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Abstract: Let U be a Lie ideal of a 2-torsion free prime I'-ring M such that uau € U
forall wu € U and a« € I'. If T : M — M is an additive mapping satifying the relation
T(uou) = T(u)au for all w € U and a € T, then we prove that T'(uav) = T(u)av for all

u,v € U and a € I'. Also this result is extended to semiprime I'-rings.
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§1. Introduction

The concept of a gamma ring was presented as a generalization of the classical rings. This
gamma ring was first introduced by Nobusawa [1] in 1964, which is currently known as I'y-
ring. After two years it was more broadly generalized by Bernes [2] in the sense of Nobusawa
[1], which is now known as the I'-ring. It is shown that a I'-ring need not be a ring, but a
I-ring is more general than rings [1], and also that every I'y-ring is a I'-ring [2]. From its
beginning, the various important theories of the classical rings were extended and generalized
to the theories of I'-rings [3,4]. Such theories have been attracted much international attentions
as an emerging areas of research to the modern algebraists to enrich the areas of algebras.
Recently, many researchers determine a number of basic properties of I'-rings with creative and
productive remarkable results [5, 6, 7, 8, 9, 10, 11].

Borut Zalar [12] studied on centralizers of semiprime rings and shown that Jordan cen-
tralizers and centralizers of this rings coincide. Using the concept of centralizers, Vukman
[13,14] established a number of results on prime and semiprime rings. Such results and ideas
have been extended to prime and semiprime I'-rings in different aspects such as centralizers
and f-centralizers [7, 9, 11, 15, 16], Jordan centralizers and Jordan 6-centralizers [17,18] and
centralizers with involutions [19].

The Lie ideals and Jordan derivations of prime rings was studied in [20, 21, 22, 23|, and
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these works have been extended to Lie ideals of prime I'-rings of Jordan derivations [8, 23, 24]
and Jordan k-derivations [25]. In fact, a number of significant results of classical ring theories
were developed in prime and semiprime I'-rings with Lie ideals and Jordan structures [6,26].
However, the research on centralizers of prime and semiprime gamma rings with Lie ideals is
still an unexplored area and it would be of interest to further works. Thus the aim of this
article is to extend the results of [7] to the Lie ideals in prime and semiprime I'-rings.

82. Preliminaries

Let M and T be additive abelian groups. If there exists a mapping (a, o, b) — aab of M x I" x
M — M, which satisfies the conditions

(1) aabe M;

(i) (a + b)ac=aac+bac, a(a + B)ec=aac+afc, ac(b + c)=aab+acc;

(#31) (aabBe=aa(bpc) for all a,b,c € M and «, 5 € T,
then M is called a I'-ring.

Let M be a I'-ring. Then M is said to be prime if aI' MTb=(0) with a,b € M, implies a=0
or b=0, and semiprime if aI' MTa=(0) with a € M implies a=0. An additive subgroup U of M
is said to be a Lie ideal of M if [u,z], € U for allu € U, z € M and « € T'. Furthermore, M is
said to be commutative I'-ring if acb=baa for all a,b € M and « € I'. Moreover, the set Z(M)
={a € M : aab = baa for all « € T',b € M} is called the centre of the I'-ring M.

If M is a I'-ring, then [a, b],=aab—baa is known as the commutator of a and b with respect
to o, where a,b € M and a € I'. It has the basic commutator identities

l[aab, c|g = [a, c|gab + ala, B]cb + aalb, s,
la, bac]g = [a, b]gac + bla, Blqc + bala, ],
for all a,b,c € M and «, 8 € T'. One consider the following assumption [7],

(A) i abfc = afbac,

for all a,b,c € M, and «, € I, which will extensively use through the paper. According to
the assumption (A), the above two identities reduce to

[aab, | = [a, c]gab + aalb, c|g,
[a, bac)g = [a, blgac + bala, ] a.

For existence of such a I'-ring M, we present the following example.

