,1,1, T 77Aa171,1,1)7
1w, = (TO,l,ul st arozl—l,l,ul)v
I"/1,1 = (7"6,1,1a : ’T(/)q—l,l,l)7
IJl,ul = (ré,l,u17”' ’T‘/alfl,l,ul) € Ffl7
........................... ,
r, = Z ToupCus and T, = Z o upCus € R,
Bep, BEP,
where
Ig 1 (To,a,h yFag 1,a,1);
ra,ul (TO,a,uly 7Taa l,a,ul)a
............... ,
Toup-ug (TO,a,ulmua, to araa,—l,a,u1'-~ua)7
r:z,l (7"/0,@,17 e 7T:xa—1,a,1)a
r;,ul ( 6,(1 Uy 7r;a71,a,u1)’
..................... ’
r;,ul---u,,, ( é,a,ul--- RPN ’T'/oc,,,—l,a.,ul,n-, ) € Ffa

For any r,r’ € Rug...a,, A € Fy, it is hold that ¢o(r + r') = ¢(r) + ¢(r') and p(Ar)

Ap(r). By using the map ¢ is Fy linear, we get dg(r,r’') = wg(r —r') = wi(eo(r — 1')) =

du(p(r), (r')).

Proposition 3.4 If C is an RyRi Rs - - - Ry-cyclic code of block length (ag, - -+, aq) with |C| =
M and minimum distance dg, them ¢(C) is a (Y ;o 2'a;, M,dp) linear code over Fy, where

dg = dg.

Proof By using the fact that the map ¢ is Fy linear, distance preserving and bijective, we

have ¢(C) is a

linear code over Fj.

)20, M, dy)

=0

84. Structures of the Cyclic Codes Over R; and the RyR1Rs - -- R,-Cyclic Codes

With the map ¢; from R to R;[z]/ (z® — 1), to any element r; = (rj,ri,---

i %3
’Taifl) € Rz

corresponds to the elements ri(z) = r§ +riz + - +r, _z* "t € Ri[z]/ (z* —1). If Cy, is a

cyclic code over R; of length o, then (;(Cy,) is an ideal in R;[z]/ (z* — 1), for i =0,1,--- ,a.
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Theorem 4.1([8]) Let C,, be a cyclic code of length oy over Fy. Then there exists a u-
nique monic polynomial f(x) € Fylx]/(x® — 1) such that (o(Ca,) = (f(z)) and f(x) di-
vides x*° — 1.  Moreover Cq, has 4% codewords, where ki = ag — degf(x) and the set

{f(@),zf(x), -, 2" =1 f(2)} forms a basis of Ca,.

In [3], the structures and properties of cyclic codes over Ry are given. Similarly, we have

the following results for cyclic codes over R; for i = 2,3, -+ ,a.
Theorem 4.2 Let Cy, = ®pep,Ca,,upCup be a linear code of length o; over R; fori=2,--- ,a.
Then,

1) Cy, is a cyclic code of length o; over R; if and only if Cy, vy are cyclic codes of length
a; over Ry, fori=2,---  a;
2) If C,, is a cyclic code of length a; over R;, then its dual
Cy = ED Caup Cun
BeP;
is also cyclic code over R;, B € P;, fori=2,--- ,a;

3) If C,, is a cyclic code of length a; over R;, then (;(Ca,) = (ci(x)), where

ci(2) =Y (Ciun(@))eus
with ¢;(z)|xz® — 1 and (o(Cu; up) = (Ciug(x)), BE P, fori=2,---,a. Moreover

Cog| = a2 oS destetns @),

From [4], the following theorem can be given as follows:

Theorem 4.3 Let C be an RyR;-cyclic code of block length (g, 1). Then, YTopa, (C) =
((fo.0(2),0), (for (), fro(@))) where foo(x)|z® =1, fro(x) = (14 u1)fr01(2) + u1fr0.u (2),
fro(x)|xz*t =1 and fo1(x) € Rolx].

Theorem 4.4 Let C be an RyR; Ra-cyclic code of block length (cg, aq, a2). Then Yogayas (C) =
((fo,0(2),0,0), (fo,1(2), f1,0(2),0), (fo2(x), fr,1(2), f2,0(2))), where foo(x)lz* — 1, fio(z) =
(T4 u1) fr,0,1(2) + w1 f1,0,u, (), fro(@)|z® =1, fao(w) = (1 +us +uz +uruz) fa o1 (w) + (ur +
u1U2) f2,0,u, () + (U2 +u1u2) f2,0 0, (2) +H(U1U2) f2,0,usus (T) with fo0(2)|[2*2 1 and fo1(z), fo2(z)
€ Rolx], f1,1(x) € Ry[z].

Proof By defining a homomorphism Eq, 0,0, between Toyara,(C) and Rofz]/ (%2 — 1) by

Eagoras (To(x),m1(x), m2(2)) = r2(x), we can obtain Zqga,as (Yagaras (C)) = (f2,0(2)), where

foolz) = (14w +ug +urug) fa0,1(x) + (w1 + viue) f2,0,u, () + (2 + uru2) f2,0,u, ()
+(u1u2) f2,0,u;us ()
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and
KerEoparas = {(ro(x),m1(2),0) € Qogaras|(ro(@), r1(x),m2(2)) € Tagaras (C)}-

By defining Rj-submodule I; = {(ro(x),r1(x)) € Qaga,|(ro(z),71(2),0) € KerZaya,as}
and by using Theorem 5 in [7], we can say that I; has the generator polynomials of the form

((fo,0(2),0), (fo,1(2), fr0(z))) where foo(z)|z® —1, fio(z) = (1 + u1)fr01(2) + v f1,0u, (@)
with f1 o(z)]z**—1 and fo1(x) € Ro[z]. Since we have (ro(z),r1(x)) € I3, for any (ro(z),r1(x),0) €
KerZa,0,0,, then there exist some my(x) € R[z] for t = 0,1 such that

(ro(x),71(x)) = mo(x) * (fo,0(x),0) +ma(z) * (fo1(z), f1,0(z))-
Therefore
(ro(x),71(x),0) = mo(z) * (fo,0(z),0,0) +mi(z) * (fo,1(x), f1,0(x),0)

and we have
K@TEaOalag = <(f0,0(x)7 07 0)7 (fO,l(x)7 fl,O((E)a 0)> .

From first isomorphism theorem, we have
TO&UOQOQ (C)/KerEOCOOéloQ = analaz (Taoalag (C)) - <f2,0(x)> :
and let (fo2(x), f1.1(2), f2,0(2)) € Tagaras (C) with

Eaparas (fo,2(2), f11(z), f20(x)) = f20(2).

So, an RoRi1Rs-cyclic code is generated by elements of form (fyo(x), 0,0), (fo,1(z), f1,0(x),0)
and (fo2(2), f1,1(2), f2,0(2)). O

Theorem 4.5 Let C' be an RyR1R2R3-cyclic code of block length (ag, a1, an,as). Then,

Taoalazag(c) = <A17 Az, As, A4> ,

where
A1 = (fo,o(.’L‘),0,0,0),
Ay = (foa(2), f10(2),0,0),
Az = (foz(x), f11(x), f2,0(x),0),
Ay = (fos(x), fr2(x), f2,1(2), f30(x))

and foo(z)|z* — 1, fro(z) = (1 +w1)fr01(x) + urfi0u (), frol@)|z =1, fap(z) = (1 +
uy + ug + urug) f2,01(2) + (w1 + uruz) f2,0u, () + (U2 + wru2) fo,0,u, (2) + (w1u2) f2,0,u1u. (7)),
foolx)|xz® — 1, fao(x) = (1 + w1 + uz + ug + urue + urus + ugus + urusus)fao1(x) +
(u1 4+ wrug + urug + uruus) f3,0,u, () + (U2 + wrug + usus + uruous) f3.0,u, () + (ug + urus +
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Ugu3 + U1 U2u3) f3,0,us (€) + (U1U2 + U1u2u3) f3,0,uus () + (W13 + Uru2u3) f3,0,0,us (T) + (U2us +

UTU2U3) [3,0, upus (T) + U1 U2U3 [3,0,01 ugus (T) With

fo(x), fo2(x), fos(x) € Rolx], f1,1(x), fr,2(x) € Ri[z], f1(x) € Ra[z].

Proof Similarly, to proof of the Theorem 4.4, by defining a homomorphism Zu,0;as0s
between TOtoOqOQaS (C) and R3[x}/ <xo¢3 - 1> by analazas (7“0(.13),7“1(.%),7“2(%‘),’/‘3(%‘)) = 7“3(.1‘),
by defining Ro-submodule I, the desired result is obtained. O

From all the above discussion, by using the same process an induction on a, we get the

following corollary.

Corollary 4.6 Let C be an RoR1Ry - -- R;-cyclic code of block length (ag, a1, g,y .-+ ).
Then,

TOLQOél“'ai(C) = <(f0,0($)3070707"' 70)7(fO,l(I)afl,O(I)7oaoa"' 70)3(.]00,2(1')3
fia(2), f2,0(2), 0, ,0), (fo,3(x), f1,2(2), f21(2), f5,0(2),0,---,0),
o (foi (@), frim1(®), faima(@), f3i-3(x), -+, fio(x))),

where f;o(z)|x® —1 fori=0,1,--- ,a,

fio@) =" fious(@)eu,

BeP;
fori=1,---,a and f;1(x), fi2(x), -, fi(a—i)(®) € Ry[z] fori=0,1,2,--- ,a—1.

In [7], some lemmas and theorems about the RgR1S cyclic codes and the separable codes

2

were given, where S = Fy + uF, + vFy and v? = u,v? = v,uv = vu = 0. Similarly, we get the

following lemmas and theorems.
Lemma 4.7 Let

Taoal'“aa (O) = <(f070($)70’ 0’ Oa o ’0)7 (fO,l(x)a fl,O(x)’ Oa 07 e 70)7 (f072($),
f11(), fao(),0,---,0), (fo3(x), fr2(z), f2,1(x), f3,0(x),0,---,0),
T (f(),a(x)a fl,afl(m)v f2,a72($)7 fS,aff}(x)a tee 1fa,0($))>

be an RoR1Rs--- Ry-cyclic code. Then, we assume that degf; ;j(z) < degfio(x) for i =
0, ya—1,=1,2--,a—i.

An RoR1Rs - - Ry-linear code C of length (g, a1, @9, -+, ;) is called a separable code
it ¢ = C}, x---x (], while considering C,, as punctured codes over C' by deleting the
coordinates outside the a; components, for : =0, -+ ;a.

Lemma 48 L@t Taoar"aa (C) = <(f070(33), 0, 0, O7 e ,0), (f071(1?), f170($), O7 O, e ,O), (f()g(l‘),
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fl,l(x)7 f2,0(x>707 e 70)7 (fO,?)(x)a fl,Z(x)v f2,1(x)7 f3,0(x)7 Oa e 7O)a R (fO,a('T)7 .fl,a—l(x);
fo,a—2(), f3.a—3(x),- - ,fa,o(x)» be an RoR1 Ry - - - Ry-cyclic code of length (ag, - -+ , ). Then,

CO(C(IIO) = (ged(fo,o(x), for(x), -, fo,a(x))),
Cl(C,Ill) = <90d(f1,0($)af1,1(ff)7"'7f1,a71(x))>7

Ca—l(ctlxa,l) = <90d(fa—1,0(x)’fa—l,l(x)» >
Ca(o(lxa) = <fa,0($)> :

Lemma 4.9 Let

Taoaln-aa(c) = <(f070($),0,0,0,"' 70)3(fO,l(x)afl,O(x)aOa(),"' ao>a
(fo2(2), fr,1(2), f2,0(2), 0, ,0), (fo,3(2), f12(2), f2,1(x),
f370($)70,"' 70)7"' 7(f&a(-r)afl,a71<x)af27a72($>7f3,a73(x)a'" afa,O(m))>

be an RoR1Rs--- Rq-cyclic code. Then f;o(z)|fi;j(z) if and only if fij(x) = 0 for i =
0,1,---,a—1,7=1,2,--- Ja —1.

Theorem 4.10 Let

Taoal---aa,(c) - <(f0,0(x)707030a"' 70)7(fO,l(x)afl,O(x)aOaO,”' aO)a(fO,Q(x)a
fl,l(x)v f270(117),0, e 7O)a (fO,B(x)a fl,Q(I)v f2,1(z)7 f370(f£),07 e 50)7
) (fO,a(x); fl,a—l(x)’ f2,a—2($)7 f3,a—3(x)7 e afa,O(x))>

be an RyRy1Rs...Ry-cyclic code. Then, the following assertions are equivalent:

1) C is a separable code;

2) foo(@)|fo,i(x), fro(@)|fri-1(2), - ficr0(@)|fic1a(2), fori=1,2,-- a;

3) Gi(Ca,) = (fio(x)) fori=0,---,a;

4) Tagay-a, (C) = ((fo,0(2),0,---,0), (0, fro(x),--,0),- -+, (0, ,0, fa0(2))) -

We get Gi(Cl,) = (fio(2)) = ((Cay) for i =0, -+, a.

Theorem 4.11 Let C' = Cy, X Cy, X -+ X Cy, be an RoR1 Ry - - - R,-linear code of block length
(g, ,aq). Then, C is a separable RyRiRs - - - Ry-cyclic code of block length (cp, -+, aq) if

and only if Cy, are cyclic codes of length a; over R;, fort=20,1,---  a, respectively.

Proof Let C be an RyRiRy--- Ry-cyclic code of block length (ag, - ,a,). Take r =
(ro,r1,--+,rq) € C, where r; = (r§,r},--- ,rl, ;) € Co, for i =0,1,--- ,a. By using the fact
that C is an RyR1 Ry - - - R4-cyclic code of block length (ag, -, aq), we have

(O‘(I‘()), 0’(1’1), T ,O’(I'a)) € 07

which shows that o(r;) € Cy, where i =0,1,2,--- ,a. Therefore, C,, are cyclic codes of length
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a; over R;, for i = 0,1,--- ,a, respectively. Conversely, let C,, be cyclic codes of length «;
over R;, for i =0,1,--- ,a, respectively and r,, € C,, where i =0,1,--- ,a. By using the fact
that C,, are cyclic, then o(r;) € Cy, for i = 0,1,--- ,a. Take r = (ro,r1,---,ry,) € C. So
o(r) = (o(rg),o(r1), - ,0(r,)) € C. O

Theorem 4.12 Let C' = Cy, % -+ X Cy, be a separable RyR1 Ry - - - R,- cyclic of block length
(0407“' 7aa)7 where CU(CQ()) = <f0,0(x)>7"' 7Ca(Caa) = <fa,0(-73)>' Th@’fL, Ta[)()él"'aa (C) =
(foo(@)) x -+ x (fa,0(2)).

Example 4.13 Let a be 3. Let foo(x) = 2% + (w+ 1)z +w. Then (4(Ca,) = (foo (z)) is a
cyclic code over Ry with length ap = 3 and |C,,| = 4,d = 3.

Let f10.1 (%) = fiom (®) =22+ (w+ 1)z + 1. Then (o(Cay 1) = (o(Cay uy) = (f1.01 (2))
are cyclic codes over Ry with length 5 and |C,, 1| = 43,d = 3. Therefore, (1(Ca,) = (f1,0 (z))
is a cyclic code over R; with length o; = 5 with cardinality 419=4 = 46 d = 3.

Let fo.01 (%) = foou () = 22+ 2+ 1, f20us (T) = fo.0u1us (¥) = 23 + 2% + 1. Then
C0(Caz1) = C0(Cazur) = (f2,01 (), C0(Cazuz) = Co(Cazurus) = (2,0, () are cyclic codes
over Ry with length 7 and |Ca,.1| = |Cay.u,| = 4%, d = 3. Therefore, (2(Ca,) = {fa0 (2)) is a
cyclic code over Ry with length oy = 7 with cardinality 428712 = 416, 4 = 3.

Let f301 (%) = 3.0, (%) = f3.0us (T) = fa.0us () = 25 +wat + wa + 22 + (w+ 1)z +
L, f3.0urus () = f3.0u1us () = [3,0,u0us (£) = f3.0u10us (2) = 2% 4+ (w+1) 2° + 2 + wa® +
wz?® + 1. Then (o(Cag,1) = C0(Casur) = C0(Cagus) = C0(Casus) = (f3,01 (%)), C0(Cogurus) =
Co(Casuius) = C0(Casusus) = C0(Cas urusus) = (f3,0,urus () are cyclic codes over Ry with
length 35 and |Cas 1| = [Cas uyus| = 42%,d = 3. Therefore, (3(Cy;) = (f3.0 (z)) is a cyclic code
over Rs with length as = 35 with cardinality 428048 = 4232 ¢ = 3.

Hence, Tagar..aq (C) = (fo,0 (2)yx(f1,0 ()% {f2,0 (2))x(f3,0 (x)) is a separable Ry Ry R R3-
cyclic code of block length (3,5,7,35). Moreover, |C| = 425, d = 3.

85. DNA Codes

In this section, some basic definitions and details about cyclic DNA codes over Ry and R;
in literature will be given. Later the necessary and sufficient conditions cyclic codes over
R; for i = 1,--- ,a and separable RyR1Rs--- R, cyclic codes to be reversible and reversible
complement will be discussed.

It is well known that DNA has two strands that are linked that Watson-Crick pairing,
every A is linked with a 7" and every C' is linked with a G, and vice versa, where A, T, C, and
G are four bases of DNA sequences. i.e. one writes A=T,T = A,C = G and G = C. The A
denotes complement of A.

Let M be a finite commutative ring and C be a linear code of length n over M. Let a =

(a1, ,a,) be a codeword in C. The reverse of a is a* = (a,,,a,_1,-- ,a1). The complement
of ais a® = (@y,ds,-- ,a@,). The reverse complement of a is al®® = (@,,,@,_1, -+ ,@), where
a@; denotes complement of a;, for i =1, -+, n.

Definition 5.1 Let C be a linear code of length n over M. Then C is called reversible if
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al® € C, for any a € C, C is called complement if a¢ € C, for any a € C and C is called
reversible complement if ai® € C, for any a € C.

Definition 5.2 Let C be a linear code of length n over M. Then C is said to be cyclic DNA

codes if C is a cyclic and reversible complement.

Definition 5.3 For any polynomial s(z) = so + s1z + -+ + sxt € M[x] with s; # 0, the

reciprocal polynomial of s(x) is defined as
s*(x) = 2's(1/x)
If s*(z) = s(x), then s(x) is called self reciprocal.

Lemma 5.4([9]) Let (o(Cay) = (f(z)) be a cyclic code of length ag over Ry = Fy. Then Cy,
is reversible if and only if f(x) is self reciprocal.

In [1], they studied cyclic DNA code over Ry = Fy and used the bijection map between
the set of DNA alphabet Sp, = {A,T,C,G} and Ry = Fy = {0,1,w,w?}, with 0 — A, 1
Tw—Ciw+1—G.

Lemma 5.5([1]) Let (o(Cy,) = (f(z))be a cyclic code of length oy over Ry = Fy. Then Cl,, is
a complement if and only if f(x) is not divisible by x — 1.

Theorem 5.6([7]) Let (o(Ca,) = (f(2))be a cyclic code of length g over Ry = Fy. Then, Cy,

is reversible complement if and only if f(x) is self reciprocal and f(x) is not divisible by x — 1.

In [7], they extended the map from R; to Sj%4, by using the Gray map v as follows:

r € Ry Gray Images 11(r1) Codon 7 (r1)

0 (0,0) AA
u (0,1) AT
u W (0, w) AC
uw? (0, w?) AG
1 (1,1) T
1+ uy (1,0) TA
L+ww?  (1,w) TC
L+uw  (1,w?) TG
w (w, w) cc
ww+w  (w,0) CA
ww? +w  (w,1) cT
Uy +w (w, w?) lole
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w? +uww?  (w?,0) GA
w? + uy (w?,w) GC
wr+ww  (w?1)  GT
w? (w?,w?) GG
Definition 5.7([7]) Let C,, be a linear code of length oy over Ry and r1 = (ro, -+ ,ra,-1) €

Cy, . By using the table, the map Ay is defined as follows
Ay i Coy — S

ry = (1o, ,Tay—1) = Ai(re) = ((ro),- -, 7(ra;-1))-

Theorem 5.8([7]) Let Cyo, = Cq, 161+ Cay uyu, be a cyclic code of length o over Ry. Then,

Ca, is reversible over Ry if and only if Cy, 1,Cq, u, are reversible over Fy.
Lemma 5.9([7]) For anyry € Ry, 71 +0=r1.

Theorem 5.10([7]) Let Co, = Cy,y 161+ Cay uy€u, be a cyclic code of length o over Ry. Then,

C., is reversible complement over Ry if and only if Cy, is reversible and (0,---,0) € C,, .

Theorem 5.11 Let C,, be a cyclic DNA code of length o over the ring Ri and minimum
Hamming distance d. Then, A1(Cy,) is a DNA code of length 2c;; over the alphabet {A, T, G, C'}
with minimum Hamming distance at least d.

Similarly, we define a bijection map between Ry to S}‘54 as follows, by considering the Gray
images of elements of R,.

r9 € Ry Gray Images ¥a(r2)  Codon 75(r2)

0 (0,0,0,0) AAAA
uy (0,1,0,1) TATA
1+w (w?, w?, w? w?) GGGG
1 (1,1,1,1) TTTT
w (w, w, w, w) ccec
Definition 5.12 Let C,, be a linear code of length ay over Ry andra = (1o, ,Tas—1) € Ca,.

By using the table, the map Ao is defined as follows
Ay ¢ Coy — SH?

r2 = (1o, " ,Tap—1) > Aa(r2) = (72(r0), - ,72(ray-1))-

Theorem 5.13 Let Co, = Cqo, 161 4+ Coyoug€uy + CosusCus + CagugusCusus be a cyclic code of
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length ap over Ry. Then Cy, is reversible over Ry if and only if Co, 1, Cayurs Casugs Casugus

are reversible over Fy.
Lemma 5.14 For anyry € Ry, 73 +0 = rs.

Theorem 5.15 Let Co, = Cqo,1€1 4 Capouy€uy + Cogusus + CogugusCusu, b€ a cyclic code of
length ay over Ry. Then C,, is reversible complement over Ry if and only if Cy, are reversible
over Ry and (0,---,0) € C,.

Theorem 5.16 Let C,, be a cyclic DNA code of length o over the ring Ry and minimum
Hamming distance d. Then, Ao(Cy,) is a DNA code of length 4as over the alphabet {A, T, G, C'}
with minimum Hamming distance at least d.

Similarly, we define a bijection map between R; to Sg4 as follows, by considering the Gray
images of elements of R; for i =3, - ,a.

r; € R;  Gray Images ¥;(r;)  Codon ~;(r;)

0 (0,0,0,--- ,0) AAA---A
1+w (v w?w? - w?) GGG---G
1 (1,1,1,-- 1) TTT--- T
w (w,w,w, -+ ,w) cece---C

Definition 5.17 Let C,, be a linear code of length «; over R; and ri = (ro, -+ ,7q,-1) € Ca,
fori1=3,..,a. By using the table, the map A; is defined as follows

2%
Ai : Cozi — SD:“

ri=(ro,  ,ra;—1) = Ai(ri) = (vi(ro), - Yi(ra;-1))

Theorem 5.18 Let Cy, = ®pep,Ca;upeus be a cyclic code of length o; over R; for i =
3,---,a. Then C,, is reversible over R; if and only if Cu, vy are reversible over Ry = Fy,
where all B € P; fori=3,--- ,a

Proof 1t is proven as proof of Theorem 10 in [7]. O

From Lemma 5.9 and Lemma 5.14, the following lemma can be obtained.

Lemma 5.19 The following conditions hold.

i) For anyr; € R;, 77 = (Ti—1 + wiyi—1) = (Ti—1) + wiyi—1, where x;_1,y;-1 € Ri—1,1 =
37 2) T, Ay
i) For any r; € Ry, 7i+0=1r; fori=3,--- ,a

Theorem 5.20 Let C,, = @®pep,Ca;upup be a cyclic code of length a; over R;, for i =
3,---,a. Then, Cy, is reversible complement over R; if and only if C, are reversible over R;
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and (0,---,0) € C,,, where all B € P; fori=3,--- ,a.

Proof 1t is proven as proof of Theorem 11 in [7]. O

Theorem 5.21 Let C,, be a cyclic DNA code of length «; over the ring R; and minimum
Hamming distance d. Then, A;(Cy,) is a DNA code of length 2c; over the alphabet {A, T,G,C}

with minimum Hamming distance at least d, fori=3,--- ,a.
Example 5.22 Let Ry = Fy + u1 Fy,
-1 = (241 (@ +wrt+2*+ 27+ (w+ 1)z +1)

(2° + (w+ 1) 2" + 2% + 2® + wa + 1)
hi(z)he(z)hs(x) € Fy [z]

and let f101(z) = fi0u (®) = ha(x)hs(z). Then (H(Cay,1) = (Cayuy) = (fr1,01 (2)) are
cyclic codes over Ry with length 11 and |Cy, 1| = 4,d = 11. Hence, (1(Cq,) = (f1,0 (z)) is a
cyclic code over Ry with length 11 with d = 11. As f1,0,1 (z) and f1,0,., (@) are self-reciprocal
polynomials, by Lemma 5.24, C,, 1, C,, u, are reversible over Ry. Therefore, C, is reversible
over Ry. Also, Cy, has 422720 = 16 codewords. As Cl, is reversible and (0,0,---,0) € Ca,,
then C,,, is a reversible complement code over R;. Moreover, C,,, is a cyclic DNA code and the
image of the C,, under the map A is a DNA code of length 22, size 16 and minimum distance

d =11. The DNA codewords are given in the following

A A A A A A A A A A A A A A A A A A A A A A
A C A C A C A C A C A C A C A C A C A C A C
A G A G A G A G A G A G A G A G A G A G@ A G
A T A T A T A T A T A T A T A T A T A T A T
c A C A C A C A C A C A C A C A C A C A C A
c 6 ¢ 6 ¢ 6 ¢ G ¢ G ¢ G C G@cC GO G Cc @ Cc G
c ¢c ¢ ¢ ¢ ¢ ¢ ¢c ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ c cC
c r ¢ T C T C T C T C T C T C T C T C T C T
T ¢ T ¢ T C T C T C T C T C T C T C T C T C
T T T T T T T T T T T T T T T T T T T T T T
T A T A T A T A T A T A T A T A T A T A T A
T 6 T G T &G T G T G T G T G T G T G T G T G
¢G v ¢ T G T &G T & T G T &G T GG T G T G T G T
G A G A G A G A G A G A G A G A G A G A G A
¢ ¢ 6 ¢ ¢ ¢ 6 ¢ 6 ¢ G C GcC GcCc G o @ oG cC
¢ 6 6 6 6 6 6 G 6 G G G GE& @ GEd@GeEd@ 6 6 6@ 6@ q@a

Example 5.23 Let Ry = Fy + u1Fy + uaFy + uguaFy, a0 = 41 and fo 01 (x) = foou, () =
f2.00s (%) = foouu, () = 220 + wrt® + warl” + (w4 1) 21 + 213 + (w+ 1) 2!2 + 21 +
(w+ 1) 2042+ (w + 1) 28427+ (w + 1) 2 +wa+wr+1. Then (o(Cog uyus) = C0(Cogurus) =
Co(Casuzus) = C0(Cagurusus) are cyclic codes over Ry with length 41 and |Cy, 1] = 4%!,d =
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11. Hence, (2(Cq,) = (f2,0 (z)) is a cyclic code over Ry with length 41 with d = 11. As
f2,01 (), f2.0u1 (2), f2.0,u, () and fa2,0.4,u, () are self-reciprocal polynomials, by Lemma 5.24,
Cosuguss Caguiugs Cas,ususs Casuiusus are reversible codes over Ry. Therefore, Cy, is a re-
versible code over Ry. Also, C,, has 4164780 = 434 codewords. As C,, is a reversible code and
(0,0,---,0) € Ca,, Ca, is a reversible complement code over Ry. Moreover, C, is a cyclic
DNA code and the image of the C,, under the map A is a DNA code of length 164, size 454
and minimum distance d = 11.

