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§1. Introduction

Calculating number of spanning trees in a graph is one of the well studied problems in Graph
Theory. A spanning tree of a connected graph G with n vertices is a connected (n — 1)-edge
subgraph of G. The number of spanning trees of a graph G denoted by 7(G), also called the
complexity of G [1], is a well-studied quantity in graph theory, and appears in a number of
applications. Most memorable application fields are network reliability [18], recounting certain
chemical isomers [2], and counting the number of Eulerian circuits in a graph [1]. In particular,
counting spanning trees is an essential step in many methods for computing, bounding, and
approximating network reliability [4]. In a network modeled by a graph, intercommunication
between all nodes of the network implies that the graph must contain a spanning tree and thus
maximizing the number of spanning trees is a way of maximizing reliability.

In 1847, a classical result of Kirchoff [16] can be used to determine the number of spanning
trees for a connected graph G = (V, E) with n vertices {v1, v, - ,v,}, and the Kirchoff matrix
L is defined as n x n characteristic matrix L = D — A, where D is the diagonal matrix of the
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degrees of G and A is the adjacency matrix of G, L = [a;;] , where

deg(v;), if i =j
a;; =4 —1, if (vi,vj) S E(G)
0, if (’l}i,’l)j) ¢ E(G)

All of co-factors of L are equal to the number of spanning trees of the graph G.

Another method for calculating 7(G) is described as follows:

Let 1 > po > -+ > p, = 0 denote the eigenvalues of L matrix of a graph G with n
vertices. In 1974, Kelmans and Chelnokov [15] has shown that

"6 == [ e o

One common method for finding the number of spanning trees, 7(G), is the deletion-contraction
method. This method is a dependable method which allows to calculate the number of spanning

trees of a multigraph G. This method uses the fact that
7(GQ) =7(G —e) + 7(G/e), (2)

where G — e denotes the graph obtained by deleting an arbitrary edge e and G/e denotes the
graph obtained by contracting an arbitrary edge e [1,5]. For more methods and other techniques
see [6]-[22].

82. Electrically Equivalent Transformations

An electrical network is an interconnection of electrical components (eg. inductors, capacitors,
batteries, resistors, switches, etc.).

In this section, we provide the relationships between electrical networks and spanning trees.
Let G be an edge weighted graph, G’ be the corresponding electrically equivalent graph and
7(G) denote the weighted number of spanning trees of G. Using the results in [20,21], we have

the following transformation rules:

Parallel edges: If two parallel edges with conductances a and b in G are merged into a
single edge with conductances a + b in G’, then 7(G') = 7(G).

Serial edges: If two serial edges with conductances a and b in G are merged into a single

edge with conductance a“T?b in G, then 7(G") = %_"_I)T(G).

Delta-Wye transformation: If a tiangle with conductances a, b and ¢ in G is changed

ab+bctac ab+bctac
a ’ b

into an electrically equivalent star graph with conductances r = and

2
= abtbetac iy G/ then 7(G') = 7(‘1“22?“) 7(G).

S =

Wye-Delta transformation: If a star graph with conductances a, b and ¢ in G is changed

— ac _ ab
§= a+b+c and t = a+b+c

into an electrically equivalent triangle with conductances r = — +bbc v
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in G, then 7(G') = Q).

1
a+b+cT

83. Main Results

In Mathematics, one always tries to get new structure from given once. This also applies to the
realm of graphs, where one can generate many new graphs from a given set of graphs.
Consider the sequence of graphs G1,Go, - -+ , G, constructed as shown in Fig.1. According
to the construction, the number of total vertices |V (G,,)| and edges |E(G,,)| are |V (G,,)| = 6n—3
and |E(G,)| = 15n— 12, n =1,2,--- ,. Tt is clear that the average degree is approximately 5

for a large n.

Figure 1

Theorem 3.1 For n > 1, the number of spanning trees in the sequence of the graph G, is

A
given by B where

A = 4"7H((98 — 15V/42)(13 + 2V/42)" + (13 — 2V/42)™(98 + 151/42))?
X ((135 + 23v/42)(337 + 52V/42)" — 11(1173 + 181V/42))?

sy
Il

147(3707 + 572V/42 + (17 + 2V/42)(337 4 52v42)")2.

Proof We use the electrically equivalent transformation to transform G; to G;_;. Fig.2

illustrates the transformation process from G5 to Gy.
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Using the properties given in section 2, we have the following transformations

