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Abstract: In this study, the concept of L-fuzzy real numbers which is given in [14] is
extended by presenting the definition from both-sided. For each side, different functions
are defined and it is proved that these functions are metrics. For that, it is shown that
for a complete lattice L, given conditions in [14] for an equivalence relation ~ on mdg (L)
are equivalent. So condition is weakened in our work. A metric which is consistent with
the Euclidean metric is defined by using two-sided metrics. Also, an example is given for

L-Fuzzy metric.
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81. Introduction

Firstly, we give the concepts of L-fuzzy real number and equivalence relation.

Definition 1.1([11]) Let (L,<) be a complete lattice. Then, A\ € L® is called L-fuzzy real
number <

(1) Fzo € R such that X (zg) = 1;

(it) For all a € L, N level subset is closed interval.

Definition 1.2([9]) Let (L, <) be a complete lattice and

mdg (L) = {)\ e L®: \/)\ (t) =1, /\/\ (t) =0, A monotonous decreasz'ng} .

teR teR

For YA € mdg (L) and all t € R, let

A(t—) = /\)\(S) and A (t+) == \/)\(s)

s<t s>t

Then, an equivalence relation “ ~7 on mdg (L) is defined as follow:
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fOT Av,u € mdg (L)7

A~ p e VEeR, A=) =put=) ,A({t+) = p(t+).

The set of equivalence classes containing A is denoted by

A :=={pemdr(L):p~A}.

Let R[L],; 5 == {[)\] 1A € mdg (L),,ight} be set of all equivalence classes with respect to
7 ~ 7 equivalence relation on mdg (L). R[L],, ght 18 called L-fuzzy real line.
L
+—9
1

A1)

r 3

v

0 t R

Figure 1. [\| € R[L]

right

The concepts of L-fuzzy unit interval and L-fuzzy real line have an important place in
L-fuzzy topoligical spaces. The metrics are very essential tools in various fields of sciences that
measure the distance or difference between two points. Firstly, the concept of the L-fuzzy unit
interval was given in 1975 by Hutton [7]. In 1982, Rodabaugh defined the fuzzy addition process
on the fuzzy real line taking L-complete lattice instead of [0, 1] [11].

In 1983, Lowen examined the algebraic structure of the L-fuzzy real line [10]. Wang gave the
necessary and sufficient condition on the convergence of infinite sums by giving infinite additive
concepts on the fuzzy real line [12]. S. G&hler ve Werner Géhler examined the topological
properties of the fuzzy real line by defining two special fuzzy metrics on the fuzzy real line [4].
Diamond [2] defined a metric for the triangular fuzzy numbers. Kaufmann et al. considered a
distance of two fuzzy numbers combined by the interval of a-cuts of fuzzy numbers [8]. Heilpern

proposed three definitions of the distance between two fuzzy numbers [5].

In 2007, Han-Liang Huang and Fu-Gui Shi gave the concepts of L-fuzzy numbers and
L-fuzzy convex sets on L completely distributive lattice [6]. Recently, Jian-zhong Xiao and
Xing-hua Zhu have studied the metric structure of the fuzzy real line by giving the semi-metric
concept on the fuzzy real towards the L completely distributive lattice [13]. Allahviranloo et
al. gave a metric based on modified Euclidean metric on interval numbers, for L — R fuzzy
numbers with fixed L(.) and R(.) is introduced [1]. Garcia, J.G. and Kubiak showed how the
Hutton’s concept evolved [3].
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82. Main Results for Metric on the L-Fuzzy Real Line

In this section, some new concepts and some theorems and results related to these concepts are
given as parallel to the concepts given in Definition 1.2. In addition, using theorems and the
results in this section, a metric on the L-fuzzy real line was created for complete lattice (L, <).