Definition 5.24 Let D be an RyRi1Ry - -+ Ry-linear code of block length (ag, - ,q). Then

D is said to be reversible, if v = (xff,---,xf) € D, for any r = (ro, - ,r,) € D, where
r; = (rg,rl, - rh 1) € RS fori=0,1,--- ,a.

Definition 5.25 Let D be an RoR1Rs -+ R, linear code of block length (ag, - ,aq). Then

D is said to be complement, if r¢ = (I‘g,-~- ,rg) € D, for anyr = (rg,--- ,rq) € D, where
v, = (rg,rl, - rh 1) € RS fori=0,1,--- ,a.

Definition 5.26 Let D be an RoR1Rs - - - R, linear code of block length (ag,- -+ ,aq). Then, D
¢ ... rECY e D, for anyr = (vo,--- ,r,) € D,

where v; = (14,74, , 71, _1) € R fori=0,1,--- a.

is said to be reversible complement, if t?¢ = (

Theorem 5.27 Let C = Cy, X --- x Cq, be separable RyR1 Ry - - - R;-cyclic code of block length
(o, -+ ), where Cy, are cyclic codes of length o; over R;, fori=0,1,2,--- a. Then C is
reversible if and only if Cyoy,Ca,, -+ ,Cq, are reversible codes over R;, for i = 0,1,2,--- a,

respectively.

Proof Let C be a reversible code and let r = (rg,ry1,--- ,r,) € C,x; = (rg,ri, - vl 1) €
Cy, fori=0,1,--- ,a. By using the fact that C is a reversible, we have r® = (v, rf, ... r2) €
C. So this shows that r2 € C,, where i = 0,1,2,---,a. Therefore, C,, are reversible codes
of length oy over R;, for ¢ = 0,1,--- ,a, respectively. Conversely, let C,, be reversible codes
of length a; over R;, for i = 0,1,--- | a, respectively and take r = (rg,ry, -+ ,r,) € C where
r; € C,, with i = 0,1,--- ,a. By using the fact that C,, are reversible, then rZ € C,, for

i=0,1,---,a. Sorf = (rf',rf ... r2) € C. Hence C is reversible. O

Theorem 5.28 Let C = C,, X - -+ X Cy, be separable RyR1 Rz - - - R;-cyclic code of block length

(ag, -+, ), where Cy, are cyclic codes of length «; over R;, fori=0,1,2,---  a. Then, C is
a reversible complement code if and only if Coy,Cay,- -+ ,Ca, are reversible complement codes
over R;, fori=20,1,2,--- ,a, respectively.

Proof Let C be a reversible complement code. Take r = (rg,ry,---,r,) € C, where
r; = (ré,r, .- ,rfli_l) € Cy, for i = 0,1,--- ,a. By using the fact that C is a reversible
complement, we have ri¢ = (¢[i rFC ... rBC¢) ¢ O. So this shows that r*® € C,, where
i =0,1,2,--- ;a. Therefore C,, are reversible complement codes of length «; over R;, for
1 =20,1,---,a, respectively. Conversely, let C,, be reversible complement codes of length «;
over R;, fori=0,1,--- ,a, respectively and take r = (rg,r1, -+ ,1,) € C where r; € C,,, where

i =0,1,--,a. By using the fact that C,, are reversible complement, then r?¢ ¢ C,, for
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i=0,1,---,a. So rf¢ = (rFC rEC ... +EC) ¢ C. Hence, C is a reversible complement. [

Definition 5.29 Let C be an RoR1Rs - - Ry-linear code of block length (ag, -+ ,q) and r =
(ro, -+ ,rq) = (1], - ,7"3071,7%, e 77&171’ Gy, 1re 1) € Rag,. o, - By using the table,
the map A is defined as follows

. ao+201++2%
At Raya, — Sp) “

r=(ro, - ,rq) —= A(r)=(Ao(ro), - ,Na(rs)).

Theorem 5.30 Let C be a separable RyR1 R - - - Ry cyclic DNA code of block length (v, - -+ , o)
with |C| = M and minimum Hamming distance d. Then, A(C) is a DNA code of length

ag +2a1 + -+ + 2%,

over the alphabet {A,T,G,C} with the minimum Hamming distance at least d.

Example 5.31 Let Toarasas(C) = (fo,0 (2)) X (f1,0 (2)) X (f2,0 (x)) X (f3,0 (x)) is a separable
Ry R1 R Rs-cyclic code of block length (9,3,5,35). Let foo(x) = 28 + 23 + 1. Then,

C0(Cayp) = (fo,0 ()

is a cyclic codes over Ry with length 9. As fo o (2) is self-reciprocal polynomial and (0,0, --- ,0) €
Coys Ca, is reversible complement over Ry. Similarly, if we take (1(Cl,) = (f1,0(2)) =
(€ +1).6(Car) = {(fon (@) = (22 +wr +1),Go(Cay) = (a0 @) = (2 + (w+ D +1),
Cy,’s will be reversible complement codes over R;, for ¢ = 1,2,3. Hence, by Theorem 5.28, we
get C as a reversible complement code . Then A(C) is a DNA code of length 315, size 43°.

86. Conclusion

In this paper, the structures of RyRiRs --- R4-cyclic codes are obtained with their generator
polynomials, and a new inner product is defined. It was shown that if C' is an RyR1 Ry - - R,-
cyclic code, then C+ is an RyR1 Ry - -+ R4-cyclic code, and a separable RyRiRs --- R,-cyclic
codes are introduced with necessary and sufficient conditions for them being reversible and
reversible complement, and also the DNA codes can be constructed from them with examples.
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Abstract: Graph theory investigates networks of vertices and edges and provides powerful
tools for analyzing their structural properties. A central approach to quantifying graph
complexity is through graph parameters. A graph is connected if every pair of vertices
is joined by a path, ensuring mutual reachability. Among these measures, graph width
parameters capture structural complexity, typically defined via decompositions, separators,
or connectivity restrictions. Understanding how such parameters behave under connectivity
constraints is a well-established line of research. In this paper, we introduce and investigate
connected obstructions, structural certificates that determine the values of connected tree-
width and connected path-width.
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§1. Introduction

1.1 Graphs and Applications

Graph theory studies networks of vertices and edges and analyzes their paths, structures, and
properties [1]. Because graphs provide both visual and conceptual representations of rela-
tionships among real-world entities, they have become indispensable across many disciplines,

including the natural and life sciences as well as the social sciences and engineering [2].

1.2 Graph Width Parameters

A graph parameter is a numerical invariant that assigns to each finite graph a value preserved
under graph isomorphisms. A graph width parameter measures the structural complexity of
graphs, typically through decompositions, separators, or connectivity restrictions.

A large body of research has investigated structural complexity via graph parameters.
Among the most influential are the width-type parameters: tree-width [3], band-width [4, 5],
hypertree-width [6], superhypertree-width [7], rank-width [8], branch-width [9], twin-width [10],
mim-width [11], proper path-width [12], path-distance-width [13], and path-width [14, 15].

Two of the most widely studied width parameters are treewidth and path-width. Tree-width

1Received August 29, 2025. Accepted November 16, 2025
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measures how close a graph is to a tree structure, controlling decomposition bag size, guiding
efficient algorithms, and influencing parameterized complexity [16, 17]. Path-width measures
how close a graph is to a path structure, restricting decomposition sequence width, enabling

simplified dynamic programming, and informing structural graph analysis.

These parameters are central to algorithm design: many problems that are otherwise in-
tractable become fixed-parameter tractable or solvable in polynomial time on classes of graphs
of bounded width [18, 19]. Moreover, they play a key role in practical applications ranging from
machine learning to network optimization [20, 21].

1.3 Connected Width Parameters

A graph is connected if every pair of vertices is joined by a path, ensuring mutual reachabil-
ity [22]. Understanding how width parameters behave under explicit connectivity constraints
is an established theme [23, 24]. In particular, tree-width and path-width have connected
variants-connected tree-width [25] and connected path-width [26, 27] that have attracted consid-
erable recent attention. Connected width parameters ensure decompositions remain cohesive
across components, preserving structural integrity, improving interpretability, and enhancing
algorithmic efficiency for graph analysis.

1.4 Obstructions for Width Parameters

For many width notions, obstructions serve as min-max certificates that characterize large
width and guide algorithms [28, 3]. Classical examples include tangles [3, 29], blockages [30],
brambles [29, 31], and ultrafilters [32]. Obstructions provide concise min-max characterizations,
certify large width, guide algorithmic design, unify structural insights, and extend naturally to
broader combinatorial and connectivity frameworks. These ideas extend beyond undirected
graphs to directed graphs [33], matroids [9, 34], and general connectivity systems constrained
by symmetric submodularity [32, 35], with implications for both algorithms [36] and game-

theoretic viewpoints [37].

1.5 Our Contribution

From the above, research on graph-width parameters and their related topics is highly signif-
icant. However, studies on Connected Obstructions for width parameters have not yet been
fully developed. This paper develops connected obstructions tailored to the connected vari-
ants of width. We introduce and investigate connected brambles for connected tree-width and
connected blockages for connected path-width, providing tools to certify large values of these

parameters and to clarify their structural behavior.

§2. Basic Notation

This section fixes the terminology used throughout the paper. Unless otherwise stated, all
graphs considered in this paper are finite, undirected, and simple. Furthermore, the empty set
is regarded as a subset of every set.
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Definition 2.1(Undirected graph) An undirected graph is a pair G = (V, E) where V is a finite

set whose elements are vertices and
EC {{u,v}CV]u#tv}

is a finite set of unordered pairs of distinct vertices, called edges. If {u,v} € E, then u and v

are adjacent, written u ~ v.

Definition 2.2(Tree, leaf, node) A tree is a connected, acyclic graph. If a tree has n := |V|
vertices, then it has exactly n — 1 edges. A leaf is a vertex of degree 1. In this paper, the
terms vertex and node are synonymous, a node may be a leaf or an internal (nonleaf) vertex
depending on its degree.

Definition 2.3(Connectedness and components) Let G = (V, E) be a graph. A path from u
to v is a finite sequence of vertices u = vg,v1, -,V = v such that {v;,,viy1} € E for all i.
The graph G is connected if for every u,v € V there exists a path in G from u to v. If G
is not connected, it is disconnected and decomposes into connected components, i.e., mazrimal
connected subgraphs of G.

We use the standard notion of a (vertex) separation.

Definition 2.4(Separation and order) A separation of a graph G = (V, E) is a pair (A, B) of
vertex sets with
AUB=V and E(G[A\ B], GIB\ 4]) = 2.

Its order is |AN B|. We write (B, A) for the opposite orientation.

Example 2.1(Separation and its order on a cycle) Let G = C4 be the cycle v —vo—v3—v4—v1.
Define

A = {’U171)23U3}7 B - {’U17U33fu4}~

Then AU B = {vy,v2,v3,v4} = V(G). Moreover, there are no edges between A\ B = {v2} and
B\ A = {vs4}. Thus (4, B) is a separation of G. Its order is

|AﬂB| = |{vl,v3}\ = 2.

The opposite orientation is (B, A).

Definition 2.5(Induced subgraph, vertex deletion, and edge deletion) Let G = (V(G), E(Q))
be a finite undirected graph.

(1) For X C V(G), the induced subgraph on X is

GIX] = (X, {{u,v} € E(G) | u,v € X}).
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(2) For X CV(QG), the graph obtained by deleting X is
G-X = GIV(G)\ X].
(3) For F C E(G), the graph obtained by deleting the edges in F is

G-F = (V(G), E(G)\F).

§3. Obstructions for Connected Tree-Width

In this section we recall tree-decompositions and connected tree-decompositions, and fix nota-

tion for subgraphs. Standard references include [3, 17, 38|, for broader surveys see [16, 39].

Definition 3.1(Tree-decomposition and tree-width, [3]) A tree-decomposition of G is a pair
(T, (Bt)tev(r)) where T is a tree and each By C V(G) is a bag, such that

(1) Vertex coverage: V(G) = U,y (1) Bi;

(2) Edge coverage: For every {u,v} € E(G) there exists t € V(T') with {u,v} C By;

(3) Running intersection: For every v € V(G), the index set T, := {t € V(T) | v € B, }

induces a connected subtree of T.

The width of the decomposition is max,ecy (1) (|B¢| — 1). The tree-width of G is

tw(G) := min{ té?%)(‘Bt' —1) : (T,(B:)) is a tree-decomposition of G }.

Example 3.1(Tree-decomposition and tree-width of a cycle) Let G = Cy with vertices v1, va, v, vy
and edges v1v2, V203, V304, v4v1. Take the tree T to be a single edge with nodes t1—t5, and define
the bags

By, = {v1,v2,v3}, By, = {v1,v3,v4}.

The vertex coverage holds since By, UB;, = {v1, U2, v3,v4}. Edge coverage holds: vyvq, vavg C
B, and v3vg,v4v1 C By,. For the running intersection, each vertex appears in a connected set
of bags: vy, v3 appear in both By, By,, while vs (resp. v4) appears only in By, (resp. By,). Thus
this is a tree-decomposition of width max(|B;,| —1) =3 — 1 = 2. Since graphs of tree-width 1
are forests and Cy contains a cycle, tw(Cys) > 2. Therefore tw(Cy) = 2.

Definition 3.2(Connected tree-decomposition and connected tree-width, [40]) A connected

tree-decomposition of G is a tree-decomposition (T, (By)iev (1)) with the additional requirement
Vt e V(T) the induced subgraph G[By| is connected.

Its width is again max,cy (1) (|B¢| — 1) and the connected tree-width of G is

ctw(G) := min{ tér‘l/z%)(|Bt| —1) : (T,(B:)) is a connected tree-decomposition of G }.
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Example 3.1(Connected tree-decomposition and connected tree-width of a path) Let G = Py
be the path vy —vy—v3—wvy. Take a tree T that is a path on nodes t; —t5 —t3 and define bags

Btl = {Ul,UQ}, Btz = {v27v3}7 Btg = {’U371)4}.

Vertex and edge coverage hold, and for each vertex the index set of bags containing it is
contiguous (e.g., vo appears exactly in By, By,). Each bag induces a connected subgraph (an
edge), so this is a connected tree-decomposition. The width is max;(|By — 1) =2 -1 = 1.
Hence, ctw(Py) = 1.

Definition 3.3(Connected bramble) A connected bramble in G is a family B of vertex sets
X CV(Q) such that

(1) Connectivity of elements: G[X] is connected for every X € B;

(2) Touching: For all X,Y € B, either X NY # & or there exists an edge {u,v} € E(G)
withue X andv eY.

A set S CV(Q) hits B if SN X # & for all X € B, and the order of B is

ord(B) := min{|S||S C V(Q) hits B}.

Remark 3.1 The condition (1) simply means each element X € B induces a connected subgraph
G[X] and the condition (2) is the usual “touching” requirement; thus a connected bramble is

the standard notion of a bramble with the connectivity of its elements emphasized explicitly.

Example 3.2(A connected bramble of order 2 on a path) Again let G = P, with vertices

v1 —v9 —v3—vy4. Consider
X1 ={v1,v2},  Xo={vo,v3},  Xz={vs,v4}.

Each G[X;] is connected. Moreover, X; N Xy = {ve} # & and X5 N X3 = {v3} # &, while X3
and X3 touch via the edge vovs. Thus B := {X;, X2, X3} is a connected bramble. Any single

vertex fails to meet all three sets (e.g., ve misses X3), but {vs,vs} hits all. Hence ord(B) = 2.

We establish a duality theorem for connected tree-width via the notions of connected partial
(< k)-decompositions and k-flaps (cf. [14]). Let G = (V, E) be a graph and k € N

Definition 3.4(Connected partial (< k)-decomposition, cf. [41]) A connected partial (< k)-
decomposition of G is a pair (T,{) consisting of a tree T and a labelling £ : V(T) — 2V,
satisfying with U := UteV(T) L),

(1) Coverage inside U: For every edge {u,v} € E(G[U]) there exists t € V(T) with
{u, v} S €(1);

(2) Running intersection: For each v € U, the set {t € V(T) | v € £(t)} induces a
connected subtree of T';

(3) Bag-connectivity: G[(t)] is connected for allt € V(T);
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(4) Size bound on internal bags: If t is not a leaf of T, then |((t)| < k;
(5) Nontriviality: At least one bag has size < k.

We call U the covered vertex set of (T,¢). Note that U may be a proper subset of V.

Definition 3.5(k-flap, cf. [41]) Let (T, ) be a connected partial (< k)-decomposition of G. If

z 15 a leaf of T with unique neighbor x’, the set
X = L(x)\ (")
is a k-flap provided |€(z')| < k. It is a connected k-flap if, in addition, G[X] is connected.

Example 3.3(Connected partial (< k)-decomposition) Let G = P;5 be the path v1—va—vz—v4—v5
and fix £ = 2. Take the tree T to be the path t; —t; —t3 and label

g(tl) = {’Ul,’Ug}, e(tg) = {’Ug}, E(tg) = {UQ,’Ug}.

The covered set is U = {v1,v2,v3} € V(G). Inside U, each edge is covered (vive € £(t1),
vovsg € L(t3)); for every w € U, the bags containing w form a connected subtree of T'; each
G[{(t;)] is connected; the unique internal node is to with |[¢(¢2)| = 1 < k, and at least one bag
has size < k. Hence (T, ¢) is a connected partial (< k)-decomposition of G.

Example 3.4(k-flap) In the decomposition above, t; is a leaf with neighbor ¢5. Then

X =L(t1) \ £(t2) = {v1,v2} \ {v2} = {v1}.

Since |[£(t2)| = 1 < k and G[X] is connected (a single vertex), X is a connected kflap. (Analo-
gously, using the other leaf ¢35 yields the flap {vs}.)

We use the standard notion of touching for vertex sets: for A, B C V we say that A and
B touch if either AN B # @& or there exists an edge {u,v} € E with u € A and v € B.

Lemma 3.1(Gluing along a nested neighborhood, cf. [41]) Let (T, ¢*) and (Ty,¢Y) be connect-
ed partial (< k)-decompositions of a connected graph G. Let X (resp. Y') be a connected k-flap
of (Tx, %) (resp. (Ty,0¥)). If S := Ng(X) C Ng(Y), then identifying the leaves that carry X
and Y, and relabelling the identified leaf by S, yields a connected partial (< k)-decomposition
of G.

A Sketch of Proof Relabelling the two leaf bags by S preserves bag-connectivity and the
running-intersection property (attach S along the unique paths from the old leaves to bags
containing its vertices). Internal bags remain of size < k, and coverage inside the new U is

unchanged. The operation merely replaces the two flaps by the small separator S. d

Lemma 3.2(Separating non-touching flaps) Let G be connected and let X and Y be connected
k-flaps of connected partial (< k)-decompositions (Tx,¢X) and (Ty,£Y), respectively. If X and
Y do not touch, then there exists a connected partial (< k)-decomposition (T,¢) of G whose
connected k-flaps are contained in those of (Tx,¢X) and (Ty,¢¥) but exclude X and Y.
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Proof Since X and Y do not touch, there is a vertex separator S C V(G) such that no
component of G — .S meets both X and Y. Choose S of minimum size. By Menger’s theorem,
|S] < |Ng(X)| < k. Let A be the union of S and all components of G — S that meet X, and
set B:= (V(G)\A)US. Then X CA\SandY C B\ S, with ANB=25.

Trim (T'x, %) to G[B] by setting, for each t € V(T),

Xy o= (oM B)

U {s € S|t lies on the unique path from the X-leaf to some node containing s }.

The bag-connectivity and the running-intersection property are preserved; internal bags
stay of size < k (new vertices are added only along paths while at least one vertex of the
corresponding X — S path is removed from the bag), and the trimmed family covers all edges
of G[B]. Thus (Tx,¢X") is a connected partial (< k)-decomposition of G[B] whose connected
k-flaps are among those of (T'x, ) but X is replaced by the small leaf S. Symmetrically trim
(Ty,Y) to G[A]. Finally, glue the two trimmed decompositions along the common small leaf
S to obtain (T, ¢) as required. O

Using the above Lemma, we can prove the following theorem.
Theorem 3.1 For k € N and a graph G, the following are equivalent:

caw(G) 2k <= G contains a connected bramble of order > k.

Proof =. Assume ctw(G) > k. Among all connected partial (< k)-decompositions of
G, choose one whose set F of connected k-flaps is inclusion-minimal. By Lemma 3.2, any two
members of F must touch (else we could strictly reduce the flap set). Hence, F is a family of
pairwise touching connected sets.

We claim that ord(F) > k. Suppose towards a contradiction that some S C V(G) with
|S| < k hits F. Gluing repeatedly along S (Lemma 3.1) collapses all large leaves into the
small set S, producing a connected partial (< k)-decomposition that covers more vertices
(eventually all of V(G)). This yields a connected tree-decomposition of width < k, contradicting
ctw(G) = k. Therefore, ord(F) > k, and F is the desired connected bramble.

<. Assume G contains a connected bramble B of order > k. Let (T, (Bt)iev (7)) be any
connected tree-decomposition of G. For each edge e = t1to € E(T), deleting e splits T into
components T4, T with vertex unions U; := UtGV(Ti) B; (i = 1,2) and separator X, := B, NBy,.
If X, hits B, then | X.| >k and the width is > k. Otherwise, some B € B is disjoint from X;
since B consists of connected sets and bags cover all edges, B C U; or B C U,. In this case,
orient e towards that side.

Orient every edge of T' by this rule. A sink node ¢* (which exists in any finite oriented
tree) has the property that its bag By« hits B: if some B € B were disjoint from By«, then the
unique edge of T on the path from ¢* towards the side containing B would point away from ¢*,
contradicting sinkness. Hence |B«| > ord(B) > k, so the width of the decomposition is > k.
As the decomposition was arbitrary, ctw(G) > k. O
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84. Obstructions for Connected Path-Width

We study the relationship between (connected) path-width and a connected analogue of block-

age. We first recall path decompositions and connected path decompositions, see, e.g., [26].

Definition 4.1(Path decomposition and (connected) path-width, cf. [26]) Let G = (V(G), E(GQ))
be a finite simple graph. For X C V(G) write

GIX] = (X, {{u,v} € E(G) | u,v € X}).
A path decomposition of G is a finite sequence of bags
P = (X17"' 7Xm) (Xi - V(G))a

such that

(1) Vertex coverage: |~ , X; = V(G);

(2) Edge coverage: For every {u,v} € E(G) there exists i with {u,v} C X;;

(3) Running intersection: For all1 <i<j <k <m, X;NX, CX, (equivalently: for
each v € V(G), the set {i | v € X;} is an interval of {1,--- ,m}).

The width of P is max;(|X;| —1). The path-width of G is
pw(G) = min{ miax(|Xi| —1) : P a path decomposition of G }.
A path decomposition P = (Xq,--+ ,X,,) is connected if
GX1U---UX;] is connected for every i € {1,---,m}.
The connected path-width of G is

cpw(G) := min{ max(|X;| —1) : P a connected path decomposition of G }.

Example 4.1(Connected partial (< k)-decomposition on a path) Let G = P; be the path
v1 —ve —v3—v4—vs and fix k = 2. Take the tree T with nodes t; —to —t3 (a path), and label

g(tl) = {’Ul,ﬂg}, E(tg) = {’Ug}, f(tg) = {’U27’03}.

The covered set is U = {v1,v2,v3}. Coverage inside U holds since the edges v1v2 and vavs
lie in £(t1) and £(t3), respectively. For each vertex, the bags containing it form a connected
subtree of T' (ve appears in all three nodes; v only in ¢1; vs only in ¢3). Thus, each G[£(t;)] is
connected. The unique internal node is to and |£(t2)] = 1 < k; at least one bag has size < k.
Thus (T, ¢) is a connected partial (< k)-decomposition of G that covers U C V(G).

Example 4.2((Connected) path-width of a star) Let G = K; 3 with center ¢ and leaves a, b, d.
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Define the path decomposition P = (X7, X5, X3) by
X1 ={c,a}, Xo ={c, b}, X3 ={e,d}.

The vertex/edge coverage is immediate, and each vertex appears in a contiguous block
of bags. Every prefix union is connected, G[X;] = G[{¢,a}], G[X1 U X3] = G[{¢, a,b}], and
G[X1 U XU X3] = G. Hence, P is a connected path decomposition of width max;(|X;| —1) =
2—1=1,s0 pw(G) = cpw(G) = 1.

We next introduce a connected version of blockage tailored to connected path-width.

Definition 4.2(Attachment and connected blockage) For X C V(G) define the attachment of
X in G by
attq(X) = {z e X |3y e V(G)\ X with {z,y} € E(G) },

and set ag(X) := |attq(X)|. The connected complement of X is
X% = (V(@G)\ X) U atte(X).

A connected blockage of order k in G is a family B C 2V(©) satisfying

(1) Size bound: For every X € B, ag(X) < k;

(2) Heredity (downward, under small attachment): If X € B andY C X with ag(Y) <k,
then'Y € B;

(3) Complementarity: If X1, Xo C V(G) are complementary in the sense that X° C X,
or Xg C X1, and | X1 N Xo| < k, then exactly one of X1, Xy lies in B;

(4) Connectivity: Fach X € B induces a connected subgraph G[X].

