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Abstract: In this paper, we introduce multiplicative A-metric spaces (MA-spaces), a multi-
point distance structure that unifies A-metric and multiplicative metric frameworks. The
distance is defined on ordered n-tuples via a positive multiplicative function satisfying an A-
type triangle inequality in product form. This setting includes multiplicative metric spaces
(n = 2) and multiplicative S-metric spaces (n = 3) as special cases. We develop the basic
topology of MA-spaces through multiplicative open balls, convergence, Cauchy sequences,
and completeness. Furthermore, we establish fixed point results for multiplicative contractive
and expansive mappings, extending classical theorems of Banach, Kannan, and Wang to a

general multiplicative multi-point framework.
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§1. Introduction

Metric spaces have been a cornerstone of modern mathematics since their formal introduc-
tion by Fréchet in the early twentieth century. In a classical metric space (X, d), each pair of
points «, 5 € X is assigned a nonnegative real number d(«, 3) satisfying nonnegativity, identity
of indiscernibles, symmetry, and the triangle inequality.However, the increasing complexity of
applications in nonlinear analysis, optimization, and computer science has motivated the devel-
opment of generalized distance structures, including multi-point distances and multiplicative
(product-type) geometries.

One notable line of development began with Géhler’s 2-metric space [6] in 1963 and D-
hage’s D-metric space [7] in 1984. Mustafa and Sims [3] addressed several structural issues by
introducing the G-metric space, obtaining a well-behaved topology and fixed point theory.

Sedghi et al. [1] proposed the concept of an S-metric space, assigning a nonnegative real
number S(«, 8,7) to each triple. Abbas et al. [2] extended S-metrics to an n-tuple structure
called an A-metric space.

Parallel to these developments, Bashirov et al. [5] and later works such as [4] studied
multiplicative metric spaces, where the usual additive triangle inequality is replaced by a mul-
tiplicative inequality and the neutral element is 1. A standard bridge between additive and
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multiplicative settings is provided by logarithmic/exponential transforms.

Fixed point theory has been central since Banach’s contraction principle [9] and many
contractive conditions exist, including Kannan-type mappings [10] and comparisons by Rhoades
[11]. Expansive mappings also play an essential role (e.g. [12]-[21]).

The aim of the present paper is to unify the multi-point flexibility of A-metrics with
multiplicative distance geometry into a single framework, called a multiplicative A-metric space

(MA-space), and to develop both contractive and expansive fixed point principles in this setting.

82. Preliminaries

In this section, we recall several generalized distance structures that are essential for the de-
velopment of multiplicative A-metric spaces. These concepts extend the classical notion of
metric distance by allowing multi-variable distance functions and, in some cases, multiplicative
distance aggregation. Such generalizations play an important role in nonlinear analysis, fixed
point theory, and generalized topology.

Throughout this paper, X denotes a nonempty set unless otherwise specified.
Definition 2.1(S-metric space, [1]) Let X be a nonempty set. A mapping
S: X3 = 0,00)
is called an S-metric on X if for all o, 8,7, p € X the following conditions hold:
(1) Nonnegativity and identity property.

S(a,8,7) 20, S(,3,7)=0 <= a=p=1.

(2) Permutation invariance. The value of S(«, 3,7) remains unchanged under any
permutation of its arguments.

(3)S-triangle inequality.
S(a, B,7) < Sa, o, 1) + S8, 8, 1) + S(v, 7, 1)

In this case, the pair (X, S) is called an S-metric space.

Remark 2.2 Every classical metric space (X, d) generates an S-metric by defining
S(a, 8,7) = d(e,7) +d(B,7),  a,B,7€X.

Thus, ordinary metric spaces are naturally embedded in the class of S-metric spaces.

Definition 2.3(Multiplicative S-metric, [8]) Let X be a nonempty set. A mapping

S*: X3 = [1,00)



Multiplicative A-Metric Spaces 45

is called a multiplicative S-metric on X if for all a, 8, v, € X:
(1) Positivity and identity condition.

S*(a,B,v) =21, S*(a,8,7)=1 <= a=8="1.

(2) Permutation invariance. S*(a,f,7) is invariant under any permutation of its
arguments.

(3) Multiplicative triangle inequality.
S™(a, B,7) < S%(a, a, 1) ST(B, B, 1) S (7,7, 1)
Definition 2.4( A-metric space, [2]) Let n > 2 be fixred. A mapping
A: X" —[0,00)

is called an A-metric on X if for all aq,...,an,pn € X the following properties hold:
(1) Nonnegativity and identity condition.

Alar,...,an) 20, Alag,...,an) =0 <= a3 =+ = ay.

(2) Permutation symmetry. The value of A(aq,- -+ ,ay) is invariant under any per-
mutation of its arguments.

(3) A-type triangle inequality.

Alag, ..., an) < ZA(ai,...,ai,u).
=1 N——

n—1

In this case, (X, A) is called an A-metric space.