Theorem 2.1 Let (L, <) be a complete lattice, A\, € mdgr (L) and for to € R, X(to—) #
w(to—) . Then,

(i) For Ve >0, 3sg € (to — &,t0) : A (to—) % p(s0) or p(to—) £ X(so);
(i7) For Ve >0, 3sg € (to — &,t0) : A(so+) # p(so+).
Proof (i) Let A (to—) # u (to—) for tg € R. Let’s assume that
For 3e > 0:Vs € (tg —e,t0), A(to—) < pu(s) and p(to—) < A(s).
Then,

Alto—) < /\ p(s) and p(to—) < /\ A(s)-

to—e<s<to to—e<s<top

Since A\ and p are decreasing,

A(to—) < /\ p(s) = /\ p(s) = p(to—) = Alto—) < p(to—) (2.1)

to—e<s<to s<tg
and
plto=) < N\ A= A X)) =A(to—) = p(to—) < Alto—)- (22)
to—e<s<to s<to

From (2.1) and (2.2), A(to—) = p (to—). This contradicts the hypothesis of the theorem.
So,
Ve >0, Jsg € (fo —&,t0) : A (to—) % p(s0) or p(to—) £ A(so)

(#i) Let A (to—) # u (to—) for tp € R and € > 0. From (i),
dsg € (t() — E,t(]) T A (to—) % ,u(So) or ,u(t(]—) f A (S()) .

Without loss of generality, let A (to—) £ p(so). Since p is decreasing, p(so+) < p(so).
Hence,

=) £ n(sot). (2.3)

On the other hand,

{A(s):s0<s<to} C{A(s):s<tp}.
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Therefore,
\ As) = A Als) = Alto-)
sp<s<tg s<to
is obtained. So,
Ato—) <\ A9

s0<s<tg

Since A is decreasing,

A(to—) < \/ A(s \/A A(so+) -

sp<s<tg sp<s
From (2.3), since A (to—) £ p (so+), A (so+) % p(so+). So, A(so+) # p(so+). O

Theorem 2.2 Let (L, <) be a complete lattice, A, € mdg (L) and X (to+) # p(to+) for
to € R. Then,

(i) For Ve >0, 3sg € (to,to +¢) : u(s0) £ A (to+) or A(so) £ p(to+);
(#3) For Ve >0, 3sg € (to,to+¢€) : A(so—) # p(s0—).

Proof (i) Let A (to+) # p (to+) for o € R. Let’s assume that
For de > 0:Vs € (t(),t() + 5), w (S) <A (t0+) and \ (S) <u (t(H-) .
Then,

\/ p(s) < A(to+) and \/ A(s) < p(tot) .

to<s<to+e to<s<to+e

Since A and p are decreasing,

Ato+) = \/ A(s \  A(s) S pltot) = Altot) < pultot) (2.4)
to<s to<s<to+e
and
ptot) = \/ n(s \ o n(s) S Mtot) = ptot) < Alto+). (2.5)
to<s to<s<to+e

From (2.4) and (2.5), A (to+) = p (to+) is obtained. This contradicts the hypothesis of the
theorem. So,

Ve >0, 3so € (to,to+¢€) : pu(so) £ A(to+) or A(so) £ p(to+).
(1) Let A (to+) # p (to+) for tp € R and € > 0. From (7),

Jso € (to,to+¢€) : p(so) £ A(to+) or A(so) £ p(to+)-
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Without loss of generality, let A (sg) £ p(to+). Since A is decreasing, A (so) < A(so—).
Hence,
A(s0—) £ p(tot) . (2.6)

On the other hand,
{(s) 1to <s<so} C{p(s):tyg<s}.
Therefore,

N\ n(s) <\ wis) =p(tot)

to<s<sg to<s

is obtained. So, A u(s) < p(to+). Since p is decreasing,
to<s<so

plso=)= N\ns) = N\ n(s) <ptotr).

s<sp to<s<sg

Hence 1 (so—) < p (to+).

From (2.6), since A (so—) € p(to+), A(so—) £ p(so—). So, A(so—) # p(s0—)- O

The following result is obtained from Theorem 2.1(i7) and Theorem 2.2(i4).