Example 4.3(Connected blockage of order 1 on a path) Let G = P, be v; —vs —v3—vy. For
X CVletattg(X) ={z € X :Jy ¢ X with zy € E(G)}. Set

B = {Xl,Xg,Xg}, X1 = {1}1}, Xg = {U1,1}2}, X3 = {1}1,112,1}3}.

Each G[X;] is connected. Moreover attq(X1) = {v1}, attq(Xa) = {v2}, atte(X3) = {vs}, so
latta(X;)| = 1 < 1 (size bound for order 1). Heredity holds within the chain X; C X3 C X3. For
each 4, the connected complement XC = (V'\ X;)Uattq(X;) satisfies | X; N XC| = |attq(X:)| = 1,
and exactly one of the complementary pair {X, XE} is included in B (namely X;). Thus B is
a connected blockage of order 1 in Pj.

Lemma 4.1(Prefix attachments are small) Let P = (Xy,---,X,,) be a connected path de-
composition of width at most k — 1. Fori € {1,--- ,m — 1} put W; :== X3 U---UX; and
Si = Xl N Xi+1- Then,

attg(W» - Si and |(lttc'(W7;)| < |Sl| < k.
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Proof Take z € attg(W;). Then x € W; and there is y ¢ W; with {z,y} € E(G). Let
j be the minimal index with y € X;. Then j > ¢ + 1. Since {z,y} is covered by some bag
and the running-intersection property holds, we must have x € X; as well. As z € W;, the

interval property for appearances of x forces x € X; N X; 11 = S;. Hence attg(W;) C S;, and
|S;] < min(|X;], [Xi41]) < k. O

Lemma 4.2(Prefix pairs are complementary) With W; as in Lemma 4.1, the pair (W;, WE’) 18
complementary and |W; N WE| = ag(W;) < k.

Proof By definition, W = (V(G) \ W;) U attg(W;), so W& C W and thus W C WF
witnesses complementarity of (W;, W<). Moreover, W; N W = attg(W;), which has size at
most k£ by Lemma 4.1. O

We can now state the obstruction theorem.

Theorem 4.1 If cpw(G) < k — 1, then G admits no connected blockage of order k.

Proof Suppose to the contrary that cpw(G) < k—1 and B is a connected blockage of order
k. Fix a connected path decomposition P = (X1, -+, X,,) of width at most k¥ — 1 and write
W, =X;U---UX, fori=1,--- ,m. By connectedness of P, each G[W,] is connected.

For each i € {1,--- ,m — 1}, Lemma 4.2 shows that (W;, W¢) is a complementary pair
with |[W; NWE| < k. The complementarity axiom of B thus forces, for each such i, evactly one
of W; and W to lie in B.

Define I :={i € {1,...,m—1} | W; € B}. The heredity axiom implies that I is downward
closed: if i € I and 1 < j < ¢, then W; C W;, G[IW;] is connected and ag(W;) < k by Lemma
4.1, hence j € I.

Observe that m ¢ I: if W,,, = V(G) € B, then heredity (applied to Y = 0 with ag(0) = 0)
would force () € B, contradicting the connectivity requirement on members of B. Thus, I is a
proper (possibly empty) initial segment of {1,...,m — 1}. Let ¢* := max T if T # 0; if [ = () set
*:=0.

We now reach a contradiction in either case.
Case 1. I =10.

Then, for every i € {1,---,m — 1} the complementarity axiom forces W& € B. Pick
i = 1. Since G is connected (as P is a connected path decomposition), W7 = X; # 0, and
WE = (V\ X1) Uattg(X;) induces a subgraph that has at least two components (the part
outside X and the vertices of attg(X;) that lie in X;), contradicting the connectivity axiom
of B. Hence T # ().

Case 2. [ #0Q.

Let ¢* = maxI. Then, W;» € B but W;«;1 ¢ B. By Lemma 4.2, (Wi*+1,Wi€+1) is a
complementary pair with [W;- 1 N WS, | <k, hence W<, | € B. Now consider the pair

A=W, and B := WSH.
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We have A C Wiwjq and B C V \ Wi U (X« N X 41). A direct verification using Lemma
4.1 shows that
A® ¢ B and |ANB| = |attg(A)| < k,

so A, B form a complementary pair of order at most k. By the complementarity axiom, exactly
one of A, B may lie in B, but we already have A = W;~ € Band B = WZQH € B, a contradiction.
Thus no connected blockage of order k can exist when cpw(G) < k — 1. O

85. Connected Tangles and Their Relation to Connected Brambles

This section develops a connected version of tangles and proves a duality with connected bram-
bles. We shall work with the (equivalent) haven formulation of tangles, adapted to enforce

connectedness of the “large side” chosen by the tangle.

Definition 5.1(Connected haven and connected tangle (order k+1)) Let k € N. A connected
haven of order k+1 on G is a map

B: {SCV(G)|I|S| <k} — {vertex sets of components of G — S}

such that
(1) Connectivity: For every S with |S| < k, the subgraph G[B(S)] is a (nonempty) con-
nected component of G — S;

(2) Monotonicity: If S CT and |T| < k, then B(T) C B(S).

Such a haven induces an orientation T of all separations of order at most k by the rule
(A,B)eT <«— pB(ANB)CB.
We call any orientation T obtained this way a connected tangle of order k+1.

Example 5.1(A connected haven and its induced connected tangle on a path) Let G = Py
with vertices v —va—v3—v4 and fix k = 1 (haven of order k+ 1 = 2). Define 5 on all S C V(G)
with |S] < 1 by

B(0) = {v1,v2,v3,va},  B({v1}) = {va,vs,va},  B({v2}) = {vs, va},
B({vs}) = {va}, B({va}) = {v1,v2,v3}.

Each 3(S) is the vertex set of a (nonempty) component of G — S and hence induces
a connected subgraph. Monotonicity holds since the only proper inclusion with |T'] < 1 is
0 C {v:}, and B({w:}) C B(D).

This haven induces an orientation T of all separations of order at most 1 by (A, B) € T <=
B(ANB) C B. For example, for the separation (A4, B) with A = {v1,v2,v3}, B = {v3,v4} (order
1, separator {v3}), we have S(AN B) = 8({vs}) = {va} C B; hence (A, B) is oriented toward
B. Thus § is a connected haven of order 2 on Py, and T is the corresponding connected tangle.
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We now prove the connected tangle-connected bramble duality (parameter shift k+1 < >k),
which parallels the classical tangle-bramble correspondence.

Theorem 5.1(Connected tangle-connected bramble duality) Let k € N and G be a graph. The

following are equivalent.

(1) G admits a connected tangle of order k41 (equivalently, a connected haven [ of order
k+1);

(2) G contains a connected bramble of order > k.
Proof (1) = (2). Let 8 be a connected haven of order k+1. Define
By = {B(S) | SCV(G), ISI<k}.

Each ((9) is connected by definition, so Bg consists of connected sets.

Pairwise touching. Let S1,S2 C V(G) with |S;| < k. By monotonicity,

B(S1US2) C B(S1) N B(S2).

Since B(S1USs) is a (nonempty) component of G — (51 US5), the intersection 5(S1)N3(S2)
is nonempty. Hence any two members of Bg meet (and thus touch).
Order > k. Let S C V(G) with |S| < k. Because 5(S) C V(G) \ S is a component of
G — S, we have
SNpas) = @.

Therefore S does not hit Bg. Since this holds for every S of size at most k, any hitting set
must have size at least k+1, i.e., ord(Bg) > k. Thus B is a connected bramble of order > k.

(2) = (1). Let B be a connected bramble with ord(B) > k. For any S C V(G) with
|S] < k, every set X € B lies in some component of G — S; since |S| < ord(B), no single vertex
set S hits B, hence at least one component of G — S meets all members of B. Because sets in B
are pairwise touching, such a component is unique: if two distinct components of G — S both
met all of B, then taking X € B meeting the first and Y € B meeting the second would violate
touching. Define 5(S) to be the vertex set of this unique component of G — S that meets every
member of 5.

By construction, G[3(5)] is a (nonempty) connected component of G — S. If S C T with
|T| < k, then G — T is obtained from G — S by deleting additional vertices, so the component
B(T) of G — T must lie inside the component 5(S) of G — S; hence B(T) C B(S). Thus S is a
connected haven of order k+1.

Finally, orient every separation (A, B) of order at most k toward the side containing S(AN
B),ie., (A,B)eT < B(ANB) C B. This T is a connected tangle of order k+1 witnessed
by 5. O

Remark 5.1(Parameter shift and connection to connected tree-width) The equivalence in

Theorem 5.1 uses the standard shift: order k+1 tangles correspond to brambles of order > k.
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Combined with the connected bramble-connected tree-width duality proved earlier,
caw(G) > k <= G has a connected bramble of order >k—1

<= G has a connected tangle of order k.

§6. Conclusion

In this work, we have examined the possibility of defining connected obstructions that charac-
terize the values of connected tree-width and connected path-width.

Future research will further explore tree-width, path-width, and related width parameters
in the context of biconnected graphs [42, 43] and triconnected graphs [44, 45]. In particular,
following [46], we will study the tree-width of biconnected graphs under the name biconnected
tree-width, along with corresponding notions such as biconnected path-width and biconnected
bramble. Analogously, we plan to investigate triconnected tree-width and triconnected path-
width. We also aim to extend tree-width, path-width, and other width parameters to bidirected
acyclic graphs (BAGs) [47, 48], which generalize directed acyclic graphs (DAGs). Specifically,
we will investigate bag-tree-width and bag-path-width, in analogy with the existing notions of
dag-tree-width [49, 50] and dag-path-width [51].

Finally, we intend to generalize the graph-parameter concepts developed in this paper to
two broader settings:

(1) uncertainty-aware graph models, including fuzzy graphs [52], intuitionistic fuzzy graphs
[53], neutrosophic graphs [54, 55], quadripartitioned neutrosophic graphs [56], pentapartitioned
neutrosophic graphs [57], and plithogenic graphs [58].

(#i) hierarchical graph models such as hypergraphs [59] and superhypergraphs [60, 61].
The study of width parameters within these extended frameworks promises new insights into

structural graph theory under uncertainty and hierarchical modeling.
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§1. Introduction

There has been a lot of interest in the topic of finding closed-form formulations for the complex-
ity (number of spanning trees) in various graph types. Enumerating chemical isomers [1]-[2],
extending network analysis methods in psychological networks [3], counting Eulerian circuits
[4]-[5] and resolving unsolvable issues like the traveling salesman and Steiner tree problems [6]
are all important applications of this study area. Additionally, examining various graph types
can help find the most complicated graphs, which has applications for network resilience [7]-[8].
The number of spanning trees 7(G) of a finite connected undirected graph G is an acyclic (n—1)
- edge spanning subgraph. This number can be found in a variety of ways. Kirchhoff [9] gave
the famous matrix tree theorem: if D is the diagonal matriz of the degrees of G and A denote
the adjacency matriz of G, Kirchhoff matrix L = D — A has all its cofactors equal to 7(Q).
Another way to determine a graph’s complexity is to use its Laplacian eigenvalues. Consider
a graph with k vertices that is linked. The following formula was obtained by Kelmans and

IReceived July 4, 2025. Accepted November 18, 2025
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Chelnoknov [10]
k-1
1
7(G) = % H His (1.1)
i=1

where k = p1 > po > -+ > pp = 0 are the eigenvalues of the Kirchhoff matrix L. Degenerating
the graph through successive elimination of contraction of its edges represents the core of
another way to compute the complexity of a graph [11]-[13]. If G = (V, E) is a multigraph with
e € E(G), then G — e denotes the graph obtained by deleting an arbitrary edge e and G.e is the
graph obtained from G by contracting the degree until its endpoints are a single vertex. The

formula for computing the number of spanning trees of a multigraph G is given by
7(G) = 7(G —e) + 7(G.e). (1.2)

This formula is beautiful but not practically useful (grows exponentially with the size of the
g
graph- may be as many as 2/F(@)| terms. For a summary of further techniques and methods

for calculating the number of spanning trees of graphs, see [14]-[17].

82. Electrically Equivalent Transformations

An edge-weighted graph, whose weights represent the conductance of the corresponding edges,
may be thought of as an electrical network, which is why Kirchhoff was motivated to research
electrical networks. The quotient of the (weighted) number of spanning trees and the (weight-
ed) number of so-called thicketsthat is, spanning forests with exactly two components, and the
characteristic that each component contains precisely one of the vertices w,v can be used to
express the effect conductance between two vertices u, v [18]-[21]. The impact of a few basic
modifications on the quantity of spanning trees is listed below. The weighted number of span-
ning trees G is indicated by 7(G) and let G be an edge-weighted graph and G’ be the associated

electrically equivalent graph.

e Parallel edges. When two parallel edges in G, each with conductances u and v, are
merged into a single edge in G’ with a conductance of u+ v, the count of spanning trees, 7(G’),

remains unchanged compared to 7(G).

eSerial edges. If two serial edges in GG, with conductances u and v, are combined into a
single edge in G’ with a conductance of uv/(u + v), then 7(G’) can be calculated as 1/(u + v)
multiplied by 7(G).

o A-Y Transformation. When a triangle in G, with conductances u, v and w is transformed
into an electrically equivalent star graph in G’ with conductances x = (uv + vw + wu)/u,y =
(uv +vw + wu) /v, and z = (uw + vw + wu) /w, the count of spanning trees in G’, 7(G’), can be

determined as (uv + vw + wu)? /uvw multiplied by 7(G).

o Y-A Transformation. If a star graph in G, with conductance u,v and w, is converted into
an electrically equivalent triangle in G’ with conductance © = vw/(u+v4w),y = uw/(u+v+w),
and z = wv/(u+v+w), then 7(G') is given by 1/(u+v+w) multiplied by 7(G). In mathematics,

it is common to derive new structures from existing ones. This principle extends to graphs,
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where numerous new graphs can be generated from a given set. In this study, we determine the
complexity for four novel types of graphs of the same average degree we named G(ln)7 Gé”), Gé")

and Gz(ln) respectively.

§3. Number of Spanning Trees in the Sequences of ng) Graphs

The graph Gg") is defined recursively using the graphs Ggl) (triangle or K3) and ng) as shown
in Figure 1. The graph ng), n = 3 is obtained by replacing the central triangle in the graph
G§2) by a copy of ng). In general, the graph ng) is obtained by replacing the central triangle
in G\" ™Y with G{*. According to this construction, the number of total vertices [V (G{")| and
edges |E(ng))| are |V(G§n))| =9n — 6 and |E(ng))| =16n—12,n =1,2,---. The average

(n)

degree of the graph (G} in the large n limit is 10/3.

AL\

Gllll G]lZF Gltiil

Figure 1. Some sequences of Gg") graphs.

Theorem 3.1 For n > 1, the number of spanning trees in the sequence of the graph ng) 18

given by

4(n=4) ((—384 + 53/42) (8749 + 13501/42)" + 17((13 — 21/42)" (48288 + 7451+/42))?
3(—17(337 + 52v/42) + (31 + 41/42)(337 + 52/42)")2 '

Proof We convert Ggi) to Ggi_l) via the electrically equivalent transformation. The con-

version procedure from G§2) to Ggl) is shown in Figures 2-7 following.

Figure 2
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[N

Hy Hs

Figure 3

€y
3(8e, +3)

3e, +1
8e, +3

H4 H5

Figure 4

Hg Hy

Figure 5
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22e, +1)
e, +13

9e, +5
24e, +13
Hy
Figure 6
13¢, + 7 3¢, +7
24e, +13 24e, +13
13¢, +7
24e, +13
1) _
G1 7H10
Figure 7

The following transformations result from using the attributes listed in Section 2

(2) (6, rm <[22 ”2]37<H1>,

3 €9

2

=

S~—
I

T(Hs) = [Q(QEJMFT(HQ), T(H4):[

3
) = o). 7(H) =9 |22 r(a), 7l = | g o] ),
T(Hg) = T(H7),T(H9) = [M} T(H8)7 T (Ggl)) = T(Hg) .

When these ten transformations are combined, we obtain
- (Gf)) = 4(24es + 13)%7 (Gﬁ”) . (3.1)

Further, by

n

r (V) = [T4@4ei + 13)%r (G17)

=2
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we get that
n 2
. (ng)) =3 x 47&—16% lH(24€Z + 13) y (32)
i=2
where
o — 13e; +7
1T 246, 113
for integers ¢ = 2,3--- | n.
Its characteristic equation is 24t — 7 = 0 with roots t; = —%, and tg = %. Subtracting
these two roots into both sides of e¢;_1 = 21436?_:373 we get
5 _(_\/42)_ 3¢, +7 | VA2 (134 2V/42)(e; + Y2 53)
ot 127 24e;+13 7 12 24e; + 13 '
o (\/42) C 13e;+7 VA2 (13-2VE2)(ei — B 3.0
ot 127 24e; +13 12 24e; + 13 '

eit+ Y2

Let #; = —J&. Then, by Eqgs.

i

4 12
= (337 + 52V/42)(" g,

Therefore,

and consequently,

VA2 (3374 52¢/42) (g, 41

€; = X
Y12 T (3374 52V42) (=g, — 1
. V42 y (337 + 52¢/42)(" Vg, 41
1 =

12 (337 4 52V42)(n—Dg, — 1

(3.3) and (3.4), we get x;_1 = (337 + 52v/42)x; and

(3.5)

Using the expression e,,_1 = L3ent7 and denoting the coefficients of 13e,, +7 and 24e, +13

as h,, and k,,, we have

24e, + 13

e, 1 + 13

24671—2 + 13

246n—i + 13

24e,_(i41) +13

2462 + 13

Thus, we obtain

(G

24e,+13

ho(13e,, + 7)
hy(13e, + 7) )
ho(13ep +7) )
ha(13e, + 7) + ko(24e, + 13)
hi(13en + 7) + k1 (24e, + 13)°

hi(13ey, +7) + k;(24e,, + 13)
hi—1(13€y + 7) + ki—1(24e, + 13)°
hit1(13ep, + 7) + kig1(24e, + 13)
(13e, +7) + ki(24e, +13)

hn—2(13e, +7) + kp—2(24e,, + 13)
hn—3(13€n + 7) + kn_3(246n + 13) '

(24e,, + 13),
(24e,, + 13
(24e, + 13)
(

(

+ ko
+ ki
+ ko

NN PN
— | — — [ —

=3 x 4" tef[hn_o(13e, +7) + kn_o(24e, + 13))?
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13e,+7

where hg = 0,kg = 1 and h; = 24, k1 = 13. By the expression e,,_1 = Sic 713

(3.6) and (3.7), we have

and using Egs.

hi+1 = 26h1‘ - h,;l; k7;+1 = 26]% - ]{71‘71. (39)

Notice that Eq. (3.9) has the characteristic equation u? — 26u + 1 = 0. Its roots are
ug = 13+2v/42 and up = 13—21/42. The general solutions of Eq.(3.9) are h; = aju’ +agub, k; =
biui + bouby. Given the initial conditions hg = 0, kg = landh; = 24,k; = 13, we have

h; = @(13 +2V/42)" — @(13 —2V42)l k; = %(13 +2V/42)" + %(13 —2V/42)". (3.10)

There is no electrically similar transition for ng) if e, = 1. When Eq. (3.10) is inserted
into Eq. (3.8), we obtain

2 40+/42 n—2
T(ng)) = 3x4"te? l(w +140\ﬁ> (13 + 2\/@)

2
+ (W) (13- 2\/15)"_2] (3.11)

for integer n > 2. Notice that the equation (3.11) is satisfied for n = 1 and T(Ggl)) =3 . Thus,
the number of spanning trees in the sequence of the graph T(ng)) is determined by

n _ 259 + 40v/42 n—2
TGy = 3xanle [(‘LM f) (13+2\/E)

2
+ (W) (13- 2@)”21 (3.12)

for integer n > 1,where

o= (337 + 52/42)" "1 (168 + 31V/42) + 17+/42 - (3.13)
LT 12(337 + 52v/42)n1(31 + 44/42) — 204 ' '

The result is obtained by inserting Eq. (3.13) into Eq. (3.12).

84. Number of Spanning Trees in Sequences of Gén) Graphs

The graph ng) is defined recursively using the graphs Ggl) (triangle or K3) and ng) as shown
in Figure 8. The graph G(Q"), n = 3 is obtained by replacing the central triangle in the graph
GéQ) by a copy of GéQ). In general, the graph Gé") is obtained by replacing the central triangle
in Génfl) with Gé2). According to this construction, the number of total vertices \V(Gén))| and

edges |E(Gén))| are |V(ng))| =9n — 6 and |E(Gén))| =15n—12,n = 1,2,---. The average
10

degree of the graph Gé") in the large n limit is 3.
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L /T

) 2) (3)
Gz Gz Gz

Figure 8. Some sequences of graphs ng)

Theorem 4.1 For n > 1, the number of spanning trees in the sequence of the graph Gén) 18

A
given by A—l, where
2

Ar = 3x2079((38 — 27V2)(17 + 12v2)" + (38 + 27V/2) (17 — 12v/2)")?(1055 + 746v/2
+(5 + 4V2) (577 + 408v/2)")?,

By = (=7(577 4 408V/2) + (11 + 6V/2) (577 + 408v/2)™)%.

Proof We convert Gg) to Ggfl) via the electrically equivalent transformation. The con-

version procedure from Gg) to Gél) is shown in Figures 9-14 following.

Figure 9
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HQ H3

Figure 10

3(de, +1)

3(de, +1)
3e, +1

Hy Hs

Figure 11

Hg Hy

Figure 12
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The following transformations result from using the attributes listed in Section 2.

3
T(Hl) = 9627' (Gg)) s T(HQ) = |:3e2 n 1:| T(Hl),
3ea +1
) = X2 v, () = ),
962
4es + 1 3ea +1 3
Hs) = 9 Hy), 7(Hg) = | 27| 7(Hs),
) = 9|32y rta. ottt = |2 | et
15es4+41°
T(Hr) = LQBQJFIJ 7(Hs), 7(Hs)=T(Hr),
(4262 + 11) (1)
Hy) = |27 00 (Hy), ( ) = 7 (Hy).
) = S ), () = 7 (i)
When these ten transformations are combined, we obtain
(G = 2(42e5 + 11)27(GV). (4.1)
Further,
7(G3Y) = [ 2422 + 11)27(GSY) = 3x 2L e3[[ [ (42e; + 11))2, (4.2)
1=2 1=2
where,
2361' +6 .
i—1 = 75 14 :25 PR A
G e i R
Its characteristic equation is 211> —6t—3 = 0 with roots t; = =22 and t, = 1+2¥2, Subtracting
these two roots into both sides of ¢;_1 = 4223::_:r161, we get

1-2v2 2,46 1-2V2  (17+122)[e; — 1502

- _ _ 43

ci-1 7 42¢, + 11 7 42¢; + 11 : (4.3)

L1422 28e+6  1+2v2 (1T 12VD)e — 07 (4.4)

1 7 42+ 11 7T 42¢; + 11 ' '
1-2V2

€;—

Let #; = —— I, then by Egs. (4.3) and (4.4) we get z;_1 = (577 + 408v/2)x; and

7

x; = (577 + 408v/2)"~“x,,. Therefore,

(577 + 408v/2)" (122, — 122

(577 + 408v/2)"~iz,, — 1

%

Thus,

(577 + 408y/2)" 1 (142v2)y, — 12242 (45)
(577 4 408v/2)"—1z, — 1 ' '

€1 =

Using the expression e,,_; = 4223:”:_161 and denoting the coefficients of 23e,,+6 and 42e¢,, +11
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as h, and k,,, we have

42e, +11 = ho(23e, + 6) + ko(42¢,, + 11),
1
12, 1 +11 = hi (23€n + 6) + k1 (426n + 1)’
ho(23e,, + 6) + ko(42e, + 11)
W, 5+ 11 = ho(23e,, + 6) + ko(42¢,, + 11)’
h1(23e, + 6) + k1(42e, + 11)
hi(23e,, + 6) + k;(42e,, + 11)
42e, i +11 = , 4.6
Cn—i hi1(23€n + 6) + ki1 (42¢, + 11) (4.6)
hz 1(236n + 6) + kiJrl (42€n + 11)
2e,_(i 11 = , 4.7
En—(i+1) T hi(23€, + 6) + k;(42¢,, + 11) (4.7)
Moy + 11 = hn—2(23e, 4+ 6) + kp—o(42¢, + 11)'
hn—3(23e, 4+ 6) + kp—3(42e, + 11)
Thus, we obtain
7(GI) = 3 x 27712 [h, _o(23en + 6) + kp_z (426, + 11)]2, (4.8)
where hg = 0,kp = 1 and hy = 42,k; = 11. By the expression e,,_; = 4223ee:j161 and using Egs.
(4.6) and (4.7), we have
hi+1 = 34}11 — hz‘_1, ki-{-l = 34]{}1 — ki—l- (49)

Notice that the equation (4.9) has the characteristic equation u? —34u+1 = 0. Its roots are
w; = 17+12v/2 and us = 17—12v/2. The general solutions of Eq.(4.9) are h; = alui—l—agug, k; =
b1 ui + b2u§

Using the initial conditions hg = 0,kg = 1 and hy; = 42,k = 11, yields

hi = 7‘8[(17+12f) 7‘8[

- (4 _8\@) (17+ 12\/§)i + (4 +8\/§> (17 - 12\/§)i. (4.10)

(17 — 12V/2)1,

There is no electrically similar transition for Gén) if e,, = 1. When the Eq. (4.10) is inserted
into Eq. (4.8), we obtain

1 2 n—2
o) = axetd | (PR (174 2ve)

2
+ <106 475ﬂ> (17 _ 12\@)"_2] (4.11)
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for integer n > 2. Notice that Eq. (4.11) is satisfied for n = 1 and T(Ggl)) = 3. Thus, the

number of spanning trees in the sequence of the graph N, is determined by

1 2 n—2
7(GIM) = 3x2n1e2 [(OG +475\[> (17+ 12\@)

2
+ (W) (17- 12&)”2] (4.12)

for integer n > 1, where

(577 4 408v/2)" (5 + 4v/2) — (1 — 2V/2)
€1 = ,n

(577 + 408/2)n—1(11 + 6v/2) — 7 (4.13)

and the result is obtained by inserting Eq. (4.13) into Eq. (4.12). O

85. Number of Spanning Trees in Sequences of Gg") Graphs

The graph G:(g") is defined recursively using the graphs Ggl) (triangle or K3) and ng) as shown
in Figure 15. The graph Gén) ,n = 3 is obtained by replacing the central triangle in the graph
G?) by a copy of Gz(f). In general, the graph Gén) is obtained by replacing the central triangle
in Génfl) with Gg2). According to this construction, the number of total vertices |V(ng))\ and
edges [E(GS)| are [V(GSY)| = 9n — 6 and |E(GYY)| = 15n — 12,n = 1,2, --. The average
degree of the graph ng) in the large n limit is 13—0.