83. Multiplicative A-Metric Spaces

In this section, we introduce the concept of multiplicative A-metric spaces, which can be viewed
as a multiplicative multi-point extension of classical A-metric spaces. This structure combines
the multi-variable distance mechanism of A-metrics with the product-based geometry of mul-
tiplicative metrics. The resulting framework allows distances to be measured simultaneously
among multiple points while preserving multiplicative consistency. Throughout this section, X

denotes a nonempty set and n > 3 is a fixed integer.
Definition 3.1(Multiplicative A-metric space) Let n > 3 be fizred. A mapping
A" X" — [1,00)

is called a multiplicative A-metric on X if for all ay,...,an,u € X the following conditions
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hold:

(M A1) Positivity and identity condition.

.A*(Oél, ‘e ,Ozn) > 1,
and
A (a1,...,a,) =1 ifand only if a1 = - = a,.
(MA2) Permutation invariance. The value of A*(ay,- -, ) remains unchanged

under any permutation of its arguments.

(M A3) Multiplicative A-triangle inequality.

——

n—1

A (aq,...,ap) < H.A*(ozi,...,ai,u).
i=1

The pair (X, A*) is called a multiplicative A-metric space.

Remark 3.2 In multiplicative distance settings, the neutral element is 1, which plays the role
analogous to zero in additive metric spaces. Consequently, closeness between points is mea-
sured by values approaching 1, and convergence of sequences is characterized by multiplicative
distances tending to 1.

Definition 3.3(Induced two-point distance) Let (X,.A*) be a multiplicative A-metric space.

Define a two-point distance function

D: X xX —[l,00)

D(a,B8) = A" (a,...,a, B), a,feX.

n—1

Lemma 3.4 For all a, 8 € X,
(1) D(a, B) =2 1, and D(«, B) = 1 if and only if « = f3;
(2) D(e, B) = D(B, ).
Proof From Definition 3.3,
D(a,B8) = A (ay...,, B).
Applying condition (M A1) to this n-tuple gives D(«, 3) > 1, and equality holds only when

all entries are equal, which is equivalent to a = 8. The symmetry property follows immediately
from (MAZ2), since permutation of arguments does not change the value of A*. O
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Lemma 3.5(Two-point multiplicative inequality) For all a, 8,7 € X,

D(a,v) < D(a, 8)" ™ D(B,7).

Proof Applying (M A3) to the n-tuple (a, ..., a,v) with p = g yields
———

n—1

—_— T S

n—1 n—1

A*(Oé,"' 70477) < HA*(aia"' ,Oéi,ﬁ)-
i=1

The first n — 1 factors equal A*(a,---,,8) = D(a,f), while the last factor equals
———

n—1
A*(v,...,7,8), which by permutation invariance equals A*(8,...,8,7) = D(B8,v). Substi-
——— ——
n—1 n—1
tuting these identities gives the desired inequality. O

Definition 3.6(Multiplicative open and closed balls) Let « € X and r > 1. Define

B(a,r):={8€ X : D(a,p) <r}, B(a,r):={8e€ X: D(a,p) <r}.

Lemma 3.7 Leta« € X, r > 1, and £ € B(a,r). Then there exists € > 1 such that
B(¢,e) C B(a,r).

Consequently, the family {B(a,r): o € X, r > 1} forms a base for a topology on X.

Proof Let C := D(«, &) so that 1 < C' < r. From Lemma 3.5, for any v € X we have

D(a,7) < C"1D(E ).
Choose ¢ = r/C™ 1 > 1. If y € B(&,¢) then D(,7) < &, which implies
D(a,y) < C" e =r,

hence v € B(a, ). Therefore B(£,e) C B(a,r), proving the base property. O

Remark 3.8 The balls B(a,r) generate a topology 7.4~ on X. A sequence {«ay} converges to
a if and only if D(a, ay) — 1.

Definition 3.9(Convergence) A sequence {ax} C X converges to a € X if

lim D(a,ay) = 1.

k—o0
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Definition 3.10(Multiplicative A-Cauchy sequence) A sequence {ay} C X is called multiplica-
tive A-Cauchy if for every e > 1 there exists N € N such that

D(og,am) <e  forall k,m > N.

Definition 3.11(Completeness) A multiplicative A-metric space (X, A*) is said to be complete
if every multiplicative A-Cauchy sequence converges to a point in X in the sense of Definition
3.9.

Proposition 3.12 Let (X, d) be a metric space and let n > 3. Define
A*(aq, -+, an) —exp< Z dozl,oz]>
1<i<j<n

Then A* is a multiplicative A-metric on X.

Proof Since d(c;, o) > 0, thesum 37,
1. Moreover, the sum equals zero if and only if d(«;, ;) = 0 for all ¢, j, which is equivalent to

d(a;, o5) is nonnegative, and therefore A* (a1, ..., ap) >

a1 = -+ = ay, by the metric identity property. Hence condition (MA1) holds.

