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Abstract: Bertrand curves have been investigated in Lorentzian and Minkowski spaces
and some characterizations have been given in [1,2,6]. In this paper, we have investigated
the relations between Frenet vector fields and curvatures and torsions of Bertrand curves

at the corresponding points in Minkowski 3-space.
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§1. Introduction

In the study of the fundamental theory and the characterizations of space curves, the corre-
sponding relations between the curves are the very interesting and important problem. The
well-known Bertrand curve is characterized as a kind of such corresponding relation between
the two curves. J. Bertrand studied curves in Euclidean 3-space whose principal normals are the
principal normals of another curve. Such a curve is nowadays called a Bertrand curve. Bertrand
curves have a characteristic property that curvature and torsion are in linear relation.In the re-
cent work [2], the authors studied spacelike and timelike Bertrand curves in Minkowski 3-space.

(See also independently obtained results by [6]).

In this paper, we have investigated the relations between Frenet vector fields and curvatures

and torsions of Bertrand curves at the corresponding points in Minkowski 3-space.
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§2. Preliminaries

The Minkowski 3-space E is the Euclidean 3-space E? provided with the standard flat metric
given by
<,> = —dIl —|— dCCg —|— dIg

where (21,72, 3) is a rectangular coordinate system of E3. Since (,) is an indefinite metric,
recall that a vector v € E} can have one of three Lorentzian causal characters: it can be
spacelike if (v,v) > 0 or v = 0, timelike if (v,v) < 0 and null (lightlike) if (v,v) =0 and v # 0 .
Similarly, an arbitrary curve o = a(s) in E} can locally be spacelike, timelike or null (lightlike),
if all of its velocity vectors o/(s) are respectively spacelike, timelike or null (lightlike).
Minkowski space is originally from the relativity in Physics. In fact, a timelike curve
corresponds to the path of an observer moving at less than the speed of light. Denote by
{T, N, B} the moving Frenet frame along the curve a(s) in the space E. For an arbitrary
curve «(s) in the space E3, the following Frenet formulae are given. If « is timelike curve, then

the Frenet formulae read

T 0 v O T
N |=]lx 0 7 N (1.1)
B’ 0 —7 0 B

where (I, T), = —1,(N,N), = 1,(B,B), = 1,(I,N), = (N,B), = (I',B), =0. If ais a
spacelike curve with a spacelike principal normal, then the Frenet formulae read

T 0 x O T
N |=] -k 0 7T N (1.2)
B’ 0O 7 O B

where (T, T), = (N,N), = 1,(B,B), = -1,({T,N), = (N,B), = (I',B);, = 0If a is a
spacelike curve with a spacelike binormal, then the Frenet formulae read

T 0 ~ O T
N | = 0 7 N (1.3)
B’ 0O 7 O B

where (T, T), = (B,B), =1,(N,N), = —1,(T,N), = (N, B), = (T, B), = 0 [4,7,11].

83. Bertrand Curves in Minkowski 3-Space

Definition 3.1([1,2,6]) Let 31 and (2 be two unit speed regular curves in E3, and {T1, N1, B1}
and {Ty, Na, Bo}also be Frenet Frames on these curves, respectively. [ and (2 are called
Bertrand curves if N1 and Na are linearly dependent. We say that B2 is a Bertrand mate for 3

and B are Bertrand curves. And (B1,52) is called a Bertrand couple and we can write

B2(s) = P1(s) + rNy(s).
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Theorem 3.1 If there exists a one-to-one correspondence between the points of the spacelike
curves Cy and Co with timelike principal normal, such that at corresponding points Py on Cy

and P> on Cs,then the following statements hold:

(1) The curvature k1 of Cy is a constant;

(2) The torsion 1o of Co is constant;

(3) The unit tangent vector Ty of Cy is parallel to the unit tangent vector Ty of Cbo.
Then the curve C generated by P that divides the segment Py Py in ratio m : 1 is a spacelike

Bertrand curve with timelike principal normal.

Proof We shall use the subscripts 1, 2 to designate the geometric quantites corresponding
to the curves Cy, C while the same letters without subscripts will refer to the spacelike curve
C with timelike principal normal.

