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Abstract: In mathematics, one always tries to get new structures from given ones. This
also applies to the realm of graphs, where one can generate many new graphs from a given
set of graphs. In this paper we define some classes of pyramid graphs and we derive simple
formulas of the complexity, number of spanning trees, of these graphs, using linear algebra,

Chebyshev polynomials and matrix analysis techniques.
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§1. Introduction

The study of the number of spanning trees in a graph has a long history and has been very active
because computing this number is important: (1) in analyzing energy of masers in investigating
the possible particle transitions; (2) in estimating the reliability of a network; (3) in designing
electrical circuits; (4) in enumerating certain chemical isomers; (5) in counting the number of
Eulerian circuits in a graph. See [1]-[7], [20],[22] and [24]. For a graph G , a spanning tree in
G is a tree which has the same vertex set as G . The number of spanning trees of, also known
as, the complexity of the graph, denoted by 7(G) , this quantity is a well-studied quantity for
long time. A classical result of Kirchhoff [19] can be used to determine the number of spanning
trees for a graph G' with p vertices. If V' = uq,ug,c. .., up, then the Kirchhoff matrix L defined
as p X p characteristic matrix L = D — A where D is the diagonal matrix of the degrees of G

and A is the adjacency matrix of G ,L = [X,;] defined as follows:

(1) X;j = —1 when U; and U; are adjacent and i # j;

(i1) X;j equals the degree of vertex U; if i = j, and

(#3) X;; = 0 otherwise.

All of co-factors of L are equal to 7(G). There are other methods for calculating 7(G).
Let 01 = 02 > - -+ > 0, denote the eignvalues of L matrix of a p point graph. It is easily shown
that p, = 0. Furthermore, Kelmans and Chelnokov [18] have shown that 7(G) = %Hf;ll 0j.
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For more results in this field, see [10]-[17].

Now, we introduce the following lemma.
Lemma 1.1([8]) 7(G) = I%det(pl — D+ A) where A, D are the adjacency and degree matrices
of G, the complement of G, respectively, and I is the p X p unit matriz.

The advantage of this formula is to express 7(G) directly as a determinant rather than in

terms of cofactors as in Kirchhoff theorem or eigenvalues as in Kelmans and Chelnokov formula.

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and
second kind which we use it in our computations. We begin from their definitions, see Yuanping,
et. al. [23].

Let M,(Z) be p x p matrix such that:

2z -1 0 --- 0
-1 27 -1
M,(Z)=10o . . . 0|,
27 -1
o --- 0 -1 27

Further, we recall that the Chebyshev polynomials of the first kind are defined by
T,(Z) = cos(parccos Z). (1)

The Chebyshev polynomials of the second kind are defined by

1d

1 (Z) = sin(p arccos Z)
~ pdz P77 cos(arccos Z)

Up-1(2)
It is easily verified that
Up(2) —22U,_1(Z) + Up—2(z) = 0. (3)
It can then be shown from this recursion that by expanding one gets
Up(Z) = det(My(2)),p = 1. (4)

Furthermore, by using standard methods for solving the recursion (3), one obtains the

explicit formula

Up2) = S [(Z+ V=P = (2= V2= 17 21 (5)
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where the identity is true for all complex Z (except at Z = 41, where the function can be taken
as the limit). The definition of U,(Z) easily yields its zeros and it can therefore be verified that

Up1(2) = 2p—1j:[11 (Z — cos Z;:) : (6)

One further note that
Up-1(=2) = (1)U, 1(2). (7)

These two results yield another formula for

p

p—1 .
U2, (z)=2"]] <Z2 — cos? ”) . 8)
=1

Finally, a simple manipulation of the above formula yields the following formula (9), which is
extremely useful to us latter:

Uﬁl(ﬁ) :ﬁ (z—2cos2;”). ()

Furthermore, one can show that

U34(2) = 5= Tl = 5y (1= T, (222 = 1)) (10)
T,(2) = 3 [(: 4 V2 1P+~ VEP] (11)

Now we introduce the following important two lemmas.

Lemma 2.1([8]) Let A,(Z) be p x p circulant matriz such that:

Z 0 1 --- 1 0
7 1
1 T 1
AP(Z): ’
1
1 Z 1
0 1 1 0 Z

Then for p > 3, Z > 4 we have:

derta(2)) = WD 2

Lemma 2.2(]21]) If X € FP*P| Y € FP*1, Z € F1*P gndW € F71. If X and W are
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nonsingular matrices, then

X Y
det =det(X — YW 'Z)det W = det X det(W — ZX'Y).
zZ W

This Lemma give a sort of symmetry for some matrices which facilitates our calculations
of the complexities of some special graphs.