The definition of A* depends only on pairwise distances and the summation is taken over
all unordered pairs, hence invariance under permutation of arguments is immediate, so (MA2)
holds.

Let 1 € X be arbitrary. By the triangle inequality,
d(a, o) < d(o, 1) + d(ay, p)  for all i < j.
Summing over all pairs 1 <7 < j < n yields
> d(ai o) < (dlai, p) + d(oy, p)).
i<j i<j

Each term d(ax, pt) appears exactly (n — 1) times in the right-hand double sum, hence

Zda“aj (n—1 ida;€7
k=1

i<J

Now observe that
A*(aia T, O, /L) = exp((n - 1)d(0&1, p’))
1

Therefore

n

EA*(&;:';_O@ n) = exp((n -1) ;d(%u)).

Exponentiating the earlier inequality gives (MA3). Hence, A* is nothing else but a multi-
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plicative A-metric. 0
Proposition 3.13 Let (X,d) be a metric space and let n > 3. Define

A*(aq, -+ ) = H (1—|—d(0&¢,0zj)).

1<i<jsn
Then A* is a multiplicative A-metric on X.

Proof Since each factor satisfies 1+ d(e, aj) > 1, their product is at least 1. The product
equals 1 if and only if each factor equals 1, which holds precisely when d(a;, a;) = 0 for all ¢, 7,
implying oy = - -- = . Hence (MA1) holds.

Because the definition involves a product over all unordered pairs, permutation of indices
leaves the value unchanged, so (M A2) holds.

Fix p € X. Using the triangle inequality,

d(ov, o) < d(o, p) + d(ag, ),
and the elementary inequality 1 +a+b < (1 +a)(1 +b) for a,b > 0, we obtain
1+ d(as, ) < (14 d{a 1) (1 + dla, 1),
Taking products over all pairs ¢ < j gives

T+ d(ei, ) < T+ dlv, ) (1 + day, ).

i<j i<j
Each factor (1 + d(ag, 1)) appears exactly (n — 1) times in the right-hand product, hence
n
[T+ d(ei, ay) < T+ dlaw, )™
i<j k=1

Since
A (v, o, p) = (14 d(ai, p)"
——
n—1

condition (MA3) follows. O
Proposition 3.14 Let (X, d) be a metric space and let n > 3. Define

A (o, ) = exp( max d(ai,aj)).

1<i<jsn
Then A* is a multiplicative A-metric on X.

Proof Since the maximum of nonnegative numbers is nonnegative, A* > 1. Equality holds
only when all pairwise distances vanish, which is equivalent to equality of all arguments. Hence
(MA1) holds. Symmetry follows from symmetry of the maximum over unordered pairs.
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Let p € X. For any pair ¢ < j, the triangle inequality gives

d(a;, o) < d(ag, 1) + dag, p Zd (ag, o
Therefore .
I?gxd Q;, ) Zd Qg W
k=1
Also,
A*(Oéi, c, Qg :u) = eXp<d(ai7 ,U))
1

Hence . .

HA*<ai7"'aai7M _exp(zdaka )7

i=1 — k=1

n—1

which implies (M A3). O

Proposition 3.15 Let (X,d) be a metric space, n = 3, and q € (0,1]. Define

A (ag, -+ o) ::exp< Z d(ai,aj)‘Z).

1<i<j<n
Then A* is a multiplicative A-metric on X.

Proof Since d(a;,a;)? > 0, the exponential is at least 1. Equality holds only when all
distances are zero, which implies equality of all points, hence (MA1) holds. Symmetry follows
from symmetry of the pairwise sum.

Fix u € X. Since ¢ € (0,1], the function ¢ — ¢7 is subadditive on [0, 00), so for all a,b > 0,
(a+b)? < a? + b9. Using triangle inequality,

d(ai, a;)® < (d(ei, ) + d(e, ) < d(ai, 1) + d(ag, p)f-

Summing over all pairs gives

n

Zd (a,05)1 < (n—1) Z d(a, ;1) and also A*(ay, -+, a5, 1) = exp((n — 1)d(v, p)?).
—_———

i<j i=1 ne1

Exponentiation yields (M A3), completing the proof. O
84. Topological Properties
In this section, we investigate several fundamental topological characteristics of multiplica-

tive A-metric spaces. In particular, we study convergence behavior, uniqueness of limits, and
separation properties of the topology generated by multiplicative open balls. These results
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confirm that multiplicative A-metric spaces retain many essential structural features analogous
to classical metric spaces, while reflecting the multiplicative nature of the underlying distance
function.

Lemma 4.1 A sequence {a} C X converges to a € X (that is, D(c, ) — 1) if and only if
for every A > 1 there exists N € N such that oy, € B(a, A) for all k > N.