Example 2.1([5], Example 1.1) Let R be an associative ring with the unity element 1. Let M =
n.1
Mi2(R) and T' = 11 is an integer ). Then M is a I'-ring. A simple verification
0

shows that M satisfies the assumption (A).
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An additive mapping T : M — M is called a left (right) centralizer if T(aab) = T(a)ab
(resp. T(aab) = aaT(b)) for all a,b € M and @ € T'. A centralizer is an additive mapping which
is both a left and a right centralizer. For any fixed a € M and « € I', the mapping T'(z) = acax
is a left centralizer, and T'(x) = zaa is a right centralizer. We shall restrict our attention on left
centralizer, since all results of right centralizers are the same as left centralizers. An additive
mapping T : M — M is Jordan left(right) centralizer if T'(zaz) = T'(z)ox(T (zaz) = zaT(x))
for all x € M and a € I'. Every left centralizer is a Jordan left centralizer but the converse
is not in general true. An additive mappings T : M — M is called a Jordan centralizer if
T(xay + yax) = T(x)ay + yaT (z), for all x,y € M and « € T'. Every centralizer is a Jordan

centralizer but Jordan centralizer is not in general a centralizer.

83. Left Centralizers of Prime Gamma Rings

Lemma 3.1 Let M be a I'-ring and U a Lie ideal of M such that uau € U for all u € U and
ael. IfT: M — M is an additive mapping satisfying the relation T'(uau) = T'(u)au for all
u€eU and a €T, then

(a)
(0)
(©)

T (uav + vau) = T(uw)av + T(v)awu;

T(uavBu + ufvau) = T(u)avfu + T (u) Bvowu;
T ) = T(u)avPu;

T (uavfw + whvau) = T(uw)avfw + T(w)fvau,

N
Q
S
™
S

(d)

for all u,v,w e U and a,B € T.

Proof By the definition of Lie ideal U, uau € U for all u € U and a € T". Thus we have,
uBv +vfu = (u+v)8(u+v) —ubu—vv €U for all u,v € U and B € T'. Therefore

T (uaw + vaw) =T((u+v)a(u+v)) — T(uou) — T(vav)
T(u+v)a(u+v) —T(u)au —T(v)av

=T(u)au+ T(u)av + T (v)au + T(v)av — T(u)a — T(v)av

=T(uw)av + T(v)au.

Hence
T(uav 4+ vau) = T(u)av + T(v)au. (3.1)

Since ufv +vpu € U for all u,v € U and € I', we replace v by ufv + vfBu in relation
(3.1), we obtain

T(ua(ufv + vpu) + (ubv + vfu)au) = T(u)a(ubv + vBu) + T(ufv + vBu)au
= T(uaufv + uavfu + ufvau + vfucu) = T(u)a(ufv + vBu) + T(u)fvau + T (v) fucu
= T'(uowvfu + upvau) + T(uou)Bv + T'(v) fuau
=T(waufv + T(u)avfu + T (u)fvau + T(v) fuau
= T(uawfu + ubvau) = T (u)avfu + T(u)Bvau. (3.2)
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Hence (b) proved.

By using the assumption (A) in the above relation (3.2), we obtain
2T (uavfu) = 2T (u)ovBu.
Thus for the 2-torsion freeness of M, we have
T(uawvpfu) = T'(u)owpu. (3.3)

Putting u = u 4+ w in the relation (3.3), we obtain the result (d). O

Define B, (u,v) = T(uav) —T(u)awv for all u,v € U and a € I'. Then we have the following

remarks and lemmas.

Remark 3.1 It is clear that B, (u,v) is an additive mapping such that B, (u,v)+ B, (v, u) = 0.

Remark 3.2 It is also clear that T is a left centralizer if and only if B, (u,v) = 0.

Lemma 3.2 Let M be a 2-torsion free I'-ring and U be a Lie ideal of M such that uau € U for
alueU anda € T. If T : M — M is an additive mapping satisfying the relation T (uau) =
T(uw)au for allw € U and o € T, then B (u,v)Bwylu,v]s =0 and [u,v]sBwyBy(u,v) = 0.

Proof First, we compute
z = T (2(uav)fwy2(viu) + 2(vau) fwy2(udv)) (3.4)
in two different ways. Then using Lemma 3.1 (¢) in (3.4), we have
x = 4T (u)avBwyvdu + 4T (v)aufwyudv, (3.5)
and using Lemma 3.1 (d) in (3.4), we have
x = 4T (uaw) Bwyvdu + 4T (vau) fwyudv. (3.6)
Comparing (3.5) and (3.6), we obtain

4{(T(uaw) — T'(u)aw) fwyvdu + (T (vau) — T(v)ou)fwyudv} =0
= 4{ By (u,v)pwyvdu + By (v, u)Bwyudv} =0
= 4{ B, (u,v)Bwyvdu — By (u,v)Bwyudv} = 0.