() ¢)] 0)
G3 G3 G3

Figure 15. Some sequences of ng) graphs.

A
Theorem 5.1 Forn > 1 the number of spanning trees in the sequence of Gén) is given by §2,
2
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where
2 1 ™\ 2
Ay = (237824 3150V/57) <—1 + <8(521 - 69x/57)> ) (798 + 106v/57
1 n ?
+ (8(521 - 69¢57)) (3933 4+ 521V/57)) ,
By = 38088(8"(521 + 69v57) + 2(53 + 7v/57)(521 + 69v57)") .

Proof We convert Gg) to Ggfﬁl) via the electrically equivalent transformation. The con-

version procedure from Géz) to Ggl) is shown in Figures 16-20 following.

G b

Figure 16

H2 H3

Figure 17
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39, +2)

H4 H5

Figure 18

13%, +36 135, +36
18(962 +2) 18(9@2 +2

135¢, +36
18(%e, +2)

135, +36
18(%, +2)

9, +2

e, +2

135¢, +36 135, +36
18(%, +2) 18(%, +2)
Hg H~
Figure 19
19, + 4 19, +4
18¢, +4 18¢, +4
19, +4
18, +4
Hg == Ggl)

Figure 20
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The following transformations result from using the attributes listed in Section 2.

17° 17°
i) = |5] @ ) = |5 rtm. ) =),
3 3
7(Hy) = 9es7(Hs), 7(Hs) = [9@2 n 2] 7(Hy),7(Hg) = 7(Hs),
2
r(Hy) = {96125 } r(He) and T(GSY) = 7(Hy).
€2
When these eight transformations are combined, we obtain
(G = 4(18¢e5 + 4)2r(G{M). (5.1)
Further,
7(GSY) = [[408e; +4)*r(GY) = 3xam e[ [ (18ei + 4)]2, (5.2)
1=2 =2
where 196 + 4
eZ ) — DY
eifl—m,Z—Q,?), , N

Its characteristic equation is 18t> — 15t — 4 = 0 with roots ¢; = 5=v57 and ty = 5+V57

. : . _ 19e;44
Subtracting these two roots into both sides of e; 1 = 1821“‘1’4 ,

we get

557  19¢;+4 557 (234 3V57)[e; — 2547

Gl T T T 1Be v 4 12 2(18¢; + 4) ’ (5:3)
. _5+\/ﬁ:19ei+4_5—\/57:(23—3J57)[ei—5+1ﬁ] 5.4
=t 12 18¢; + 4 12 2(18¢; + 4) ' '
51— =051
Let z; = ﬁ then by Eqgs. (5.3) and (5.4), we get
i— 12
521 + 69+/57 521 + 69v/57 .,
ti1=(————)x; and z; = (———— )" 'z,
8 8
Therefore,
52146957 \n—i ( 5+v57 _ 567
0 — ) (e ) 12
(521+29\/§)n_¢xn 1
Thus,
(521+69\/§)n71(5+\/§) _ 557
e = 8 iz )%n 1z (5.5)

(521+29\/§)n_1mn 1

Using the expression e,,_1 = }gi:ﬁj and denoting the coefficients of 19¢,, + 4 and 18e,, + 4
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as h, and k, , we have
18e, +4 =

18e,,-1+4 =

18e,—2+4 =

18¢,_i+4 =

186n—(i+1) +4 =

18es +4 =

Thus, we obtain

7(GM) =3 x 4" €2 [hp_o(19¢y + 4) + kn_(18e,, + 4)]2,

S. N. Daoud and Ahmed N. Elsawy

h() 19€n + 4) =+ ko 186n + 4),

( (

h1(19e, +4) + k1 (18e,, + 4)

ho(19e,, + 4) + ko(18e,, +4)’
( ( )
( ( )

ho
hi

i

)

)
19e,, +4) + k2(18e, + 4
19e,, +4) + k1 (18e,, + 4

hi

1—1

19e,, +4) + k;(18e,, + 4)
19¢, +4) + k;_1(18e, +4)°

i+1

~l— o~

)

)
19e,, +4) + k;11(18e, + 4)
19e, +4) + k;(18e, +4)

Z

hn—2(19€n + 4) + kn_2(18€n + 4)
hn—3(19e, +4) + kn_3(18e, +4)°

where hg = 0,k = 1 and h; = 18, k; = 4. By the expression

19e¢,, + 4

1= I8¢, + 4

and using Eqs.(5.6) and (5.7), we have

hi+1 = 23}% — 4hi_1, ki+1 = 23]’(}1 — 4]{11'_1.

(5.9)

Notice that the Eq. (5.9) has the characteristic equation u? — 23u + 4 = 0. Its roots are

uy = 23+:;\/57 and uy = 23= 3\/

and the general solutions of Eq. (5.9) are

hl' = ai1uq + a2Uq, ki = blul + b2U2.

Using the initial conditions hg = 0,kg = 1 and hy = 18, k1 = 4, yields

h

19

ks

357 <z3+3\/5*7>i | 3VET (23—3\/ﬁ>i
5 ,

19 2

57 — 557
114

There is no electrically similar transition for Gén)

23+3\/ﬁi 23—3\/ﬁi
) () - ()

if e, = 1. When Eq. (5.10) is inserted

(5.10)
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into Eq. (5.8), we obtain

627 + 83\/57) (23 + 3\/57>"2

Gy = 3x4anle? [( = S

()]

(5.11)

for integer n > 2. Notice that the Eq. (5.11) is satisfied for n = 1 and T(Ggl)) = 3. Thus, the

number of spanning trees in the sequence of the graph ng) is determined by

7(GM) = 3x4anlel [(

57 2

() ()]

for integer n > 1, where

(521+29\/ﬁ)n71(83 + 11\/57) _ (57\/§)

2 n>1
3(52L469V5T)n—1(53 + 7v/57) + 6

€1 =

)

and the result is obtained by inserting Eq. (5.13) into Eq. (5.12).

86. Number of Spanning Trees in Sequences of Gfln) Graphs

627 + 83\/57> (23 + 3\/57>“‘2

(5.12)

(5.13)

The graph Gi") is defined recursively using the graphs Gf) (triangle or K3) and Gf) as shown

in Figure 21. The graph GS”, n = 3 is obtained by replacing the central triangle in the graph

fo) by a copy of Gf). In general, the graph Gfln) is obtained by replacing the central triangle
in Gé(lnfl) with Gf). According to this construction, the number of total vertices |V(G4(1n))\ and

edges |E(G{™)| are [V(G{)| = 9n — 6 and |E(G{)| = 15n — 12,0 = 1,2, --.

degree of the graph Gfln) in the large n limit 13—0.

] 2) 3
G G G

Figure 21. Some sequences of Gi") graph.

The average
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A
Theorem 6.1 Forn > 1 the number of spanning trees in the sequence of Gfln) is given by gg,
3

where

Ay = 32T (2 (17 + 12\/§)n (58 + 41\/5)
. (17 _ 12\/5)" (4756 n 3363\/5) +2 (19601 v 13860\/§)n)

2
)

Bs

(577 4 408V2 + (3 n 2x/§) (577 n 408ﬂ)n)2

Proof We convert Gfli) to fo_l) via the electrically equivalent transformation. The con-
(1)
4

version procedure from Gf) to G’ is shown in Figures 22-27.

1

Figure 22

H2 Hd

Figure 23
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3, +1
3(24¢,+5)

Figure 25

75e, +16
3(24e, +5)

75e, +16
3(24e, +5)

75e, +16
3(24e, +5)

Hg H9

Figure 26
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29, + 6 29e, +6
24e, +5 24e, +5

29, + 6
24e, +5

Figure 27. The transformations from Gf) to Gfll)

The following transformations result from using the attributes listed in Section 2.

T(Hy) = :;]3T(Gg2)),T(H2)_9627(1{1), T(Hg)_{geﬁer(Hz),
) = X2 et (i) = ),

) = 20D riam), ottt = | St i),

7(Hs) = 7(H7), 7(Ho) = {62(‘61:1‘;’)} 7(Hs) and 7(G{") = 7(Hy).

When these ten transformations are combined, we obtain
7(GP)) = 2(24es + 5)27(GL). (6.1)

and further

2
n n
T(GYY) = [[ 2(24e2 + 5)*r(G{Y) = 3x2"1e? lH(Qzlei +5]| . (6.2)
i=2 i=2
where e;_1 = gigig,i = 2,3,---,n. Its characteristic equation is 4t — 4t — 1 = 0 with roots
t1 = % and to = % Subtracting these two roots into both sides of ¢;_; = 532112’ we get
4 _ _1-V2
ei_1_1—ﬁ:29e1+6_1 V2 _ (17 +12V9)fei — 15 ]’ 63)
2 24e; +5 2 (24e; + 5)
. 71+ﬁ729ei+671+ﬁ7(17—12\/5)[%—13—\/5] 64)
=t 2 24e;+5 2 (24e; 4 5) '
o _1-v3
Let z; = “=*~—2—. Then by Eq. (6.3) and (6.4) we get z;_1 = (577 + 408v/2)z; and
s

x; = (577 + 408y/2)"*x,,. Therefore,

(577 + 408v/2)" i (12), — 1=V2

(577 4 408v/2)n—iz,, — 1

€, =
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Thus

(577 + 408v/2)" 1 (12) g, — 1=V2

e1 = 2. 6.5
' (577 + 408v/2)" 1z, — 1 (6:5)
Using the expression e,,_1 = 325”19 and denoting the coefficients of 29e,, + 6 and 24e,, + 5
as h, and k, , we have
24e, +5 = ho(29e, + 6) + ko(24e, + 5),
e, |45 — h1(29e,, + 6) + k1 (24e,, + 5)’
h0(29€n + 6) + k0(246n + 5)
e, 415 — ha(29¢,, + 6) + ko(24e, + 5)’
hq (29€n + 6) + k1<246n + 5)
hi(29¢,, + 6) + k;(24e,, + 5)
24e,_; +5 = , 6.6
€ + hi_ 1(29371 + 6) + ki71(246n + 5) ( )
hiy 1(29€n + 6) + k‘i+1(246n + 5)
24e,_(ix1y +5 = , 6.7
Cn—(i+1) hi(29e,, + 6) + k;(24€, + 5) (6.7)
Yoy 45 — hn—2(29¢,, + 6) + k,,—2(24e, + 5).
hn—3(29€, + 6) + k,—3(24e, + 5)
Thus, we obtain,
7(GU) = 3 x 27 e2[h,_5(29€,, + 6) + kn_o(24e,, + 5))2, (6.8)
where hg = 0,k = 1 and h; = 24, k; = 5. By the expression
. ~ 29e, +6
" e, + 5
and using Eqs. (6.6) and (6.7), we have
hi—i—l = 34h1 - hi—l; ki+1 = 34]{31 - ki—1~ (69)

Notice that Eq. (6.9) has the characteristic equation 8% — 863 + 4 = 0. Its roots are
u; = 174+12v/2 and usy = 17—12v/2 with the general solutions h; = aluﬁ—i—agué, k; = blu’i—i—bgué
of Eq. (6.9). Using the initial conditions hg = 0,ky = 1 and hy; = 18, k1 = 4, yields

hi = §(17+ 12V/2)° — g(n —12V2)7,
ki = (24\5) (17+ 12\/§)i+ (H‘[) (17- 12[) (6.10)

There is no electrically similar transition for Gfln) if e, = 1. When Eq. (6.10) is entered
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into Eq. (6.8), we obtain

7(GI) = 3x2mle? (58‘+;U‘/2> (17-%12\/5)”72
+ (58‘_;““/2> (17-—12\/2)"_2] (6.11)

for integer n > 2. Notice that Eq. (6.11) is satisfied for n = 1 and T(Gfll)) = 3. Thus, the

number of spanning trees in the sequence of the graph Gfln) is determined by

(G) = 3x2vld (58_+;U\/2) (174—12v5)n72
2
+ (W) (17— 12\[2)71—2] , (6.12)

for integer n > 1, where

o BTTHASVED (T 45V + (1-v2) (6.13)

2(577 +408V57)1(3+2v2) +2 T

The result is obtained by inserting Eq. (6.13) into Eq. (6.12).

§7. Numerical Results

The values of number of spanning trees in graphs G(ln)7 G’é”), Gg"), Gfln) are shown in Table 1.

Table 1. Illustrates some values of the number of spanning trees in graphs ng) ,ng), Gg”),Gin).

n g a G a\

1 3 3 3 3

2 4800 5046 6348 7350

3 12929328 11642700 13230000 16964652

4 34857345792 26871324504 27569719488 39154389144

5 93975197203200 62018970370608 57451908926208 90368262289200

6 253356573941563392  143139676130037600 119722720360320000 208569792745923936

88. Spanning Tree Entropy

After having explicit Formulas for the number of spanning trees of the sequence of the three
families of graphs ng), Gén), ng) and Gé(ln) we can calculate its spanning tree entropy Z which

is a finite number and a very interesting quantity characterizing the network structure, defined
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as in [22]-[23] as for a graph G,

. InT (G)
Z (@) = lim . 7.1
(@) = 71
Then,
1
Z(G"y = 5 (Inl4] —2in [337 + 52\/42} + 2In[8749 + 1350v/42]) = 0.8777246967,
ziamy — 1 Va2l =
@) = 3 (ln[2] + 21n{17—|— 12 2]) — 0.8604595419,
2
Z(GM) = S (ln [23782 + 3150\/57] “In [521 + 69\/57}) — 0.8491094948,
1
Z(G\) = 5(n (2] —2in [577 + 408\/5} + 2In[19601 + 13860v/2]) = 08604595419.

Now, we compare the value of entropy in our graphs with other graphs. It is clear that
the entropy of the ng) graph is greater than the other three graphs and the entropy of the
Gén) graph is smaller than the other three graphs and G(Qn) and Gfln) have the same entropy .In
addition the entropy of our studied graphs ng), ng), Gén) and Gfln) is smaller than the fractal
scale free lattice [24] which has the entropy and two dimensional Sierpinski gasket [25] which

has the entropy of the same average degree 4.

89. Conclusions

In this work, we enumerate the number of spanning trees in the sequences of four sequences of
graphs of average degree four based on some nono-hedral graphs using electrically equivalent
transformations. An advantage of this method lies in the avoidance of laborious computation

of Laplacian spectra that is needed for a generic method for determining spanning trees.
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Abstract: In this paper, we introduce a new class of interpolative Reich-Rus-Ciri¢-Meir—
Keeler pair contractions and establish common fixed point results in complete metric spaces.
These results generalize and unify several known fixed point theorems in the literature. An
application to a nonlinear integral equation is also provided to demonstrate the usability of

the obtained results.
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§1. Introduction

The study of fixed point theorems has long been a central theme in nonlinear analysis due to
its wide-ranging applications in integral and differential equations, optimization, and dynamic
systems. A foundational result in this area is the Banach Contraction Principle [1], which
ensures the existence and uniqueness of fixed points for contractive self-mappings in complete
metric spaces. Over the decades, this classical theorem has been generalized in various directions
to accommodate more complex nonlinear structures.

One such direction was initiated by Reich [8, 9], who relaxed the strict contraction require-
ment, followed by Rus [11, 12], who introduced generalized contractive conditions involving
control functions and modified distance expressions. Simultaneously, the contribution of Meir
and Keeler [7] introduced a dynamic contractive condition through a control function, enabling a
more nuanced view of convergence behavior. Further developments by Ciri¢ enriched this land-
scape by incorporating multi-term conditions that compare multiple distances among points
and their images.

In recent years, there has been growing interest in synthesizing these diverse contraction

1Received August 28, 2025. Accepted November 20, 2025
2% Corresponding author
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principles into unified frameworks using interpolative techniques. These approaches have proven
especially powerful in extending classical results while maintaining generality and applicability.

Motivated by this synthesis-based perspective, the present work introduces a new class
of contractive pairs, namely the interpolative Rez’cthusfC,’iriéfMeiereeler—type contractions.
These contractions merge the essential features of several well-established contraction schemes
and offer a unified structure that encompasses a wide range of fixed point results.

Our main contributions are as follows:

e We introduce a new contractive framework involving two self-maps that interpolate be-
tween Reich-type, Rus-type, Cirié—type, and Meir—Keeler-type conditions.

e We establish fixed point theorems for such pairs in complete metric spaces and prove the
existence and uniqueness of common fixed points under suitable conditions.

e We demonstrate, through examples, that our results properly generalize and extend
several classical theorems.

e As an application, we explore a class of nonlinear integral equations and show how the

developed fixed point results guarantee the existence of solutions.

The proposed results not only advance the theory of fixed points in metric spaces but also

provide new tools for tackling nonlinear equations with complex contractive structures.

§2. Preliminaries

We begin by outlining key definitions and foundational results relevant to our study.

Definition 2.1([7]) Let (X,d) be a complete metric space. A mapping T: X — X is said to

be a Meir-Keeler contraction on X, if for every e > 0, there exists § > 0 such that
e <d(a,b) <e+6 = d(%Ta,Tb) <e, Va,be X. (2.1)
We call (2.1) the Meir-Keeler contraction.

Theorem 2.2([7]) On a complete metric space (X,d), any Meir-Keeler contraction T: X — X

has a unique fized point.

Definition 2.3([4]) Let (X,d) be a complete metric space. A mapping T: X — X is said to be
an interpolative Kannan type contraction on X, if there exist u € [0,1) and o € (0,1) such that

d(Ta, Tb) < pld(a, Ta)]*[d(b, Tb)]* 2, (2.2)

for every a,b € X \ Fiz(%), where Fiz(%) = {a € X|%Ta = a}.

Theorem 2.4([4]) On a complete metric space (X,d), any interpolative Kannan-contraction
T: X — X has a fized point.

Definition 2.5([5]) Let (X, d) be a complete metric space. A mapping T: X — X is said to be

an interpolative Kannan-Meir-Keeler type contraction on X, if there exist p € [0,1) such that
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for every a,b € X \ Fiz(%) we have

(1) Given € > 0, there exists § > 0 so that
e < [d(a,%a)]*[d(b,ZD)]' ™ < e+ 6 = d(Ta,Th) <e, (2.3)

(2) There is
d(Ta, Tb) < pld(a, Ta)]*[d(b, Tb)]* . (2.4)

We call this, the Kannan Meir-Keeler interpolative contraction condition.

Theorem 2.6([5]) On a complete metric space (X,d), any generalized interpolative Kannan-
Meir-Keeler type contraction T: X — X has a fized point.

The following theorem, independently established by Reich, Rus, and Ciri¢ [8, 9, 10, 11,

12], serves to unify and extend the classical fixed point results of Banach and Kannan [1, 2].

Theorem 2.7 Let (X, d) be a complete metric space. Let T: X — X be a given mapping such
that
d(Ta,Tb) < pld(a,b) + d(a, Ta) + d(b, TH)),

for all a,b € X, where p € [0,3). Then, T has a unique fized point in X.

Notice that several variations of the Reich contraction condition (2.7) can be formulated.

One may state the following general forms or modifications
d(%a,Th) < ad(a,b) + Bd(a, Ta) + vd(b, Tb),

for all a,b € X, where «, 3,7 are non-negative reals such that a + 8+ v < 1.
Inspired by the above theorem, Karapmar, Ravi Agarwal and Hassen Aydi [6] introduced

the concept of interpolative Reich-Rus—Cirié—type contractions.

Definition 2.8([6]) Let (X,d) be a metric space. We say that the self-mapping T: X — X is
an interpolative Reich-Rus-Ciri¢ type contraction if there exists pn € [0,1) and o, 8,7 € (0,1)
with o + B < 1, such that

d(%a, %) < pld(a,b)]?[d(a, Ta)]®[d(b, Tb)]* 5,
for all a,b € X\ Fix(%).

Theorem 2.9([6]) Let (X,d) be a complete metric space and T: X — X be an interpolative
Reich-Rus-Cirié type contraction. Then, ¥ has a fixed point in X.

This paper introduces a new class of interpolative Reich—Rus—Cirié—Meir—Keeler—type con-
tractions involving a pair of self-mappings and provides illustrative examples to support the
theoretical findings.
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83. Main Results

Definition 3.1 Let (X,d) be a metric space. Two self-mappings ¥,6: X — X are said to
form an interpolative Reich-Rus-Cirié type contraction pair if there exist constants p € [0,1)
and «, B € (0,1) with o + 8 < 1, such that for all a,b € X \ (Fix(%¥) N Fix(6)), the following
inequality holds

d(Ta, &b) < pld(a,b))’[d(a, Ta)]*[d(b, &b)] ~*F. (3.1)

Theorem 3.2 Let (X,d) be a complete metric space and let T,&: X — X be two self-mappings
that form an interpolative Reich-Rus -Cirié type contraction pair. Then, T and & have a
common fixed point in X.

Proof Let ag € X be arbitrary. Define a sequence {a,}52, in X by the rule:
an41 = Ta, forallneN.

Suppose there exists ng € N such that a,, = ano+1 = Tan,. Then, a,, € Fix(T). If further
Uny = Say,, then a,, € Fix(T) NFix(6) and the proof is complete.

Now suppose that a,, # an41 for all n € N. We apply the contractive condition (3.1) to
the pair a = a,, and b = a,_1:

d(Tan, San_1) < pld(an, an1)]” [d(an, Tan)]* [d(an-1, San_y)] "
But by construction, we have
ant1 = Tan, an=6a,_1, sothat d(Tan,San—1)=d(ans1,an).
Substituting back, we obtain
d(ans1,an) < p[d(an, an-1))" [d(an, an1)]* [dan-1,a0)]' =77
Combining the powers on the right-hand side:
[d(an+1,a0)]' ™ < pld(an-1,an)]' .
Since 0 < o < 1, we can take (1 — «)-th root on both sides
d(ant1,0n) < uﬁd(an,l,an).

Using recursive application of this inequality, we obtain

_1
d(ant1,an) < pi=od(an, an—1)
141 _n_
< prad(an—1,an—2) < --- < pt-ad(ar, ap).
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Since 0 < p < 1, this implies

nhHH;O d(ant1,an) = 0.

To show {a,} is Cauchy, for any r € N, we estimate

r—1
d(any an+r) < d(an+ka an+k+1)
k=0
r—1 , r—1 .
<d(a1,a0) ) _pi== = pT-=d(as,ao) Z/ﬂ*“
k=0 k=0

k
The geometric sum Z:io pT== is convergent, so,
d(an, antr) < C - ulﬁiﬂ for some C > 0.

Hence, lim, o0 d(an, antr) = 0 for each fixed r, and so {a,} is a Cauchy sequence.
Since (X, d) is complete, there exists a* € X such that
lim a, =a*.

n— oo

Now, we prove that a* is a common fixed point of T and &.
Assume, for contradiction, that a* # Ta*. Then d(a*, Ta*) > 0. Applying (3.1) to the pair

a = a, and b = a*, we get
A(Tan, Ga*) < pld(an, a*)]’ [d(an, Tan))® [d(a*, Sa*)] 77 .
Denoting A,, = d(an+1,6a*), By, = d(ay, ant1), we rewrite
A, < pAPBS [d(a", &a")] .
Dividing both sides by A? (for large n where A,, > 0), we obtain
AL < pBg [d(a®, &a™)]) T
Letting n — oo, we find B,, — 0, so A,, — 0. Hence,
lim d(ap+1,6a") =0 = Ga* =a".
n—oo
Since apt+1 = Ta, and a, — a*, we also get:
lim apy1 =%a* =a*.
n—oo

Therefore, a* € Fix(%) N Fix(&). This completes the proof. O

Definition 3.3 Let (X, d) be a metric space. We say that two self-mappings T, &: X — X form
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an interpolative Reich-Rus-Ciri¢-Meir-Keeler type contraction pair if there exists pn € [0,1) and
a,B € (0,1) with a+ B < 1 such that for all a,b € X \ Fiz(%) N Fiz(S),

(1) Given € > 0, there exists 6 > 0 such that
e < pld(a, b))’ [d(a, Ta)|[d(b,Sb)] ¢ P < e+ = d(Ta,&b) <, (3.2)

(2) There is
d(Ta, &b) < pld(a, b))’ [d(a, Ta)]*[d(b, &b)] ~—~. (3.3)

Theorem 3.4 Let (X,d) be a complete metric space. Suppose that T,&: X — X satisfy the
interpolative Reich-Rus-Cirié -Meir-Keeler type contraction conditions as defined above. Then,
T and S have a unique common fized point in X.

Proof Let ag € X be arbitrary. Define a sequence {a,} recursively by

a2n4+1 = (Z(agn)7 aAon+2 = G(a2n+1) for all n Z 0.

Assume a,, # a,41 for all n € N. Otherwise, if a,, = a,,+1 for some n, then a,, is a common

fixed point of both ¥ and &, and the proof is complete.
We now show that the sequence {a,} is Cauchy. From the construction
agny1 = E(azn), azni2 = G(aznt1),
apply the contractive condition (3.3) to the pair (asp, a2n+1) by

(602n+1, fazn)

=d
< pld(agn, azni1)]P[d(azn, Taz,)|*[d(azni1, Sagn 1))~ 7?
—a-8
U .

d(a2n+2, 02n+1)

[d(azn, a2nt1)]°[d(a2n, a2n41)]* [d(a2n11, G2n42)]"

Rewriting, we get

d(aznt2s a2n11) < prld(azn, azn41)]* P ld(aznt2, azni1)] 7.

Dividing both sides by [d(azn12,a2,41)]'~*~? (note: positive as a, # an41), we get
d(aznt2, a2n11)* 1P < pld(agn, azni1)]*t7. (3.4)

Since p € [0,1) and a+ 3 > 0, the sequence {d(az,, azn+1)*T?} is decreasing and converges
to 0. Hence,

nhHH;O d(an,ant1) = 0.
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We now prove that {a,} is a Cauchy sequence. For m > n, consider

m—1

d(an;am) S Z d(ak,ak+1).
k=n

As d(ag, ar+1) — 0, this implies that {a,} is Cauchy. Since (X, d) is complete, there exists
a* € X such that

lim a, =a®.
n—oo

We now show that a* is a common fixed point. From the construction

aont+1 = %(azn), Q2ny1 = a*, agy, —»a* = %F(a*)=a".

agn12 = 6(a2n+1), aont+1 — a*, a2n42 — a* = 6(0,*) =a”*.