Proof Suppose first that D(a, ag) — 1. Let A > 1 be arbitrary. Since D(«, ay) converges
to 1, by definition of limit there exists N € N such that

|D(a,0) =1 < A—1 forall k> N.

Because D(o, ax) > 1, this implies D(a, ag) < X for all k£ > N. Hence oy, € B(a, \) for all
k> N.

Conversely, suppose that for every A > 1 there exists N such that aj € B(a, \) whenever
k > N. Then for every A > 1 there exists N such that D(«a,ar) < A for all K > N. Since
D(a,ap) = 1 for all k, it follows that D(«, ay) is eventually contained in the interval [1, A).
Because this holds for every A > 1, the only possible limit value is 1. Hence D(«a, ) — 1. O

Lemma 4.2 Limits are unique in a multiplicative A-metric space (X, A*).

Proof Suppose {ay} converges to both « and . Then
D(a,ar) > 1 and D(B,ar) — 1.
From Lemma 3.5, for every k,
D(a, B) < D(a, o) "' D(awg, B).

Since D(o, o) — 1 and D(og,8) = D(B, o) — 1, the right-hand side converges to 1.
Hence
D(o,B) < 1.

Because D(a, 8) > 1 always holds, we obtain D(«, 3) = 1, and therefore a = 3. O

Lemma 4.3 The topology generated by the multiplicative open balls {B(a,r) : v € X, r > 1}
is Hausdorff.

Proof Let a, 8 € X with a # 8. Then D(a, ) > 1. Choose A > 1 such that
A" < D(a, B).

Such a choice is possible because the function A — A" is continuous and strictly increasing
on (1, 00).
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Assume, for contradiction, that there exists v € B(a, A) N B(5, A). Then
D(a,v) <A and D(B,7) <A

Using Lemma 3.5 with («, 7, ), we obtain

D(a, B) < D(a, )"~ D(, ).

Hence
D(a,B) < AP =\

which contradicts the choice of A\. Therefore
B(a,\) N B(B,\) =2,

and the topology is Hausdorff. O

Remark 4.4 In contrast to classical metric spaces, closed multiplicative balls need not be
closed in the induced topology when n > 3. Indeed, let {f;} be a sequence such that 8, —
and suppose D(a, ) < A for all k. From Lemma 3.5, we obtain

D(Oé,ﬂ) < D(Oé,ﬂk;)n_lD(ﬁk,B).

Taking limit as k — oo yields
D(a, ) <A™

If n > 3, then A"~ ! > X\ whenever A\ > 1, so this estimate does not imply D(a, ) < A
Thus the limit point 3 need not belong to B(a, \), showing that closed balls are not necessarily
topologically closed without additional structural assumptions.

85. Fixed Points for Contractive Mappings

In this section, we establish fixed point results for contractive-type self-mappings defined on
multiplicative A-metric spaces.

Throughout this section, let (X, .A*) be a multiplicative A-metric space and let D denote

the associated two-point distance.

Lemma 5.1 Let {ay} be a finite sequence in X and let m > k. Then

m—1
D(apm, ag) H D(ajq1,05)"
Jj=k

Proof Let m > k be fixed. The proof is based on repeated application of the two-point
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multiplicative inequality stated in Lemma 3.5, which asserts that for all o, 8,7 € X,
D(a,y) < D(a, )" D(B, 7).
Applying this inequality with («, 8,7) = (@m, @m—1, @) yields
D(am, ) < D(my 1) D(m_1, o1.).

The term D(ay,—1, ) can again be estimated using the same inequality, this time applied

with (a, 8,7) = (m—1, @m—2, ak), giving
D(am_1,00) < D(m_1, Cm—2)" " D(tm_2, az).
Substituting this inequality into the previous bound produces
D(am, ar) < D, Q1) " D1, m—2)" " D (0 _a, o).

Continuing this substitution procedure repeatedly reduces the remaining distance term
by shifting the intermediate index downward one position at each stage, while simultaneously
introducing an additional multiplicative factor of the form D (a1 1, ;)" ! for decreasing indices

.

Since the sequence is finite and m > k, after finitely many such substitutions the remaining
distance term becomes D (a1, k).

Consequently, after completing all substitutions, the inequality takes the form
D(am, ar) < D(am, am—1)"""D(am—1,am—2)""" -+ D(ags1, ar)" "

Rewriting this product using index notation yields

[

m—

Do, o) < H D(aji1,a;)" !
=k

<.

This establishes the desired multiplicative chain estimate. O

Theorem 5.2(Multiplicative Banach type) Let (X, A*) be a complete multiplicative A-metric
space and let D be the induced two-point distance. Assume that there exists a constant g € (0,1)
such that

D(®a, ®8) < D(a, B)? for all a, B € X.

