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§1. Introduction

A sigmoid function is a mathematical function having an “S” shape (sigmoid curve). The
sigmoid function, also called the sigmoidal curve or logistic function is the function of the form
v(s) = H%; S € R. A sigmoid function is a bounded differentiable real function that is defined
for all real input values and has a positive derivative at each point. It is useful in compressing,
or squashing outputs. It is a monotone function The sigmoid function is the most popular of
the three activation function in the hardware implementation of artificial neural network. The
Sigmoid function is defined as
1 11 1 1 17

G(s) = =+ lg— —gt4y S
=17 ~"371° 8 T10° s06a0° T

Let v(s) be a modified Sigmoid function, that is

11 1 17
= =14+ g— —g3 4 S T4 s> 1.1
Tres P28 0% Topp® " a0z T 520 (1.1)

with v(s) = 1 for s = 0 be a modified Sigmoid function. For detail information on Sigmoid
function see ( [4], [3], [8], [7])-

Let S denote the class of functions of the form

flz) =2+ arz", (1.2)
k=2
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which are analytic in the open unit disk { = {z: z € C and |z| < 1}.
The Hadmard product of two functions f(z) € S and g(z) € S which denoted by (f*g)(z),
that is, if f(z) is given by (??) and g(z) is given by

g(z)=z+ Zbkzk, (z ey,
k=2

then
(fx9)(2) = (g% [)(z) = 2+ > _arbpz*, (z€4). (1.3)
k=2

Also, we denote by T the subclass of S consisting of functions f(z) € S which are analytic

and univalent in Y and of the form
fz)=2-> arz", ax>0. (1.4)
k=2

A function f,(z) € T, defined as

o0

fy(2) =2 — Z'y(s)akzk7 ar >0 (1.5)

k=2
where (s) defined by (1.1). Furthermore, we define identity function for T, as e, (z) = 2.
§2. Differential Operators

2.1. Salagean Differential Operator

Definition 2.1([10]) For f(z) € S and n € Ny, the Salagean differential operator D™ : § — S
is defined by

D’f(z) = f(2)
D'f(z) = =zf ()

D" f(z) = 2(D"f(2))
Remark 2.1 If f(z) is given by (1.2), then

D'f(z)=z+ Zk”akzk, z el (2.1)
k=2

2.2. Al-Oboudi Differential Operator

Definition 2.2 For f(z) € S and n € Ny, Al-Oboudi differential operator D} f(z) is defined as
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(see [1])

D°f(z) f(2)
Dsf(z) = D'f(z)=(1-08)f(z)+06zf(2), 620

D5 f(2) Ds(D" ™ f(2)).

Remark 2.2 D} is a linear operator for f(z) € S, we get
D f(z —z+2{1+ — 18} apz®, 2 €U, > 0.

For 6 =1, (2.2) becomes (2.1).

In [2], Darus and Ibrahim introduced a generalized differential operator

D°f(z) = f(2)
DY\ f(2) (= Nf(z)+ (A —a+1)zf (2)
D2 f(2) DL (D" "1 f(2)).

Thus -
2)=2z+ Z {(k=1)(\ =)+ k}" ap2.
k=2

2.3. Differential Operator Involving Modified Sigmoid Function

23

(2.3)

In [4], Fadipe-Joseph et al. introduced Salagean differential operator involving modified sigmoid

function which is defined as follows.

Let f,(z) € Ty, the Salagean differential operator D™ f,(z) is defined by

D°fy(2) f(2)
D'f(z) = 2(s)f(2)

D"f,(z) = D(D"'fy(2)) = 2y(s)(D" " £ (2)) .

Hence

D" f,(2) )z + Z’y”“ kmagz".

2.4. Ruscheweyh Operator Involving Modified Sigmoid Function

Ruscheweyh differential operator involving the modified sigmoid function with R™ :

T, = T, is
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defined as -
R'fy(z) =2 — Z’Y(S)Bk(n)akzk, ar > 0,n € Ny, (2.5)
k=2
where
Bun) = Bk =|"TF!
n
 (n+D)M+2)...(n+k-1) (n+1)k
- (k—1)! (D
Hence
- k—1 (g1
o= 0 O !

See [4] and [9] for detail.

2.5. New Differential Operator Involving Modified Sigmoid Function

Definition 2.3 Let f,(z) € Ty, then from (2.3) and (2.4) we obtain a generalized differential

operator involving modified sigmoid function as follows
DRty (2) =" (8)2 = D ") {(k = DA = w) + k)" a2, (2:6)
k=2

for Ayw >0 (see [4] and [2]).