Thus, a* is a common fixed point of both ¥ and &.
To prove uniqueness, suppose u,v € X are two distinct common fixed points, i.e., Tu = u

and Gv = v. Then, from condition (3.3) we have

d(u,v) = d(Tu, Gv)
< pld(u, )] [d(u, Tu))*[d(v, Sv)] ' 7
= pld(u,v)]? - 0% -0 =,

which implies d(u,v) = 0, i.e., u = v. Hence, the common fixed point is unique. O

84. Numerical Example

Example 4.1 Let (X, d) be the real line R with the usual metric d(z,y) = |x — y|, which is a
complete metric space. Define the self-mappings ¥, &: R — R by

S(2) = .

e First, we observe that both mappings are contractions. Moreover, T(z) = x and &(z) = x
imply = 0 is the unique common fixed point, i.e.,

Fix(%¥) N Fix(&) = {0}.

o Let p= %, a=0= i, so that o + 8 = % < 1. We show that the pair (T, S) satisfies the
interpolative Reich-Rus-Cirié¢-Meir-Keeler type contraction condition.

For any a,b € R\ {0}, we compute

3a —2b
12

d(Ta, Gb) = Z— Z’ =
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a| 3la b 5|b]

S P = p— 2| =22

d(a,%a) ’a 4’ 1 d(b, Gb) ' 6’ =
d(a,b) =|a —b|.

The right-hand side of the inequality from Definition 3.3 (inequality (3.3)) is

al\ M4 1/2
e e, -, Sa)l - . @0 = oot (H) L (B

As |al, |b] vary, it is easy to verify numerically or analytically that
d(Ta,6b) < - [d(a,b)) - [d(a, Ta)]* - [d(b, &B)] 7,

and also the implication form of the inequality (condition (1)) is satisfied due to continuity

of the involved expressions.

e Next, we verify that T and & each satisfy the Meir—Keeler condition.

For T(x) = 7, we have

Ty
ATz, Ty) = |7 - 4| = 7l —yl = Jd(a,y).
Given € > 0, choose 0 = 3e. Then, for all z,y with ¢ < d(z,y) <&+,

d(%Tx,Ty) = id(x,y) < i(s +9) = 3(46) =e.

Thus, T satisfies the Meir-Keeler condition. Similarly, &(z) = § satisfies
1
and choosing § = 5¢ ensures
1 1
d(6z,6y) < 6(6 +0) = 6(65) =e.

e Therefore, both ¥ and & satisfy the Meir-Keeler condition, and the pair (T, &) satisfies

the interpolative Reich-Rus-Ciri¢ -Meir-Keeler type contraction conditions.

By Theorem 3.4, ¥ and & have a unique common fixed point in R, namely,

T(0) = 0 = &(0).

85. Application to Nonlinear Integral Equations

In this section, we demonstrate how the fixed point theorem for interpolative Reich-Rus-Cirié

-Meir-Keeler type contraction pairs can be applied to prove the existence and uniqueness of a
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solution to a class of nonlinear integral equations.

Consider the nonlinear integral equation of the Volterra-Hammerstein type

ut):/o K(t,s)f(s,u(s))ds, t e [0,1], (5.1)

where K : [0,1] x [0,1] — R is a continuous kernel and f : [0,1] x R — R is a continuous

nonlinearity.

Let X := C([0,1],R) be the Banach space of real-valued continuous functions on [0, 1]

equipped with the supremum norm

d(u,v) = ||lu — v||eo = sup |u(t) —v(t)|.
te[0,1]

)

Define two self-mappings T, & : X — X by

) :/0 K(t,s)f(s,u(s))ds, (Gu)(t) ::/0 K(t,s)f(s,u(t))ds.

Assume that the following conditions hold

(A1) The kernel K(t,s) is continuous and satisfies |K(t,s)| < M for all ¢,s € [0, 1], for
some M > 0.

(A2) The function f(t,x) satisfies a generalized Holder condition: there exist constants
L >0 and v € (0,1) such that

[f(tx) = f(t,y)| < Lle —y[?, Vte0,1], z,y eR.
(A3) The parameters p € [0,1), o, 8 € (0,1) satisfy a+ 8 < 1 and
pwi=ML<1.

Now, we verify the interpolative condition. Let u,v € X. Then we have

d(Zu, Gv) sup / K(t,s)[f(s,u(s)) — f(s,v(t))] ds
te[0,1]
< / K (t,9)] - [£(5,u(s)) — £(s,0(t)|ds
<M / o(t)[ds < ML - ju—v|[" = o [d(u, v)]".

To obtain the full interpolative structure, note
d(Tu, &) < pu- [d(u, v)]” - [d(u, Tu)]* - [d(v, Sv)]' =P

for suitable values of u, «r, 8 satisfying u = ML <1, «+ 8 < 1. Moreover, the continuity of
f and K ensures that the Meir-Keeler condition is satisfied due to the smooth behavior of the
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modulus of continuity.
Hence, by Theorem 3.4, the mappings ¥ and & have a unique common fixed point in X,

which is a unique solution of the integral equation (5.1).

Example 5.1 Let us consider

K(t,s)=ts, f(s,x)= ﬁ, for t,s € [0,1], z € R.
Then,
|K(t,s)] <1-1=1, soM =1.
For f(s,z) = 1357, we compute

1
[f(s,2) = f(s,9)| < |z —yl”, withy= 3 and L = 1.
Thus, the Holder condition is satisfied, and we can choose y = ML = 1-1 = 1, but for
contraction we need p < 1. So, slightly modify

T 1

1
for) =5 1 = 1=

Then, all assumptions are satisfied with

Hence, the integral equation

[t u(s)
u(t)—/o ts S0+ u(s)?) ds,

has a unique solution in C(]0, 1],R) by our theorem.

By Theorem 3.4, we conclude that the mappings ¥ and & have a unique common fixed
point in C[0,1]. Therefore, the boundary value problem has a unique solution u* € C|0, 1]
which satisfies

/Gts ds— /Gts —(u"()? gs.
1+ (u

This illustrates the effectiveness of the fixed point approach for establishing the existence and

uniqueness of solutions to nonlinear differential equations.

86. Conclusion

This paper introduced common fixed point results for interpolative Reich-Rus-Ciri¢-Meir—
Keeler type contraction pairs in complete metric spaces. The results generalize several known
theorems and were supported by illustrative examples. An application to nonlinear integral
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equations demonstrated the usefulness of the theory. These findings open potential directions

for further research in generalized metric settings and applications.
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Abstract: In this paper, we present new results on group divisible designs (GDDs) of block
size four on three groups of different sizes ny = 5, no = n and n3 = n+ 1 where n > 5
with indices A1 and A2. Here, we first establish necessary conditions for the existence of
GDD(5,n,n+1,4; A1, A2) using relationships between parameters of the GDD. Secondly, we
prove that these conditions are sufficient for several families of the GDDs and later give a

general construction where parameters satisfy all the necessary conditions.
Key Words: Blocks, balanced incomplete block designs, group divisible designs.
AMS(2010): 05B05.

§1. Introduction

The arrangements of numbers in different patterns have a long history which dates back to the
eighteenth and nineteenth centuries such as in the works of Euler, Kirkman, Cayley, Hamilton,
Sylvester, Moore and others [9]. Such arrangements generally are called designs. Design theory
is categorized into three designs that is combinatorial, algebraic and algorithemic also called
computational. Combinatorial design theory is a branch of mathematics which deals with the
study of existence, construction and properties of finite sets whose arrangements satisfy concepts
of balance and symmetry [9]. For example equality of the size of the subsets and equality of
occurence of a particular element or pair of distinct elements may be needed. In combinatorial
design theory, balanced incomplete block designs (BIBDs), pairwise balanced designs (PBDs),
latin squares, and group divible designs (GDDs) has been regarded as the most studied areas
in mathematics with many designs [3]. Group divisible designs have been studied for their
usefullness in statistics [1] and there are important applications in construction of other types
of combinatorial designs such as packings and frames [2] and moreso, are also applicable to
designs of different sizes (that is non-uniform GDDs) that are used to fit in various situations
[2]. Unfortunately, comparing with uniform GDDs, much less is known on the construction of
non-uniform ones. One major reason is that no appropriate algebraic or geometric structures
have been found for the construction. In this research, focus shall be put on group divisible
designs with block size four solving the problem when the design has three groups of different

sizes.

1Received August 22, 2025. Accepted November 24, 2025
2% Corresponding author
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Definition 1.1 A group divisible design-GDD(n,m,k,\1,\2) is a collection of k-element subsets,

called blocks, of an nm set (V-set), where the elements of V are partitioned into m subsets

(called groups) of size n each; each point of V' appearing in r = /\1(”71();_)‘12)”(7"71) blocks, and

b= 7% blocks.

A GDD with parameters (n1+na+ns, k; A1, A2) has three groups of different sizes ni, ns
and ng. For example, the GDD(1424n,3; A1, A2) [6], GDD(1+1+4n,3;1, A\2) [4], GDD(1,n,n+
1,4; A1, A2), GDD(2,n,n+1,4; A1, A2), GDD(3,n,n+1, 4; A1, A2) [7], and GDD(4, n,n+1,4; A1, A2)
[7] have been studied. Though, there are many parameter sets where the answer to the existence
of particular designs is not yet known [11]. For this reason therefore, this research paper intends
to study and establish the necessary conditions for the existence of GDD(5,n,n + 1,4; A1, A2)
when ny = 5,75 =n and n3 = n+1 when A\; =0 (mod 3), and Ay =0 (mod 6) where \; = 3t
for all ¢ > 1 using relationships between parameters of the GDD. Secondly, we prove that these
conditions are sufficient for several families of the GDDs and later give a general construction

where parameters satisfy all the necessary conditions.

Example 1.1 A GDD (3,3,4;3,1) has a pair of elements from the same group occurs together
in three blocks and a pair of elements from different groups occurs together in one block, that
isif V= 4{1,2,3,4,5,6,7,89}, G1 = {1,2,3}, G2 = {4,5,6}, and G5 = {7,8,9} and the blocks
{1,2,3,4},{1, 2,3,5},{1,2,3,6}, {4,5,6,7},{4,5,6,8},{4,5,6,9},{7,8,9,1},{7,8,9,2} and {7,8,9,3}.

Theorem 1.1([5]) Ifn =0,4 (mod 6), then there exists a minimal odd GDD (n, 3,4;2n,n—1).
If n =2 (mod 6), then there exists a minimal odd GDD (n,3,4;6n,3(n — 1)).

Proof For n = 0,4 (mod 6) there exists a BIBD(n, 3,2) with replication number n — 1.
Use the size three blocks from n copies of such a design based on the n points of group 1 to fill
three of the spaces of a size four block. Fill in the fourth place with, say, point z; from group
2. Do this for every point from group 2 using the n copies of the BIBD. This puts each point
of Group 1 in a block with every other group-mate 2n times, and A; = 2n. Now, using n copies
of a BIBD(n, 3,2) based on group 2, fill in with the points from Group 3. Using n copies of a
BIBD(n,3,2) on group 3, fill in with the points from group 1. This creates the desired GDD.
When n = 2 (mod 6), there exists a BIBD(n,3,6) with replication number 3(n — 1). Repeat
the previous construction for this n. O

Lemma 1.1([8]) Relationship between the parameters of a BIBD (v,b,r,k,\). In a BIBD
(v,b,7,k, \), the parameters must satisfy the necessary conditions.

(1) AMo—=1)=r(k-1);
(ii) A (v,k, ) has exactly vr =k x b, implies b = 4.

Theorem 2.2([8]) In a (v,k,\) BIBD,

(i) Every point occurs in exactly r = )‘(U:ll)) blocks;

G
(i) There are b= 4 = ?((15:11))-

Corollary 1.1([8]) If a (v,k, \) BIBD exists, then A(v—1) =0 (mod k—1) and Aw(v—1) =0
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(mod k(k —1)).

§2. Results on the Existence of GDD (5,n,n+ 1,4; A1, A2)

Here, we establish and prove that the necessary conditions for the existence of group divisible

design-GDD(5,n,n + 1,4; A1, A2) exist as well as giving its general construction.
2.1. Parameters of the GDD (5,n,n + 1,4; A\, A2)

For GDD(5,n,n + 1,4; A1, A2) with block size four and three groups of different sizes 5,n and
n+1, has replication numbers, r; for ¢ = 1,2,3 are from r; = w, ro = M
and r3 = w The GDD has (n?+10)); first associate pairs and (n?+411n+5)\y second

associate pairs.

2.2. Necessary Conditions for the GDD (5,n,n + 1,4; A1, A2)

(1) AM + (2n+1)A2 =0 (mod 3) and (2n+ 1)A\2 =0 (mod 3);
(#11) (n—1)A + (n+6)A2 =0 (mod 3);
(791) nA1 + (5+n)A2 =0 (mod 3);

(iv) (n? +10)A\1 4+ (n? + 11n +5)A2 =0 (mod 6).

83. Main Results

Theorem 3.1 A GDD (5,n,n+1,4; A1, \a) exists if the necessary condition 4X1+(2n+1)Ay =0
(mod 3) and (2n+ 1)Ay =0 (mod 3) holds.

Proof By counting the replication numbers r; for elements of the i*" group, the replication
number for elements in GG; is obtained from r; = w. Since rq is a positive integer,
then 4\14+(2n+1)A2 = 0 (mod 3). Again 3|4\ remains and for the case of 3|(2n + 1)z, gives
(2n4+1)Ay = 0 (mod 3). Now, consider the parameters of the GDD(v, g, m, k; A1, A2) where
block size k = 4, group size ¢ = n and number of groups m = n + 1, let us proceed with the
proof. Assuming that a GDD(5,n,n + 1,4; A1, A2) exists, then the design has the following
parameters: block size k = 4, group size g = n, number of groups m = n + 1, total number of
elements V = gm = n(n + 1) together with indices A\, and Ay. Consider an arbitrary element
z in the GDD. let r be the number of blocks containing x. Now, let us consider the possible

values of n (mod 3).
Case 1. n=0 (mod 3).

The first congruence becomes (0 —1)A\; +02X\2 = —A; = 0 and this implies A\; = 0 (mod 3).
The second congruence becomes: A1 + (2(0) +1)A2 = 04+ A2 = Ay (mod 3). Since \; = 0, from
3r = (n — 1)A1 +n?Xa, we have 3r = (—1)(0) + (0)A2 = 0, which gives no direction constraint
on Ay . However, for the GDD to exist, the parameters must be consistent.

Case 2. n=1 (mod 3).
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The first congruence becomes (1 — 1)A; + 12Xy = 0\ + X2 = X2 = 0 (mod 3). The
second congruence becomes: A1 + (2(1) + 1)Aa = A1 + 3y = A\ + 0y = A\ (mod 3). From
3r = (n — 1)A; +n?Xa, we have 3r = (0)A; + 1\2. Since 3r =0 (mod 3), then Ay =0 (mod 3)

which is consistent and thus A\; =0 (mod 3).
Case 3. n=2 (mod 3).

The first congruence becomes (2 — 1)A; + 2209 = A1 +4X2 = A1 + Ay = 0. This implies
A1 = —A2 = 2)\; (mod 3). The second congruence becomes: A1 + (2(2) + 1)Aa = A\ + 5Ag =
A1+ 2)y (mod 3). Now, substituting A\; = 29, we get 2Xy + 2A3 = 4\ = Ay (mod 3). From
3r = (n— 1)\ + 12X\, we have 3r = (1)A\; + (1)A\a = A; + Xa. Since 3r = 0, \; + Ay = 0, which
is consistent with Ay = —Ay (mod 3). Thus, Ay = 0 (mod 3), which implies \; = 0 (mod 3)

and this satisfies the necessary condition. O

Remark 3.1 In all cases, the condition (n — 1)\ + 22Xy = 0 (mod 3) and this leads to
A1+ (2n+1)A2 =0 (mod 3) which gives the necessary condition 41 + (2n+1)A2 = 0 (mod 3)
and (2n+ 1)A2 =0 (mod 3).

Theorem 3.2 A GDD (5,n,n+ 1,4; A\, A2) exists if the necessary condition (n — 1)\ + (n +
6)\2 =0 (mod 3) holds.

Proof The replication number for elements in G5 is obtained from ro = w.
Since ry is a positive integer, then (n — 1)A; + (6 + n)A2 = 0 (mod 3). First, we prove that
the necessary conditions for the GDD(5,n,n + 1,4; Ag, \2) exists. Let V = n(n + 1) be the
total number of elements. Let b be the number of blocks. We derive the necessary conditions
by considering the counting of pairs. Counting pairs involving a specific element: Consider an
arbitrary element x which belongs to one group of size n + 1. Within its group, there are n
other elements . Each pair involving z and another element in the same group appears in A\;
blocks. There are n — 1 other groups, each of size n + 1. So, there are (n — 1)(n + 1) elements
in the other groups. Each pair involving x and an element from a different group appears in A,
blocks. Now, let us count how many times x appears in all the blocks. Let r be the number of

blocks containing x. Each block has size 4, so counting the pairs involve z in two ways, i.e.,

(4-1r (M)A + (n = 1)(n +1)As,
3r = (n)A1+ (n? — 1\, (1)

4

2) = 6 pairs, we also

Since the total number of pairs is (”(”’;1)) and each block contains (

relate the total number of pairs to A; and Ao, i.e.,

b(é) - n(n;1>>\1+<g>(n+l)2)\27

6b — n((n —1—21)n)\1) N n(n — 1)2(71 + 1)2>\27
120 = nP(n+ DA +n(n—1)(n+1)>%X (2)

Also, by counting the total number of elements in all blocks, we have 4b = vr = n(n+ 1)r,
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so b= W7 substituting this into
1
IQW =n*(n+ 1A +n(n —1)(n+1)*Xs, (3)
ie.,

3nr(n+1) =n?*(n+ DA +n(n —1)(n+1)%X,.

Dividing it by n(n + 1) (assuming n > 1), we get
3r=nA\+ (n—1)(n+ DA =nA + (n? — 1A

However, this is consistent with equation (1). Now, let us look at the modular conditions.
The proof involves counting arguments modulo 3, considering the number of blocks and the
nature of the design. The condition (n — 1)A; + (n + 6)A2 = 0 (mod 3) can be re-written as
(n—1)A1 +nX2 =0 (mod 3) (since 6 =0 (mod 3). Given A\; =0 (mod 3), this simplifies to
nA; =0 (mod 3). From th second derived condition (2n + 1)A2 = (—n 4+ 1)A2 =0 (mod 3). If
the ged(—n + 1,n) = ged(—n + 1+ n,n) = ged(1,n) = 1, then we must have Ay = 0 (mod 3),
which satisfies nAs = 0 (mod 3). If the ged(—n + 1,n) # 1, then n = 1 (mod 3). In this
case, (—n + 1)A2 =0 (mod 3), and the second condition is satisfied regardless of A2. The first
condition becomes: (1)A2 = Ay = 0 (mod ), so nA2 = 1.0 = 0 (mod 3). Thus, the necessary
condition (n — 1)A; 4+ (n 4 6)A2 =0 (mod 3) hold. O

Theorem 3.3 A GDD (5,n,n+1,4; A1, \o) exists if the necessary condition n\1+(5+n)ra =0
(mod 3) holds.

Proof The replication number for elements in G5 is obtained from r3 = w Since
r3 is a positive integer, then nA;+(5+n)Ao = 0 (mod 3). For a GDD(5,n,n + 1,4 : A1, A1),
we have the fundamental equations: 3r = (n)A; + (n? — 1)\g and 12b = n?(n + 1)A\; + n(n —
1)(n + 1)2)\5 and the derived necessary modular condition: 4X\; + (2n + 1)A\2 =0 (mod 3) and
this implies A1 + (2n + 1)A2 = 0 (mod 3) which gives (2n + 1)\ =0 (mod 3). From these, we
deduce that Ay = 0 (mod 3). Now, we want to show that nA; + (5 +n)A2 =0 (mod 3) must
hold. This condition simplifies to

nA\ + (2+n)d2 =0 (mod 3). (%)
Substituting A; =0 (mod 3) into (*), gives n(0) + (2 +n)A2 =0 (mod 3) and this yields
(24 n)A2 =0 (mod 3). (k)

Now, let us consider the second derived modular in necessary condition one (2n+1)Ay =0
(mod 3), which is equivalent to (—n 4+ 1)A2 = 0 (mod 3). We have two congruences involving
A2 (n+2)A3 =0 (mod 3) and (—n + 1)A2 = 0 (mod 3). Adding these two congruences gives
(n4+2)A2 + (—n 4+ 1)A2 = 04 0 (mod 3) and this gives 3A\2 = 0 (mod 3) and this implies
0 = 0 (mod 3). This does not directly give information about n or As. Now, let us consider
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the possible values of n (mod 3).
Case 1. n=0 (mod 3).

From (**), (24 0)A2 = 2X2 = 0 (mod 3) and this implies Ay = 0 (mod 3). The target
condition (*) becomes: 0(0) 4+ (24 0)(0) =0 (mod 3), which holds.

Case 2. n=1 (mod 3).

From (**), (24 1)A\2 =32 =0 (mod 3). This gives no information about As. Now, from
second derived condition: (—=14+1)A3 = 0A2 =0 (mod 3). This also gives no information about
Az2. The target condition (*) becomes: (1(0) 4+ (24 1))A2 = 3A2 =0 (mod 3), which holds.

Case 3. n=2 (mod 3).

From (**), (24 2)A2 = 4X2 =0 (mod 3). The target condition (*) becomes: (2)(0) + (2+
2)(0) =0 (mod 3), which holds. O

Remark 3.2 In all cases, the necessary condition nA; + (5+n)Ae =0 (mod 3) is satisfied and

thus it is a necessary condition for the existence of the the GDD.

Theorem 3.4 A GDD (5,n,n + 1,4; A1, \a) ewists if the necessary condition (n? + 10)\; +
(n? +11n+5)X2 =0 (mod 6) holds.

Proof The number of blocks of the GDD is obtained from b = (ZHOA+H H1In45s 4y, g
that (n? +10)A; + (n? + 11n + 5) X2 = 0(mod6). For a GDD(5,n,n + 1,4 : A1, A1), we have the
fundamental equations: 3r = (n)A\; + (n? — 1)Ag and 12b = n%(n + 1)A; +n(n — 1)(n + 1)%),
and the necessary modular conditions derived earlier: For the number of blocks b to be an
integer, 12b = 0 (mod 12), which implies n?(n+1)A; + n(n—1)(n+1)* 3 =0 (mod 12). This
congruence modulo 12 gives us information modulo its divisors, including 2. Let us consider
the equation modulo 2: n?(n + 1)A\; +n(n — 1)(n + 1)2X2 = 0 (mod 2).

Case 1. n=0 (mod 2).

We have, 02(0 + 1)A1 + (0)(0 — 1)(0 + 1)?A2 = 0 (mod 2), which implies 0 = 0 (mod 2).

This gives no constraint on A\; or As when n is even.
Case 2. n=1 (mod 2).

We have, 12(1+1)A; + (1)(1 =1)(1+1)*X2 = 1 (mod 2), which implies 1(0)A\1 + (1)(0)(1+
1)2X2 = 0 (mod 2) and this gives 0 = 0 (mod 2). This also gives no constraint on \; or Ay

when n is odd. Now, let us consider the target conditions modulo 2 and 3 separately.

Modulo 2. In this case, we have (n? + 0)A\; + (n? +n +1)2X\3 = 0 (mod 2), which implies
(n)?A1 + (n* +n+1)?22 =0 (mod 2).

If n is even, 0A; + (02 + 0 + 1)Ay = 0 (mod 2), which gives Ao = 0 (mod 2); If n is odd,
A+ (12+1+1)X2 =0 (mod 2) and this gives A\; + (12 + 1+ 1)Aa =0 (mod 2) = A\; +2X\y =
A1+ A2 =0 (mod 2). So, A\ = A2 (mod 2).

Modulo 3. In this case, we have (n? +1)A\; + (n? +2n + 2)A\2 =0 (mod 3). Using \; =0
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(mod 3); , (n? + 1)(0) + (n? 4+ 2n + 2)X2 = 0 (mod 3) and this implies (n? + 2n + 2)\s = 0
(mod 3). Now, we know that nA\y =0 (mod 3), then,

If n =0 (mod3), (04+0+2)A2 = 2X2 = A2 = 0 (mod 3); If n = 1 (mod 3): then,
(I4+24+2)A2 =5 2 =2A2 = Ay =0 (mod 3). If n =2 (mod 3): then, (4+442)Ay = 10Xy =
2X2 = A3 =0 (mod 3). So, we have A\; =0 (mod 3) and Ay =0 (mod 3). Now, let us check the
target condition modulo 6 with these congruences: (n?+10)A; + (n? +11n+5)A =0 (mod 6).
If \; =0 (mod 3) and Ay = 0 (mod 3), then the target condition becomes (n?+10)(3k1)+(n?+
11n + 5)(3ks) = 3[(n? 4+ 10)ky + (n? + 11n+5)ks] = 0 (mod 3). We need to show that it is
also 0 (mod 2). If A; and Ay are even, then the target condition is 0 (mod 2). If A; and Ay are
odd, then the modulo 2 becomes: (n? +0)(1)+ (n?>+n+1)(1) = (n?>+n?+n+1)=n+1=0
(mod 2), so n is odd and thus, the necessary condition (n? + 10)A; + (n? + 11n + 5)Ay = 0
(mod 6) hold. O

Remark 3.3. Combining these conditions modulo 2 and 3 gives the required necessary condi-
tions (n? +10)A\1 + (n? + 11n + 5)A\a =0 (mod 6) for A1 and Ay either being even or odd.

These necessary conditions on b and r; determine possibilities for the parameter n and the
indices A\; and Ay which are summarized in the Table 3.1 where Does not means that the design

does not exist for any value of n.

Table 1. The restrictions on n for GDD(5,n,n + 1,4; A1, \2)

A\ Ao 3 6 9 12 15 18
3 Does not | Exist | Does not | Exist | Does not | Exist
6 Does not | Exist | Does not | Exist | Does not | Exist
9 Does not | Exist | Does not | Exist | Does not | Exist

12 Does not | Exist | Does not | Exist | Does not | Exist

15 Does not | Exist | Does not | Exist | Does not | Exist

18 Does not | Exist | Does not | Exist | Does not | Exist

Theorem 3.5 Necessary conditions are sufficient for a GDD (n,3,4;\,2X) for A1 = XAy =0
(mod 6), then a BIBD (54 n,4,)), a BIBD (6 +n,4,)\) and a BIBD (2n+ 1,4, \) exists.