1 /

7(G1) = 9z27(Ga), T(G;) = mT(G1)7
r(Gy) = 7(Gy) () = 152G,
() = (), (6 =9 (32 ) (6o
r(G}) = <f’222++27>37(G;), () = 7(G)),
r(Gy) = %T@;), 7(Gh) = 7(Gh).
Combining these ten transformations, we have
7(Go) = 4(12z5 4 7)%7(GY) (3)

and further,

7(Gn) = [[4012; + 7)°7(G1) = 3 x 4" 1a? [H(mi +7)| (4)
=2 =2
where x;_1 = 1192“2;171 ,2 <1 < n. Its characteristic equation is 1202 — 120 — 11 = 0 which have
two roots u; = % and us = ?’JFT@.
Subtracting these two roots into both sides of ;1 = 1192‘”;;_171, we get
_ ) =
3 — /42 192; + 11 3 — /42 xi_(’_ ’)
zig — & ) _ Dot 1l —(13+2V42) | — 2 VO (5)
6 12x; +7 6 122, + 7
_ X =
3+V42) 19z, +11 3442 Ti — (* + *)
vy - BHVAD) 1wt Il 3HVAZ g, oy (T A2 TVE) (6)
6 122, + 7 6 122, + 7
Ti— 1_\/3)
Let y; = # Then by equations (5) and (6), we get
e (¥ y (5) and (6), we g
yie1 = (337 + 52V42)y;,  y; = (337 + 52v42)" " 'y,,.
Therefore,

o+ v (3 ) - (3=

€Tr; = /
(337 + 52V/42)n—iy, — 1
Thus
Rl CR U CR') "
xr1 = )

(337 4 52/42)"— 1y, — 1
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Using the expression x,,_1 = 1192”;”7;171 and denoting the coefficients of 19z, +11 and 12z, +7

as h, and k,,, we have

122, +7 = ho(19%, + 11) + ko(12z, + 7),
hy (192, + 11) + ki (122, 4 7)
12 n— 7 = )
o1t ho(192, + 11) + ko(122,, + 7)
1
e 4T — ha( 9xn+11)+k2(12xn—|—7)7
hy (192, + 11) + ki (122, + 7)
120, +7 = 7 8
o hi1(192y + 11) + ki1 (1229 + 7) ®
hi+1(19$n + 11) + ki+1(12$n + 7)
122, 11 = 9
Tn—(i+1) + hi(192, +11) + k; (122, +7) ©)

heo (192, + 11) + kn_o(122, +7)
1200 +7 = . 10
T2t ho—3 (192 + 11) + kp_3(122,, + 7) (10)

Thus, we obtain

T(Gp) = 3 x 4" 122 [hyy_o (192, + 11) + kp_o (122, + 7)]2, (11)
where hg = 0, kg = 1 and hy = 12, k; = 7. By the expression z,,_1 = 1192:;"71171 and using
equations (8) and (9), we have

hi+1 = 26]7/1 - hifl; ki+1 = 26]62 - kifl. (12)

The characteristic equation of (12) is 2 —26v+1 = 0 which have two roots vy = 13+2+v/42
and vy = 13 — 2v/42. The general solutions of equation (12) are h; = aiv} + agvd; k; =
b1 V% + bQVé.

Using the initial conditions hg =0, kg =1 and hy = 12, k1 = 7, yields

V42 V42

hi = ~—=(13 + 2V/42)" — 2-=(13 — 2/42)',
14 14
42 — 31/42 « 42 + 3+/42 »
k; = <84‘ﬁ> (13 + 2V/42)" + <+84\ﬁ> (13 — 2V/42)". (13)
If z, = 1, it means that G,, without any electrically equivalent transformation. Plugging

equation (13) into equation (11), we have
7(Gp) =3 x 4" a2

2
<798+81423\/E> (13 +2v42)" 2 + (W) (13 — 2\/@)"2] (14)

if n > 2. When n = 1, 7(G1) = 3 which satisfies Eq.(14) Therefore, the number of spanning
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trees in the sequence of the graph G,, is given by
7(Gn) =3 x 4" a7

2
X [(798 +81423‘/E> (13 +2v42)" 2 + <798 _;123\/@) (13 — 2\/5)"2] : (15)

if n > 1, where

(337 + 52/42)" 1 (135 + 32v/42) + 66 (% f \/g)

T = ,n>2. 16
’ 6(337 + 52v/42)"~1(17 + 21/42) + 66 (16)
Inserting Eq.(16) into Eq.(15) we obtain the result.
Consider the sequence of graphs Hi, Hs, -+ , H, constructed as shown in see Fig.3.

Figure 3

According to the construction, the number of total vertices |V (H,,)| and edges |E(H,)]
are |[V(Hy,)| = 6n — 3 and |E(H,)| = 12n — 9, n > 1. It is clear that the average degree is

approximately 4 for a large n. O

Theorem 3.2 For n > 1, the number of spanning trees in the sequence of the graph H, is
given by

3% 2773 (2(8 + 3vV7)™(98 + 37TVT) — 3(8 — 3v/7)™ (1897 + T17V/7) + (7 + 5V/7)(2024 + 765ﬁ)”)2
49 (381 4 1447 + (11 + 4V/7)(127 + 48V/7)") '
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2x, +1
2x, +1 ox, =5
Ox, +5

1 x, =— -
2x, +1
9x, 15 H,

Yy

Figure 4 The transformations from Hs to H;
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Proof We use the electrically equivalent transformation to transform H; to H;_;. Fig.4
illustrates the transformation process from Hy to Hj.