Let a(s), a1(s), az(s) be the coordinat vectors at the points P, Py, P> on the curves C,C1,Cs
respectively. Then the from convex combination of points P, and P, , the equation of point P
is

a(s) = mag(s) + (1 — m)az(s), m € R, (2.1)

while by hypothesis,
ITh]| = T2l =1, Ti=To. (2.2)

On differentiating Eq.(2.1) we have
Tds = mTidsy + (1 — m)Tadse = (mdsy + (1 —m)dsa) Ty (2.3)

which shows that T is parallel to 77 and 7> and always can be chosen so that

T=T =T, (2.4)
and
ds =mdsy + (1 — m)dsa. (2.5)
Differentiating of Eq.(2.4) gives
kNds = k1 N1ds1 = kaNadss, (2.6)

and if we assume that k, K1, ko are positive, then

N =N, = N, (2.7)
and
Kkds = K1ds1 = KadSs. (2.8)
From Eq.(2.4) and Eq.(2.7)
B =B, =By, (2.9)

and differentiating
TNdSZTlNldsl :TQNQdSQ. (210)
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Elimination of ds, ds1, dss gives

(ﬁ)ﬁ?'i‘ (1_m>7_:1;"<‘71 75077—27507

K1 T2

which is the desired result, since m, k1, 7> are constant. If instead of 77 = T, were given the
condition By = Bs, the same result would follow in the same manner. O

Theorem 3.2 If condition (c) of Theorem 3.1 is modifed so that at corresponding points Py
and Ps, the binormals By and By are parallel, then the curve C is a spacelike Bertrand curve

with timelike principal normal.

Proof Since By = By then
dSQ
Ny = 1o Ny——. 2.11
T1iV1 T21V2 sy ( )
where N; and Ny are the unit normal vectors of a; and g at the points P,and P, with arc-
length parametrization. Hence Ny = Ny and T} = N; X By = Ny X By, we know T} parallel to

Ty. By Theorem 2.1, C' is a spacelike Bertrand curve with timelike principal normal. O

Theorem 3.3 If condition (¢) of Theorem 3.1 is modified so that at corresponding points Py
and Ps the tangent at Pyis parallel to the binormal Bo at Ps, then the curve C is a spacelike

Bertrand curve with timelike principal normal.

Proof Since Ty} = Bs, it follow that

d
k1N = TQNQd—jQ. (2.12)
1

Hence N; is parallel to Ny and since N; and Ny are unit vectors,

Ni = N, (2.13)
and p
S92 K1
— = — 2.14
dSl 7'27 ( )

since By =17 X N1 = By x Ny = —T5,we have
By = —T5. (2.15)

Let «,a1,as be the coordinate vectors at the points P, P;, P> on the curves C,C,Cs,
respectively. Then

a=ma; + (1 —m)ay (2.16)
Z—j = m% +(1- m)d(;LS2
do doq dsy doo dss
e md—slg (1-— m)d—82 e
T = (mTl +(1- m)@Tg) ds1
dSl ds

K ds
= (mT1 + 21— m)TQ) o

T2
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T =m1T1 + moTs (2.17)
where
dsy m T,
m; = mg = 5 = mi = const.
Vo7 4+ [k, (1= m)
d 1-—
ma = (1—m) ;2 = (1=m) *, , Mg = const.
s 2 2
Vo) 4 e, (1 —m)]
Differentiating Eq.(2.17), one gets
ds dSQ
kN = mmlNld—; = Hzm2N2$ (2.18)
Hence
N=N =N, (2.19)
and p
S1 52
K= Ry — = + KMz —= (2.20)
Using Eq.(2.7) and Eq.(2.9), one finds that
B = m1B1 + m2B2. (221)
Differentiating Eq.(2.11), one gets
ds ds
TN:Tlmld—SlNl —I—TQde—;NQ. (222)
Hence J
T=Tlmldis1 —I—szzdis2 (2.23)
Using Eq.(2.14) and Eq.(2.15), one gets
dSQ T1 K1
— == — 2.24
dSl K2 T2 ( )
and
TI K2
K1 B T2
Let
dSl dSQ
My =mq3— My, = —
1= 2 me=
Then using Eq.(2.20) and Eq.(2.23), one gets
M M. M M.
Ry T mh (ReMe Tl T2 Mo
Msry Mk T2 Mo oMy k1M k1 M
= ﬂ% E% = constant s —!_constant.
T2 My k1 My o My
and this is the intrinsic equation of a spacelike Bertrand curve. O
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