83. Main Results

Definition 3.1([9]) The pyramid graph PZE‘?) is the graph formed from the wheel graph Wqiq
with vertices Uy, Uy, Ua, - -, Uy and m sets of vertices, say, Vi, Va, -+ ,Vpl, R A (RN T4
such that for alli =1,2,--- | p the vertex Vl-j is adjacent to uj and ujq, wherej =1,2,--- ,g—1

and v{ is adjacent to uy and u, See Figure 1.

)

Figure 1 The pyramid graph P1§3

Theorem 3.2([9]) Forp >0, g >3,

T(P{V) = 2ri~a [(p +34+2p+5)7+ [(p +3—/2p+5)7—2(p+ 2)‘1H .

Definition 3.3 The pyramid graph Az(,Q) is the graph formed from the wheel graph Wqi1 with
vertices Uy, Uy, Us, - -+, Uy with double external edges and q sets of vertices, say

1 1 1 2 2 2 q q
V17V'27..."/;))V1"/2?...7V 7...,{/17‘/'27...,{/‘1

p p

such that for alli =1,2,--- | p the vertex Vij is adjacent to u; and uj4q ,wherej =1,2,--- ,q—1
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and v} is adjacent to uy and u, See Figure 2.

Figure 2 The pyramid graph Az(,g)

Theorem 3.4 Forp >0, q >3,

r(A) = 20171 [(p+ 5+ /2 + 9)7 + [(p+5 — /2 9)" — 2+ 4)7] |

Proof Applying Lemma 1.1, We have

T(A) = mdet((pq—HH— I —D+A)
A B C
1
= argriE | D EF
G H I
where,
g+ 1 0 0 0
0 2(p + 3) 1 U | -1
1 2p+3)-1 1
1 —1
A=
1
1 —1

0 -1 1 cee e e 1 =1 2(p43)

47
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1
0 0 1 1 1 1
0 0 0 0 1 1
1 1 0 0 O 0
B = 1 1 1 1 0 0
1 ... 1
1 ... 1
1
1 1 0 0
1 1 e e 1 1 1
1 ... 1
C = 0 0 1 1
1 1 0 0 0 0 1 1
1 1 0 0 0 0
1 0 o0 1 1 101
. 10 1
: 1 0o 1
o 0 1 1 11 )
0 0 1 :
) 1 1
: 1 0
D= 1 0 1 , G= .
1 0 :
) 1 0 0
: 0 1 1 1 1 0
1 0 0 )
1 0 1 :
10 1 1 1 1 0
3 1 1
FE F
H I B |
1 1 3

Let j = (1---1) be the 1 x p matrix with all one, and J,, the p X p matrix with all one. Set
k=2p+4and h=pg+ q—+ 1. Then we have
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T(A)
(¢g+1) 0 0
0 k-1 1 1 -1 0 j
-1 k -1 1 1 0 0
1 -1 j
1
1 ko —1
1 .
= 5 det 0 -1 1 - 1 -1 k j
jt o o 4 it
i it 0 j*
Gt T 21pq + Jpq
jt
4t 0 0
i 0 et 0
0
k-1 1 1 -1 0
-1 k -1 1 1 0 0
1 -1 J
1
1 k-1
1
=gzdet| h -1 1 1 -1 k j
it 0 0 gt o gt gt
hjt jt 0 jt
Gt T 21pq + Jpg
jt
4t 0 0

49
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Hence, we know that

m(4)

= —det

1j

1j

1j
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-1 1 1
Eo—1 1

1

k

1 1 -1

0 jt jt
0
jt

0

jt .. . ]t

0

1 1 -1

1 1 1

1

Eo—1

1 -1 k

J* VA &

jt

jt

0 0

jb 0

J
0
J
2Ipq + Jpq
J
0
J 0
2117‘1 + Jpq




Number of Spanning Trees of Some of Pyramid Graphs Generated by a Wheel Graph

E -1 1 1 -1 —j 0 0 —j
-1 k -1 1 —j 0
1 0 0
1
1 k-1 -7 0
:;det;;jtljjﬁo v
j* ' j*
gt 21,
Ao 0o
0 jt o o 4t0