Using the properties given in section 2, we have the following the transformations:

3
1
T(Hy) =97(Hs), T(HS) = [3@ n 2} T(HY),
3 2
r(H}) = 7(H), r(H}) = S22 ().
181’2
2.’1}2 + 1
ry / 1\ !
() = (). r(etg) =9 (3255) 7o),
31y 421" 925 + 5
H/ — H/ H/ — H/
() = | G | .ty = gt )
7(Hy) = 7(Hg)
Combining these nine transformations, we have
7(Ha) =2 (922 + 5)* 7(Hy). (17)
Further,
n n 2
7(H,) = H 2 (9z; +5)27(H,) =3 x 2" 1a? [H (9z; +5) (18)
i=2 i=2
where z;_1 = % , i =2,3,---,n. Its characteristic equation is 9u? — 6u — 6 = 0, with
roots uy = 1’3‘ﬁ and ug = 1+3‘ﬁ.
Subtracting these two roots into both sides of x;_; = 1913'_:%6, we get
1—V7 1la; 46 1-+7 ppy E44
gy, VT _Lzit6 \f:(8+3\f7) i R S (19)
3 9x; +5 3 9x; +5
14+v7 1z +6 147 ;LT
Tioy — VT _ M6 +\f=(8—3\/5)mz73. (20)
3 9:17z +5 3 9Iz +5
PR v
Let y; = =—2~. Then by Eqgs.(19) and(20), we get y;—1 = (127 + 48v/7) y; and y;_1 =
Ti— =73
(127 + 48/ 7)™~ y;.
Therefore,
,, 127448V ] s o
(127 4 48y/7)n—iy, — 1
Thus,
B (127+ 48\/?) n—1 (1+3\/7) Yn — 173\/7 (21)

(127 4 48V/7) =1y, — 1

11x2,+6
9x,+5

Using the expression x,_1 = and denoting the coefficients of 11 z,, +6 and 9x,, +5
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as h,, and k,, we have

9z, +5 = ho(1lz, +6) + ko (92, + 5),

hi(11z, + 6) + ki (92, + 5)

9 n— 5 = )
oot h ko (92, +5)

)+

)+

ho(11z,, + 6) + ko(9z, + 5)
hy (112, + 6) + kq (92, +5)’

(
(
_ (
92,2 +5 =
(
hi(11z,, + 6) + ki (92, + 5)

9 n—ia 5 = 3 22
TniF hi_1 (112 + 6) + ki—1 (92n + 5) (22)

hi+1 (11$n + 6) + kiJr]_ (9$n + 5)

9, 5= , 23
Tn—(i1) + hi (112, + 6) + k; (92, + 5) (23)
hn—o (11, + 6) + kp—o (92, + 5)
9 5= 24
T2 = (Tl +6) + Fon_s (97 + 5) (24)
Thus, we obtain
(H,) =3 x 2" 2% [hy_o (112, 4+ 6) + hpy_o (92, + 5)] 2, (25)

where hg =0, kg =1 and hy = 9, k; = 5. By the expression z,,_1 = % and Eqs.(23) and
(24), we have
hi+1 == 16h1 - hi—l N ki+1 == 16]431 - ki—l- (26)

The characteristic equation of Eq.(26) is v? — 16v + 1 = 0 with roots v; = 8 4+ 3v/7 and
vy = 8 — 3/7. The general solutions of Eq. (26) are

h; = a1 vi + as vé s ki =by vi + by vé.
Using the initial conditions hg =0, kg = 1 and h; = 9, k; = 5, yields

hi = 3\f (8+3\f) 3f (8 3\f)

ki = (714ﬁ> <8+3\f7)1+ <7+14‘ﬁ> (8—3f7)i. (27)

If x, = 1, it means that H, is without any electrically equivalent transformation. Plugging
Eq.(27) into Eq.(250, we have

(252 ) (250 ooay ]

if n > 2. When n = 1, 7(H;) = 3 which satisfies Eq.(28). Therefore, the number of spanning

T(H,) =3x 2" 1 a?
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trees in the sequence of the graph H,, is given by

(W) (3+ 3\ﬁ)n72 + <W> (8- 3\[7)”2] 2 (29)

T(H,) =3x2"" a2 " 7

if n > 1, where

. (127 4+ 48VT)" L (134 5vT) + (1= V7) . -
S s (savn) 13 0 "2t

Inserting Eq.(30) into Eq.(29) we obtain the desired result. O

Consider the sequence of graphs L1, Ly, -+, L, constructed as shown in Fig.5

According to the construction, the number of total vertices | V( Ly,)| and edges | E( L,,)|are
|V(Ln)| = 9n — 6,| E(Ly,)| = 180 — 15, n = 1,2,---. It is clear that the average degree is
approximately 4 for a large n.

L I

Figure 5 Some sequences of the graph L ,

Theorem 3.3 For n > 1, the number of spanning trees in the sequence of the graph L, is
given by

2= (4D ((11 +5v5) (14+6v5)" + (14— 6v/5) " (123 + 55v/5) — 2 (644 + 288\/5)n)2
3 (Qn (47 + 21V/5) — (3 + V5) (47+21\/5)”)2 .