Then ® has a unique fized point £ € X. Moreover, for every ag € X, the Picard iteration
app1 = P(ag), k>0,

converges to £ in the multiplicative sense, i.e. D(ay, &) — 1.
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Proof Fix ag € X and define the Picard sequence a1 = ®(ay) for k > 0. Set
5]@ = D(Ozk+1, ak) (k 2 0)

By Lemma 3.4, each 6 > 1. If §o = 1, then a3 = g and hence «q is a fixed point, so the
conclusion holds. Assume therefore that 69 > 1.

Applying the contractive hypothesis to (o, ax—1) gives, for every k > 1
5]@ = D(<I>ak7<1>ak,1) < D(ak7ak 1) 5k 1-

Iterating yields

Since ¢* — 0 and &y > 0, we have §8k = exp(q® Indy) — exp(0) = 1, hence 5 — 1.

To prove that {ay} is multiplicative A-Cauchy, fix integers m > k. Lemma 5.1 implies

m—1
6n 1
Olm,Oék; j
J:k

Taking logarithms (valid since each factor is > 1) yields

In D(am, ax) < (n—1) Zlné

Using 0; < 58j and monotonicity of In on (0, 00) gives
Iné; < In(6¢) = ¢’ Ind.
Therefore,

n—l ln(SO k:

In D(am, ax) < (n—1) ln§OZqJ <(n-1) lnéozq
—dq

The right-hand side tends to 0 as k — oo, uniformly in m > k. Hence

lim sup In D(ay,, ar) =0 equivalently lim sup D(am,ar) = 1.
k—o0o >k k=00 m>k

This is precisely the multiplicative A-Cauchy property (Definition 3.10). By completeness, there
exists £ € X such that
D(ak, f) — 1.

To show that £ is a fixed point, apply the contractive hypothesis to (ay, §):

D(ak+17(p£) = D((I)aka <I>§) < D(akag)q — L
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Thus D(ag4+1,P¢) — 1 and also D(ak41,§) — 1. By uniqueness of limits in the induced
topology (Lemma 4.2), we must have ®¢ = ¢, so £ is a fixed point.
Finally, let n be any fixed point of ®. Then

D(&,m) = D(®, ®n) < D(E,n)".

If D(&,m) > 1, then raising to the power ¢ € (0, 1) strictly decreases the value, so D(§,n) <
D(&,n)? is impossible. Hence D(&,n) = 1, and Lemma 3.4 yields £ = 1. Therefore the fixed
point is unique. O

Theorem 5.3(Multiplicative Kannan type) Let (X, A*) be a complete multiplicative A-metric
space and let D be the induced two-point distance. Assume that there exists q € (0, %) such that

D(®a, @) < (D(a, ®a) D(B,®8))?  for all a, B € X.

Then ® has a unique fized point & € X. Moreover, for every ay € X, the Picard iteration
ag+1 = P(ag) converges multiplicatively to &, i.e. D(ay, &) — 1.

Proof Fix ag € X and define the Picard sequence a1 = ®(ay) for k > 0. Set
51@ = D(ak+1, ak) (k‘ } 0)

By Lemma 3.4, 6 > 1 for every k. If g = 1, then a3 = o and hence ag is a fixed point;
uniqueness (proved below) then yields the conclusion. Assume henceforth that dp > 1.

Applying the Kannan-type condition to (ay,ar—1) gives, for every k > 1,
0k = D(Pay, Pak—1) < (D(ay, Pag) D(ag—1, Paj_1))" = (5pd5-1)".
Since 85, > 1, we may divide by ] to obtain
O <Oy

Taking logarithms (all terms are > 1) yields

(1 —-¢q)Indg < glndg_q, equivalently Indp, <clnédg_1, c:= _4 € (0,1),

1—¢q
because ¢ € (0, %) implies 0 < ¢ < 1. Iterating the last inequality gives

Ind, < c*ndy (k> 0),

hence In é; — 0 and therefore d; — 1.

To show that {ay} is multiplicative A-Cauchy, let m > k. Lemma 5.1 yields

_

m—

D(amaak) < H 5jn—1.
=k
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Taking logarithms gives

m—1
In D(am, ax) < (n—1) Z Ing;.
j=Fk

Using Ind; < ¢/ Indy and summing the geometric series,

ck

ZlD5J SIH(S()ZCJ = 1—¢ 11’1(50,
j=k j=k

and thus

Ck

In D(am, o) < (n— 1)1 In dg.

—C

The right-hand side tends to 0 as k — oo, uniformly in m > k. Hence

lim sup In D(ay,, ag) =0, equivalently lim sup D(am,ar) =1,
k=00 ;m>k k=00 m>k

so {ay} is multiplicative A-Cauchy. Completeness provides £ € X such that
D(ay, &) — 1.
To verify that ¢ is a fixed point, apply the Kannan inequality to (ag,§):
D(ak+1, BE) = D(Pag, B€) < (D(a, o) D(E, 8E))" = (3 D(E, 2€))"-
Letting £ — oo and using é; — 1 gives

lim sup D(ag41, PE) < D(E, PE)I.

k—o0

On the other hand, since D(ak+1,€) — 1, Lemma 3.5 implies
D(é-’ (I)g) < D(€7 ak-‘rl) n_lD(ak-i-h ¢£)7

and letting k — oo yields
D(£,9¢) < likm inf D(ag41, DE).
— 00

Combining the last two estimates gives
D(&, @€) < D(&, ©€)”.