Using Lemma 2.2, yields

1 [ X Y 1 1
T(AI(,Q)) == = —det(X - Y —2Z)2M
h\ z o2, h 2Upq
2k p—2 2(p+1) 2p+1) p-—2
p—2 2k p—2 2(p+1) 2(p+1)
2(p+1 p—2 :
:%2pq2’qdet (_)
2(p+1)
2p+1) p=2
p—2 2n+1) 2(p+1) p-—2 2k

Straightforward induction using properties of determinants, we have

T(Aéq)) — lzquq 2k +p(29 — 4) + (29 — 10)

b 2k +p(q—4) + (4¢ — 10)
2k —p+2) 0 2(p+4) (p+4) 0
0 (2k—p+2) 0 (p+4) (p+4)
(p+4) 0 :
x det )
(p+4)
(p+4) 0

0 (p+1) (p+4) 0 2k—p+2)

o1
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(2k —p+2) 0 2(p+4) (p+4) 0
0 (2k —p+2) 0 (p+4) (p+4)
1 2h (P+4) 0 :
= ﬁ2”q*qmdct . _ _ ) )
Pq + 4q : - . - - (p+4)
(p+4) . . 0
0 (p+1) (p+4) 0 (2k—p+2)
(2k—p+2)
) 0 1 1 0
(2k—p+2)
0 i) 0 1 1
_gpa—at1_@EDT 1
pq+4q+2 : (p+4)
1 0
(2k—p+2)
0 1 1 0 7(pf4)

Using Lemma 2.1, yields

2k—p+2 2k—p+2
RS U - T O M bt O
P pq+4q+2 2k—p+2 _3 P 2
prd
- +4)1 2k —2p—2
gromatt o _WEDT gy« |2
pq+dg 2 < et det 2 L= )

ZLI)

= PPl (p+4)T x |T,
(p+4) q(p+4

Using Equation (11), yields the result.

Figure 3 The pyramid graph B}(,?’)
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Definition 3.5 The pyramid graph B;(,q) is the graph formed from the wheel graph Wy1 with
vertices Uy, Uy, Us, - -+ , U,y with double external edges and q sets of vertices, say
V117V21,-~- ’1/;)1,1/12’\/22)... JV2 R VA VAR 74

p p

such that for alli =1,2,--- | p the vertex Vij is adjacent to u; and uj41, wherej =1,2,--- ,q—1
and v} is adjacent to uy and uq. See Figure 3.

Theorem 3.6 Forp>0, q=>3,

T(BW) =270 [(p+ 4+ 2y/p+ 3)7 + [(p+ 4 - 2¢/p +3)" - 2p +2)7] | .

Proof Applying Lemma 2.1, we get

1 _
T(BY) = mc1<et((pq+p+1)1_D+A)
A B C
1
= GargrnE M| D EF
G H I
where,
0 2p+5 0 . . o 1
1 0
A:
1
1 0
-1 0 1 1 0 2p+5
1
0 0 1 1 1 1
0 0 0 0 1 1
1 1 0 0 0 0
B = 1 1 1 1 0 0
1 1
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1 1
1
1
0 1 1
1 0 0 O 0
1 1 0 0
0o 0 1 1 1
0 0 1 1 1
1 0 01
1 0 0 1
1 0 0
1 0 O
1 0 1
1 0
1
1
1
1
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3 1 1
Er\ |+ o
H 1) | ... ..

1 13

Let j = (1---1) be the 1 x p matrix with all one, and J,, the p X p matrix with all one. Set
k=2p+5and h =pqg+ q+ 1. Then we have

20 +1 —1 oo e e e =1 O
-1 k 0 1 .. 1 0 0 g e 40
0 k 0 1 1 0 O J
1 0 J J
1
1 k 0
T(Bf,q)):%det 1 0 1 -~ 1 0 Kk j - i 0 0
7’ o o 4 it
A A J*
Gt T T 2lpg + Jpg
jt
5t 0
it 0 g it 0
-1 -1 J
k 0 1 1 0 0 g 7 0
0 k 0 1 1 0 0 j
1 J J
1
1 . 0 j
~Laet| w0 1 1 0 k i 0 0
2
hi* 0 0 it gt
hit 0 7t
20pq + Jpq
jt
4t 0
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Therefore,

= —det

= —det

15¢

o

(k+1)