Proof We use the electrically equivalent transformation to transform L; to L;_;. Fig.6
illustrates the transformation process from Lo to L.
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Figure 6 The transformations from Lo to Ly

Using the properties given in section 2, we have the following transformations

(L4) = 92 7(La) (L) = [y g (D).
3
e = (52E5) w2 = vz,

o) = (B e, ron) = (),

Combining these six transformations, we have

(L) = 2 (922 + 2)* 7(L1). (31)
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Further )
T(Ln) =[] 2 (9zi +2)° 7(L1) =3 x 2" 2} [H (9z; +2)| (32)
i=2 i=2
where ;1 = = 1= -+, n. Its characteristic equation is 9u* — 3u — 1 = 0 with roots
h ooty i=2,3,--- ,n. Its ch istic equation is 9u? — 3u — 1 = 0 with
= 1%@ and ug = +‘f
Subtracting these two roots into both sides of x;_; = gilié, we get
1-v5  Bay+1 11— 15
Ti—1 — \[2 a — V5 = (7T+3V5) . v () (33)
6 9x; + 2 6 2(9x; +2)
1+ 5zi+1 145 Liad
ziy - LEVS_ B V5 _(7osy). B (34)
6  9r+2 6 2(9z; +2)
2 158 o (4T+21VBN R
Let y; = O Then, by Eqgs.(33) and (34), we get y;—1 = (*"5-)y; and y; = y;—1 =
(%)” ¢ Y. Therefore,
—i 1-+5
(47+31\/5)n (d1+6\/5) Yn — o
Tr; =
47+ 2175
-1
Thus,
(47+§1\/5)n71 (1 + \/5) Un — 1-+5
71 = 6 6 (35)
474215,
()t g, -1
Using the expression x,_1 = S:ZI; and denoting the coefficients of 5x,, + 1 and 9x,, + 2
as h, and k,, we have
92, +2 = ho(5x,+1)+ ko (92, + 2),
hi1(5xz, + 1) + k1 (92, + 2
0r, | +2 = 105z, +1) + 1(x+)7
ho 5z, + 1) + ko (92, + 2)
1 2
90, p 2 = 20m D H a0 t2)
hi(5xy, + 1) + ki (92, + 2)
hi_1 (5$n + 1) + ki1 (9.13” + 2) ( )
hi+1 (5$n + 1) + kz—i—l (Q.Tn + 2)
9, _(; 2= 37
Tn—(i+1) T hi (52 + 1) + k; (92, +2) (37)
n— 5 n ]- kn— 9 n 2
Oy 2= 2 (5y + 1) + kp—o (92, +2) (38)

" s (52 + 1) + kn_s (92, +2)°



Number of Spanning Trees of Some of the Families of Sequence Graphs Generated by Triangle Graph 39

Thus, we obtain

7(Ln) =3 x 2" 2} [hyo (52 + 1) + kp_z (92, + 2)] %, (39)

where hg =0, kg = 1 and hy = 9, k; = 2. By the expression x,,_1 = ginié, Eqgs.(36) and (37),
we have

hiv1 ="Th; —hi_1 5 kig1 = Thy — ki (40)

7+3v/5
2

The characteristic equation of Eq.(40) is v — 7v +1 = 0 with roots v; = and

_ 7-3V5
2= T2

v . The general solutions of Eq.(40) are

hi = a1 v] +ag vy ; ki = by v] + ba v.

M, M, i,

Figure 7 Some sequences of the graph M,

Using the initial conditions hg =0, kg = 1 and h; = 9, k; = 2, yields

3v5 7+3V5h, 3v5 7T-3V5,
hi = 5 ( 5 )t — 5 ( 5 )%
R e (41)

If z,, = 1, it means that L, is without any electrically equivalent transformation. Plugging
Eq.(41) into Eq.(39), we have

(L,) = 3x2"'a? [(11 +25\/5) (7+23\/5)n—2

B

(42)

if n > 2. When n =1, 7(L1) = 3 which satisfies Eq.(42). Therefore, the number of spanning
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trees in the sequence of the graph is given by

11+5V5, 7+ 3\/5)H

Ln _ 277,71 2
(L) = 3x 2 tad () (S
11-5V5 ,7-3V5,
) () (13)
if n > 1, where
9( 47+21V5 yn—1 (9 5) — (1 —+/5
gy R (24 V5) —(1-VE) (44)
3( 47+31\/5 )1 (3 + \/g) —6
Inserting Eq.(44) into Eq.(43) we obtain the desired result. O
Consider the sequence of graphs My, My, ---, M, constructed as shown in Fig.7.

Theorem 3.4 For n > 1, the number of spanning trees in the sequence of the graph M, is
given by

4n=2 (=34 V3) (1351 + 780v/3) " + (1713 + 989v/3) (7 - 4\/3)")2
3 (97+56v3 - (2+3) (97+56\/§)”)2 |

Proof We use the electrically equivalent transformation to transform M; to M;_; and the

transformation process from Ms to M is illustrated in Fig.8.