Corollary 2.1 Let (L, <) be a complete lattice, A\, u € mdg (L). Then

A(to—) # p(to—) forato € R < X(so+) # pn(so+) for aso€R.

Theorem 2.3 Defined as maping dyigh: : R[L]
R([L]

vight < RI[L]one = [0,+00) is a metric on set

right”

dyigni (A [1]) 1= sup {|\/ {0 M) = k) = \/ {2 () = K} - b € L\ {0} }.

L
e A —
1
l\\ \\I,l_
k .................................. '
i Vit a2k} Vit n(92k) R

Figure 2. R[L]right; dright

Proof (i) Let’s show that [A] = [u] = drignst ([A], []) = 0. Let k € L\ {0} be an arbitrary
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and constant. Let’s define as

ti=\/t ta:= \/t

A(t) =k n(t) =k

and
A={t:\t) >k}, B:={t:u(t)>k}.

Then, 3t' € B : ty —e < t’ for arbitrary and constant € > 0. So, u(t') > k and to —e < ¢’. Since
(Al =[u], A(t'=) = p(t'=).

On the other hand, since u is decreasing, p (') < p (t'—). Hence,
E<p(t) <p(t-) = A(E-).
That is, k < A (¢'—). On the other hand,
J*eR:ty—e<t" <t for €>0.
Since k < A (t'—) and X is decreasing, k < A (t'—) = /\t A(s) < A(t*). So, ta —e < t* and
s<t!
t* € A are obtained. Since € > 0 is arbitrary, to < \/ A = t;. Hence,
ty < t1. (2.7)

Now, let’s show that t; < t5 and 3t’ € A : t; — e < t/ for arbitrary and constant £ > 0.

So A(t') > kand t; —e < t'. Since [A] = [p], A(#'—) = p(t'=). On the other hand, since A is
Y

[
decreasing, A (t') < A(#'—). So k <A ({t") < A({t'—) =p(t'—). That is, k < p (t'—).

On the other hand,
Jt*eR:ty —e <t <t for >0.

Since, k < p(t'—) and p is decreasing k < p(t'—) = A p(s) < p(t*) is obtained. Hence,
s<t’
t1 —e <t* and t* € B is obtained. Since € > 0 is arbitrary, t; < \/ B = t3. So
t < to. (2.8)
From (2.7) and (2.8), t; = t3 is obtained. Since k € L\ {0} is arbitrary,

drignt ([A], [1]) = 0.

Conversely, let’s show that dyigre ([A],[1]) =0 = [A] = [p]. In fact, let’s assume that
[A] # [1]. In this case,

Jto € R: A(to—) # p(to—) or A(to+) # p(to+)-
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From Corollary 2.1, A (to—) # p (to—). Then, for a := pu (to—) = A p(s),
s<to

a /\)\(s) or a # /\)\(s)

s<to s<to

is written. Without loss of generality, let’s assume that a £ A A(s). Then,
s<to

JdspeR:sp<tp and a £ A(so). (2.9)

Let A:={t:A(t) >a} and B := {t: pu(t) > a}. Then, there is the assertion \/ B > to.

Notice that 3s' e R:tg —e < s’ <t foralle >0, u(s') > A u(s) =a. Hence u(s’) > a. So
s<tg
s’ € B. Since ¢ > 0 is arbitrary, tg < \/ B.

According to hypothesis, since

drigne (N, Ju]) = sup { [\/{¢: M(®) = &} = \/ {t: u(t) = K}| - k € L\ {0} } =0,

and \ t= \/ t. Hence,
ph>a  A)>a

to<\/B= \/ t=\/A=t<\/A

w(t)>a

So, It € A:tg—e <t for e := 1ty —s9 > 0. From here a < A(¢') and sg < t/. Since A is
decreasing, a < A(#') and A(t') < A(sp). So a < A(sg). This contradicts (2.9). So [A] = [y] is
obtained.

