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Abstract: In this paper we define the Laplacian degree sum distance matrix and signless
Laplacian degree sum distance matrix from the well known degree sum distance matrix
and define Laplacian degree sum distance energy and signless Laplacian degree sum distance
energy. We evaluate the Laplacian degree sum distance energy and signless Laplacian degree
sum distance energy of some graphs. We also obtain some bounds for Laplacian degree sum

distance energy.
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§1. Introduction

All the graphs considered here are finite simple, connected and undirected. Let G be such a
graph of order n.The degree of a vertex v;, d(v;) is the number of edges incident on it and we
denote d;; as the distance between vertex v; and v;.

Several results on Laplacian energy of graph G are reported in the literature [2, 3, 4, 5,
6]. The signless Laplacian energy is also studied in the literature rigorously [7, 8, 9]. We have
discussed degree sum distance matrix in [1], as DSD(G).

We now define the Laplacian and the signless Laplacian degree sum distance matrix of a

connected graph G as
LDSD(G) = [ldsdlj]

where,

ldeU = —dij(d(vi)—kd(vj)) lfz#j
= 2; ifi=j

and QDSD(G) = [QdeU] Where,

qudij = dij (d(Uz) + d(’l)j)) if 4 7é j
= 2d; ifi=j
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The following are obvious for Lpsp(G) and Qpsp(G).

(1) Both Lpsp(G) and Qpsp(G) are real symmetric, hence their eigenvalues are real.

(2) If 5; and ;, i=1,2,3 -+ , n are eigenvalues of Lpsp(G) and Qpsp(G) respectively then
they can be arranged in non-increasing order as 81 > 82 > - > B, and 1 > 2 > -+ > Y,

respectively.

Definition 1.1 Let G be graph of order n and size m.If 2avd(G) denotes double average degree

2.1 di(G)

of a graph given by, 2==———= then analogous to usual Laplacian and signless Laplacian

n
energy we define the Laplacian and signless Laplacian degree sum distance enerqgy as,

LEpsp(G) =Y |8 — 2avd(G)| and QEpsp(G) =Y |y — 2avd(G)|.
=1 =1

The double average degree is taken to be consistent with the degree sum entries defined in
the matrix defined

Example 1.2 For the graph G given in Figure 1,

Figure 1

4
The double average degree of G is 2 x 3= 4.

2 -4 -6 —6 2 466
Lpsn(G) = -4 6 -5 =5 Qpsp(G) = 4 6 5 5

-6 -5 4 —4 6 5 4 4

-6 -5 —4 4 6 5 4 4
Laplacian degree sum distance eigen- signless Laplacian degree sum distance
values are $; = 11.1686, B2 = 8.065, eigenvalues are v; = 19.0266, v, = 1.0761,
By =8,8s = —11.2342 vy = 0,y4 = —4.1027
LEpsp(G) =]11.1686 — 4| + [8.065 — 4| | QEpsp(G) = |19.0266 — 4| + |4 — 1.0761].
+[8 — 4] 4 [11.2342 + 4| = 30.4678. +]0+ 4] + |4 4+ 4.1027] = 30.0532.

Table 1
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82. Bounds on Laplacian Degree Sum Distance Energy
We introduce the auxiliary Laplacian degree sum distance eigenvalue p;, defined as,
1 n
=Bi—2— E d;.
n-
=1

Lemma 2.1 Let G be a graph of order n, then we have

iuizo and i,u?:2R,
i=1 i=1
where,

Zd2+2z (d; + d;)dy;)?

i=1,1<j

The Laplacian degree sum distance energy of G can be another as

Proposition 2.2 Let G be a graph of order n > 2, then, 2/ R < LEpsp(G) < vV2nR, where
R is defined above.

Proof Consider the equation
n n

SO mil + lugl)? QHZI/uIQ?(Zuz) ]iluj

=1 j=1

N

= 2n2R—2(LEpsp(G))? = 4nR — 2(LEpsp(G))?
from Lemma[2.1].