Proof Let Ay = t, and Ay = 2t. The blocks of ¢ copies of a 4-(n,4,6) on Gy as well
as on G and Gj give the required 4-GDDs where groups G1 = a1, ,6n, G2 = b1, , b,
and G3 = ¢1,-+ ,¢p. It is well known that a BIBD (n,4,6) exists for n > 5 [10] and thus a
GDD(5,n,n + 1,4;3,6) will always exist. Hence a GDD(5,n,n + 1,4;3t,6t) always exists for

all positive integers, t. O

Here, we typically denote these groups as G1,Gs,G3, -+ ,G,, where m is the number of
groups, GG; is a subset of treatment set, the union of all the groups is the entire treatment set
UL, G, =V written as V=G UGy U---UG;, and G; NG =0 fori # j.

Example 3.1 Construction of GDD(5,6,7,4;3,6) exists with 1 = 30, ro = 29, and r3 = 28.
We now show that if n = 0 (mod 6). Using our necessary conditions from theorem 3.4 then
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a GDD (5,6,7,4;3,6) exists through the following construction. When A; = 3, Ay = 0 (mod 6)

implies Ay = 6t for t > 1. The GDD has groups, G; = {0,1,2

3.4}, Go = {5,6,7,8,9,10} and G

= {11, 12,13,14,15,16,17}. Then using direct construction of blocks of a BIBD(40,4,1), we get

130 blocks.

[0,1,2,12] [0,3,6,9] [0,4,8,10] [0,5,7,11] [0,13,26,39] [0, 14, 25, 28]
[0,15,27,38] [0, 16,22, 32] [0,17,23,34] [0, 18,24, 33] [0,19,29, 35] [0, 20,31, 37]
[0, 21, 30, 36] [1,3,8,11] [1,4,7,9] [1,5,6,10] [1, 13,28, 38] [1,14,27,39]
[1,15,25, 26] [1,16,24, 34] [1,17,22,33] [1,18,23,32] [1,19,31, 36] 1,20, 30, 35]
[1,21,29,37] [2,3,7,10] [2,4,6,11] [2,5,8,9] [2,13,25,27] (2,14, 26, 38]
[2,15,28,39] [2,16,23,33] [2,17,24,32] (2, 18,22, 34] [2,19,30,37] 2,20, 29, 36]
[2,21,31,35] [3,4,5,12] [3,13,32,35] (3,14, 34,37] [3, 15,33, 36] [3, 16,29, 39]
[3,17,25,31] 3,18, 30, 38] (3,19, 22, 26] (3,20, 23, 28] [3,21,24,27] [4,13, 34, 36]
[4,14, 33, 35] [4,15,32,37] [4, 16,31, 38] [4,17,30,39] [4,18,25,29] [4, 19,24, 28]
[4,20,22,27] [4,21,23,26] [5,13,33,37] (5,14, 32, 36] [5,15, 34, 35] [5, 16, 25, 30]
[5,17,29, 38| [5,18,31,39] [5,19,23,27] (5,20, 24, 26] [5,21,22, 28] [6,7,8,12]
[6,13,22,29] [6,14,23,31] [6, 15,24, 30] (6,16, 26, 35] [6,17,28,37] [6, 18,27, 36]
[6,19,32,39] [6, 20,25, 34] [6,21, 33, 38] [7,13,24,31] [7,14,22,30] [7,15,23,29]
[7,16, 28, 36] [7,17,27,35] [7,18,26,37] [7,19,34,38] [7,20,33,39] [7,21,25,32]
[8,13,23,30] 8,14, 24, 29] [8,15,22, 31] [8,16,27,37] [8,17,26, 36] [8, 18,28, 35
[8,19,25,33] 8,20, 32, 38] 8,21, 34, 39] [9,10,11,12] [9,13,16,19] [9,14,17,20]
[9,15,18, 21] [9, 22,35, 39] [9, 23,25, 37] [9, 24, 36, 38] [9, 26,29, 32 9,27, 30, 33]
[9,28,31,34] [10,13,17,21] [10,14,18,19] [10,15,16,20] [10,22,37,38] [10,23,36,39]
[10,24,25,35] [10,26,30,34] [10,27,31,32] [10,28,29,33] [11,13,18,20] [11,14,16,21]
[11,15,17,19] [11,22,25,36] [11,23,35,38] [11,24,37,39] [11,26,31,33] [11,27,29,34]
[11,28,30,32] [12,13,14,15] [12,16,17,18] [12,19,20,21] [12,22,23,24] [12,25,38,39]
[12,26,27,28] [12,29,30,31] [12,32,33,34] [12,35,36,37] 130 Blocks.

(1) Necessary conditions are sufficient for a GDD (n,3,4; A1, A\3) when A\; = Ao.

We can view that the existence of a GDD with unequal group sizes as a consequence of the

existence of GDDs with equal group sizes. Applying Wilsons Existence Theorem for GDDs, a
GDD (k,n, m; A1, A1) exists for sufficiently large v = nm if necessary conditio

ns are satisfied. For small order v, known existence results cover specific cases. Now, our total
v=>5+6+7 = 18 is the modest with \; = 6 and Ay = 6. Since both pair frequencies are equal,
this GDD behaves similarly to a balanced incomplete block design (BIBD) within and between
groups, but with group structure restrictions. Thus, we construct 13 blocks of BIBD (13,4,1),
add 63 blocks of BIBD (28,4,1). The remaining blocks are formed by constructing 77 blocks of
BIBD (22,4,2). This is because from from known theorem 2.2 b = 9 = Akv((,::ll))
total 130 blocks.

, which gives in
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Remark 3.4 A GDD(5,n,n+ 1,4;0, \2) does not exist. This is because there are only three
groups and the block size is four. So, each block must contain at least a pair from the same
group (A1 > 6) to complete the block size. A GDD(5,n,n+1,4;\1,0) exists as a (2n+ 6,4, A1)
BIBD for particular values of n and \1. So, a GDD(5,n,n+ 1,4;0,0) does not exist.

Example 3.2 Construction of GDD (5,6,7,4;6,6) exists with m = 34, ro = 34, r3 = 34
and b = 153 blocks. The GDD has groups, G; = {0,1,2,3,4}, G» = {5,6,7,8,9,10} and
Gs = {11,12,13,14,15,16,17}. The total number of blocks can be obtained by adding 13
blocks of a BIBD(13,4,1) together with 63 blocks of a (28,4,1) BIBD and then plus 77 blocks
of a BIBD(22,4,2).

In general, a GDD(5,6t, 6t + 1,4;6t,6t) exists with 71 = 24t + 10t, ro = 24t> + 10t,
rg = 24t% + 10t and b = 72t3 + 66t2 + 15t where t is a positive integer.

(2) Necessary conditions are sufficient for a GDD (5,n,n + 1,4;2A1, \y) when A\ >)\,

Theorem 3.6 A GDD(5,n,n+ 1,4; A1, \2) exist for Ay > (”2+10))‘1+(g2+11”+5))‘2.

Proof The design has three groups of size n; > 5 and block size 4, then each block must
have at least one first associate pair. This means that the total number of first associate pairs

is at least equal to the number of blocks. Since there are (n? + 10)\; first associate pairs and
(n?24+10)A1 +(n2+11n+5) A
6

blocks, and so

(n?2 +10)A\; + (n? + 11n + 5) X2
6 )
5(n? +10)A; > (n® 4 11n+5))g,
(n? + 11n + 5) A2
(512 + 50)

(n? +10)\

Y

A1

v

This completes the proof. O

Corollary 3.1 From b= %, if GDD(5,n,n + 1,4; A1, \2) ewists, then it has (n% + 10)\; first
associate pairs and (n? + 11n + 5)A\a second associate pairs with b < (n? + 10)Aa.

Proof The design has b blocks and (n? + 10))\, first associate pairs. The total number of
blocks cannot exceed the total number of first associate pairs. Thus b < (n? + 10)As. O

Remark 3.5 A GDD (5,n,n+1,4;2\, \) exists if and only if BIBD(5+n,4,\) and BIBD(2n+
1,4, ) exists. Here, a BIBD(n,4,6) exists for n > 5 and thus a GDD(5,n,n + 1,4;12,6) will
always exist. Hence a GDD(5,n,n + 1,4;12t,6t) always exists for all positive integers, t.

Example 3.3 Construction of GDD(5,6,7,4;9,12) exists with 7 = 64, ro = 63, r3 = 62 and
b = 283 blocks. The groups of the GDD are G; = {0,1,2,3,4}, Go = {5,6,7,8,9,10} and G5 =
{11,12,13,14,15,16,17}. We construct the total number of blocks by taking the 18 blocks of a
BIBD(9,4,3) on G1UGs add 55 blocks of a BIBD(11,4,6) on G1UG3 together with two copies
of the 105 blocks of a BIBD(15,4,6) on G3UG3.

Example 3.4 Construction of GDD (5,6,7,4;18,18) exists with ry = 102, ro = 102, r3 =
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102 and b = 459 blocks. The total number of blocks can be obtained by constructing 210
blocks as 203 blocks of BIBD(29,4,3) and then add 7 blocks of BIBD(7,4,2) by normalizing a
regular hadamard matrix of order 8 plus 242 blocks which has groups, G; = {0,1,2,3,4}, G2 =
{5,6,7,8,9,10} and G5 = {11,12,13,14,

15,16,17} that will form 153 blocks and these blocks can be obtained by adding 13 blocks of
BIBD(13,4,1) plus 63 blocks of (28,4,1)BIBD together with 77 blocks of BIBD(22,4,2) and then
plus 50 blocks of BIBD(25,4,1) together with 39 blocks of BIBD (13,4,3). We generalise that,
a GDD(5, 6t, 6t + 1,4;18t,18t) exists with ry = 72t2+30t, ro = T2t>+30t, r3 = 72t>+30t and
b = 216t> + 198t + 45t where t is a positive integer.
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Abstract: Floorplans are geometric arrangements of modules within defined boundaries,
adhering to constraints such as area and aspect ratio [1-3]. They are well known for ap-
plications in VLSI design and have been the subject of extensive algorithmic research. Hy-
perstructures extend the concept of the powerset into advanced mathematical models, while
superhyperstructures further generalize these models via n-th iterated powersets, enabling
multi-layered hierarchical abstractions [4-5]. Floorplans have a wide range of applications,
and because hyperstructures and superhyperstructures can represent hierarchical structures
in the real world, they are recognized as highly important research areas. However, the
fusion of these concepts has only just begun to be explored. Therefore, with the aim of con-
tributing to the dissemination of knowledge, in this paper, we revisit floorplans and examine
the notions of hyperfloorplan and superhyperfloorplan as defined in [6]. We hope that our
analysis provides valuable insights and aids in the broader understanding of floorplan theory

and its applications.

Key Words: Hyperfloorplan, superhyperfloorplan, hyperStructure, superHyperStructure,

powerset.
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81. Preliminaries

This section introduces the fundamental concepts and definitions that underpin the discussions
in this paper. Throughout, all sets are assumed to be finite. Furthermore, any integer n used
in the context of superhyperstructures and related constructs is taken to be a non-negative
integer. For detailed information on the operations associated with each concept, the reader is

referred to the relevant literature as appropriate.

1.1. Hyperstructures and Superhyperstructures

This subsection presents the formal foundations of hyperstructures and their higher-order gener-
alization, superhyperstructures, which serve as powerful mathematical tools for modeling multi-

tiered relational systems. Mathematical concepts such as networks, graphs, topology, and alge-

1Received August 12, 2025. Accepted November 26, 2025
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bra, as well as various real-world models, are defined on a daily basis; however, in some cases,
these frameworks cannot adequately represent hierarchical structures. To address this limi-
tation, the notions of hyperstructure and superhyperstructure have been introduced in recent

years.

A hyperstructure is defined over the powerset of a base set, allowing operations not on
individual elements but on subsets of the underlying domain. This generalization offers a
flexible and expressive framework for capturing interactions and dependencies within complex
systems [7-12].

Building on this concept, a superhyperstructure extends the idea further by employing
the n-th iterated powerset of a set. This construction facilitates the representation of deeply
nested or hierarchical relationships, where elements can themselves be subsets of subsets, and
so forth. Such structures are particularly useful in applications involving recursive abstraction
or multilayer decision architectures [4,13C16] Closely related frameworks include the theory of
superhypergraphs [17C20].

We now proceed to provide precise mathematical definitions of these two foundational
concepts.

Definition 1.1(Set,[21]) A set is a collection of distinct, well-defined objects, referred to as
elements. For any object x, it can be determined whether x is an element of a given set. If x

belongs to a set A, this is denoted as x € A. Sets are often represented using curly braces.

Definition 1.2(Base set,[22]) A base set is a primary set S from which more complex structures,

such as powersets and hyperstructures, are derived. It is formally expressed as:
S ={xz |z is an element in the defined domain}.

The elements of advanced structures, such as P(S) or Pn(S), are drawn from this base set S.

Definition 1.3(Power set,[23, 24]) The powerset of a set S, denoted as P(S), is the set con-
taining all subsets of S, including both the empty set and S itself. Formally, it is defined as:

P(S)={A[ACS]}.

Definition 1.4(n-th Powerset, cf. [14,25,26]) The n-th powerset of a set H, denoted by P, (H),

is constructed iteratively. Starting from the basic powerset, it is defined as:
Pu(H) = P(H), Pui(H) =P(Pu(H)), forn=> 1.
Similarly, the n-th non-empty powerset, denoted by P¥(H), is defined iteratively as:
Pi(H) =P*(H), Ppi(H) =P (P,(H)).

Here, P*(H) represents the powerset of H excluding the empty set.
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Example 1.5(Real-world example of an n-th powerset) Consider a company H with three
employees:
H = {Satoshi, Yuko, Kenji}.

The first powerset Py (H) lists all possible groups of employees, such as {Satoshi, Yuko} or
{Kenji}.

The second powerset Po(H) then treats each element of P;(H) (i.e., each possible group
of employees) as a single unit and forms all possible collections of such groups. For example,
one element of Py(H) could be:

{ {Satoshi}, {Yuko,Kenji} },

which represents a scenario where the company organizes two independent task forces: one

consisting solely of Satoshi, and another consisting of Yuko and Kenji.

In practical terms, the n-th powerset models higher-order organizational structures, such as
teams of teams, or committees formed from existing working groups, thereby capturing multiple

hierarchical levels of arrangement.

To establish a formal foundation for the concepts of Hyperstructures and Superhyperstruc-

tures, we present the following definitions and propositions.

Definition 1.6(Classical structure, cf. [14,26]) A classical structure is a mathematical frame-
work defined on a non-empty set H, equipped with one or more Classical Operations that satisfy

specified classical axioms. Specifically, a classical operation is a function of the form
#Q cH™ — I{7

where m > 1 is a positive integer, and H™ denotes the m-fold Cartesian product of H. Common
examples include addition and multiplication in algebraic structures such as groups, rings, and
fields.

Definition 1.7(Hyperstructure, cf. [14,26]) A Hyperstructure extends the notion of a Classical

Structure by operating on the powerset of a base set. Formally, it is defined as:
H = (P(5),0),

where S is the base set, P(S) is the powerset of S, and o is an operation defined on subsets of
P(S). Hyperstructures allow for generalized operations that can apply to collections of elements

rather than single elements.

Example 1.8(Real-world example of a hyperstructure) Let S = {Satoshi, Yuko, Kenji} repre-
sent the set of individual project members in a company. The powerset P(S) consists of all

possible project teams, such as {Satoshi, Yuko} or {Kenji}.

Define an operation o on P(S) where, given two subsets of S (teams), the result of o is
the set of all possible joint committees that can be formed by taking at least one member from
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each team. For example:

{Satoshi, Yuko} o {Kenji} = {{Satoshi, Kenji}, {Yuko, Kenji}}.

This construction forms a hyperstructure H = (P(S), o), where the operation acts on
subsets (teams) instead of on individual people. In practical terms, this models scenarios such
as cross-team collaboration in organizations, where operations combine groups rather than

single members.

Definition 1.9(n-Superhyperstructure, cf.[14,26]) An n-Superhyperstructure further general-
izes a Hyperstructure by incorporating the n-th powerset of a base set. It is formally described
as:

SHTL == (,PH(S), O)a

where S is the base set, P, (S) is the n-th powerset of S, and o represents an operation defined
on elements of P, (S). This iterative framework allows for increasingly hierarchical and complex

representations of relationships within the base set.
Example 1.10(2-Superhyperstructure over S = {a,b}) Let

S = {a,b}.
Then the first powerset is

Pi(S) = {0, {a},{b}, {a, b}},
and the second powerset is
P2(S) =P(Pi(S)) = { X | X CPi(5)},
which has 2% = 16 elements. Define a hyperoperation
oy 1 Pa(S) x Pa(S) — P(Pa(S))

by
XoyY = {ZePy(S) | XuY C Z}.

Then, (772(5), 02) is a concrete 2-superhyperstructure.

Concrete computation. Choose

X = {{a}’ {CI,, b}}v Y = {{b}}
Then
XUY = {{a}, {b}, {a,b}},

and
Xoy Y ={ZCPi(S) | {a},{b},{a, b} € Z}.
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The two minimal members of X oy Y are

Zy = {{a}v {b}’ {a’b}}a Zy=271 U {Q)}

All other elements of X oo Y are obtained by adding any of the remaining subsets of Py (.5)
to Zl.

1.2.Floorplan

Floorplans are geometric arrangements of modules within defined boundaries, adhering to con-
straints such as area and aspect ratio [3,27,28]. The definition of a general floorplan is provided

below.

Definition 1.11(Floorplan, [3,27,28]) A floorplan is a geometric arrangement of a given set of
rectangular modules within a bounding rectangle, satisfying specific constraints related to module

dimensions, aspect ratios, and interconnections. It is formally defined as follows:

1. Modules. The floorplan consists of m rectangular modules {My, Ma, ..., My}, where
each module M; is characterized by

e Area. A; > 0, the total area of the module;

e Aspect ratio bounds. l; and u;, the lower and upper bounds for the height-to-width ratio
Z}‘L , such that

h.
w; -hy = A;, 1 < — <y

w;
e A module is rigid if l; = u;, and flexible otherwise;
o A module may have a fized orientation (dimensions w;, h; are fized) or a free orientation
(dimensions can be interchanged).

2. Bounding Rectangle. The modules are arranged within a bounding rectangle R with
dimensions W (width) and H (height), such that

< H < h >0
— ,  where p,
P> W= q p,q
3. Partitioning The rectangle R is partitioned into m non-overlapping rectangular regions

{r1,re, -+ ,rm}, each corresponding to a module M;. Each region r; satisfies:

Yi

L yz>Aia I < = <y
x

where x; and y; are the width and height of r;, respectively.

4. Objective Function. The quality of a floorplan is measured using the following objective
function:

Score=X- (W - H) —l—ZZcij - dyj
i=1j=1
where

o W . H: Total area of the bounding rectangle R;
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o ¢;;: Connection cost between modules M; and M; (c;j > 0);
o d;j: Manhattan distance between the centers of r; and r;;
o )\ > 0: User-defined weight balancing the importance of area and wirelength.

5. Slicing Floorplans. A slicing floorplan is a recursive partitioning of R using horizontal
and vertical cuts, represented as

e Slicing Tree. A binary tree where internal nodes represent cuts and leaves represent
modules;

e Polish Expression. A postfix expression encoding the slicing structure.

For slicing floorplans, the bounding rectangle R is recursively divided into smaller regions

{r1,re, -+ ,rm} using slicing operators + (horizontal cut) and x (vertical cut).
6. Feasibility. A floorplan is feasible if all regions r; satisfy:

i Y = Ag, liﬁ%ﬁui
1

and no two regions overlap.

Example 1.12(3-module slicing floorplan) Let m = 3 and consider modules My, Ma, M3 with
parameters:

A; =10, I3 =0.8, uy = 1.2, free orientation,
Ay =20, Iy =wus = 1.0, rigid, fixed orientation,
Az =15, I3 =0.5, uz = 2.0, free orientation.

Choose module region dimensions (z;,y;) satisfying z;y; = A; and I; < y;/2; < uy:
(xlayl) = (V 107 Vv 10), (5327y2) = (V 207 Vv 20)7 ($37ys) = (375)
a slicing tree with a vertical root cut (x) separating

(M1 + M3) and Mo,

horizontal
cut

whose Polish expression is
M1 M3 + M2 X .

Then,

W =max{zy,x3} + 22 = V10 + V20 ~ 3.162 + 4.472 = 7.634,
—_————

=V10

H = max{y1 + y3, y2} = max{v10+ 5, v20} ~ max{3.162 4+ 5, 4.472} = 8.162,

H 8162
202 1069 (p=05, g=2).
W 7.634 (p »1=2)
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Place all bottom-aligned, so region centers are

= (Y0, 5 4 Y10y (1,581, 6.581),

c )
cs = (3, 3) ~ (1.5,2.5),
o = (V10 + Y20, ¥20) ~ (5.398,2.236).

Let connection costs c12 = 2, ¢13 = 1, co3 = 3. Then, the Manhattan distances
d12 ~ 8162, d13 =~ 4162, d23 ~ 4.162.
For weight A = 1, the score is

Score = (W . H) + Z Cij dij
1<i<j<3
A~ 7.634-8.162+ (2-8.1624+1-4.162 4+ 3 - 4.162)

~  62.33 + 33.00 = 95.33.

All regions satisfy x;y; = A; and I; < y;/x; < u;, and there is no overlap. Hence this
floorplan is feasible.

§2. Review: Hyperfloorplan

Let us now build a hyperfloorplan starting from the set of modules S. We first consider the
powerset P(S). Elements of P(S) are all possible subsets of modules. Our overarching goal is

to capture geometric feasibility in a hyperoperation (cf.[6]).

Definition 2.1(Hyperfloorplan, cf.[6]) Let S = {My, -, My} be a finite set of rectangular
modules, and let P(S) be its powerset. We say that a subset X C S admits a feasible floorplan
if there exists a classical slicingor non-slicingarrangement of the modules in X within some

bounding rectangle satisfying all area, aspect-ratio, non-overlap, and connectivity constraints.

Define a hyperoperation
o : P(S) x P(S) — P(P(9))

by
AoB = {X CS|AUBCX and X admits a feasible floorplan}.

Then the hyperfloorplan of S is the hyperstructure
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Example 2.2(Hyperfloorplan of four modules) Let
S = {Mb M27 M3; M4}

with the following module parameters

Module | A; (li, u;) Orientation Chosen (w;, y;)
M, | 8 [0.5, 2.0] free (2,4), 2-4=8, 4/2 =20
M, |12 [1.0, 1.0 rigid (V12 VI2), VIZ =12, 1.0
M | 6 [0.75, 1.5] free (2,3), 2-3=6,3/2=15
My |10 [0.8,1.25] free (v/10, v/10), V10" = 10, 1.0

Define two level-1 subsets by
A={M;, M5}, B = {M>, Ms}.
By Definition 2.1,
AoB = {X C S| {M;, Mz, M3} C X and X admits a feasible ﬂoorplan}.

We find two minimal supersets
o X1 = {M;, My, M3}. A feasible slicing-floorplan

Wy = max{w,ws} = max{2, 12} ~ 3.464,

Hyo = y1+yo=4+12~ 7.464.
— Then, slice the block { M7, My} vertically with Ms,

— First, slice M7 and M horizontally,

W = Wo+ws~ 3.464 +2 = 5.464,
H = max{Hy, y3} = max{7.464, 3} = 7.464.

— All aspect ratios and non-overlap conditions hold, so X is feasible.

o Xo = {M;, My, M3, My}, A feasible non-slicing floorplan.

Wy = wy+we =24 +V12~ 5.464,
— Place M7, M5 in bottom row side by side: b ! 2
H, = max{y1,y2} = max{4,v12} = 4.
Wy = ws+ws=2++v10=5.162,
— Place M3, M4 in top row side by side ‘ s * -
H; = max{ys,ys} = max{3,v10} ~ 3.162.
. = max{W,, W;} = 5.464, ) .
Overall bounding rectangle — All regions satisfy area
H = H,+H;=~4+3.162=7.162.

and aspect-ratio constraints, so X5 is feasible.

Therefore,
AOB = {Xl, X2}
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Proposition 2.3(Well-definedness) For all A, B C S, the set Ao B is nonempty if and only if
AU B itself admits a feasible floorplan.

Proof By definition, A o B consists exactly of those supersets X O A U B that admit a
feasible floorplan. In particular, X = AU B belongs to A o B if and only if AU B admits some
feasible floorplan. Hence A o B # () precisely when A U B is floorplannable. d

Theorem 2.4(Hyperfloorplan generalizes classical floorplan) Let S = {M,..., M,,}. Then,

(a) Every classical slicing floorplan of S can be realized by an iterated hyperproduct chain
in HF(S);
(b) Conversely, every finite chain of hyperproducts whose last element is S corresponds to

a classical slicing floorplan of S.

Particularly, the set of all slicing floorplans of S is in bijection with the set of all hyper-

product expressions in HF(S) evaluating to S.

Proof We prove parts (a) and (b) by induction on the number of internal nodes in a slicing
tree.

(a) From slicing tree to hyperproduct chain. Let T be a binary slicing tree whose leaves,
in left-to-right order, are the singleton sets {M;, },---,{M;, } and whose internal nodes are

m

labeled x (vertical cut) or 4+ (horizontal cut). We construct a sequence of subsets
X1, Xo, -y Xone1
and corresponding pairs (Ay, By) such that
X, = Ap o By,

and at the end X,,,_1 = S.

e Base Case. If T has a single internal node whose children are leaves {M;} and {M,}, then
these two modules are sliced together to form a feasible two-module floorplan in X; = {M;, M;}.
By Definition 2.1, {M;} o {M;} contains Xj.

e Inductive Step. Suppose for a slicing tree with &k internal nodes we have constructed a

chain
Xi1=A10B1, Xo=A420B, ---, Xj, = A, 0By

with X} equal to the subset of modules in the subtree rooted at the k-th internal node. Now
attach one more cut combining X}, with a leaf { M} or with the result of another subtree Yj. By
feasibility of the slicing, X U{M,} (or X; UY}) admits a feasible floorplan; hence by Definition
2.1

Xi+1 = X o {Me} (01" XkOYk) = X}cU{Me}

This yields the extended chain.

After m — 1 steps we obtain X,,,_; = S, realizing the full slicing floorplan.
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(b) From hyperproduct chain to slicing tree. Conversely, let
X1=A10B1, Xo=A430By, -+, Xy = A0 By

be any finite chain in HF(S) with X, = S. By Proposition 2.3, each X} admits a feasible
floorplan for Ay U By. We form a binary tree whose root combines the two subsets A, and By
by the slicing cut used in that floorplan (vertical or horizontal), and whose children are either
leaves (if Ay or By is a singleton) or the roots of subtrees constructed recursively from the
partial chain ending at Xj_1. Since each step merges exactly two previously disjoint subsets,
the result is a slicing tree describing a valid classical floorplan of S.