Hence, we have
4B, (u,v)Pwy[u,v]s = 0.
Therefore, by the semiprimeness of M, we obtain

Ba(uav)/@w’)/[ua U]é = O
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for all u,v,w € U and «, 3,7,6 € T.

Similarly, we can easily prove that
[u, v]sBwyBa(u,v) = 0
for all u,v,w € U and «, 3,7,6 € T. O

Lemma 3.3([8],Lemma 2) Let U € Z(M) be a Lie ideal of a 2-torsion free prime I'-ring M
and a,b € M such that acUBb=0. Then a =0 orb=0.

Lemma 3.3 Let U be a commutative Lie ideal of a 2-torsion free prime U'-ring M. Then
UCZ(M).

Proof For u € U, m € M and « € T, we have [u,m], € U. Since U is commutative,
[u,[u,m]|o]g = 0 for all 5 € I'. Now for z,y € M and v € T, replace z~yy for m, we obtain
[u, [u, zyylalg = 0. By using (A), we have [u,zy[u,yla + [u, z]avylg = 0, = [u, 27w, ylals +
[u U,ZC]Q’Yy]ﬁ = 0, = z7[u, [u7y]0t]ﬂ + [u, m]ﬂ’ﬂuvy]a + [u>x]a'7[u7y]ﬂ + [u, [u,x]a}gvy =0,
= [u, z]gY[u, Yla + [u, x]ay[u, y]g = 0. After some calculation and using the assumption (A),

[
o[
we have 2[u, z]oY[u,y]g = 0. Since M is 2-torsion free, thus [u, z].v[u, y]g = 0.

Putting y by ydm for all m € M, we have [u, z]oY[u, ydm]s = 0. This implies [u, z]oyyd[u, m|g+

[u, Z]oY[u, ylgom = 0, = [u,x]ayyd[u,mlg = 0. Hence by primeness of M, [u,z]o, = 0 or
[u,m]g = 0. If [u,z]o = 0, then U C Z(M) and if [u,m]g =0, then also U C Z(M). O

Theorem 3.1 Let U be a Lie ideal of a 2-torsion free prime I'-ring M such that uau € U for
alue U and a € T. If T : M — M is an additive mapping such that T(uau) = T(u)au for
allu €U and a € T, then T(uaw) = T(u)aw for all u,v € U and a € T.

Proof If U is a commutative Lie ideal of M, then by Lemma 3.4, U C Z(M). Therefore,
by Lemma 3.1(d), we have

T(uavfw + whvau) = T(u)avfw + T(w) Bvau. (3.7)
Since U is commutative, we have uav = vau. Therefore
T ((uaw)Bw + wh(uow)) = T (uaw) fw + T (w) fuaw. (3.8)

Comparing (3.7) and (3.8), and using uav = vau, we obtain

which yields that G (u,v)fw = 0. Since w € U, [w,m], € U for all m € M and v €
I'. Replacing w by [w,m],, we obtain Gy (u,v)B[w,m|, = 0. This implies G, (u, v)Bwym —
Go(u,v)Bmyw = 0. Hence the relation becomes G, (u, v)Bmyw = 0 for all u,v,w € U, m € M
and «a, 8,7 € I'. Since U # 0, in view of the Lemma 3.3, G, (u,v) = 0.

If U is not commutative, then U ¢ Z(M). In this case, we have from Lemma 3.2,
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B (u,v)Bwylu, v]s = 0. Putting u = u+x for all u € U, we have (Bg (u, v)+ By (x, v)) Bwy([u, v]s+
[z,v]s) = 0. This implies B, (u, v)Swy[z,v]s + Ba(z, v)Swy[u,v]s = 0.

Now,

Ba(u7 v)ﬁw’y[m, U]5/’[/Z’YBQ(“7 U)ﬁw’Y[xa U]5
= — By (u, v)wy[z, v]spzyBa(z,v) Bwylu, v]s = 0.