(i4) Tt is clearly that dyigns ([N, [11]) = drighe (1], [N])-
(i) Let’s show that drigns (N, 1)) < drigne (N, [1]) + dragne (1], In]) s follows:

Let’s define

ta(ko) ==\t tu(ko):=
A(t)=ko w(t)=ko n(t)>ko

for arbitrary ko € L (kg # 0). Then,
[tx (ko) — ty (ko)| < [tx (ko) =ty (ko) + [t (ko) — ty (ko) -
Here,

sup [t (k) =ty (k)| < sup [tx (k) = b, (K)|+ sup [t (k) =ty (K)].
keL,k>0 keL,k>0 keL,k>0

As a result,
dright ([ [0]) < drigne ([N, [1]) + drigne ([u], [n])

is obtained. O
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Definition 2.3 Let (L, <) be a complete lattice, A € L* and

mig (L) := {)\ e LF: \//\ (t) =1, /\/\ (t) =0, X is monotonous increasing} .
teR teR

For all X € mig (L) and all Vt € R let,

A=) = \/A(s) and X(t+):= /\A(s),

s<t s>t

« R

Then, an equivalence relation “ ~7 on mig (L) is defined as following:

for A, € mig (L),
A~ e VEER A=) = p(t—), A (t+) = p(t+)
and the set of equivalence classes containing A is defined as

(A== {n € mip (L) : p~ A},

2

the set of all equivalence classes with respect to “ ~ 7 equivalence relation on mig (L) is defined
as

R[L)p = {2 A€ mig (L))

L
L ] >
1
A1)
+ »
0 t 14

Figure 3. [\| € R [Lheft

Theorem 2.4 Let (L,<) be a complete lattice, \,pn € mig (L) and for to € R, A(to+) #
w(to+) . Then,

(i) For Ve >0, 3sg € (to,to + ) : A(to+) £ p(s0) or p(to+) £ A(so);
(17) For Ve >0, 3sg € (to,to+¢€) : A(so—) # p(so—).

Proof The proof of this theorem is similar to Theorem 2.1. O

Theorem 2.5 Let (L, <) be a complete lattice, \, u € mir (L)left and for tg € R, A(to—) #
w(to—) . Then,

(i) For Ve >0, 3sg € (to —&,t0) : p(s0) £ X (to—) or A(so) £ p(to—);
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(i4) For Ve >0, Jsg € (to —¢€,to) : ph(s0+) # A (so+) -
Proof The proof is similar to Theorem 2.2. O

The following result can be obtained from the Theorem 2.4(i7) and Theorem 2.5(i7).
Corollary 2.2 Let (L, <) be a complete lattice, X\, u € mig (L). Then

Ato—) # pu(to—) for ato € R A(so+) # p(so+) forasoeR.

Theorem 2.6 Defined as the mapping diege : R[L] ;y X R[L],;, — [0, +00) is a metric on the
set R[L];, -

diegt (), (1)) s=sup { [ A 18 A®) = k= A {5 u(t) 2 kY| 5k € L\ {0} }.

L
® e
1 A
-f.-ll"'-
J’f rj
k e T
2 i |
y i |
W d— - )
- ¥ . - i <
ol Afeamzk) Adt: n(H) 2k}

Figure 4. (R [L]left’dleft)
Definition 2.4 )\ € L® is called L-fuzzy number if the following conditions satisfy:

(1) dxo GRI)\(I'()) =1;
(2) Vs <s' <xg, A(s) <A(s') and A A(t) =0;

t<zo

(B) Vag <s< s, A(s) > A(s) and A\ A(t) =0.

Zxo St

The set of L-fuzzy numbers given this definition is denoted by FR [L].