1
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1 2

(k+1) 1

2;5¢

x> O

o~

1

25t

J J 0
J
J
J 0 0
2Ipq + Jpg
-1 j
1 -7 0 0
2 —J
0
2
1
(k+1) 0 - .- 0 —j
2;5t
21,
2;5t
jt
jt

—J
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(k+1) 1 2 .2 1
1 k+1) 1 2 .- 2
2
2
2 1
B % det 1t 2t it 2 Lo —Zl)

J J 2j 2j

2;5* jt
25t
2jt jt
j 25" 25t

Using Lemma 2.2 yields

X v
F(BWy =1 — L et
P h b
Z 20,

1 rq
(X YL Z) 2

(2k +2p+2) (3p+2) 4(p+1)
Bp+2) 2k+2p+2) (Bp+2)
- %2pq2_qdet 4+ D) (8p+2)
4p+1)
(Bp+2) 4(p+1)

-5 0

—-Jj

0

0
4(p+1)

Straightforward induction using properties of determinants, we have

ov 19k + p(dg — 4) + (4q — 6)
T(B’(’)) a E2 2k +p(qg—4) + (2¢ — 6)
(2k —p) 0 (p+2)
0 2k—p) 0
x det (p—f—2) ’
(p+2)

0 (p+2)

(p+2)

(p+2)

0 —j
0
0
0 —j —J
21,
4(p+1) (3p+2)
4(p+1)
4(p+1)
(3p+2)
(Bp+2) (2k+2p+2)
(p+2) 0
(p+2)
(p+2)
0
0  (2k-p)

o7
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(p+2)

0
(p+2)

(p+2)

(2k —p)

(2k —p) 0 (p+2)
0 (2k —p) 0 (p+2)
= lgpq—qL det (p+2) 0
h pq+2q+4 :
(p+2)
0 (p+2) (p+2) 0
(2k—p) .
(p+2) 0 1 1 0
(2k—p)
0 2R 0 1 ... 1
- 2Pq*q+2M det 1
pq+2q+4 )
1 0
(2k—p)
0 1 1 0 (p+2)
Using Lemma 2.1 yields
2k—p _ 2k—p
7(B{) gra-atz 427 2o Ta73) (Ll) —1
g pq+2q+4 2k—p _ 3 P 2
P2
graart P+ 2)" 2k—2p—2

pq+2q+4

= PPl (p 4 2)7 x [Tq(

Using Equation (11), yields the result.

x (pg +2q +4) x {Tq(

4
p+)_1].
p+2

2(p+2)

Figure 4 The pyramid graph C;S)

-
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Definition 3.7 The pyramid graph C’,(,Q) is the graph formed from the wheel graph Wy1 with
vertices Uy, Uy, Us, - -+ , Uy with double external edges and q sets of vertices, say,
V117V21,-~- ’1/;)1,1/12’\/22)... JV2 R VAN VA 74

p p

such that for alli =1,2,--- | p the vertex Vij is adjacent to u; and uj4q ,wherej =1,2,--- ,q—1

and v} is adjacent to uy and uq. See Figure 4.
Theorem 3.8 Forp >0, q >3,

P(C) = 2771 [(p+ 64+ 2/p+5) + [(p+ 6 = 2¢/p + 5)1 — 2(p + 4)7] |

Proof Applying Lemma 1.1, We have

1 _ _
TC(‘I) = ——det +p+ 1V —-D+A
(C?) T EPEEIE ((pg+p+1) )
A B C
1 xdet| D E F
= —_— e
(g +q+1)2
G H I
where,
29+ 1 —1 -1 1
-1 2p+ 7 -1 1 e e e 1 -1
-1 2p47 -1 . T 1
1 —1
A:
1
1 -1
1 -1 1 cee e e 1 =1 2p+7
1
0 0 1 1 1 1
0 0 0 0 1 1
1 1 0 0 0 0
B = 1 1 1 1 0 0
1 1
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and

H I
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Let j = (1---1) be the 1 x p matrix with all one, and J,, the p X p matrix with all one. Set
k=2p+T7and h =pg+ q-+ 1. Then we have

204+1 —1 oo eee e e —1 e |
1k -1 1 - 1 -1 0 j .. i 0
1k -1 1 1 0 0 j
1 -1 J J
L
1 —1
T(CZ(,Q)):%det -1 -1 1 - 1 =1 k j - i 0 0
it 0 0 gt it gt
j* it 0 j*
gt T T 215 + Jpg
jt
j* 0
j* 0o - jt 0
-1 R -1
kK -1 1 1 -1 0 j 0
-1 k -1 1 1 0 0 J
1 Do j
L
1 -1
1
=ogdet| Ao-1 1 o 1 -1 ko i 0 0
hjt 0 0 ]t ]t ]t
hjt gt 0 j*
: 215 + Jpg
jt
j* 0
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Clearly,

@y _ L
’T(Cp ) = E det
= % det

o

Lj

Lj

2;5°

2;5"

Salama Nagy Daoud and Wedad Saleh

(k+1)

2;?