Using the properties given in Section 2, we have the following transformations

1
F(M]) = 92 (M) (M) = (G Pr(M)).
39+ 2
T(M3) = 7(Ms), T(My) = ( ) T(M3),
18$2
1822 + 9
T(Mg) = 7(My), T(Mg) = ( m)T(Mé)a
3x9 + 2
T(Mz) = ( m)T(Mé)a T(Mg) = 7(M7),
121‘2 + 7
T(Mj) = dg( m) T(Mg), T(My)=T(My).
Combining these ten transformations, we have
T(My) = 4 (1229 + 7)? 7(M;). (45)
Further,
n n 2
T(M,) = H4 (12z; + 7)27(M;) =3 x 4" 123 lH (122; +7)| (46)
i=2 i=2
where z;_1 = 1722?;47 , i =2,3,---,n. Its characteristic equation is 3u? — 1 = 0 with roots
ulz%ﬂandugzg.
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Figure 8 The transformations from Ms to M;

Subtracting these two roots into both sides of z; 1 = 172“5;;'f77 we get
—V3)  Tm+4 V3 i + %2
i1 — = — = = (T+4V3) x —3 47
Tict ( 3 a7ty = TV (47)
V3
3 Tx; +4 3 g — 5
xifl_ﬁzi_izg_wg)xu. (48)

3
Let y; = 2t 2 Then by Egs.(47) and (48), we get y;_1 = (97 + 56v/3) y; and y; =

o

i
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(97 + 564/3) "~ 5,,. Therefore,

(97 4 561/3)"~" (?) Yn + ?

(97 + 564/3)n—1 y, — 1

xXr; =

Thus,
(97 + 56v/3)" 1 () g + %2
(97 +56v/3)n"1y, —1

Using the expression z,,_1 = 172”;”L"jr47 and denoting the coefficients of 7x, +4 and 12z, +7

(49)

as h, and k,,, we have

122, +7= ho (Txn +4) + ko (122, + 7),
hi(Txn, +4) + k1 (122, + 7)
120, 1 +7 =
Tt 0= E?xn + 4; + ko ((12xn + 7))
Trn, +4) + ka(122
192 o 7 2 n n
Tn—2 (T + )+ Ry (120 + 7)’
hi(Txy, +4) + k; (122, + 7)
122, ;+7= , 50
Tn e T 4+ 8) + oy (1220 +7) (50)
hi+1 (71‘” + 4) + kz+1 (121'11 + 7)
12z, _¢; 7= 51
Tn—(i+1) T Ry (Tam +4) + ki (122, +7) (51)
1229 +7 = hp—2 (75571 + 4) + kp—o (12.%'” + 7) (52)
2T b (T + ) + kg (122, + 7)
Thus, we obtain
(M) =3 x 4" 22 [hy_o Tz +4) + kyos (122, +7)]7, (53)
where hg =0, kg = 1 and hy; = 12, k; = 7. By the expressionz,,_1 = 172”;;3"71147 and Egs.(53) and
(51), we have
hi—i—l = 14hz — hi—l ; ki+1 = 14]’(}1 - ki—l- (54)

The characteristic equation of Eq.(54) is v? — 14v + 1 = 0 with roots v; = 7 + 44/3 and
vy = 7 — 4+/3. The general solutions of Eq. (54) are

hi = a1 vl 4+ ag vl ; ky = by vl + by vh.
Using the initial conditions hg =0, kg = 1 and hy = 12, k; = 7, yields
V3 i V3 g 1 t1 i
h =5 (THaVB) =35 (T-avB) s k=5 (TH4VB) (T - VB (59)

If z,, = 1, it means that M, is without any electrically equivalent transformation. Plugging
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Eq.(55) into Eq.(53), we have

7(M,) = 3x4" 'z}

(19 +2H\/§> (7+4v3) "

+ (19 _211\/§> (7—4\/:’?)"_2] 2 (56)

if n > 2. When n = 1, 7(M;) = 3 which satisfies Eq.(56). Therefore, the number of spanning
trees in the sequence of the graph is given by

T(M,) = 3x4"'a? 5

(19 a 11*/§> (7+4v3) "

2

19 - 113 n—2
+ (2\[> (7 - 4\/:’?) (57)
if n > 2, where
(97 + 56v/3)" 1 (H42Y3) 4 5
(97 +56v3)"1 (2+/3) — 1
Inserting Eq.(58) into Eq.(57) we obtain the desired result. O.
Consider the sequence of graphs @1, @2, -+, @, constructed as shown in Fig.9.

According to the construction, the number of total vertices | V(Q,,)| and edges | E(Q,,)|are
|[V(Qn)| = 6n—3,|E(Q,)| = 15n — 12, n = 1,2,---. It is clear that the average degree is
approximately 5for a large n.