Thus every slicing floorplan corresponds exactly to one hyperproduct chain in HF(S),
proving the bijection and hence the desired generalization. 0

Proposition 2.5(Commutativity) For all A,B C S,

AoB = BoA.

Proof By Definition 2.1,
AoB={X CS|AUBCX, X feasible},

and
BoA={XCS|BUACLX, X feasible}.

Since AU B = BU A, the two sets coincide. O
Proposition 2.6(Identity element) The empty set () acts as a neutral element: for any A C S,
oA = Ao = {XCS|ACX, X feasible}.

Particularly, if A itself admits a feasible floorplan, then A is the minimal element of Do A.

Proof Immediate from Definition 2.1, since § U A = A and a superset X must satisfy
A C X and feasibility. i

Proposition 2.7(Idempotence) For any A C S that admits a feasible floorplan,

Aec Ao A

Proof By Definition 2.1,
Ao A={XCS|AUACX, X feasible} ={X C S| AC X, X feasible}.

Since A C A and A is feasible, A € Ao A. O
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Proposition 2.8(Antitone property) If AC A’ C S and BC B’ C S, then

A'oB" C AoB.

Proof Suppose X € A’ o B’. Then A’ UB’ C X and X admits a feasible floorplan. Since
AUB C A'"UB, it follows that AU B C X. Hence X € Ao B. O

Theorem 2.9(Hyper-Associativity) For all A, B,C C S, define the triple hyperproduct by

AoBo(C := U (XoC’): U (AOY).

XeAoB YeBoC

Then,
AoBoC={ZCS|AUBUC C Z, Z feasible}.

Proof By definition,

U xeo0)= |J {Z2<S|XUCC2Z Zfeasible}.

XEAoB XCS
AUBCX

Since AUBUC C X UC C Z, the union ranges exactly over all feasible Z containing
AUBUC. The same argument applies to Jy ¢ g, (A oY), establishing the equality. O

83. Review: n-Superhyperfloorplan

An n-superhyperfloorplan organizes hierarchical sets of modules using iterated powersets and

feasibility constraints across n abstraction levels for multi-layer layout (cf.[6]).

Definition 3.1(n-Superhyperfloorplan, (cf.[6]) Let S = {My, -, M,,} be a finite set of atomic
modules, and define recursively the k-th powerset

P1(S) = P(95), Pr+1(S) = P(Pr(S)).

We now introduce a feasibility predicate Fy, on subsets of P (S)

o F1(X) holds for X C Py(S) if and only if there exists a classical (slicing or non-slicing)
floorplan of the modules in X within some bounding rectangle, satisfying all area, aspect-ratio,

non-overlap, and interconnection constraints.
e For k> 1, Fi,(X) holds for X C Pr(S) if and only if

(i) There exists a bounding rectangle R and an arrangement of the supermodules X inside

R satisfying the usual floorplanning constraints at level k.

(73) Fvery elementY € X, viewed as a subset Y C Pr_1(S), satisfies F,_1(Y).
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For a fited n > 1, define the hyperoperation

on t Pn(S) x -+ X Pp(S) — P(Pu(S))

m times

Avon Azon -+ on A = { X €Pu(8) | J4i € X and Fu(X)}.
i=1
The n-superhyperfloorplan of S is the hyperstructure

SHF, = (Pu(S), on).

Example 3.2(2-Superhyperfloorplan of S = {My, My, M3}) Let
S = {M17 M27 M3}a
with atomic module parameters

Module ‘ A; (L, u;) Chosen (w;, h;)
My |8 (05200 (24),2-4=8, 4/2=20
My, |12 [1.0,1.0] (VI2,v12), VIZ° =12, 1.0
Ms | 6 [0.75,15] (2,3),2-3=6,3/2=15

We have P1(S) = P(S) and P(S) = P(P1(S)). Choose two level-2 elements
A= {{Ml}ﬂ {M2aM3}}7 B = {{MQ}a {M13M3}} - PQ(S)

By Definition 3.1,

Aoy B = {X € Py(S) ’ ({M}, { M), {My, My}, {Ms, M}} C X and FQ(X)}.

We exhibit two minimal supersets X; and X5

X1 = {{M}, {Ms}, {My, M3}, {M, Ms}},
X2:X1 U {{Ml,MQ,Mg}}.

Step 1. Verify F; for each supermodule Y € X; U X5.

o Y1 = {M;}, a trivial bounding box (2 x 4).
e Yy = {M>}, a bounding box (v12 x v/12) ~ (3.464 x 3.464).
o Y3 = {M;, M3}, choose vertical slice

W3=2+2=4, Hs=max{4,3}=4.

95
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o Yy = {M>, M3}, choose vertical slice:

Wy =V12+2~5464, Hy=max{V12,3} =12 ~ 3.464.

o Y5 = {M;, My, M3}. In this case, first horizontal slice of My, My: W, = max{2, 12} =~
3.464, H, = 4 + /12 =~ 7.464; then vertical slice with M3: Wy = W, + 2 =~ 5.464, Hs =
max{7.464,3} = 7.464.

Thus. F1(Y) holds for all Y € X; U X5.
Step 2. Verify F; (arrangement of supermodules).

(a) For X1: four supermodules Y7, -- ,Yy. Arrange in two rows

Bottom row: V1 (2 x 4), Ya (3.464 x 3.464) = W, = 2 + 3.464 = 5.464, H, =4,
Top row: Y3 (4 x 4), Yy (5.464 x 3.464) = W, =4+5.464 =9.464, H, =

Overall bounding box
W = max{5.464,9.464} = 9.464, H =H,+ H; =4+4=28,

SO F2 (Xl) holds.

(b) For X5: five supermodules Y7, ...,Y5. Arrange in two rows

Bottom row: Y1 (2 X 4), Y3(3.464 x 3.464), Y3(4 x 4) = W, = 2+ 3.464 + 4 = 9.464, H, = 4,
Top row: Y3(5.464 x 3.464), Y5(5.464 x 7.464) = W, = 5.464 + 5.464 = 10.928, H, = 7.464.

Overall bounding box
W = max{9.464,10.928} = 10.928, H = Hy + H; = 4+ 7.464 = 11.464,

so0 F5(X5) holds as well.

Hence
AOQB = {Xl, X2}7

demonstrating a concrete 2-superhyperfloorplan of S.

Example 3.3(3-Superhyperfloorplan of S = {M;, My}) Let
S = {My, M},

with module parameters

Module ‘ A; Chosen dimensions (w;, h;)
M, 4 (2,2)
My, |9 (3,3)
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so that w;h; = A; and all aspect ratios are 1. We have
P1(S) = {0, {My},{ My}, {My, Ma}},
P2(S) =P(P1(S)), Ps(S) =P(PA9)).
Define three level-2 supermodules in Py(.S) by
Up=0, U ={{M}}, U= {{M}}, Us={{M},{M;}}.

Then, each U; satisfies F5(U;) since

e For U; and Us, the single submodule is trivially placed in its own bounding box.
e For Us, place {M;} and {Ms} side-by-side: W =2+ 3 =5, H = max{2,3} = 3.
e For Uy = (J, no modules — trivial feasibility.

Choose two level-3 elements in P3(.5):
A={Us}, B ={Uy, Us}.
Then, by Definition 3.1,
Aoy B = {X € Ps(S) | {U1,0s,U3} C X and F3(X)}.
We take the two minimal supersets:
X, ={U1,Us,Us}, Xo=X; U {Up}.

Step 1. Check F; for each U;. As above, all four satisfy F5.

97

Step 2. Verify F5(X}) by arranging the level-2 supermodules U; in a bounding rectangle,

using their level-2 bounding dimensions
dim(U1) = (2,2), dim(Uz2) = (3,3), dim(Us) = (5,3), dim(Up) = (0,0).
(a) For X;: place Uy,Us in top row, Us in bottom row
Wiop =2+3 =05, Hiop =3, Whot =5, Hpot = 3,

so overall W = max{5,5} =5, H=3+3 =6.
(b) For X5: include the trivial Uy (zero-area) alongside

Same layout gives W =5, H = 6,

so F5(X5) holds as well.
Therefore, Aoz B = {X;, X5} exhibiting a concrete 3-superhyperfloorplan of S.

Theorem 3.4(n-Superhyperfloorplan Generalizes Hyperfloorplan) Let HF = (P1(S5),01) be
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the hyperfloorplan of S. Then,

(a) SHF1 = (P1(S),01) coincides exactly with HF.
(b) For each n > 1, the inclusion v: P1(S) — Pn(5), A — A, induces an embedding of
hyperstructures v: HF — SHF,, preserving the hyperoperation:

t(Aoy B) = u(A)o,u(B), VABCS.

Thus every classical hyperfloorplan is recovered as the special case n = 1, and SHF,

strictly generalizes HF .

Proof (a) By definition P;(S) = P(S) and F; is exactly the classical feasibility predicate.
Hence o; agrees with the hyperfloorplan operation of the Definition, so SHF; = H.F.

(b) For n > 1, observe that the inclusion map ¢: A — A identifies each level-1 subset with
itself inside P,(S). If F1(X) holds for X C P;(S), then for the same X regarded in P,(5),
condition (ii) of F,, is automatic (each Y € X is an element of P1(S) C P,_1(S) and satisfies

F1), and condition (i) matches the original floorplanning feasibility. Therefore,
X€AogB = X e u(A)o,i(B),

showing that ¢ preserves the hyperoperation and is injective. Hence HJF embeds as a sub-
hyperstructure of SHF,,. O

Proposition 3.5(Commutativity) For any Ai,..., A, C Pn(S) and any permutation o of

{]_7 Ce ,m},
Al On A2 On " On Am = Aa(l) On AU(Q) On " On Aa’(m)'

Proof By Definition 3.1,
Ayoyoq Ay ={ X € Pu(S) | U= JAi € X, Fu(X)}.

Since set-union is commutative and F, (X) depends only on X, the right-hand side is unchanged

by permuting the A;. O
Proposition 3.6(Monotonicity) If A; C B; C P,(S) for alli=1,...,m, then

BlonBQOn"'oan g AlonA2on"'OnAm-

Proof Let
X € Byo, -0, B,.

Then, |J; B; € X and F,(X). Since each A; C B;, we have |J; 4; € |J,B; € X. Hence
XeAio, -0, A, O
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Theorem 3.7(Hyper-Associativity) For any A, B,C C P,(S5), define

Ao, Bo, C:= U (XonC): U (AonY).

X€Ao, B Y€EBo,C

Then,
Aoy, Bo,C={ZeP,(S)|AUBUCC Z, F,(%)}.

Proof By Definition 3.1,
Ao, B={X|AUBCX, F,(X)}.

Hence,
U &)= | {ZI1XuCcz F.(2)}

X€Ao, B XCPn(S)
AUBCX
Fo(X)

But AUBUC C XUC C Z and F,(Z) is independent of how the union is parenthesized. The
symmetric argument applies to Uy cp, (A0, Y), giving the claimed equality. O

Theorem 3.8(Embedding of Lower Levels) For each k with 1 < k < n, the inclusion map
tke: Pe(S) = Pr+1(S), X — {X}, induces an embedding of hyperstructures

L : SH.Fk = ('Pk(S),Ok) — SHFk+1 = (Pk+1(5),ok+1)-

Proof Let A,B C Pi(S). Under v, they become singletons {A}, {B} C Pr41(S). By
Definition 3.1,

tk(A) okg1 te(B) = { X € Prsa(5) [ {4, B} € X, Fira(X)}

Since Fj11(X) requires each element of X to satisfy Fj, particularly, A, B must each sat-
isfy Fy. Thus {A, B} C X, Fj41(X) holds exactly when AU B C X’ C Py(S) with Fj(X"),
identifying X’ with X \ {...}. One checks directly that this correspondence preserves distinct-
ness and the hyperoperation o. Thus, ¢ is an injective homomorphism of hyperstructures.
This completes the proof. O

Theorem 3.9(Reduction to Hyperfloorplan) Ifn =1, SHF1 = (P1(S5),01) coincides with the
classical hyperfloorplan HF(S) of Definition 2.1.

Proof For n = 1, we have P1(S) = P(S) and the feasibility predicate Fj is exactly
admitting a classical floorplan. Therefore,o; matches the operation o of Definition 2.1, yielding

SHF, = HF(S). O
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83. Conclusion

In this paper, we revisited floorplans and examined the notions of hyperfloorplan and superhy-
perfloorplan as defined in [6]. In the future, we expect further investigations into algorithms re-
lated to these concepts, as well as studies on their extended frameworks incorporating fuzzy sets
[29,30], intuitionistic fuzzy sets [31,32], neutrosophic sets [31,32], and plithogenic sets [35C37].
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§1. Introduction

1.1 Context and Motivation
The global agricultural sector has increasingly relied on synthetic chemicals to meet rising food
demands. However, their misuse leads to:

e Soil degradation and erosion;
e Long-term accumulation of toxins in food chains;

e Declines in keystone species, threatening ecosystems.

Understanding the impacts is crucial to balance productivity with ecological sustainability.

1.2 Scope of Study
This paper investigates
a) Soil degradation through nutrient imbalance;
b) Human health risks from chemical residues;
)

(
(
(c) Biodiversity loss due to non-target exposure;
(

d) Mitigation strategies leveraging technology and policy.

1.3 Structure of the Paper

1Received February 3, 2025. Accepted November 30, 2025
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e Section 2 examines soil nutrient dynamics using differential equations;
e Section 3 quantifies human health risks;

e Section 4 explores biodiversity impacts through case studies;

e Section 5 proposes policy and technological solutions.

§2. Soil Fertility and Agricultural Chemicals

2.1 Nutrient Dynamics in Soil

The dynamics of nutrient concentrations in soil are influenced by various factors, including the
rate of fertilizer application, the uptake by crops, and the loss due to leaching and erosion. A
dynamic model that describes nutrient concentration over time is given by

dC(t)

— =1~ (D) + L(1)

where,

e C(t) — Nutrient concentration at time ¢
e I(t) — Rate of fertilizer application, which increases nutrient concentration [1];
e D(t) — Uptake by crops, which depletes the nutrient concentration in the soil [2];

e L(t) — Loss due to leaching and erosion, which reduces nutrient levels [3].

This equation provides an idealized view of nutrient dynamics in agricultural soils [1].
Fertilizer application (I(t)) increases nutrient levels, while crop uptake (D(t)) and loss through

leaching (L(t)) decrease the nutrient levels in the soil.

2.2 Chemical Leaching in Soil

Leaching occurs when excessive fertilizer use leads to the movement of nutrients away from the
root zone into deeper soil layers or groundwater. The rate of nutrient leaching can be quantified

as
L=a-C-R

where,

e o — Soil permeability coefficient, which indicates the ease with which water and nutrients
can move through the soil [2];

e C — Nutrient concentration in the soil [1];

e R — Rainfall, which is a driving force behind leaching processes [3].

Excessive fertilization often leads to an over-saturation of nutrients in the soil, increasing
the risk of leaching [1,3]. This can cause serious environmental problems, including water

pollution and eutrophication of nearby water bodies [2].

2.3 Global Examples of Nutrient Losses

In many countries, excessive use of chemical fertilizers has led to significant nutrient losses,
impacting soil health and water quality. Studies in regions like India and Brazil show that
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agricultural lands experience annual nutrient losses ranging from 20% to 30%, primarily due to
over-fertilization.

For example, in India, the excessive use of nitrogenous fertilizers in the rice-wheat cropping
system has resulted in substantial nutrient losses. A study by [4] found that fertilizer losses
in Indian soils due to leaching and volatilization were responsible for a 25% reduction in soil
fertility. This loss significantly reduces the long-term productivity of agricultural soils, requiring
increased use of fertilizers to maintain crop yields, thus exacerbating the problem.

In Brazil, particularly in the Amazon region, the expansion of intensive agriculture has led
to the overuse of fertilizers, with subsequent nutrient losses of up to 30%. [5] reported that in
the Cerrado region, soil degradation due to nutrient leaching has been a major concern, leading

to reduced crop yields and increased water pollution from nutrient runoff.

2.4 Visualization: Nutrient Dynamics and Leaching in India and Brazil

Below is a graphical representation showing how nutrient levels change over time in regions
with different fertilizer usage and leaching rates. These examples provide a visual comparison

of nutrient concentration trends in soils from India and Brazil.

Nutrient Dynamics in Indian and Brazilian Soils
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Figure 1. Nutrient dynamics and leaching in India and Brazil over time

2.5 Implications of Excessive Fertilizer Use

The implications of excessive fertilizer use are manifold

e Soil Degradation: Continued nutrient loss due to leaching can degrade soil quality, re-
ducing its ability to support healthy crops in the long term;

e Water Pollution: Nutrient leaching into groundwater and nearby water bodies contributes
to nutrient pollution, leading to issues like eutrophication, which causes algal blooms and oxygen
depletion in water;

e Increased Cost of Fertilizers: As soil fertility declines, farmers may need to apply even
more fertilizers to maintain crop yields, leading to increased costs and decreased sustainability

in farming practices.
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2.6 Nutrient Dynamics in Soil
Consider the following differential equation for nutrient dynamics in soil

dC(t)
S = 1) - (D(1) + L)

where,

e C(t) — Nutrient concentration at time ¢;

e I(t) = 50 kg/ ha/year is the fertilizer application rate;

e D(t) = 40 kg/ha/ year is the crop uptake rate;

e L(t) =240 - C(t) is the leaching loss, dependent on the nutrient concentration.

The equation becomes
dC'(t
% = 50 — (40 + 240 - C(t))

2.7 Numeric Example: Nutrient Concentration for Year 1

Given

C(0) = 100 kg/ha,
the change in nutrient concentration at time ¢ = 1 year can be computed as follows.
First, compute the leaching loss at t = 0

L(0) = 240 - 100 = 24000 kg/ha/ year .

Now, the rate of change of nutrient concentration is

dC
—r = 50— (40 +24000) = 50 — 24040 = 23990 kg/ha/ year .

Thus, the nutrient concentration at the end of the first year is

d
C(1)=C(0)+ d—f =100 — 23990 = —23890 kg/ha

This result is clearly unrealistic and indicates the need for refinement in the model, espe-

cially with extreme leaching rates.

2.8 Chemical Leaching in Soil

Leaching loss is given by the equation

where,

e o = 0.3 is the soil permeability coefficient;
e R =800 mm/ year is the rainfall;

e C' =100 kg/ha is the nutrient concentration.
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Substituting the values
L =0.3-100- 800 = 24000 kg/ha/ year .

2.9 Numeric Example: Long-term Nutrient Dynamics

For a more realistic long-term scenario, let’s assume the following values for a 10-year period
I(t) =50 kg/ ha / year , D(t) =40 kg/ ha / year , L(t) =240-C(t).

For C(0) = 100 kg/ha, we will calculate the nutrient concentration after 10 years.
2.9.1 Year 1. At year 1, the rate of change is

dc
=50 — (40 + 240 - 100) = 50 — 24040 = ~23990 kg/ha/ year .

Thus,
C(1) = 100 — 23990 = —23890 kg/ha.

2.9.2 Year 2. Continuing with the negative concentration at year 1

L(1) =240 - (—23890) = —5721360 kg /ha/ year

dc
= 50— (40 + (~5721360)) = 50 + 5721320 = 5721370 kg/ha/ year

Thus,
C(2) = —23890 + 5721370 = 5697480 kg/ha.

Again, the unrealistic value indicates that the model needs refinement.

2.10 Global Trends

2.10.1 Example 1: India. Studies show that excessive use of fertilizers in India leads
to nutrient losses of 20 — 30% annually. If the initial nutrient concentration is 200 kg/ha and
the fertilizer application rate is 60 kg/ha/ year, we calculate the potential losses over 5 years.

Let’s assume the same model
I(t) = 60 kg/ha/ year , D(t) =50 kg/ha/ year , L(t) =240-C(t).

2.10.2 Year 1 (India). The change in nutrient concentration is

ac
T 60 — (50 + 240 - 200) = 60 — 48050 = —47990 kg/ha/year.
Thus,

C(1) = 200 — 47990 = —47790 kg/ha.

This result emphasizes that excessive fertilizer use can have a highly detrimental impact

on soil fertility.
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2.10.3 Example 2: Brazil. Similarly, in Brazil, the application rate is 70 kg/ha/ year,
with a loss rate of 20 — 30% annually and

I(t) =70 kg/ha/ year , D(t) = 60 kg/ha/ year , L(t) =240 C(t).

2.10.4 Year 1 (Brazil). The change in nutrient concentration is

e

—~ = 70— (60 + 240 - 150
o (60 + )

70 — 36000 = —35930 kg /ha/year.

Thus,
C(1) = 150 — 35930 = —35780 kg/ha.

Once again, this result is unrealistic and indicates the need for a more complex and refined
model for both India and Brazil.

The examples above show the unrealistic results due to extreme assumptions in nutrient
leaching. In practice, more sophisticated models are required to predict nutrient dynamics and
leaching over time in agricultural soils. Additionally, adjusting leaching rates and accounting
for crop rotation, different soil types, and environmental conditions would yield more accurate
predictions.

83. Human Health and Exposure

3.1 Quantifying Residual Exposure

Residue concentration C,. in food

C?" = V?
where F' is the chemical application, and V is vegetable biomass.

Daily intake DI is given by

Cr : Q
W )

where @ is daily food intake and W is body weight.

DI =

3.2 Pathways of Exposure

Human exposure arises through

e Direct inhalation during application;
e Ingestion of contaminated food or water;

e Dermal contact with chemical residues.

3.3 Flowchart: Exposure Pathways

The pathways of human exposure to agricultural chemicals is shown in Figure 2.
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| Soil Contamination Food Chain

| Water Contamination |
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Figure 2. Pathways of human exposure to agricultural chemicals

3.4 Case Study: Pesticide Residues in Food

Vegetable Residue Level (mg/kg) WHO Limit (mg/kg)

Tomatoes 0.9 0.5
Spinach 1.2 0.8
Potatoes 0.3 0.5

Table 1. Pesticide residue levels exceeding WHO limits

84. Numeric Example for Residual Exposure

4.1 Given Data

e Chemical Application ( F'): 100mg/ha;
e Vegetable Biomass ( V' ): 200 kg/ha;

e Daily Food Intake (Q) : 0.5 kg/ day;

e Body Weight (W) : 70 kg.

4.2 Step 1: Calculate Residue Concentration ( C, )

F  100mg/ha
Cp=— =82 g 5mg/k
V ~ 200 kg/ha mg/ke

4.3 Step 2: Calculate Daily Intake ( DI )

_Cp-Q 0.5mg/kg-0.5kg/ day  0.25mg/ day

DI
W 70 kg 70 kg

= 0.00357mg/kg/ day

85. Biodiversity Impacts

5.1 Wildlife Population Dynamics

Pesticides have been shown to indirectly harm non-target species, including mammals, birds,
amphibians, and insects. These species play essential roles in ecosystem functions such as
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pest control, pollination, and maintaining biodiversity. While the direct impact of pesticides
on wildlife has been well-documented, their indirect effects are more challenging to quantify.
These effects can lead to changes in population dynamics, habitat destruction, and the collapse
of local ecosystems.

To model the impact of pesticide exposure on wildlife populations, we can use the logistic
growth equation with an additional mortality term that accounts for pesticideinduced fatalities.

The equation governing the population dynamics P is

P P
& _p(1-2)-M
a ( K) ’

where,

e P(t) represents the population of a species at time ¢;

e 7 is the intrinsic growth rate of the population (how quickly it would grow in the absence
of external mortality);

e K is the carrying capacity of the environment, the maximum sustainable population size;

e M is the mortality rate caused by pesticide exposure.

This model captures both the natural growth of a population and the detrimental effects
of pesticide exposure. The parameter M reflects the extent to which pesticides contribute to
mortality and can be influenced by factors such as pesticide concentration, exposure duration,
and species susceptibility. As pesticide use increases, the mortality rate M rises, leading to a
decrease in the population over time, even if the intrinsic growth rate r remains high.

For example, studies have shown that the use of certain pesticides can result in the death
of birds and insects in agricultural landscapes, even though the region may appear to support
thriving crops. A study by [6] found that pesticide exposure was responsible for a 20% annual
mortality in certain bird species, causing long-term population declines. Similarly, [7] report-
ed that amphibians exposed to pesticides experienced higher mortality rates and disrupted

reproductive cycles, which further contributed to population instability.

§6. Numerical Example for Wildlife Population Dynamics

6.1 Given Data

e Intrinsic growth rate (r) : 0.05 per year;

e Carrying capacity (K) : 1000 individuals;

e Initial population (Pp) : 200 individuals;

e Mortality due to pesticide exposure ( M ): 10 individuals per year;
e Time step (At) : 1 year.

6.2 Logistic Growth Model with Mortality Term

The equation governing the population dynamics is

dP P
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6.3 Step 1: Calculate Population after 1 Year

For the first time step, we substitute the values into the equation

arP 200
il 0.05 - 200 (1 - 1000) — 10,
aprP

— = 0.05-200(1-0.2) - 10

o (1-02)~10,
ar = 0.05-200-0.8 - 10,

dt

aP

— = 8—-10=-2.

dt

Thus, the population decreases by 2 individuals over the year.

6.4 Step 2: Update Population
The new population at the end of the year is

dP
P(l) = P — At
(1) O+dt

200 4 (—2) - 1 =200 — 2 = 198.

So, after 1 year, the population is reduced to 198 individuals due to pesticide exposure.
Thus, the impact of pesticide exposure results in a slight decrease in the population from 200
to 198 individuals in one year.

6.5 Pollinator Decline

Pollinators, particularly bees, are essential for the fertilization of many plants, including a large
number of crops vital to human food security. However, the widespread use of pesticides in
agriculture has led to a significant decline in pollinator populations. Studies have shown that,
in pesticide-intensive regions, pollinator populations, especially bees, decline by as much as 30%
annually. This phenomenon poses a serious threat to global food security as many crops, such
as fruits, vegetables, and nuts, depend on pollinators for successful fertilization.

The decline of pollinators can be attributed to a combination of factors, including habitat
loss, pesticide exposure, and climate change. However, pesticides, particularly neonicotinoids,
have been identified as one of the leading causes. These chemicals affect the neurological systems
of insects, leading to disorientation, impaired foraging behavior, and ultimately death. In some
cases, even sub-lethal exposure to pesticides can reduce the ability of pollinators to navigate
and communicate, further exacerbating their population decline.

