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Abstract: In this paper, we introduce a m'"-root Randers changed Finsler metric as

L(z,y) = L(z,y) + B(z,y),
where L = {aiyiy. i, ()y" 1y ~~~yim}% is a m-root metric and S-is one form. Further
we obtained the relation between the v- and hv- curvature tensor of m**-root Finsler space

h

and its m'"-root Randers changed Finsler space and obtained some theorems for its S3 and

S4-likeness of Finsler spaces and when this changed Finsler space will be Berwald space

h

(resp. Landsberg space). Also we obtain T-tensor for the m*"-root Randers changed Finsler

space F'".
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§1. Introduction

Let F™ = (M™, L) be a n-dimensional Finsler space, whose M™ is the n-dimensional differen-
tiable manifold and L(x,y) is the Finsler fundamental function. In general, L(z,y) is a function
of point = (2%) and element of support y = (y*), and positively homogeneous of degree one

in y. In the year 1971 Matsumoto [6] introduced the transformations of Finsler metric given by

L'(z,y) = L(z,y) + B(z,y)
L (z,y) = L*(z,y) + B*(z,y),

where, 3 = b;(x)y® is a one-form [1] and b;(z) are components of covariant vector which is a
function of position alone. If L(z,y) is a Riemannian metric, then the Finsler space with a
metric L(z,y) = a(x,y) + 6(x, y) is known as Randers space which is introduced by G.Randers
[5]. In papers [3, 7, 8, 9], Randers spaces have been studied from a geometrical viewpoint and
various theorem were obtained. In 1978, Numata [10] introduced another 8-change of Finsler
metric given by L(z,y) = pu(x,y) + B(z,y) where u = {ai;(y)y'y?}? is a Minkowski metric
and (8 as above. This metric is of similar form of Randers one, but there are different tensor
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properties, because the Riemannian space with the metric « is characterized by C]l:k =0 and
on the other hand the locally Minkowski space with the metric u by Rpijrx = 0, Chijjr = 0.

In the year 1979, Shimada [4] introduced the concept of m** root metric and developed it as
an interesting example of Finsler metrics, immediately following M.Matsumoto and S.Numatas
theory of cubic metrics [2]. By introducing the regularity of the metric various fundamental
quantities as a Finsler metric could be found. In particular, the Cartan connection of a Finsler
space with m-th root metric could be discussed from the theoretical standpoint. In 1992-1993,
the m-th root metrics have begun to be applied to theoretical physics [11, 12], but the results
of the investigations are not yet ready for acceding to the demands of various applications.

th

In the present paper we introduce a m'”-root Randers changed Finsler metric as

L(z,y) = L(z,y) + B(=,y)

th_root metric. This metric is of the similar form to

h

where L = {a;,4,....,, (x)yy2 ¥} is am
the Randers one in the sense that the Riemannian metric is replaced with the m!
th

-root metric,
due to this we call this change as m'"-root Randers change of the Finsler metric. Further we
obtained the relation between the v-and hv-curvature tensor of m*"-root Finsler space and its
m!-root Randers changed Finsler space and obtained some theorems for its S3 and S4-likeness
of Finsler spaces and when this changed Finsler space will be Berwald space (resp. Landsberg

space). Also we obtain T-tensor for the m*"-root Randers changed Finsler space F™.

§2. The Fundamental Tensors of F"

We consider an n-dimensional Finsler space F” with a metric L(z,y) given by

L(z,y) = L(z,y) + bi(z)y’ (1)
where
L= {ai .., (x)yry® - .yim}% )
By putting
@M. L™ lai(z,y) = iy, (2)yy" -y 3)

i

). L™ 2ai(,y) = Gijigisin (X)Y2y" -y
(D). L™ 3aijn(x,y) = Gijrigis-in )Yy - y'™

Now differentiating equation (1) with respect to ¢, we get the normalized supporting element
L‘ = &E as
li=a; +b (4)

h_root metric. Again differen-

where a; = I; is the normalized supporting element for the m!
tiating above equation with respect to y’, the angular metric tensor ﬁij = E(i-(?ji is given

as

=3 (5)
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where h;; is the angular metric tensor of mth-root Finsler space with metric L given by [4]

hij = (m — 1)(ai; — a;a;) (6)
. L2 __
The fundamental metric tensor g;; = 0;0;—= = h;j + l;l; of Finsler space F'" are obtained from
equations (4), (5) and (6), which is given by

gij = (m - 1)TCLij + {1 - (m - 1)7’}&in + (aibj + ajbi) + blbj (7)
L _ .
where 7 = I It is easy to show that

by = D i)

(m = 2)(aijx — aijax)
L

{1 7)ai+bi)