2.6. Linear Combination of Generalized Salagean Differential Operator and R-

uscheweyh Operator Involving Modified Sigmoid Function

We combine the generalised Salagean differential operator involving modified sigmoid function
and the Ruscheweyh operator involving modified Sigmoid function to obtain a certain operator
defined as

@K’wfv(z) = MDgiwfw(z) + (1 - M)Rnfw(z)
= ") —p+1z
= () {u " () (k = 1)(A = w) + £]" + (1 — 1) Be(n)} axz (2.7)
k=2

for 0 < A, u < 1 with special cases following;:
(1) Ifn=0in (2.7), we get f,(z) defined in (1.5);
(44) If p=11n (2.7), then %  f,(z) = D}, f(z) defined in (2.6);
(49i) If p = 0in (2.7), then ®% f,(z) = R"f,(z) defined in (2.5);
(iv) If s=0,u=1and w=11in (2.7), then ®Y , f,(z) = D§ f(2) defined in (2.2);
(v) Ifs=0,p=1and A=w=0in (2.7), then &7, f,(2) = D" f(2) defined in (2.1).
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Definition 2.4([8]) For a function f,(z) € T, defined by (1.5) is in the class T, x}; (N, w, &, p, ¢, 1)
if
!
(@32 (2)] = () =+ 1]

/

- <mn, (2.8)
pC{(M,wfv(Z)) a} - [(@z,m(z)) e —prt]|

wher60§a<%(, 0<pu<l, A3 w>0, p>2, %gggl, 0<n<1andnéeNy.
Note that:
(D a=0, pu=1, p=2and ( =1, then
/
(D3] =)

Tox" (A w,0,2,1,m) = Sx5(n,m, A\, w) = 7
DY fo(2)] +7(s)

<n.

(2)Ifa=0, p=1, p=2and ¢ = 3, then

1 . 1 .
T’Yxn()‘vw70727 5777) = X’y(nana)\v(“)) = ‘7”(5) [D)\,wf’Y(z):Il - 1‘ < 1.

3)If =0, p=2and ¢ =1, then

(R f2(2)] =1 ‘
T n0707 , 2,1, =X s T = <.
X0 (0,0, 0,2, 1,m) = X7 (1,1, @) ’[Rnfy(z)],_mﬂ U
4HIfa=0, u=0, p=2and ¢ =1, then
. R'f,(2)] —1
T,x5(0.0,0.2,1,) = S (n, ) = ‘HM’ <n.

[Rf,(2)] + 1

(5)Ifa=0, p=0, p=2and ¢ = 3, then

n 1 * n
T,x5(0,0,0,2, 5,m) = x3(n,m) = |[R" f(2)]' = 1] < n.

6)Ifn=1 p=0 p=2, n=0and ¢ =1, then

f(z) -1
T,x%(0,0,,2,1,1) = x*(a) = | ———"———| < 1.
’YXO(7 , Oz, 1, ) X’y(a) f,ly(Z)*20z+1 <
(MIftn=1, a=0, pu=0, p=2, n=0and { =1, then
fi(2) -1
T7X8(0a070727 ]-7 1) = X*(’Y) =T <1
fh(z)+1

(8) fao=0, p=0, p=2, n=0and { = 3, then

1 *
T, x5(0,0,0,2, 31 =x5(0) = |£i(z) = 1| <.
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(9 Itpu=0 p=2, s=0and ¢ =1, then

[R"f(2)] — 1

Tx3(0,0,,2,1,m) = x*(n,n,a) = <.
X0 ( n) = x"(n,n, @) ‘[R”f(z)]/—2a+l‘ U
(10) fa=0, u=0, p=2, s=0and { =1, then
[R*f(z)] —1 ‘
Tx2(0,0,0,2,1,10) = Sx*(n,n) = |- 721 )
X0 ( n) = Sx"(n,n) ’[R”f(z)}/—i—l U]

(1) Ifa=0, p=1, p=2, s=0and = 1, then

1 *
TX"(A\w,0,2, 5.m) = X" (n,m, A w) = ‘[Dﬁ,wf(Z)]/ — 1‘ <.

(12) If @ =0, s:O,u:O,p:QandC:%,then
n 1 * n !/
TX(0,0,0,2, 3,m) = X" (n.m) = [ R )] ~ 1] <.

(3)Ifu=0,n=0, p=2, s=0and ¢ =1, then

f'(z) -1

f/(Z)QCVH’ <n (Juneja and Mogra [?]).