Figure 9 Some sequences of the graph @,

Theorem 3.5 For n > 1, the number of spanning trees in the sequence of the graph Q, is
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given by D’ where

c = b ((44 - 31\/5) (17 n 12ﬁ)n + (44 n 31@) (17 - 12@)”)2
« (—7 (239 n 169\/5) (17 n 13x/§) (577 n 408\/§>n)2
D = 3 (7 (577+408V3) + (9+4v/2) (577+ 408V2) n)2

Proof We use the electrically equivalent transformation to transform @; to Q;_1. In the

Fig.10 — 1 and 10 — 2, we illustrate the transformation process from Q5 to Q.

Figure 10-1 The transformations from Q2 to Q1
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2lx, +16
o, 18z, +5

. 29548

0

k= =
21x, +6 18x,+3

18z, +3

Figure 10-2 The transformations from Q2 to Q1

Using the properties given in Section 2, we have the following the transformations:

(@) = 927(Qu) 7(@)) = (1) r(Qh).
(@) = (@), (@) = (@)

(@) =9 () (@), TIQh) = (1o r(@h)
7(Q4) = 7(Qp) (@) = 5 o (@)

and 7(Q1) = 7(Q%).

Combining these nine transformations, we have

7(Q2) =2 (1822 +5)* 7(Q1). (59)
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Further,
7(Qn) = [ 2 (182 +5)° 7(Q1) =3 x 2" af l
i=2
where z;_, = 212;'11'? , 1 =23,
roots u; = 2= Qf and uy = 2+§ﬂ.

S.N. Daoud and Wedad Saleh

n

1=2

29z;+8

I (18 +5)

; (60)

,m. Its characteristic equation is 9u? — 12u — 4 = 0 with

Subtracting these two roots into both sides of x;_; = Sar5s We get
2-2V5 291, +8 2-22 z; — (2222
Tii1 — V5 _20xi+8 V2 _ (17 + 12v/2) . il G (61)
3 18x; +5 3 18z; +5
242 292, +8 242 242v2
Tl — + \f it +2v2 = (17 - 12v2) . z— (F57) (62)
3 18z, + 5 3 18x; +5
T — 2-22
Let y; = ———3 . Then by Egs.(61) and (62), we get y;_1 = (577 4+ 408v/2) y; and
T; — 2+§\/§

= (577 4+ 408y/2) "~ y

Therefore,

(577 +408y/2)"F (222, 22

2-2

N

€Tr; =

Thus,

(57T +408V2)" T (22 gy, - 2222

(577 4 408+/2)n—i

yn_l

)

xTr; =

Using the expression z,, 1

as h, and k,, we have

18z, +5

182’:”71 + 5

18z,_2+ 5

18%,,—; +5 =

185En_(1’+1) +5=

R

(577 + 408v/2)"—1 y

29z, 48
182, +5

n — 1

ho 29$n + 8) + k}() (1833” + 5),
h1(29z,, + 8) + k1(18z,, + 5)

( )
ho (292, + 8) + ko (18, +5)’
h2(29$n + 8) + k‘Q(l&]ﬁn + 5)
hy (292, 4+ 8) + k1 (18z,, +5)’

hi(29z,, + 8) + k;(18x, + 5)

+ki—1 (18z, +5)’

hi+1 29$n +8) + k7.+1 (].an + 5)

( )
hi—l (29.%‘n + 8)
( )
( )+

hi (292, + 8) + k; (182, +5)

2 (292, + 8) + kp—2 (182, + 5)

18I2 +5 =

Pp—

5 (292, + 8) + kn_s (182, +5)

(63)

and denoting the coefficients of 29x,, +8 and 18z, +5
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Thus, we obtain

7(Qn) =3 x 2" 122 [hy_o (292, + 8) + kp_o (182, 4+ 5)] 2, (67)
where hg = 0, kg = 1 and hy = 18, k; = 5. By the expression z,,_1 = 21%;”7:1'3 and Eqgs.(65)
and (66), we have

hiv1 =34h; — hi1 5 kipr = 34k — ki1, (68)

The characteristic equation of Eq.(68) is v? — 34v + 1 = 0 with roots v; = 17 + 12/2 and
vy = 17 — 124/2. The general solutions of Eq. (68) are

hi = Aay v} +ag vy ki = bivl 4 byvl.
Using the initial conditions hg = 0, kg = 1 and hy; = 18, k1 = 5, yields
hy = S\f (17+ 12[) 3\f (17—12\f)
ki = (2ﬁ>(17+12ﬁ)2+<2+‘[>(17—12\f) (69)

4

If z,, = 1, it means that Q,, is without any electrically equivalent transformation. Plugging
Eq.(68) into Eq.(67), we have

Q) = 3x2"aj (92+865\/§> (17+12\/§)W2
2
! (92865\@> (17~ 12*/5)“72 (70)

if n > 2. When n = 1, 7(Q1) = 3 which satisfies Eq.(69). Therefore, the number of spanning

trees in the sequence of the graph is given by

92 4 65v/2 n—2
7(Qn) = 3x2" 12?2 (V) (17+12\/§)
92 — 65v/2 )"
+ <_8> (17— 12x/§) : (71)
if n > 1, where
34 4 26v2 2 —2v/2
(577 + 408v/2)" 1 ( 51 f) + ( \[)
r1 = 9 4\/§ 3 . (72)
(577 + 408+/2)n—1 (%) +1

Inserting Eq.(72) into Eq.(71) we obtain the desired result. O

Consider the sequence of graphs Ry, Rs, ---, R, constructed as shown in Fig.11.