Since D(&,®€) > 1 and ¢ € (0, 1), the inequality forces D(§, ®€) = 1, hence P& = &.
Finally, to prove uniqueness, let n be another fixed point. Then the Kannan condition
gives
D(&,n) = D(PE, ®n) < (D(€, ®€) D(n, ®n))* = (1-1)7 = 1.

Because D(§,7n) > 1, we obtain D(§,n) = 1, and Lemma 3.4 implies £ = 7. O
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Example 5.4 Let X = R and fix an integer n > 3. Consider the standard metric d(x,y) =
|z — y| on R and define A* by the construction in Proposition 3.12, namely

A" (ag,...,an) exp( Z o aj|>.

1<i<j<n

Then (R,.A*) is a multiplicative A-metric space. The induced two-point distance D(a, ) =
A*(a, ..., a, B) is explicitly given by
——

D(av, ) = exp ((n — Do — B|).

Indeed, for the n-tuple (a, ..., «, ) the only nonzero pairwise distances are those involving
B, and there are exactly (n — 1) such pairs, each equal to |a — 3|, hence the sum of all pairwise
distances equals (n — 1)|a — B[, which yields the above formula.

Define @ : R — R by ®(a) = ca where ¢ € (0,1). For any «, 3 € R,
() = ®(B)| = |ca — ¢ff| = c|a = B].
Substituting into the expression for D gives

D(®a,®8) = exp ((n—1)|@(a) ~ ®(8)]) = exp ((n — Dela — )
= (exp(m=Dla=8)) = (D))"

Thus the multiplicative Banach-type inequality
D(®a, @) < D(ev, B)?

holds with ¢ = ¢ € (0,1). Since (R, D) is complete (because D(«, 3) = exp((n — 1)|a — 8]) is
equivalent to the usual metric via the logarithmic transform), Theorem 5.2 applies and yields
a unique fixed point.

Finally, the fixed point equation ®(£) = £ reduces to c€ = ¢, i.e. (¢— 1) = 0. Since ¢ # 1,
it follows that £ = 0. Therefore 0 is the unique fixed point, and for every g € R the Picard

iteration a1 = cay, converges multiplicatively to 0, equivalently D(ag,0) — 1.

Example 5.5 Let X = [0,00), fix n > 3, and equip X with the usual metric d(z,y) = |z — y|.
Define A* as in Proposition 3.12 by

A*(al,...,an)::exp< Z |ai—aj>.
1<i<jsn

Then (X, A*) is a multiplicative A-metric space and the induced two-point distance is

D(a,p) = A*(cv,...,, 8) = exp ((n— 1] —ﬁ|)7 o, B e X.

n—1
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Fix constants ¢ € (0,1) and b > 0, and define ® : X — X by
O(a) = ca+b, ae X.

Then ®(X) C X because ca +b > 0 for all a > 0.

For any «, 8 € X, the translation term cancels and
[®(a) = ®(B)| = |ca+ b — (cB+b)| = cla — B.

Substituting this into the explicit formula for D gives

D(®a, @) exp ((n — 1)|@(a) — @(B)]) = exp ((n — 1)cla — B])

(exp((n—D]a—B))" = (D(a, B))".

Hence @ satisfies the multiplicative Banach-type inequality
D(®a,®5) < D(o,8)? forall a,f € X

with ¢ = ¢ € (0,1). Moreover, (X, D) is complete because D(a, ) = exp((n — 1)|a — f]) is

equivalent to the usual metric on [0, 00) via the logarithmic transform.

Therefore Theorem 5.2 applies and yields existence and uniqueness of a fixed point £ € X

and multiplicative convergence of the Picard iteration for every initial value.

Finally, the fixed point equation ®(§) = £ gives
E=cE+0, hence (I -2¢)¢ =0,

$0 ;
&= 1_66[0,00).

b
1—c?

g1 = cag + b converges multiplicatively to £, i.e. D(ay, &) — 1.

Consequently, ® has the unique fixed point £ = and for every ag € X the iteration

86. Fixed Points for Expansive Mappings

Throughout this section let (X,.A*) be a multiplicative A-metric space with parameter n > 3

and let D denote the induced two-point multiplicative distance.
Definition 6.1(k-expansive mapping) Let k > 1. A mapping ® : X — X is called k-expansive

if
D(®(a), 8(8)) > (D(a, B))* Vo, B € X.