Therefore, by Lemma 3.3, we have B, (u,v)Sfwy[z,v]s = 0 for all z € U. Similarly, using
v = v+ y, we obtain B, (u,v)fwylz,yls = 0 for all y € U. And by Lemma 3.3, we obtain
By (u,v) =0 or [z,y]s = 0. If [z,y]s = 0, then U is commutative which shows a contradiction
that U € Z(M). Therefore B, (u,v) = 0. O

Corollary 3.1 Let M be a 2-torsion free prime I'-ring and T : M — M be a Jordan left
centralizer. Then T is a left centralizer.

84. Left Centralizers of Semiprime Gamma Rings

Lemma 4.1 Let U be a commutative Lie ideal of a 2-torsion free semiprime I'-ring M. Then
UCZ(M).

Proof For u € U and x € M, we have [u,[u,2]4]o = 0. Repacing z = zvyy, we
have [u,[u, 2VY]a]a = 0. This implies [u,z¥[u,yla + [, Z]aVY]a = 0, = [u, z]aY[u, yla +
y[u, (U Ylala + [, [u, 2alavy + [u, 2lav[u,yla = 0, = [u,2]aV[u, yla + [u,2]ay[u,yla = 0,
ie., 2[u, z]av[u, yla = 0. Hence by 2-torsion freeness, we have [u, z],7[u,y]o = 0. Replacing y
by ydz, we have [u, z]oY[u,ydz]o = 0. This implies, [u, z|oY[u, Y]adz + [u, 2]aVyd|u, x]o = 0,
that is, [u,z]aYyd[u,z], = 0 for all y € M. Since M is semiprime, [u,z], = 0, which shows
that U € Z(M). O

Lemma 4.2 Let U be a Lie ideal of a 2-torsion free I'-ring M satisfying the assumption
(A), then T(U) = {x € M : [x,M|r C U} is both a subring and a Lie ideal of M such that
UCT(M).

Proof Since U is a Lie ideal of M, so we have [U,M]r C U. Thus U C T(U). Also, we
have [T(U), M]r CU C T(U). Hence T(U) is a Lie ideal of M.

Suppose that z,y € T(U), then [z, m], € U and [y, m], € U, for all m € M and o € T".

Now, [zay,m|s = zaly,m|s + [x,m]gay € U. Hence [zay,m|g € U, for all z,y € T(U),
m € M and «, 8 € T'. Therefore, xay € T(U). O

Lemma 4.3 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprime T'-ring M. Then there
exists a nonzero ideal K = MTU[U,U|rTM of M generated by [U,Ulr such that [K, M]r C U.

Proof First, we have to prove that if [U,U]r = 0, then U C Z(M). Let [U,U]r = 0.
Then for all a € U, a € T, we have [u, [u,z]s]oa = 0 for all x € M. Then using the proof
of Lemma 4.1, we obtain U C Z(M), which is a contradiction. Thus, let [U,U]r # 0. Then
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K = MT[U,U]rT'M is a nonzero ideal of M generated by [U,U]r. Let z,y € U, m € M
and «, 8 € T, we have [z,yBm]q,y, [z,m]o € U C T(U). Hence by Lemma 4.2, [z, y].8m =

[z,yB8m|o — yBlz,m], € T(U).

Also, we can show that mg[z, y]o € T(U) and therefore, we obtain [[U, Ulr, M]r C U. That
is, [[[[%; Ylas M]as Slay tla € U for all m, s,t € M and o € I'. Hence [[z, y]oamas—malz, ylaas+
[s,m]ac[z,y]la — [sa[z,Y]asM]a,tla € T(U). Since [z,y]loamas, salz,yla, [s,m]ac|x,yla €
T(U). Thus, [ma[z, y]eas,t]q € U for all m,s,t € M and o € T'. Hence [K, M|r CU. O

Lemma 4.4 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprme T'-ring M and a €
U. If aaUBa = {0} for all a, B € T, then aca = 0 and there exists a nonzero ideal K =
MT[U,UlrTM of M generated by [U,Ulr such that [K, M|r CU and KT'a = aI'K = {0}.