According to the construction, the number of total vertices | V(R,)| and edges | E(R,)]
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are |V(R,)| =9n —6,| E(R,)| =18n — 15, n=1,2,---. It is clear that the average degree is
approximately 4 for a large n.

R

3

Figure 11 Some sequences of the graph R,

Theorem 3.6 For n > 1, the number of spanning trees in the sequence of the graph R, is

A
given by B’ where

A = (59 +V34TT " (~111 x 2" (47519 + 806v/3477) + 17(3479 + 59/3477)"
x (—511119 + 8467V/3A77) + 629(3479 — 59v/3477)" (169194297 + 2869349v/3477)")
B = (16119372 (—629 x 2"(3479 + 59 VATT) + (2417 + 35 V/3477) (3479 + 59 v/3477])™)?).

Proof We use the electrically equivalent transformation to transform R; to R;—;. In

Figs.12 — 1, 12 — 2 and 12 — 3, we illustrate the transformation process from Ry to R;.

Figure 12-1 The transformations from R, to R4
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Figure 12-2 The transformations from Ry to R
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182, +11
Sz, +31

18x, +11
Slx, +31

R, 18, +11

Slx, =31

Figure 12-2 The transformations from R, to R4

Using the properties given in section 2, we have the following the transformations:

1

7(R)) = 922 7(R2), T(Ry) = (m)gT(Rﬂ%
2
r(Ry) = (RY), r(Ry) = 2220 Ry,
18%2
5x9 + 3
T(R5) = T(RY), T(Rg) = 9( 325 +2)T(R’5),
3xo + 2 18x5 + 11
/Y — 3 / Y — 3 /
m(BE) = (o) TR, T(RY) = () (),
51lxy + 31
/ _ / / _ /
T(Rg) = T(Rs)a 7( 10) = 790902 Y T(Rg)

and 7(Ry) = 7(R},). Combining these eleven transformations, we have

7(Ry) = 4 (51zs + 31)* 7(Ry). (73)
Further,
n n 2
7(Ry) = []4 5lai + 31> 7(Ry) =3 x 4" ' af lH (51k; 4+ 31)| , (74)
1=2 1=2
where x;_; = 282FLT 5 — 2 3 ... n. Its characteristic equation is 51 u? + 3u — 17 = 0 with

51x;4+31 ?
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roots u; = 152347 and ugy = _3'§0V§’477.
Subtracting these two roots into both sides of z;_; = gfiigl, we get
n (3 + \/3477)
34+V347T7r  28x; + 17 34 /3477 Li
Ti—1 + + _ Bzt 4ot = (59 + V/3477) . 2 ; (75)
102 51z; 4+ 31 102 2(51x; + 31)
33477 28w, +17 33477 i+ (34T
wiy — e TRV W il Gl BT
102 5lz; + 31 102 2(51x; + 31)
343477

Let y; = % Then by Eqs.(75) and (76), we get y;—q = (32293 4 and
v 102

_ (3479+529\/W) n—i

Yi Yn-
Therefore
(73+\/3477)(3479 +59v 3477)%1‘ Yy + EVBITT
102 9 n 102
xXr; =
3479 + 593477
( 9 )n Yy —1
Thus
—3 4 V3477, 3479 4 59V3477 | 3+ /3477
( ) T
T; = 102 2 102 (77)
3479 + 59v/ 3477
e
Using the expression z,_1 = %?;:j_‘;f and denoting the coefficients of 28z, + 17 and
51z, + 31 as h,, and k,,, we have
5la, +31 = ho (282, + 17) + ko (51, + 31),
5]. n— 3]. == )
Tnot ho (28, + 17) + ko (182, + 31)
2 1 1 1
Slon o131 — ha (282, + 17) 4 kz(51xy, + 31) 7
hi(28x,, + 17) + k;(51z,, + 31)
5lz,_; + 31 = , 78
Tnit hi1 (282, + 17) + ki1 (51zn + 31) (78)
hi+1 (28In + 17) + kz+1 (511‘n + 31)
51z, 31 = 79
Tn—(i+1) F hi (282, + 17) + k; (512, + 31) (79)
hn—2 (28zy, + 17) + kp—2 (51x, + 31)
51 31 = . 80
T2t B3 (2829 + 17) + kn—3 (512y + 31) (80)
Thus, we obtain
7(Ry) =3 x 4" 1 27 [hyy—2 (282, + 17) + ky—o (5lzy, + 31)] %, (81)

where hg = 0, kg = 1 and hy = 51, k; = 31. By the expression z,,_1 = %?i:-t?}f and Egs.(78)
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and (79), we have
hiv1 =59 — hi—1 ;5 kip1 = 59k; — k1.