57; )
’ L

Therefore from (7), it follows (h)hv-torsion tensor Cyji, = O, % of the Cartan’s connection CT'

are given by
2LCiy = (m—1)(m —2rags + {1 - (m - Vr}(m - 1))(a; s)
—I—ajkai + akiaj) + (m — 1)(aijbk + ajkbi + akibj) —
(m — 1)(a;a;b + ajarb; + a;arb;) + (m — 1){(2m — 1)7 — 3}a;a;ax
In view of equation (6) the equation (8) may be written as

Oijk = TCijk + ( ik J;L k J) (9)

where m; = b; — %ai and Cjjy, is the (h)hv-torsion tensor of the Cartan’s connection CT" of the

mt-root Finsler metric L given by

2LCijk = (m — 1)(m — 2){aijk — (aijak + ajra; + a;”»aj) + Qaiajak} (10)

th_root metric L has non-

Let us suppose that the intrinsic metric tensor a;;(x,y) of the m
vanishing determinant. Then the inverse matrix (a™/) of (a;;) exists. Therefore the reciprocal

metric tensor g of F™ is obtain from equation (7) which is given by
y 1 b2 -Dr—-1 ., . i+ albt
g = a" + + (m )T a'al — —(a + a’t) (11)
(m—1)T (m —1)7(1 + q)2 (m—1)7(1+q)

where a' = a”a;, b =a"b;, V> =0b'b;, q=a'b;=a;b'=p3/L.

Proposition 2.1 The normalized supporting element l;, angular metric tensor h;;, metric
tensor g;j and (h)hv-torsion tensor Ciji, of Finsler space with m'-root Randers changed metric

are given by (4), (5), (7) and (9) respectively.

§3. The v-Curvature Tensor of F"

From (6), (10) and definition of m; and a’, we get the following identities
aa; =1, ayra' =a, Cirpa' =0,  hija' =0, (12)

miai = 0, hub] = 3mi, mibi = (b2 — q2)
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To find the v-curvature tensor of F", we first find (h)hv-torsion tensor C’;k = g"Ciri

i i 1 i i i
al 1 1 ;
_ Y s e b
e ™" o2 T gt

where LCY; = LCj,ra’ = (m — 1){a};, — (0ax + 0ja; + a’a;r) + 2d'a;ay},

h;- = hjra'™ = (m — 1)(5;- —a'ay) (14)

mt =m,a” = b —qat, and az-k = a"ajm
From (12) and (14), we have the following identities

Cijrh; = ijhp,n = (m — 1)01']‘1,, CijrmT = Cijrbr, (15)

myh] = (m — 1)m;, mymt = (b2 — qz),

h”«hg = (m — 1)hij7 h“«mr = (m — 1)m1

From (9) and (13), we get after applying the identities (15)

- = T 1
CiirChp = mcijrc};k + E(Cijhmk + Cijkmn + Crjkm; + Crikm;) (16)
1 1
—————(Cijrhnk + Chyihij)b" + ——e (b — ¢*)hijh
+2(m_1)( grhnk + Chrihij) +4(m_1)LL( q)highnk

1
—l—m@hijmhmk + Qhkhmimj + hjhmimk

+hjemimy, + hinmimy + higmgmy,)

Now we shall find the v-curvature tensor S'hijk = C’ijTC_',TLk — C’ikTC_',TLj. The tensor is obtained

from (16) and given by

& T
Shijk = @(jk){mciﬁc}:k + hijmpg + hhkmij} (17)
T
= (m—1) Shijk + e(jk){hijmhk + hhkmij}
where (b2 2) ( |
1 —q m—1)-_;
i = Cz ’rbT _ hi‘ L : ) 18

and the symbol ©;){---} denotes the exchange of j, & and subtraction.

Proposition 3.1 The v-curvature tensor ghijk of m*"-root Randers changed Finsler space F™

with respect to Cartan’s connection CT is of the form (17).

It is well known [13] that the v-curvature tensor of any three-dimensional Finsler space is

of the form
L?Shije = S(hnjhik — hnihis) (19)
Owing to this fact M. Matsumoto [13] defined the S3-like Finsler space F™ (n > 3) as such a
Finsler space in which v-curvature tensor is of the form (19). The scalar S in (19) is a function

of z alone.
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The v-curvature tensor of any four-dimensional Finsler space may be written as [13]
L?Shije = O (i {hnjKri + hinKnj} (20)

where K;; is a (0, 2) type symmetric Finsler tensor field which is such that K;;47 = 0. A Finsler
space F™(n > 4) is called S4-like Finsler space [13] if its v-curvature tensor is of the form (20).
From (17), (19), (20) and (5) we have the following theorems.

Theorem 3.1 The m'"-root Randers changed S3-like or S4-like Finsler space is S4-like Finsler

space.

Theorem 3.2 If v-curvature tensor of m‘"-root Randers changed Finsler space F™ vanishes,

then the Finsler space with m*™-root metric F™ is Sj-like Finsler space.