Note that, N > 0, i.e, 4nR — 2(LEpsp(G))? > 0 which implies, LEpsp(G) < v2nR.
Again from Lemma 2.1 we have (>_ ui)Q = 0, the fact that R>0 and

n n 2
Zuf = (Zm) -2 Z il
=1 =1

1<i<j<n
< 20> gl <> il
1<i<j<n 1<i<j<n
2R < 2 > |mal ]

1<i<j<n
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so that

3

" 2
LE%SD(G) = ( Mi|>
=1

1=

n

= D o lwlP+2 Y il

i=1 1<i<j<n
= 2R+2R=4R.
Then, LEpsp(G) > 2V/R.
Lemma 2.3([10]) Let aj,as,- - ,a, be non-negative numbers, then

n [izai—(nai)}z] SnZai— (Z\/@) <n(n-—1) lizai_(nai);

i=1

Proposition 2.4 Let G be a graph with n vertices and m edges, then

\/QR +n(n—1)A% < LEpsp(G) < \/Z(n —1)R+nAx,
where,

A:

det <LDSD(G) - |fi zn:dz‘| In> ‘ .
i=1

Proof We assume that A # 0, by setting a; = p? where i = 1,2,--- ,n, and

1

1 n n n
P=n nZu?—<Hu? >0
=1 =1

From Lemma 2.3, we have
penyii - (Tt ) <o
i=1 i=1
which can be further expressed as P < 2nR — (LE(G))? < (n — 1)P.
Hence,
P 1zn:2 12[2E Lop A% | =2p —nad
=n|— c — , =n|—2P—A»| =2P —nA~
w2t (L -

By substituting in the above inequality, we obtain desired result.

| S
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Proposition 2.5 If G is any graph of order n and A as defined above, then

\/2R—|— n(n—1)A% < LEpsp(G) < V2Rn.

Proof For lower bound consider,

n n

[LEpsp(G)? =Y (i) = (u)* + 2 il |51

i=1 i=1 1<J

Since AM > GM, we have

1 1
mz willpsl = (H |pillpz]) 7=
it it
n 1
= H(\m|2"*2)m
=1

e 2 2
([T bl ) = A%
i=1

Therefore,
[T 1willies| > n(n — 1A%
i#j
Hence,
[LEpsp(G)]2 > 2R+ n(n — 1)A*,
ie.,

LEpsn(G) > /2R + n(n — 1)A%. (1)

For upper bound we define

X = 3> (il + 1w

i=1 j=1
= DN (Il + 1) +2 (Z ui|uj>
i=1 j=1 i=1

= nZ(ui)2 - HZ(MJ)Z —2 (Z Iuilluﬂ)
@)

= 2nR+2nR —2[LEpsp =4nR — 2[LEpsp(G))?

Since X > 0, we get that
LEDSD(G) S V2Rn. (2)

Combining (1) and (2) we obtain the desired result. O
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83. LEpsp of Some Graphs

Lemma 3.1 If A\, Ao, -+ , A, are the eigenvalues of any matriz P of order n, then the eigen-
values of the matriz kI, £ P are k £ A1, k£ Ao, -+ JkE Ay

Using Lemma/[3.1] one can directly obtain the Laplacian and signless Laplacian degree sum
distance eigenvalues from the degree sum distance eigenvalues for a regular graph G.The degree
sum distance energy is already discussed by the present authors in [1].

In general the Laplacian degree sum distance energy and signless Laplacian degree sum
distance energy are equal for a regular graph G.This is consistent with the equality of Laplacian
and signless Laplacian energy for regular graph G. Hence we discuss graphs which are not

regular.

Lemma 3.2 Let a and b be two arbitrary constants, I is the identity matrix and J is n X n
matriz whose all entries are 1’s. If A = (a — b)I + bJ then the characteristic polynomial of A,
is, N[ — Al =[A—a+b"" 1A —a— (n—1)b.

Theorem 3.3 The Laplacian degree sum distance energy of the complete bipartite graph K,

(&)

2n(m + 3n)(m — 1) 2m(n + 3m)(n — 1)
LEpsp(Kmn) = —— ———
4dmn 4dmn
+ﬁ1+m+n m+n—52,

where 81 and B2 are the roots of the equation

B2 4 2(4mn — 3n — 3m)B + mn(14mn — 24m — 24n — m? — n? + 36) = 0.