The characteristic equation of Eq.(82) is v? — 59v + 1 = 0 with roots v; =

vy = =377 53477. The general solutions of Eq.(82) are
hi = a1 vl 4 ap vh 5 ki = bivl + bovd.

Using the initial conditions hg = 0, kg = 1 and h; = 51, k1 = 31, yields

173477 (59 + /3477 _ 17y34T7 (59 — /3477

i 1159 2 ) 1159 2 )
1159 + /3477 59 + /3477
ki = (5513 )( 5 )

1159 — /3477 | 59 — /3477,
H 2218 I 2 )

i.
’

5943477
2

(82)

and

(83)

If x, = 1, it means that R, is without any electrically equivalent transformation. Plugging

Eq.(83) into Eq.(81), we have

o 47519 + 806+/3477 . 59 + /3477
T(R,) = 3x4"taf[( 159 J(——— )
(419 - 806\/3477) 0= \/3477)%2] )

1159 2

(84)

if n > 2. When n =1, 7(R1) = 3 which satisfies Eq.(84). Therefore, the number of spanning

trees in the sequence of the graph is given by

T(R,) = 3x4"1ai[(

1159 )
47519 — 8063477 59 — V3477, o5
1159 ) 2 )

+(
if n > 2, where

3479 + 593477 | 99 + 2V 3477 3+ /3477
( 2 ) ( 111 ) +( 102

47519 4 8063477, 59 + \/3477)7172
2

)

€rT1 =
! 3479 + 59/3477, 2417 + 35\/3477
( 2 ) ( 1258 )1

Inserting Eq.(86) into Eq.(85) we obtain the desired result.

84. Numerical Results

(85)

The following two tables illustrate some the values of the number of spanning trees in the graphs

Gn,H,,L,,M,,Q, and R,.
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n 7(Gp) 7(Hy) 7(Ly)

1 3 3 3

2 10800 1734 216

3 29128368 881292 20172

4 78529953792 447690264 1895064

) 211716289555200 227423130672 178054848

6 570785860162301952 | 115529159623776 16729574496
Table 1. Some values of 7(G),, , T7(Hy) and 7(Ly).

n T(My,) T(Qn) T(Ry)

1 3 3 3

2 1452 8214 24300

3 1123632 18960588 338098368

4 871902912 43761009624 4704976258752

5 676578632448 101000334380592 65474444206252800

6 525011068136448 233108596706389344 | 91114229029

4589960192

Table 2. Some values of 7(M,), 7(0,) and 7(R,,)

85. Spanning Tree Entropy

After having explicit Formulas for the number of spanning trees of the sequence of the six
graphs G,,, H,, L, , M, , @, and R,, we can calculate its spanning tree entropy Z which is
a finite number and a very interesting quantity characterizing the network structure, defined in
[16,17] to be

Z(G) = lim In7(G)

STk (87)

for a graph G. We have known that

Z(Gy) é (m [4] + 21n :13 n NZED — 1.316587045,

2(T,) = % (n[2] - 21n [127 + 48V/7| + 21n [2024 + 76517 )
—  1.038410991,

Z(Ly) = % (nf8] - 21n [47 + 21v/5] + 21n [161 + 725 )

= 0.757140296,
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Z(M,) = % (1[4 21n [97+ 563 +21n [1351 + 780V3] )
—  1.0109020991,

Z2(Q,) = é (1n 2+ 2 [17+12v2] ) = 1.0290689313,

Z(R,) = % (1n [59+ \/347}) — 1.060088273.

Now we compare the value of entropy in our graphs with other graphs. It is clear that the
entropy of the graph G, is larger than the entropy of the graph @,, of the same average degree
5. Also the entropy of the graph M, of average degree 4 is larger than the entropy of the graph
H,, R, and L ,of the same average degree 4. In addition the entropies of the graphs M,, and H,,
are larger than the entropy of the fractal scale free lattice [18] which has the entropyl.040and
has the same average degree 4, while the entropies of the graphs L, and R,, are smaller than
fractal scale free lattice. Also the entropies of the graphs M, , H,,, L, and R,, are smaller than
the entropy of the two dimensional Sierpinski gasket [19] which has the entropyl.166 of the
same average degreed. Moreover, the entropies of the graphs H,, , L,, and R, are smaller than
entropy of the 3-prism graph [20] which has the entropyl.0445 but the graph M,, has entropy
larger than 3-prism graph.

86. Conclusions

In this paper, we calculate the number of spanning trees in the sequences of some graphs
generated by triangle graph using electrically equivalent transformations. The feature of this
technique lies in the parry of strenuous computation of Laplacian spectra that is prerequisite
for a generic method for determining spanning trees. In addition, our results have shown that
the entropy is related to the average degree of the graph.
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