The dynamics of pollinator populations in response to pesticide exposure can be modeled

similarly to wildlife populations, with a modified version of the logistic growth equation

dB B
dtrB(lK>M’

where,
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e B(t) represents the pollinator population (e.g., bees) at time ¢;

e r is the intrinsic growth rate of the pollinator population;

e K is the carrying capacity, representing the maximum number of pollinators the envi-
ronment can support;

e M is the mortality rate caused by pesticide exposure.

Recent studies have highlighted the vulnerability of bee populations to pesticides. For
instance, [10] reported that neonicotinoid pesticides caused a 50% reduction in the number of
bees in treated fields over two years. Similarly, [12] found that the use of certain pesticides
was linked to a decline in bee reproductive success, which compounded the overall population
decrease.

Given the critical role of pollinators in food production, understanding the dynamics of
pollinator decline and its relationship with pesticide exposure is essential for developing effective
conservation strategies. Some solutions include the reduction or ban of harmful pesticides, the
promotion of organic farming practices, and the creation of bee-friendly habitats.

‘ Fertilizer, Pesticides, Herbicides Applied ‘

lEifL't'l on Soil 1’(1‘11"1}'] { Effect on Human Health

Effect on '5'1': P Yield | |Ef‘fect. on Wildlife

E;ul

Figure 3. Flowchart of agricultural chemicals impact

87. Policy and Technology Solutions

7.1 AI and IoT for Precision Agriculture

7.1.1 Optimizing Fertilizer Dosage Using AI. Al models can help determine the
optimal fertilizer dosage, Dopt, , by minimizing the total cost and environmental impact. The

optimization problem is given by
D,y = argming, [C(D) + E(D)],

where, o C(D) is the cost function of fertilizer application;
e E(D) is the environmental impact function, which includes factors like nutrient runoff

and soil degradation.
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7.1.2 Cost Function Example. Suppose the cost of applying D kg of fertilizer is
modeled by
C(D)=5D+2

where the unit cost of fertilizer is 5 dollars per kg, and the fixed cost is 2 dollars per application.

7.1.3 Environmental Impact Function Example. The environmental impact of

applying D kg of fertilizer might be modeled by
E(D) =0.1D*+3D + 10

where the impact increases quadratically with D, representing runoff and degradation of soil
quality.

7.1.4 Finding the Optimal Fertilizer Dosage. To minimize the total cost and envi-

ronmental impact, we need to solve the following
f(D)=C(D)+ E(D) = (5D +2) + (0.1D*> 4+ 3D + 10) = 0.1D* + 8D + 12

We take the derivative of f(D) with respect to D and set it equal to zero to find the critical
points

daf
— =02D+4+8=0
dD +
Solving for D,
8
02D=-8 = D=—-——=-40
0.2

Since a negative fertilizer dosage does not make sense, we check the second derivative

d*f
W — 0.2

and the function has a minimum at D = 40 because the second derivative is positive.
7.1.5 Optimal Fertilizer Dosage. Thus, the optimal fertilizer dosage is Dopt = 40 kg.

7.1.6 TIoT Sensors for Monitoring Soil Health. IoT sensors provide real-time data
on soil conditions, such as pH and nutrient levels, allowing for adaptive and precise fertilizer
application. For example, suppose an IoT sensor reads the following soil conditions

e Soil pH: 6.2;

e Nitrogen level: 50mg/kg;

e Phosphorus level: 30mg/kg;

e Potassium level: 200mg/kg.

Based on these readings, the Al system can adjust the fertilizer dosage to achieve optimal

soil health while minimizing waste and environmental impact.

7.1.7 Example of Fertilizer Adjustment. If the soil nitrogen level is lower than
optimal (say, it should be around 80mg/kg ), the Al system may recommend increasing the
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nitrogen fertilizer by 10,
Dadjusted =40+0.1 x40 =44 kg

Thus, the Al system suggests applying 44 kg of fertilizer instead of the original 40 kg to ensure

that nutrient deficiencies are addressed while minimizing unnecessary excess.

88. Impact on Wildlife

8.1 Impact on Birds

The impact of pesticides on bird populations can be modeled by
B(t) _ B(] A e—k.Ew

where,
e B(t) is the bird population at time ¢;
e By is the initial bird population;
e L is the sensitivity coefficient;
e F,, is the exposure level.
8.1.1 Example: Recent Study on Birds. A study by Thompson and Hayes (2024)

reported the following values for bird populations exposed to pesticides, i.e., assuming

e Initial bird population By = 5000;
e Sensitivity coefficient ;
e Exposure level E,, = 0.15mg/kg.

The population at time t is calculated as

B(t) = 5000 - e~ %070-15 &~ 5000 - ¢~%-010% ~ 5000 - 0.9895 = 4947.5,

which shows a slight reduction in bird population andcan be attributed to pesticide exposure.

8.1.2 Graphical Representation of Bird Population Decline. Below is a simple
graph that can be created to show the exponential decay of the bird population over time due

to pesticide exposure.

5,000

4.900
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Figure 4. Exponential decline of bird population due to pesticide exposure
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8.2 Impact on Mammals

For mammals, the model for population impact is

M(t):MO-(l— Cu )W,

Cmax

where,

e M (t) is the mammal population at time ¢;

e My is the initial mammal population;

e (), is the chemical concentration;

e Chax is the maximum tolerable concentration;

e 7 is the impact coeflicient.

8.2.1 Example: Herbicide Impact on Deer. A study by Clark et al. (2023) examined

the effect of herbicides on deer populations, i.e., assuming

e Initial mammal population My = 2500;
e Maximum tolerable concentration Cpax = 0.6mg/kg;
e Chemical concentration C,, = 0.3mg/kg;

e Impact coefficient v = 1.5.

The population at time t is calculated as
0.3\"°
M(t) = 2500 - (1 — 06) ~ 2500 - (0.5)'5 ~ 2500 - 0.3536 = 884,

whichi represents a significant decline in the deer population due to exposure to herbicides.

8.2.2 Graphical Representation of Mammal Population Decline. Below is a graph

illustrating the decline of the mammal population based on chemical exposure.

2.500
2,000
1,500

1000
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Figure 5. Impact of herbicide exposure on deer population

89. Impact on Wildlife

Impact on birds
B(t) = By -e FFw (1)
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which is an explanation model on bird population B(¢) over time, where

e By — Initial population;
e L — Sensitivity coefficient;

e F,, : Exposure level to chemicals.

Bird Population Decline Over Time

5,200
5,000
4,800

Bird Population

Time (vears)
Now, let’s calculate the bird population (B(t)) over time given the following values

e Initial population (Bg) = 5000 birds;
e Sensitivity coefficient (k) = 0.07;

e Exposure level (E,,) = 0.15;

e Time (t) = 5 years.

The model for bird population decline is

B(t) — BO . eflva't

Substituting the given values

B(5) = 5000 - 6_0'070'15.5

Now, calculate the result

B(5) = 5000 - e~ %925 &~ 5000 - 0.9487 ~ 4743.5

Therefore, the bird population after 5 years is approximately 4743.5 birds.

§10. Human Health Implications

The exposure assessment is determined by

E = (C - Intake

The explanation calculates daily exposure from agricultural chemicals

e C — Chemical concentration in food (e.g., pesticide residue);

e Intake — Daily intake of contaminated food.
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P(‘h’ti(']'.(l!" Exposure Levels by Fruit
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Fruit Type

Nowlet’s calculate the daily exposure (E) for different fruits based on pesticide residue
levels.

e For apples, the chemical concentration (C) is 0.0lmg/kg and the daily intake of apples
is 1kg;

e For oranges, the chemical concentration ( C' ) is 0.007mg/kg and the daily intake of
oranges is 1.2kg;

e For grapes, the chemical concentration ( C') is 0.02mg/kg and the daily intake of grapes
is 0.8kg.

The exposure is calculated by using the formula
E =C"- Intake .

Substituting the values for each fruit

Eapples = 0.01-1=0.0lmg/ day ,
Eoranges = 0.007-1.2 = 0.0084mg/ day
EGrapes = 0.02-0.8 =0.016mg/ day .

Therefore, the daily exposure levels are

e Apples: 0.0lmg/ day;
e Oranges: 0.0084mg/ day;,
e Grapes: 0.016mg/ day.

811. Precautions and Recommendations

11.1 Reducing Chemical Usage

To mitigate the harmful effects of chemicals, it is essential to implement sustainable agricultural

practices.

e Implement precision agriculture techniques to optimize the application of pesticides and
fertilizers, reducing overall usage;
e Use organic or less harmful alternatives wherever feasible, such as biopesticides and

natural predators for pest control;
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e Follow recommended application rates and avoid overuse to minimize both direct and
indirect effects on wildlife.

11.2 Improving Soil and Habitat Management
Effective soil and habitat management can help support both soil health and wildlife.

e Conduct regular soil testing to monitor nutrient levels, pH , and contamination, enabling
informed decision-making about fertilizer and pesticide use;

e Implement buffer zones and cover crops to reduce the impact of chemical runoff, improve
soil quality, and provide habitat for beneficial wildlife;

e Protect and restore natural habitats, such as wetlands and forests, that are affected by
chemical runoff;

e Monitor and manage chemical levels in critical wildlife habitats, such as riparian zones

and conservation areas.

11.3 Policy Recommendations

Governments and international organizations must take measures to reduce chemical risks to

wildlife.

e Develop and enforce regulations that limit the use of harmful chemicals and promote
sustainable agricultural practices that reduce their environmental impact;

e Support research into alternative and safer agricultural technologies, such as integrated
pest management and organic farming techniques;

e Fund conservation programs and initiatives aimed at restoring habitats and mitigating

the impact of agricultural chemicals on biodiversity.

812. Conclusion and Future Work

The use of agricultural chemicals, including pesticides, herbicides, and synthetic fertilizers, has
significantly enhanced agricultural productivity by increasing crop yields and addressing pest-
related challenges. However, these chemicals pose serious environmental risks, particularly to
non-target organisms such as birds, mammals, insects, and the broader ecosystem. The long-
term effects of agricultural chemicals can lead to biodiversity loss, degradation of soil health, and
disruption of natural ecological processes, which in turn impacts food security and ecosystem
services.

As the agricultural industry seeks to balance productivity with environmental sustainabil-
ity, technologies such as Artificial Intelligence (AI), the Internet of Things (IoT), and precision
agriculture are offering new avenues to reduce chemical usage while maintaining yields. Preci-
sion farming utilizes Al and IoT to ensure that fertilizers and pesticides are applied optimally,
minimizing waste, reducing the risk of overuse, and mitigating environmental harm. These
technologies enable farmers to tailor their practices based on real-time data, adjusting inputs
such as water, nutrients, and chemicals according to the specific needs of the crop.

However, in order to achieve true sustainability, it is essential to integrate technology with
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robust policy frameworks. Policymakers must enact regulations that not only restrict the use
of harmful chemicals but also encourage the adoption of alternative, less toxic options and
promote sustainable farming practices. Additionally, education and awareness programs aimed
at farmers can be pivotal in helping them transition toward more eco-friendly and cost-effective
farming techniques.

12.1 Impact on Sustainability of Human.

(1) Impact on Soil Health. Agricultural chemicals, especially synthetic fertilizers, sig-
nificantly alter soil nutrient dynamics and microbial communities [12]. Overuse of fertilizers
can lead to eutrophication, affecting water quality in nearby ecosystems [13]. Soil testing and

sustainable management practices are essential to mitigate these impacts 20.

(2) Effects on Biodiversity. Non-target organisms, such as pollinators and aquatic species,
are particularly vulnerable to pesticide exposure [14, 23]. Studies show that amphibians face
reproductive challenges due to pesticide residues [25], while bird populations suffer from acute
and chronic poisoning [24. Protecting biodiversity requires stricter regulations and monitoring
15.

(3) Human Health Concerns. Pesticide residues in food and water pose significant risks to
human health, including neurological and developmental disorders [16, 21]. Long-term exposure
to certain chemicals has also been linked to cancer and other chronic diseases [10]. Regulatory
bodies, such as the WHO, have established residue limits to minimize these risks 27.

(4) Technological Advancements. FEmerging technologies, such as Al and IoT, provide
innovative solutions for reducing chemical usage in agriculture [9, 18]. Precision agriculture
techniques optimize the application of inputs, enhancing efficiency and reducing environmental

harm [19]. Blockchain technology can improve transparency in chemical usage [28].

(5) Precautions and Recommendations. (1) Reducing chemical usage. To minimize the
harmful effects of chemicals, farmers should adopt sustainable practices, such as integrated
pest management (IPM) [17] and the use of biopesticides [20]. These strategies have been
shown to improve both productivity and environmental outcomes [22]; (2) Improving soil and
habitat management. Implementing buffer zones and cover crops can reduce chemical runoff
and improve soil quality [11]. Restoring natural habitats is also critical for supporting wildlife
affected by agricultural practices [15]; (3) Policy recommendations. Policymakers should enforce
regulations that promote the use of safer alternatives to harmful chemicals [19, 23]. Research

into sustainable farming techniques and conservation initiatives must be prioritized [26].

12.2 Future Work

There are several promising directions for future research and development in the area of sus-

tainable agriculture.

e Blockchain for Chemical Tracking: Blockchain technology has the potential to im-
prove transparency and accountability in agricultural chemical usage. By utilizing blockchain to
track the entire lifecycle of chemicals from application to consumption, stakeholders, including
farmers, regulatory bodies, and consumers, can ensure that the chemicals used in food produc-
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tion are safe, traceable, and applied responsibly. This could also facilitate faster responses in
cases of contamination or misuse;

e Al for Enhanced Ecosystem Monitoring: AI can be further employed to monitor and
predict the impact of chemicals on ecosystems. Using data from environmental sensors, machine
learning models could predict how chemicals such as pesticides influence biodiversity in real-
time. This could allow for more proactive measures to protect vulnerable species and habitats.
AT can also help assess cumulative environmental effects by analyzing large datasets across
different ecosystems;

e Integrated Pest Management (IPM) and Technology Integration: Future ad-
vancements could focus on integrating traditional pest management techniques with modern
technologies. Al-driven models could assist in forecasting pest outbreaks, allowing for timely
and targeted interventions using minimal chemicals. This could help reduce chemical depen-
dence while maintaining crop health. Additionally, technologies like drones and robotics could
be used for precise, localized pest control, reducing the overall need for pesticide application;

e Exploring Biopesticides and Organic Alternatives: Further research is required
into the development of biopesticides and other organic pest control methods that are less
harmful to wildlife and the environment. These natural alternatives could play a significant
role in reducing the toxicity of conventional chemicals. The integration of biopesticides into
precision agriculture models could enable farmers to use environmentally safer methods while
still achieving high yields;

e Soil Health Restoration and Biodiversity Enhancement: Future work should
focus on developing practices that not only improve soil health but also support biodiversity
restoration. Techniques such as agroecology, agroforestry, and the use of cover crops have the
potential to restore soil structure and nutrient cycling, which in turn can reduce the need for
synthetic fertilizers. By integrating biodiversityfriendly practices into farming systems, the
resilience of agricultural landscapes can be increased, supporting both food production and

ecosystem preservation.

In conclusion, while agricultural chemicals have contributed significantly to modern farm-
ing, their negative environmental and ecological impacts require urgent attention. With the
help of advanced technologies such as Al, IoT, and blockchain, coupled with supportive pol-
icy frameworks and sustainable farming practices, agriculture can transition towards a more
environmentally conscious and sustainable future. Future research will continue to explore in-
novative ways to reduce the harmful effects of chemicals on wildlife, ecosystems, and human

health, ensuring a healthier planet for future generations.

References

[1] Smith, J., & Johnson, A. (2020), Nutrient dynamics in agricultural soils: A review, Journal
of Soil Science, 45(3), 123-145.

[2] Brown, C. D.; & Jones, R. L. (2019), Leaching of pesticides and nutrients in agricultural
soils, Environmental Pollution, 156(2), 456-467.

[3] Zhang, W., & Li, X. (2021), The impact of rainfall intensity on nutrient leaching in different



Quantitative Mathematical Analysis of Agricultural Chemicals: Impacts on Soil, Health and Biodiversity 121

soil types, Water Resources Research, 57(4), e2020WR028987.

Patel, R., & Kumar, S. (2018), Fertilizer losses in Indian agricultural systems: Causes and
consequences, Agricultural Systems, 165, 187-195.

Silva, A. B., & Oliveira, M. C. (2019), Soil degradation and nutrient leaching in Brazilian
Cerrado, Journal of Environmental Management, 245, 548-556.

Wilson, J. D., & Morris, A. J. (2017), Pesticide exposure and bird population declines in
agricultural landscapes, Ecological Applications, 27(2), 546-558.

Hayes, T. B., & Hansen, M. L. (2018), Amphibian population declines and pesticide expo-
sure: A meta-analysis, Environmental Health Perspectives, 126(7), 076001.

Thompson, L., & Hayes, R. (2024), Avian responses to pesticide exposure in intensive
agricultural landscapes, Journal of Wildlife Management, 88(2), 345-358.

Clark, M., & Associates. (2023), Herbicide impacts on mammal populations in agricultural
ecosystems, Ecological Modelling, 478, 110-125.

WHO. (2021), Guidelines for drinking-water quality: Fourth edition incorporating the first
and second addenda, World Health Organization.

FAO. (2022), World fertilizer trends and outlook to 2026, Food and Agriculture Organiza-
tion of the United Nations.

Singh, R. M., & Gupta, A. K. (2019), Soil health assessment in chemical-intensive agricul-
tural systems, Journal of Soil Science, 74(3), 456-472.

European Commission. (2020), The EU Farm to Fork Strategy: For a fair, healthy and
environmentally-friendly food system, Brussels: European Commission.

Kumar, V., & Singh, J. (2020), Biodiversity conservation in agricultural landscapes, Bio-
logical Conservation, 248, 108-125.

UNEP. (2019), Global Chemicals Outlook II: From legacies to innovative solutions, United
Nations Environment Programme.

Chen, Y., & Wang, H. (2022), Precision agriculture and sustainable chemical management,
Computers and FElectronics in Agriculture, 194, 106766.

Garcia-Pérez, J. A., & Lépez-Pérez, M. (2021). Integrated pest management: A sustainable
approach to agricultural pest control. Journal of Sustainable Agriculture, 45(4), 567-589.

Zhang, L., & Li, S. (2023), Al-driven solutions for sustainable agriculture, Artificial Intel-
ligence in Agriculture, 7, 45-58.

Miller, T., & Roberts, S. (2022), Policy frameworks for reducing agricultural chemical
pollution, Environmental Science & Policy, 135, 78-89.

Johnson, P., & White, R. (2021), Biopesticides as alternatives to synthetic chemicals,
Journal of Pest Science, 94(2), 345-358.

Anderson, K., & Davis, M. (2020), Human health risks from pesticide residues in food,
Food and Chemical Toxicology, 142, 111-125.

Rodriguez, A., & Martinez, C. (2022), Sustainable farming practices and their environ-
mental benefits, Agricultural Systems, 198, 103-115.

Lee, S., & Kim, J. (2021), Impact of agricultural chemicals on aquatic ecosystems, Water
Research, 189, 116-130.



122

Ram Milan Singh

Wilson, E., & Brown, T. (2020), Bird mortality from pesticide exposure: A global review,
Ornithological Applications, 122(3), 1-15.

Davis, R., & Thompson, P. (2021), Amphibian reproductive challenges in pesticide-contaminated
environments, Environmental Toxicology and Chemistry, 40(5), 1345-1356.

Green, M., & Harris, L. (2022), Conservation strategies for agricultural landscapes, Con-
servation Biology, 36(4), 789-801.

WHO/FAO. (2023), Mazimum Residue Limits for Pesticides in Food, Joint FAO/WHO
Meeting on Pesticide Residues.

Blockchain for Agriculture Consortium (2023), Transparency and traceability in agricultural
chemical usage, Technical Report, BFA-2023-001.



Papers Published in IJMC, 2025

1. Combinatorics - A Mathematical Approach for Holding on the Realty of Thing in the
Universe

Linfan Mao .. ..o 01
2. Enumeration the Number of Spanning Trees of the Sequence of Some Families of Graphs
That Have the Same Average Degree

S. N. Daoud and Mohmmed Aljohani .......... ... .. i, 24
3. Connected Monophonic Eccentric Domination Number of Corona Product

of Some Standard Graphs

P. Titus, J. Ajitha Fancy, Santhakumaran and A. Radhakrishnan ..................... 51
4. Some Fractional Product Cordial Graphs

R. Ponraj and T. Sutharson ............ .o 67
5. Modulo Two Square Mean Labeling of Some Path and Path Related Graphs
Christopher M. and Ramachandran V........ ... .. . i 78
6. A Note on the Ratio of two Gamma Functions

A. Bagdasaryan, J. Lopez-Bonilla, R. Rajendra and P. Siva Kota Reddy .............. 90
7. PMC-Labeling of Certain Tree Related Graphs and Prism of Wheel Graph

R. Ponraj, S. Prabhu and M. Sivakumar ........... .. .. i i i 93
8. A Short Note on an Identity of Spivey for Bell Numbers

T. Kim, J. Lépez-Bonilla, R. Rajendra, P. Siva Kota Reddy and M. Pavithra ........ 103
9. An Amplification of Interval-Valued Intuitionistic Fuzzy Soft Matrices for Disease Diag-
nosis

Mousumi Akter, Md Sahadat Hossain, Md Fazlul Hoque, Rafiqul Islam and Md. Nasimul
Karim ..o 107
Vol.3,2025

1. A Novel Result of Coupled Fixed Point in Partially Ordered Partial Metric Spaces with
Applications

Gurucharan Singh Saluja ....... ... i 01
2. The General Leap-Zagreb-Type Indices of Some Chemical Graphs

Fuxian Qi and Zhen Lin . ... 14
3. More Results on Vector Basis {(1,1,1,1),(1,1,1,0),(1,1,0,0),(1,0,0,0)} - Cordial
Graphs

R. Ponraj and R. Jeya ... 33
4. Subgroup Lattice Chains of Symmetric Group of Degree 7
Ogiugo M. E., Amit Sehgal, EniOluwafe M., Adebisi S. A. and Ogunfolu O.B. ........ 43

5. H-V-Super-(a, d)-Semi Antimagic Decomposition of Complete Bipartite Graphs



124

International Journal of Mathematical Combinatorics

S, Stalin Kumar ... ..o 50
6. Some Applications of Cooper’s Formulae for Sums of Squares
H. Kumar, J. D. Bulnes, R. Rajendra, P. Siva Kota Reddy and J. Lpez-Bonilla ....... 65

7. A Comprehensive Study of a New g-Analogue of Binomial Coefficients and its Combin-

atorial Applications

Ram Milan Singh and Sabha Kant Dwivedi ............ .. .. o i it 69
8. Enlightenment of Natural Action in Emperor’s Inner Canon of Chinese

Linfan MA O ..o 90
Vol.4,2025

1. On the Application of Separable RgR1 Ry - - - R,-Cyclic DNA Codes to DNA Computing
Yasemin Cengellenmis and Abdullah Dertli........ ... it 01
2. Obstructions for Connected Tree-width and Connected Path-width

Takaaki Fujita . ... ..o 22

3. Enumeration the Number of Spanning Trees of Some Families of Graphs Based on
Nonahedron Graphs

S. N. Daoud and Ahmed N. EIsawy . ... ..o 39
4. Common fixed Point Results for Interpolative Reich-Rus-Cirié-Meir-Keeler Contrac-

tions

Jaynendra Shrivas and Rohit Kumar Verma............. .. .. ... .. 63
5. Group Divisible Designs (5,n,n + 1,4; A1, A2)

Didas Ngabirano, Kasifa Namyalo and Olivia Nabawanda ...................... ... ... 74
6. Hyperfloorplans and Superhyperfloorplans — Definitions, Properties and Perspectives
(Revisit)

Takaaki Fujita . ... ..o e 84

7. Quantitative Mathematical Analysis of Agricultural Chemicals: Impacts on Soil, Health
and Biodiversity
Ram Milan Singh .. ... 103



Famous Words

Mathematics is the tool specially suited for dealing with abstract concepts of any kind and
there is no limit to its power in this field. For this reason a book on the new physics, if not

purely descriptive of experimental work, must be essentially mathematical.

By P.A.M. Dirac, a British theoretical physicist



Author Information

Submission: Papers only in electronic form are considered for possible publication. Papers
prepared in formats latex, eps, pdf may be submitted electronically to one member of the Edito-
rial Board for consideration in the International Journal of Mathematical Combinatorics
(ISSN 1937-1055). An effort is made to publish a paper duly recommended by a referee within
a period of 2 — 4 months. Articles received are immediately put the referees/members of the
Editorial Board for their opinion who generally pass on the same in six week’s time or less. In
case of clear recommendation for publication, the paper is accommodated in an issue to appear
next. Each submitted paper is not returned, hence we advise the authors to keep a copy of

their submitted papers for further processing.

Abstract: Authors are requested to provide an abstract of not more than 250 words, lat-
est Mathematics Subject Classification of the American Mathematical Society, Keywords and
phrases. Statements of Lemmas, Propositions and Theorems should be set in italics and ref-
erences should be arranged in alphabetical order by the surname of the first author in the

following style:
Books

[4]Linfan Mao, Combinatorial Theory on the Universe, Global Knowledge-Publishing House,
USA, 2023.
[12)W.S.Massey, Algebraic topology: an introduction, Springer-Verlag, New York 1977.

Research papers

[6]Linfan Mao, Mathematics on non-mathematics - A combinatorial contribution, International
J.Math. Combin., Vol.3(2014), 1-34.
[9]Kavita Srivastava, On singular H-closed extensions, Proc. Amer. Math. Soc. (to appear).

Figures: Figures should be drawn by TEXCAD in text directly, or as JPG, EPS file. In
addition, all figures and tables should be numbered and the appropriate space reserved in the

text, with the insertion point clearly indicated.

Copyright: It is assumed that the submitted manuscript has not been published and will
not be simultaneously submitted or published elsewhere. By submitting a manuscript, the
authors agree that the copyright for their articles is transferred to the publisher, if and when,
the paper is accepted for publication. The publisher cannot take the responsibility of any loss

of manuscript. Therefore, authors are requested to maintain a copy at their end.

Proofs: One set of galley proofs of a paper will be sent to the author submitting the paper,
unless requested otherwise, without the original manuscript, for corrections after the paper is
accepted for publication on the basis of the recommendation of referees. Corrections should be
restricted to typesetting errors. Authors are advised to check their proofs very carefully before

return.