L J

Figure 5. [\] € FR[L]

Example 2.1 A real number ry € R given in the classical sense is expressed as follows on the
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set FR[L] :
1, z=mnrg
A(z) =
(=) 0, x#rg
L
].. ------------------- '.----.------.------u
A
!
!
i
i
i
- = *
0 I, %

Figure 6. 7y € FR[L]

After that, for ease of typing, we shall use A instead of [A].

Definition 2.5 Let A € FR[L]. Then, mappings A_, A\~ : R — L is defined as follows:

Theorem 2.7 Let A\, € FR[L]. Then

A=peA_=pu_ and X\~ =p".

Proof The “=" part is evident.

The “<” part should be 31, 22 € R such that A (z1) =1 and p (z2) = 1. Now, let

1, <z Ax), <z
A (z) = s A (o) =
Az), <=z 1, 1 < T
1, x < Ty B p(z), =<z
p_(z) = son(2) =
w(x), za<zx 1, Ty < T
Then
Ao (z) =p_ () = A(z) = p(x) for all z € R satisfied z1 < z, (2.10)
A7 () =p" () = A(z) = p(x) for all z € R satisfied © < . (2.11)

This completes the proof. O
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Theorem 2.8 Let A\, pn € FR[L] and
dyigne Omsie) = sup{[\/ {6 A- (0 2 k) = \/ {5 e () 2 kY| 5 k€ L\ {0} ],
diepe (Vo) = sup{’/\{t:x &)=k}~ A\{t:u ()2 k}‘ ke L\{O}},

where dyighe and dieg are the metrics on the sets R[L]
defined by

vight and R[L], ., respectively and d

d (>‘a ,LL) ‘= max {dright (>‘—7 :LL—) ) dleft ()‘77 /Li)} )
is a metric on FR[L].

L
A b o

F 9

I
1 I
I I
: I
0 % 4 I
Figure 7. (FR[L],d)

Proof (i) Let’s show that d (A, p) =0< A = p.
First, the assertion “=". Let d (A, u) = 0. From definition,

dright (A=, p—) = 0 and djc s ()\_,,u_) =0.

Since dright and djer+ are metrics, A = y_ and A~ = p~. From Theorem 2.7, A\ = p.
Second, the assertion “«<”. Let A = pu. From Theorem 2.7, A_ = u_ and A~ = p~. Since
drignt and dieg; are the metrics

dright ()‘—7[1’—) =0 and dleft ()\_7M_) =0.

Hence,
d (/\7 ,U/) = max {dright ()\77 /J'*) ) dleft ()\_7 M_)} .

That is,
d (A p) =0.

(i) d (A p) = d(p,A).
(#31) Let’s show that d (A, n) < d (A p) +d(u,n). Let

d (Aa 77) = nax {dright ()‘—7 77—) ; dleft ()‘77 777)} .

Without loss of generality, we can take

dright (>\—a77—) > dleft (/\7a 777) .
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Since dr;grt is a metric and
d (N 1) = dright (A=, n-) < dright (A, =) + drigne (n—,m—) < d (N p) +d(p,m),
following inequality is obtained:
d(Am) < d (A p) +d(pn).

This completes the proof. O

Example 2.2 The real numbers 3,7 € R given in the classical sense is expressed as follows on
the set FRI[L] :

1, =3 . 1, z=7
07 a:;é3 . O7 1‘757

A3 A7 € FR[L].

d(/\g7 )\7) = Imax {dright (()\,)3 5 ()\,)7) >dleft (()\_)3 5 ()\_)7)} = max {4,4} = 4,

where
1, <3 1, >3
(AL (@) = =T ), )=
s 0, >3 (s 0, <3
and
1, =<7 _ 1, z>7
(A-)7 (@) = (A7), (2) =
0, z>7 0, =<7

are defined. Specially, since I = [0, 1] is complete, I = [0, 1] can be taken instead of L-complete
lattice. In this case, dyign: defined in Theorem 2.3, djcf+ defined in Theorem 2.6 and d defined
in Theorem 2.8 satisfy the metric conditions.
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