Proof If aaUBa = {0} for all o, f € T, then aala, adm|,Ba =0 for all m € M and ¢ € I

Therefore,

0 = aa(acadm — admaa)fa

= acacadmpBa — acadmaafa

= aaadaampfBa — acadmpPBaca

Since aaada = 0, we have (aca)dmpB(aca) = 0 and hence aca = 0 for semiprimeness of M.
Now, we obtain aa[kya, m],fuaa =0forall k € K, m e M, v €U and o, 8, € I'. Therefore

0 = aa(kyapm — mukya)fuca
= aakyapmpPuaa — aampkyafuca
= aakyapmpPuaa
Thus, we have aakyapmf[k, alyaa = 0. This implies that aakyaumpB(kya — avk)aa = 0 and
hence ackyapmpBkyaaa — ackyapmpBaykaa = 0. Hence by using (A) and aca = 0, we have
(aakvya)pumpB(aakya) = 0. Hence aakya = 0 for semiprimeness of M. Thus we find that

(aak)TMT (aak) = 0. Hence aak = 0 for all k € K, that is, aa Kl = {0}. Similarly, we have
Kaa = {0}. O

Lemma 4.5 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprme I'-ring M and a,b € U
and o, p € T.

(1) If aaUBa = {0}, then a = 0;
(#4) If aaU = {0} (Uaa = {0}), then a = 0;

(230) If uow € U for allu € U and aaUBb = {0}, then aab =0 and baa =0 for all « € T

Proof (i) By Lemma 4.4, we have Kaa = MT[U,UlrI'Maa = {0} and aca = 0 for all
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a €T'. Thus for all z,y € M and «, 8 € I, we have

0 = [la,2a, al,Byaa
= [aax — zoa, al,Byca
= aa(z, alyfyaa — [z, al aaByoa
= aaxyafyaa — acayxrfyaa — ryaaalyaa + ayraafyaa
= aaxyafyaa + ayraafyaa

= 2aaxyafyaa.

By the 2-torsion freeness of M, we have, aazyafyaa = 0. Hence, we obtain aaxyafyaadzya =
0. By using the assumption (A), we have (aazya)Byd(aczya) = 0 for all y € M. This implies
(aaxya)BM(aaxya) = 0. Hence, by semiprimeness of M, we have aaxya = 0 for all z € M

and «a,~ € I'. Again, by semiprimeness of M, we obtain a = 0.

(#3) If aaU = {0}, then aalUpfa = {0} for all 8 € T'. Thus, by (i), we have a = 0. Semilarly,
if Uaa = {0}, then a = 0.

(#31) If aaUpBb = {0}, then we have (bya)aUpB(bya) = {0} and hence, by (i), bya = 0, for
all v € T'. Also, (ayb)aUp(ayb) = {0} if acUBb = {0} and hence ayb = 0. O

Theorem 4.1 Let U € Z(M) be a Lie ideal of a 2-torsion free semiprime I'-ring such that
uau € U forallu e U anda € T. If T : M — M be an additive mapping satisfying the relation
T(uau) = T(u)au for allu € U and o € T, then T(uawv) = T(u)awv for all u,v € U and a € T.

Proof Since U € Z(M), we have from Lemma 3.2,
B, (u,v)pwylu,v]ls =0
By linearing u, we obtain
B, (u,v)Bwylx, v]s + Ba(x,v)fwylu,vls =0
for all x € U. Now,

B, (u,v)Bwylx, v]spzvBa (u, v) fwy[z, v]s
= — B (u,v)Bwylz, v]spzvBa (2, v) fwy[u, v]s
—0

for all z € U. Hence, by Lemma 4.5(i),
Ba(ua ’u)ﬁw‘y[ﬂc, ”UL; =0.
Similarly, linearizing v, we obtain

B, (u,v)pwylz,yls =0.
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for all y € U. Hence the similar proof of the Theorem 2.1 in [7], we obtain the required result.

O

Corollary 4.1 Let M be a 2-torsion free semiprime I'-ring and T : M — M be a Jordan left

centralizer. Then T is a left centralizer.

Example 4.1 Let R be a commutative ring with a unity element 1 having the characteristic 2.

n.1

Let M = M 3(R) and T’ = ' :n € Z,n is not divisible by 2 3. Then M is a I'-ring.

n.1

Let N = {(z,z):x € R} C M.

Now for all (z,z) € N, (a,b) € M and ") e I', we have

@a) | " J@y-@y| ") @
n n
= (zna — bnxz, znb — anx)
= (zna — 2bnzx + bnz, bnx — 2anx + xna)
= (

axna + bnx, bnx + xna) € N.

Therefore, N is a Lie ideal of M.
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