Lemma 6.2 If ¢ is k-expansive with k > 1, then ® has at most one fized point.
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Proof Assume &, n are fixed points. Then
D(&,n) = D(®E, &) > D&, )"
Since D(&,m) =2 1 and k > 1, if D(&,n) > 1 then

D(&n)"* > D(&,n),

which contradicts the above inequality. Hence D(£,n) = 1, and therefore £ = 7. O
Definition 6.3(Multiplicative diameter)

diam(X) := sup D(w,f) € [1, o0].
a,BeX

Theorem 6.4 If diam(X) < oo and there exists a k-expansive mapping ® : X — X with k > 1,
then X is a singleton.

Proof Fix arbitrary a, 8 € X. Repeated application of expansiveness gives
D(@™ (), ®™(8)) = D(a, /)" (m > 0).
Since ®™ (), d™(B) € X, we have
D(@™(a), ™ (8)) < diam(X).

Hence
D(a, B)*" < diam(X), Vm.

If D(a, 8) > 1, then since k™ — o0, the left-hand side diverges to infinity, which contradicts
bounded diameter. Thus D(«, 5) = 1, hence @ = . Since a,  were arbitrary, X is a singleton,

completing the proof. O

Definition 6.5(D-bounded set) A subset B C X is called D-bounded if

sup D(u,v) < 0.
u,veEB

Theorem 6.6 Let ® be k-expansive with k > 1. If there exists a nonempty D-bounded set B
such that ®(B) C B, then every point of B is a fized point. Consequently, B is a singleton.

Proof Fix v € B and set § = ®(v). Define ~,, = ®"(v). Since ®(B) C B, it follows that
Ym € B for all m.
Let

M := sup D(u,v) < co.
u,veEB
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By repeated expansiveness,
D(Ym; Ym11) = D(@™,@™5) > D(y,6)"".
Since Yo, Ym+1 € B, we must have

D('—Ym,v')/m—i—l) < M.

If D(7,8) > 1, then D(v,6)*" — oo, contradicting boundedness. Hence D(7,d) = 1 and
therefore

() = 1.

Since v was arbitrary in B, every point of B is a fixed point. By Lemma 6.2, there is at

most one fixed point, hence B is a singleton. O

Theorem 6.7 Assume D is continuous with respect to the multiplicative topology. If X is

compact and ® : X — X is continuous and k-expansive for some k > 1, then X is a singleton.

Proof Since X is compact, the product space X x X is compact. By continuity of D, the
image
D(X x X) C[1,00)

is compact and hence bounded. Therefore diam(X) < co. The conclusion now follows directly

from Theorem 6.4. O

Example 6.8 Let X =R and let A* be defined as in Proposition 3.12 with d(z,y) = |z — y|.
Then

D(a, B) = exp((n — 1)|e = fI).

Let ®(a) = ca with |¢| > k > 1. Then

D(®a,®B) = exp((n—1)c||oa—B))
> exp((n — 1kla— B) = D(a, B)*,

so @ is k-expansive. The fixed point equation ¢ = £ gives (¢ — 1)§ = 0, hence the unique fixed
point is £ = 0.

Proposition 6.9 For ®(a) = ca with |¢| > 1, the forward orbit {®™(a)} = {c"a} is D-
bounded if and only if « = 0.

Proof If a = 0, the orbit is constant and therefore bounded. If a # 0, then |[¢™a| — oo
and hence
D(0,c™a) = exp((n — 1)|c™al) = .

So the orbit is not D-bounded. O
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87. Applications

Throughout this section let

X =0(0.1),  Julloe == sup Ju(®)!

t€0,1]
Then (X, ] - |lo) is a Banach space.
Fix n > 3 and define the multiplicative A-metric
A y) o= exp< > |ui—uj||oo>. 1)
1<i<j<n

The induced two-point multiplicative distance is therefore

D(u,v) :exp((n— 1)||u—v||oo). (2)

Lemma 7.1 The multiplicative A-metric space (C([0,1]),.A*) is complete. FEquivalently, (X, D)

is multiplicatively complete.

Proof Let {u,} C X be multiplicative A-Cauchy. By definition, for every £ > 1 there
exists IV such that
D(upm,up) <e forall m,£> N.

Using (2), this is equivalent to
exp((n — 1)flum — uell) <,

which implies
Ine
[ttm — el oo < 1

Hence {u.,} is Cauchy in the Banach space (X, | - || ), and therefore there exists u € X

such that u,, — u uniformly. Passing back to the multiplicative distance,

D(um,u) =exp((n — 1)||um — ulloo) = 1,
which shows multiplicative convergence. Hence (X, .A*) is complete. O
7.1 Nonlinear Volterra Integral Equation

Define the operator ® : X — X by

(Du)(t) := g(t) +/0 K(t,s,u(s)) ds, t €[0,1], (3)
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where g € C([0,1]) and K is continuous and satisfies the Lipschitz condition

|K(t,s,2) = K(t,s,y)| < Llz —yl,  Le[0,1). (4)

Theorem 7.2 Under condition (4) with L € [0,1), the nonlinear Volterra equation

u(t) = g(t) +/O K(t,s,u(s))ds

admits a unique solution £ € C([0,1]). Moreover, for every ug € C([0,1]), the Picard sequence
Um+1 = P(um) converges to € in the multiplicative A-sense and hence uniformly.