Tx5(0,0,0,2,1,m) = x*(1,0) = ‘
(I4) Ifa=0, pu=0, n=0, p=2, s=0and ( =1, then
f'(z) -1

T40.0.0.2,10) =51 0) = [FE < (Kim and Lee )

(15) Ifa=0, n=0, s=0, u=0, pz2and§=%,then
1
Tx0(0,0,0,2,5,m) = X" (1) = |f(2)' = 1] <7, (Kim and Lee [?]).

We begin by proving the necessary and sufficient condition for a function belongs to the

class T’YXZ(Aa w, o, p, Ca 77)
2.7. Coefficient Estimates

Theorem 2.1 If a function f.(z) belongs to the class T, X}, (A, w, o, p, (,n), then
> k(s) [L+n(p¢ = D] {py"(s) [(k = 1)\ = w) + k" + (1 = ) Bi(n)} ax
k=2

<npClpy"(s) —p+1—a]. (2.9)

Proof Suppose f,(z) belongs to the class T, x};(\, w, a,p, ¢, 1), by equation (2.7) and Def-
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inition 2.4, we have that

$) {17 () [(k = DA — @) + K" +(1 — ) Be(n)} a2~}

=7

PGy (s) = p+1—a] = > (1= pQ)ky(s) {my™(s) [(k = 1)(A = w) + &]"
k=2

+(1 = p)Br(n)} a2

)

|z] <rand r — 17, then

Zkv ) {17 () [(k = YA —w) + k" + (1 — ) B(n)} ax
Snp([m (s) —p+1-a

+> 01 = pOky(s) {uy™(s) [(k = 1)(A = w) + k" + (1 — 1) Bi(n)} ax

k=2
> ky(s) [T+ n(p¢ — DI {my™(s) [(k = (A = w) + k)" + (1 — p) B(n)} ax
k=2

<npC[py™(s) —p+1—al.

Hence,

np¢ [py"(s) —p+1—aj

20 S T e D () k- D0 @) i G @By 0
The result is sharp for
Fo) =7 — " (s) —ptl-a] k
o) L+ 10 = D] {0 () [(k — D\ — ) + 5" + (1= ) Ba(m)}
and k > 2 O

2.8. Neighborhoods for the Class T’ x}; (), w, a, p,(,7)

Definition 2.5 The (m,§)—neighborhood of the function f.(z) belongs to the class T, by
Nis(fy) = {g»y gy €Ty, gy =2 — z $)br2" and Z kv(s) |ax — bg| Sé}. (2.11)
k=m+1 k=m+1

In particular, if identity function

ey(2) =z,
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we immediately have

Nm,(s(ew){g«gven, g=o— 3 At and 3 ky(s) msa}. (2.12)
k=m+1 k=m+1

Lemma 2.1 Let the function f(z) € T, be defined by

2 =z2= Y As)azF, ap >0, (2.13)

k=m+1

Then, f(z) is in the class T, x},(\,w,a,p,(,n) if and only if

> ky(s) [1+ ¢ — DI{my™(s) [(k = (A = w) + k" + (1 — p) B(n)} ax

k=m+1
<npC [y (s) —p+1—af. (2.14)
Theorem 2.2 Let
5 np¢ lpy"(s) —p+1—of (2.15)
v(s) [L+n(p¢ = Dy (s) [m(A —w) +m + 11" + (1 = p) B (n)} '
If 6 < 1, then T, x}; (A, w, @, p, (1) C Nins(ey)-
Proof Let the function f,(z) is in the class T, x;(A,w, @, p,(, 1), we have
(m+1)y(s) [L+n(p¢ = DI {py"(s) (A = w) +m + 1" + (1 — p) B (n)}
> ar <nplpy™(s) — p+1—af, (2.16)
k=m+1
which readily yields
= npS [y (s) —p+1—a]
2 S G T AT aK = D] (7 () O — o) e+ T (= B 217

k=m+1

Applying (2.14) again, in conjunction with (2.17), we get

() [L+n(p¢ = DIy (s) (A = w) +m + 1" + (1 = p) Bmy1(n)}

> kar <np¢lpy"(s) —p+1—al.
k=m+1
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So that
" 1 ¢ [y (s) —p+1—af
2R S G T () IO — ) T (= 7B ()]
= 4 (2.18)
The proof is completed. O

Corollary 2.1 Let

Then, Sx7(n,n, \,w) C N s(e).

Corollary 2.2 Let
[v(s) [m(A —w) + m +1]" — 1]
v(8) [m(A = w) +m+1]"

§=1—
Then; Xiky(nvna )\,Ld) - Nm,5(€'y)-

Corollary 2.3 Let
() A+ n) Brnya(n) = 2n(1 - a)]

=TT 1) Bum )

Then, x5 (n,n, &) C Ny s5(e).