2;5°

2;5°

0 J

(k+1)
25

2lpg + Jpq

0

214
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(k+1) 0 2 .2 0 —j 0 0 —j
1 k+1) 0 2 ... 2 —j 0
2 0
2
2 0 0
1 0 2 2 0 (k+1) 0 - - 0 —j —j
= —det
h jt jt th th
th jt
25t 21,
24t jt
i 25" 25" it
Using Lemma 2.2, yields
1 X Y
T(C@) = -
Z 21,
1 1 1
= —det(X - Y—2)2P1 = _2P1271
et o, %) I
(2k +2p + 2) 3p 4(p+1) 4(p+1) 3p
3p (2k + 2p + 2) 3p 4(p+1)
4p+1 3
— (p+1) 7
4(p+1)
4(p+1) 3p
3p 4(p+1) 4p+1) 3n (2k + 2p + 2)
Straightforward induction using properties of determinants, we have
(q) l pPg—q 2k + p(4q — 4) + (4q — 10)
(&) B2 2k +plg—4) + (2q = 10)
2k—p+2) 0 (p+4) (p+4) 0
0 (2k—p+2) 0 (p+4) (p+4)
(p+4) 0 :
x det )
(p+4)
(p+4) 0
0 (p+4) (p+4) 0 (2k—p+2)
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_ lopeq_ 4R
h pq+4q +4
(2k—p+2) 0 (p+4) (p+4) 0
0 (2k —p+2) 0 (p+4) (p+4)
(p+4) 0 :
x det
(p+4)
(p+4) 0
0 (p+4) p+4) 0  (2k—p+2)
(2k—p+2)
D) 0 1 1 0
(2k—p+2)
0 (pf4) 0 1 1
2"‘1*”2% det L
pqg+4g+4 .
1 0
(2k—p+2)
0 ! 1 0 (pf4)
Using Lemma 2.1, yields
2k—p+2 _ 2k—p+2
oWy = gmmerz, 00 2 a9 l Sz 1]
—p
pqg+4q+4 —pt? 3 2
- +4)° 2k —2p—2
_ et _PEDT gy |, B2
pg g ra < Pt T (SrET)
+ 6
= opapHL o (4 4)0 [T prhb 1}
(p+4) q(p Y

By Equation (11), yields the result.

84. Numerical Results

The following tables Presents some number of spanning trees of studied pyramid graphs.

a|p | T(BY) | A" | 7(BP) | r(C”)
310116 49 50 128

31| 242 978 676 1444
32| 3136 6400 8192 15488
313 | 36992 67712 92416 160000
3|4 | 409600 692224 991232 1605632
3 | 5| 4333568 | 6889472 | 10240000 | 15745024

Table 1
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a|p| B |14 r(B”) | ()
4 10| 45 225 192 720
4 |1 | 1792 6336 6400 18816
4 | 2 | 57600 163072 184320 458752
4 | 3 | 1622016 3932160 4816896 10616832
4 | 4 | 41746432 90243072 117440512 235929600
4 | 5 | 1006632960 | 19992294400 | 2717908992 | 5075107840
Table 2
a|p | (B 7(A5") 7(By") 7(C5")
510|121 961 722 3872
51 1 | 12482 64082 58564 232324
5 | 2 | 984064 3810304 3964928 12781568
51 3 | 65619968 208406528 237899776 658640896
514 | 3901751296 10696523776 13088325632 32245809152
5 | 5 | 213408284672 | 522192945152 | 674448277504 | 1514986799104
Table 3

85. Conclusion

The number of spanning trees 7(G) in graphs (networks) is an important invariant. The evalu-
ation of this number is not only interesting from a mathematical (computational) perspective,
but also, it is an important measure of reliability of a network and designing electrical circuits.
Some computationally hard problems such as the travelling salesman problem can be solved
approximately by using spanning trees. Due to the high dependence of the network design and
reliability on the graph theory we introduced the above important theorems and Lemmas and

their proofs.
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