Proof Let u,v € X. Using (3) and (4),

[(@u)(t) — (P0)(t)] < /OtL|u(8) —v(s)ds < Lfu = v]|co-
Taking supremum over ¢t € [0, 1] yields
[y — Bl < llu— vl
Using (2),
D(®u, ®v) = exp((n — 1)||®u — ®v||o) < exp((n — 1) L|ju — v||oo) = D(u,v)".

Since L € (0,1), ® is multiplicative Banach-type contractive. Completeness follows from

Lemma 7.1, hence Theorem 5.2 yields existence, uniqueness, and multiplicative convergence.l

7.2 Second-order Boundary Value Problem via Green Operator

Consider the boundary value problem
u'(t) = F(tut), u(0)=a, u)=45,
where F' is continuous and satisfies
[F'(t,x) = F(t,y)] < Llz —yl.

Let the Green kernel be

which satisfies

! 1
sup / G(t,s)ds = =
0 8

tefo,1]
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Define
(Pu)(t) =a(l —t)+ Bt + /0 G(t, s)F(s,u(s))ds.

Theorem 7.3 If L < 8, then the boundary value problem admits a unique solution & €

C?([0,1]). Moreover, Picard iteration converges multiplicatively to €.

Proof For u,v € X,
! L
|Pu — Pl < sup/ G(t,s)Lu(s) —v(s)|ds < gHu — V| oo-
t Jo

Hence
D(®u, dv) < D(u,v)=/8.

Since L/8 < 1, ® is multiplicative Banach-type contractive. Existence and uniqueness

follow. Standard elliptic regularity of Green operators implies & € C2([0,1]). g

7.3 Expansive Linear Operator and Bounded Orbits

Let (E,|| - ||) be a Banach space and define

D(z,y) = exp((n — )|z — y|).
Assume @ : EF — FE is linear and satisfies

[®x — ®y|| > cllz —yl, ¢>1.

Theorem 7.4 ® is k-expansive with k = c. The only point having a D-bounded forward orbit
is 0, and 0 is the unique fixed point.

Proof Using monotonicity of the exponential function,
D(®, y) = exp((n — 1)z — y|) > exp((n — Della — yl)) = D, )"

Hence ® is k-expansive.
Taking y = 0 gives ||®x| > c|z|. Iterating yields ||®™z| > ¢™|z|. If x # 0, then
[[®™ x| — oo and therefore D(0, ®™x) — oco. Thus only = = 0 has bounded orbit. Fixed point

uniqueness follows from expansiveness. O

§8. Conclusion

In this work, we introduced the framework of multiplicative A-metric spaces (MA-spaces), which
provides a natural synthesis of the multi-point structure of A-metrics and the product-type
geometry inherent in multiplicative distance models. This construction allows distances to be
measured simultaneously across multiple points while preserving the multiplicative structure

that frequently arises in nonlinear growth processes, stability theory, and exponential-type
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transformations.

Within this setting, we developed the fundamental topological structure induced by the
multiplicative distance, including multiplicative open balls, neighborhood systems, and the
associated multiplicative topology. We established basic sequential properties of MA-spaces,
including characterization of convergence via the induced two-point multiplicative distance,
uniqueness of limits, and Hausdorff separation. These results confirm that MA-spaces pro-
vide a robust analytical environment comparable to classical metric frameworks while offering
additional structural flexibility.

On the analytical side, we established fixed point results for multiplicative contractive
mappings, including Banach-type and Kannan-type principles. These theorems extend classical
fixed point theory to a multi-point multiplicative setting and demonstrate that iterative schemes
converge under natural multiplicative contractive conditions. In contrast, for strictly expansive
mappings, we identified strong rigidity phenomena, showing that the presence of bounded
invariant sets or finite multiplicative diameter forces structural triviality of the space. These
results highlight a fundamental dichotomy between multiplicative contraction and expansion
behaviors in MA-spaces.

To demonstrate applicability, we constructed a natural exponential embedding of MA-
geometry into function spaces, particularly C([0, 1]) equipped with the supremum norm. Using
this embedding, we established existence and uniqueness results for nonlinear Volterra integral
equations and second-order boundary value problems via Green operator methods. These appli-
cations show that MA-spaces provide an effective analytical framework for studying nonlinear
functional equations in infinite-dimensional settings.

Overall, multiplicative A-metric spaces offer a unified platform connecting multi-point
distance geometry, multiplicative analysis, and nonlinear fixed point theory. The framework
opens several directions for further investigation, including extensions to fractional operators,

stochastic functional equations, and generalized multi-point multiplicative structures.
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