Proof In K, ,,, m vertices have degree n and n vertices have degree m.The diameter being

2 the structure of the degree sum distance matrix is

2nl, — 4mA(K,,)  —(m+n)dnxn

Lpsp(Kmn) =
—(m+n)dnxm 2ml,, — 4nA(K,)

where J is matrix of all 1’s and A the adjacency matrix.The Laplacian degree sum distance

polynomial is then given by

(8 —2n)L, + 4mA(K,,) (m+n)Jmxn

|BI - LDSD(Km,n)‘ ==
(m~+n)Jnxm (8 —2m)I, + 4nA(K,)

Using Lemma 3.2 with

R Y N () ()

@= B =) B—dm(n—1)
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we get that
18] — Lpsp(Kmn)| = [B—6n]""'[8—6m]""'[3%+2(4mn — 3n — 3m)3
+mn(14mn — 24m — 24n — m? — n? + 36)].
. dmn .
Using double average degree as, doubleavd(K,, ) = preang we get desired result. O

Corollary 3.4 If m =1, we get star graph K; , whose Laplacian degree sum distance energy
18,
(2n+6)(n—1) 4n 4

" +\n+1*51|+\

where 81 and B2 are roots of the equation,

LEpsp(Ki,) =

n
n+1752|5

(82 +2(n — 3)8 — n(n® — 6n +5)] = 0.

Let K,,+e and K,,—e denote the graph obtained by adding or deleting an edge e respectively
to complete graph K,,, both are of diameter 2.

Theorem 3.5 The LEpsp of K, + e is

2 _ _ > B
LEpsp(,+0) = |A=AEE - - 1) - 2n - 2)en - 2) + | XS
2(n? —n —2) 2(n® —n — 2)
T ) T

where B1,82 and B3 are roots of the equation,

B2 —((2n+2)—2(n—1)(n-3)3% - @n*-1)(n—-3)+4n*(n— 1)+ (2n - 1)*(n - 1)
+(n—1)HB+8n3(n—1)+22n - 1)*(n—1)+4n(n* —-1)2n—1) —2(n —1)3(n — 3) = 0.

Proof In K, + e one vertex has degree n, one vertex has degree 1 remaining having degree
n — 1, then we have

[ o —(n+1) —@2n-1) ... —2n-1) ... —(2n—1) ]
—(n+1) 2 —2n —2n —2n
Losn(Ky +¢) = —(2n—1) —2n 2n—1) . —2n-2) ... —(2n-—2)
—(2n—1) —2n —-(2n—-2) ... 2(n-1) ... —(2n-2)
| —(2n-1) —2n -(2n-2) ... =(2n-2) ... 2n-1)
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The Laplacian degree sum distance polynomial is

[ B-2n m+1)  (@n-1) ... (2n-1) (2n —1)
(n+1) B—2 2n 2n 2n
BT Lpsn(Knte)| = (2n—-1) 2(n-1) B—-2(n-1) . (2n —2) ... (2n —2)
(2n—1) 2n (2n —2) oo B=2(n-1) (2n —2)
i 2n—-1) 2(n—-1) (2n —2) (2n —2) B—2(n-1)

Hence,

‘ﬂ] — LDSD(Kn + 6)‘

[8—2(n—1)— (2n—2)]"?[8° = ((2n+2) — 2(n — 1)(n — 3))8?
—(4m* =1)(n—=3)+4n*(n—1)+2n - 1)*(n - 1) + (n — 1)*)
+8n(n — 1) +2(2n — 1)%(n — 1) + 4n(n? — 1)(2n — 1)
—2(n—1)*(n—3)].

Using double average degree as

2(n? —n—2
doubleavd(K,, + €) = 2n”—n-2)

n+1 ’
we get the desired result. O
Theorem 3.6 The LEpgsp of K,, — e is
2(n — 2 1 2(n — 2 1
LEpsp(K, —¢) = ‘(”T)L(n"") A —1)|(n—3)+ ‘(”)(”H —6(n—2)

+

‘2(n—2)(n+1) a4

‘2(n—2)(n+1) + By

)

where 81 and B2 are roots of the equation

(6% + (2n° — 8n +4)8 — 2(2n° — 6n* + 5n — 2)] = 0.

Proof In K, — e two vertices are of degree n — 2 and remaining are of degree n — 1.

Proceeding in a way similar to Theorem 3.5, whose Laplacian degree sum distance polynomial
of K,, —eis

|BI — Lpsp(Kn —e)| = [B—2(2n—2)]" |8 — 6(n—2)][8> + (2n° — 8n+4)8 — 2(2n® — 60> + 5n — 2)].