Corollary 2.4 Let
[v(s) (1 + 1) Bm1(n) — 27]

O TS W 1) B ()

Then; SX?;(TL,'T]) C Nm,&(e'y)-

Corollary 2.5 Let

_ . [(s)Bmti(n) — 1]
S B ()

Then, x%(n,m) C N s(ey).

Corollary 2.6 Let

Then, x5 (a) C N s(e,).

Corollary 2.7 Let

Then, X*(’Y) C Nm,ﬁ(e’y)'

Corollary 2.8 Let
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Then, x%(n) C Ni,s(e4)-

Definition 2.6 A function f,(z) € T, is said to be in the class T,x},(\,w,a,p,(,n) if there
exist a function h,(z) € T,x};(\,w, o, p,(,n) such that

f+(2)
hy(2)

—1‘<1—p, (zed0<p<1). (2.19)

Theorem 2.3 If h,(2) € T, x},(\, w,a,p,(,n) and

A(>\7 w’ a’p7 C? 77)
B\, w,a,p,(,n)

p=1-

where

A\ w, ,p,¢,m) o(m +1)y(s) [1 +n(p¢ — D] {ry" (s) [m(A — w) +m +1]"
+(1 = ) Bs1(n)},
(m+1)*v(s) [L+n(p¢ = D] {py" (5) [m(A —w) +m +1]"

+(1 =) Bmy1(n)} = (m+ npC [y (s) = p+1 - af,

B\ w,a,p,(,n)

then Nm,&(hw) C T"/XZ()"w7a7p7 C777)

Proof Let fy(2) € Ny, 5(hy). We find from (2.11) that

Y ky(s) lax — bl <6, (2.20)
k=m++1
which ready implies that
> 5
— < . .
Do As) ok —bel < (2.21)
k=m+1
Next, since h,(2) € Tyx}; (A, w, o, p, ¢, n), we have
> "s)—pt+l—a
S ()b < npS (1" (s) — p ] —
k=mt1 (m+1) [L+n(p¢ — DH{py"(s) [m(A = w) +m + 1]
+(1 = p)Bmsa(n)}
so that
> (s |k — b
f’y(z) _ 1‘ < k=m+1
h — [ee]
#(2) 1 5 () b

k=m+1
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(m+ 1) [L+n(p¢ — D] {uy"(s) [m(A —w) +m +1]"
5 +(1 = p)Brmy1(n)}
ML (4 1) [+ n(p¢ — D] {"(s) Im(A - w) +m+ 1]
+(1 = ) Bry1(n)} — mp¢ [1y™(s) — p+1 = af

— A()‘vwaaap7Ca77) =1—p
B()‘7w7a>p7 CJ])

This completes the proof.
Corollary 2.9 If h(z) € Sx3(n,n,A\,w) and

Sy HL(s) (1 +n) [m(\ —w) +m +1]"

P T T D) Wt ) () [ — )+ m+ 7 — 20 (77(s) — @)

then Np 5(hy) C SX5 (1, A, w).
Corollary 2.10 If h,(2) € x3(n,n, A\, w) and

() [m(A —w) +m +1]"
m+1)y(s) [m(A = w) +m+1]" — 7

p=1-
(
then Ny 5(hy) C X5 (0,1, A w).
Corollary 2.11 If h,(2) € x3(n,n,a) and

6v(s)(X + 1) By (n)
(m—+1)y(s)(1 + 1) Bpg1(n) —2n(1 — o)

p=1-
then Np, 5(hy) C X5 (n,1m, ).
Corollary 2.12 If h,(z2) € Sx3(n,n) and

67(8)(L + 1) Bmy1(n)
(m+1)y(s)(1 +n)Bmy1(n) — 21

p=1-
then Ny 5(hy) C Sx5(n,1m).
Corollary 2.13 If h,(2) € x3(n,n) and

57(5)Bm+1(n)
(m +1)v(s)Bpt1(n) —n

p=1-
then Ny 5(hy) C X35 (0, 1)
Corollary 2.14 If h,(2) € x3(a) and

67(s)
(m+1)y(s) —2(1 — «)

p=1-

31
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then Ny, 5(hy) C X3 ().

Corollary 2.15 If h,(z) € x*(7) and

then Ny, 5(hy) C X (7).

Corollary 2.16 If h,(2) € x(n) and

then Np 5(hy) C x5(n).
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