If v-curvature tensor of Finsler space with m!-root metric F™ vanishes then equation (17)
reduces to

Shijk = hijmnk + hnemij — higmpg — hpjmay, (21)
By virtue of (21) and (11) and the Ricci tensor S;, = ghkS’hijk is of the form

- 1

Sik = (— 7_){mhi;C + (m—1)(n—3)my},

(m—1)

where m = m;;a™, which in view of (18) may be written as

Sik + Hihi, + HoCippb” = Hzmymy, (22)
where
m (n=3)(* — ¢°)

Hl = - )

(m—1)T 8(m —1)L?
H2 - (n — 3) F=R)

2(m—1)L

(n—3)

Hs=="0

From (22), we have the following

Theorem 3.3 If v-curvature tensor of m*"-root Randers changed Finsler space F™ vanishes
then there exist scalar Hy and Hsy in Finsler space with m'"-root metric F™(n > 4) such that
matriz || Sip, + Hihix + HoCig, b" || is of rank two.

§4. The (v)hv-Torsion Tensor and hv-Curvature Tensor of [

Now we concerned with (v)huv-torsion tensor P, and hv-curvature tensor Py ;. With respect
to the Cartan connection CT, Lj; =0, l;;; = 0, hy;;, = 0 hold good [13].
Taking h-covariant derivative of equation (9) and using (4) and I; = a; = 0 we have
(Rijbrin + hjrbin + hiibjig)
2L

_ biph
Cijiin = TCijxn + Tcijk +

(23)
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From equation (6) and using relation h;j;, = 0 We have

2LC k0
aijip =0, and aggn = ( i

m—1)(m — 2) (24)

The (v)hv-torsion tensor P;, and the hv-curvature tensor P, of the Cartan connection CT

are written in the form, respectively
Pijk = Cijjos (25)
Priji = Cijkin — Chijrji + Pikr Cy, — Prior C;

where the subscript ’0’ means the contraction for the supporting element y*. Therefore the
(v)hv-torsion tensor Pijk and the hv-curvature tensor Phijk of the Cartan connection CT for
the Finsler space with m!"-root Randers metric by using (10), (23), (24) and (25) we have

_ (m —1)(m — 2) bijo (hijbrjo + hjkbijo + Pribjjo)
ik = 57 Tdijklo T Tci‘k + 5L (26)
and
Priji = (m = 1)(m = 2)(2L) "' Oy (aijijn + Pitr Cjp) (27)

Definition 4.1([13]) A Finsler space is called a Berwald space (resp. Landsberg space) if
Cijiin =0 (resp. Pijr = 0) holds good.

Consequently, from (24) and (26) we have

Theorem 4.1 A Finsler space with the m'"-root Randers changed metric is a Berwald space
(resp. Landsberg space), if and only if ajpn = 0 (resp. azpjo = 0 and by, is covariently

constant.

Proposition 4.1 The v(hv)-torsion tensor and hv-curvature tensor phijk of mt"-root Randers

changed Finsler space F™ with respect to Cartan’s connection CT is of the form (26) and (27).

§5. T-Tensor of [

Now, the T-tensor is given by [11,13]

Thijk = LChijli + 1iChjk + 1;Chik + Chij + I Cijk
The above equation for m‘*-root Randers changed Finsler space F™™ is given as

Thijk = LChijlk + 1iChjk + 1;Chik + 1:Chij + 1nCijk (28)
The v-derivative of h;; and L is given by [13]

1
hij|k = —Z(hlklj + h/jkli); and L|1 = lz (29)
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Now using (29), the v-derivative of Cj;i is given as

_ Lby, — Gl - 1
LCsjkln = 77( h T 5 h)cijk + LtCijk|n — ri(hihljmk + hjnlimg (30)
+hinlemg 4+ heplyms + hiplpmg + hplimy 4 hijlnmy

-
+hjlnm; + hiilpm;) + i(hijmklh + hjrmiln + himg|n)

Using (4), (9) and (30), the T-tensor for m‘"-root Randers changed Finsler space F™ is given
by

Thij = T(Thijk + Bhijr) + == (hjemali + hixmpl; + hijmply (31)

T
2L
1
+heim;ly) + E(hhjmkbi + hjgmpb; + hipmib; + higmpb;
+hinmib; + henmib; + hiympby + hinmby + hjnmiby + hiymiby
T
+hgim;by, + hjpm;by) + §(hijmk|h + hjmiln + hrimg|n)
Lby, — Gl

+T%Cijk
where Bhijk = Bchij|k + biChjk + bjChik + bkc}”‘j + thijk. Thus, we know

Proposition 5.1 The T-tensor Thiji for mth-root Randers changed Finsler space F™ is given
by (31).
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