Using double average degree as

2(n—2 1
doubleavd(K,, — e) = 2n=2)(n+1)

we get the desired result.
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Let K, be a complete graph of order n then the vertex coalescence of K, with K, will be
denoted by K,0,K,, and the edge coalescence by K,O.K,. K,O,K, has 2n — 1 vertices and
2 x (nC3) edges whereas K,,O.K,, has 2n — 2 vertices and 2 x (nCy — 1) edges.

Theorem 3.7 The LEpsp of K,Ou,K,, is

LEpsp(Ko0un) = |*p = —2n =y )|+ | = 1) 2 -
dn(n —1) dn(n —1)
=1 T o |

where B, and Bo are the roots of the equation,

B2 + (6n2 — 20n + 14)3 — 2(n — 1)(21n? — 50n + 29) = 0.

Proof The graph K, O,K, is of diameter 2 has two sets of vertices one at a distance 2
from each other and other at 1.There is one vertex of degree (2n — 2) and remaining (2n — 2)
of degree (n — 1). With suitable labeling the Lpsp of K,,0,K,, takes the form

LDSD(KTLO’UK’I'L) -

[ 2(2n—-2) —-(Bn-3) —-Bn-3) ... —Bn-3 —Bn-3 —-Bn-3 ... —Bn-3)
—(3n —3) 2(n —1) —2(n—-1) ... —2(n-1) —4(n-1) —-4(n-1) ... —4(n-1)
—Bn—-3) —2(n-1) 2(n —1) . —2(n—-1) —4(n-1) —4n-1) ... —4(n-1)
—-3Bn-3) —-2(n-1) -2(n-1) ... 2(n—1) —4(n—-1) —-4(n-1) ... —-4(n-—-1)
—-Bn—-3) —-4(n-1) —-4(n—-1) ... —4(n—-1) 2(n-1) —2(n—-1) ... =2(n-1)
—-Bn—-3) —-4(n-1) —-4(n—-1) ... —4(n-1) —-2(n-1) 2(n — 1) .. —2(n-1)

L - 3n—-3) —-4(n—-1) —-4(n-1) ... —-4(n-1) -2(n-1) —-2(n-1) ... 2(n—1)

So that the Laplacian degree sum distance polynomial is

|/BI - LDSD(K’I’LO’UK’I'L)| -

M B —22n—2) (3n — 3) (3n — 3) o (3n — 3) (3n — 3) (3n — 3) o (3n — 3)
(3n — 3) B —2(n—1) 2(n — 1) o 2(n — 1) 4(n — 1) 4(n — 1) o 4(n — 1)
(3n — 3) 2(n — 1) B—2(n—1) B 2(n — 1) 4(n — 1) 4(n — 1) A 4(n — 1)
(3n — 3) 2(n — 1) 2(n — 1) .. B—2(n-—1) 4(n — 1) 4(n — 1) a(n — 1)
(3n — 3) 4(n — 1) 4(n — 1) o 4(n — 1) B —2(n—1) 2(n — 1) o 2(n — 1)
(3n — 3) 4(n — 1) 4(n — 1) B 4(n — 1) 2(n — 1) B —2(n —1) A 2(n — 1)

L (3n — 3) 4(n — 1) a(n — 1) 4(n — 1) 2(n — 1) 2(n — 1) .. B—2n-1) |

2n—4
1B — Losp(KnOuKn)| = [8—2(n—1)(n+ 1)][8 — 4(n — 1"

x[82 + (6n% — 20n + 14)5 — 2(n — 1)(21n? — 50n + 29)].
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Using double average degree as

dn(n —1)
doubleavd( K, O, K,,) = ———,
oubleavd( ) S

we get the desired result. O

On similar lines we get the Laplacian degree sum distance energy of K,O.K,.

Theorem 3.8 The LEpsp of K,O.K,, is,

2 — —
LEpsp(Kn,0.K,) = ’2 (nnnll> —4(n — 1)‘ (2n —4)

n?—n-—1
2 ———— | —4(2n -3
Hp () e
2_n-1
+p(2) -
n—1

2_n—-1
() -
n—1

where $1 and (o are roots of the equation, 3% +2(n — 1)(3n — 8)B — 4(3n — 4)%(n — 2) = 0.

9

Proof The graph K,O.K, has two sets of vertices one at a distance 2 from each other
and another at distance 1, being of diameter 2. There are two vertices of degree (2n — 3) and
remaining (2n — 4) of degree (n — 1). With suitable labeling the Lpsp of K, O.K,, takes the

form

LDSD(KnOeKn) =

[ 2(2n—-3) —2(2n-3) —-(Bn-4) ... —(Bn-4) —-(Bn-4) —-Bn-4) ... —(3Bn-4) |
—2(2n — 3) 2(2n — 3) —-Bn—-4) ... —Bn—-4) —-Bn-4) —-Bn-4) ... —Bn-4)
—(3n —4) —(3n —4) 2(n—1) ... —2(n-1) —-4(n-1) —-4(n-1) ... —4(n-1)
—(3n —4) —(Bn—-4) —2(n-1) ... 2(n—1) —4(n—-1) —-4(n-1) ... —4(n-1)
—(3n —4) —Bn—4) —4(n—-1) ... —-4(n-1) 2(n —1) —4(n—-1) ... —4(n-—-1)
—(3n —4) —Bn—-4) —4(n—-1) ... —4(n-1) —2(n-1) 2(n—1) .. —2(n-—-1)

L —(Bn—4) —-(Bn—-4) —4(n-1) ... —4(n-1) —-2n-1) —-2(n-1) ... 2(n —1)

So that the Laplacian degree sum distance polynomial is
|B—Lpsp(K,0.K,)| = [B—4(n—1)]*""5[3—4(2n—3)][8*+2(n—1)(3n—8)3—4(3n—4)?(n—2)]
Using double average degree as

2 _p_1
doubleavd(KnO.K») = 2 (n”1> :
p—

we get the desired result. 0
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84. QEpsp of Some Graphs

We now state without proof results on QEpgp which follow on similar lines like LEpgp proved

in previous section.

Theorem 4.1 The signless Laplacian degree sum distance energy of the complete bipartite

graph Ky, ,, is

2n(m —n)(m —1) 2m(m —n)(n —1)
E Konn) =
@ DSD( ’ ) m-+n m+n
dmn B n 4dmn _
m-4+n m m-4+n 020

where ~v1 and o are the roots of the equation

Y2+ 2(n +m — 4mn)y + mn(14mn — m? — n? — 8m — 8n +4) = 0.

Corollary 4.2 If m =1 we get star graph K , whose signless Laplacian degree sum distance

enerqgy is

4n

n+1 Tz

4n
m n+1

-2

QEpsp(Kin) = ’ (n—1)+

4n
n+1|’

where v1 and 1 are roots of the equation, v* — 2(3n — 1)y — n(n? — 6n +5) = 0.

Theorem 4.3 The QEpsp of K, — e is

QBpsp(f, — o) = A=A gy (A0 gy
+'2(n—2)(n—|—1)_% +‘2(11—2(n+1)_72 |

where 1 and v are roots of the equation,y? + (2n% — 8)y + (4n® — 20n? + 30n — 12) = 0.

Theorem 4.4 The QEpsp of K, + e is

2(n? —n+2
QEpsp(K, +e) = ‘()+2(n—1)—(2n—2) (n—2)
n+1
2(n% — 2
+‘W+2(n—1)+(2n—2)(n—2)’
2(n* —n+2) 2(n® —n+2) 2(n? —n+2)
+‘n+1 —71—1—771Jrl —72+7n+1 =73,
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where v1, v2 and 3 are roots of the equation

v —202n+ (n—1)(n —2))y* + (4(n* = 1)(n — 1) — 4n’*(n — 1)
—@2n—1)>%*n—1)—(n+1*+4n)y +2(2n - 1)*(n — 1) +4n3(n — 1)
+(n—1)*=2n(n* - 1)(2n — 1)) = 0.

Theorem 4.5 The QFEpsp of K,O,K, is

4n(n —1) 5 4n(n—1)
= =2 —4 _1)2_
dn(n — 1) dn(n —1)
om—1 N m—1 2

where v, and ¥o are roots of the equation v* —2(n —1)(3n — 1)y + 6(n — 1)3 = 0.

Theorem 4.6 The QEpsp of K,O0.K,, is

where v, and ¥o are the roots of equation 4* — 2n(3n — 5)y + 4(n — 2)(3n% — 6n + 2) = 0.

85. Conclusion

We defined the Lpgp and @Qpgp of a graph, obtained expressions for energy of some graphs.
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