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1. Dokuz Eylül University, Buca Educational Faculty, 35150, Buca-Izmir, Turkey

2. Kırklareli University, Department of Mathematics, 39100 Kırklareli, Turkey

3. Celal Bayar University, Department of Mathematics Education, 45900, Manisa-Turkey

E-mail: suha.yilmaz@deu.edu.tr, yasinunluturk@klu.edu.tr, ziyasavci@hotmail.com

Abstract: In this work, dual curves of constant breadth according to Bishop frame are

defined, and applications of their differential equations are solved for special cases in dual

Lorentzian space D
3
1. Some characterizations of closed dual curves of constant breadth ac-

cording to Bishop frame are presented in dual Lorentzian space D
3
1 . These characterizations

are made by obtaining special solutions of differential equations which characterize closed

dual curves of constant breadth according to Bishop frame in dual Lorentzian space D
3
1.

Key Words: Dual Lorentzian space, dual curve, dual curves of constant breadth, Bishop

frame, differential equations.

AMS(2010): 53A35, 53A40, 53B25.

§1. Introduction

Bishop frame is used in engineering. This special frame has been particulary used in the study

of DNA, and tubular surfaces and made in robot. Most of the literature on canal surfaces

within the CAGD context has been motivated by the observation that canal surfaces with the

rational spine curve and rational radius function are rational, and it is therefore natural to ask

for methods which allow one to construct a rational parameterization of canal surface from its

spin curve and radius function [8]. The construction of the Bishop frame is due to L. R. Bishop

in [2]. That is why he defined this frame that curvature may vanish at some points on the

curve. That is, second derivative of the curve may be zero. In this situation, an alternative

frame is needed for non continously differentiable curves on which Bishop (parallel transport

frame) frame is well defined and constructed in Euclidean and its ambient spaces [4, 18].

Curves of constant breadth have been studied in pure mathematics, optimization, mechan-

ical engineering, physics and related directions. Basic properties of curves of constant breadth

can be explained to someone without having any mathematical background knowledge. The

existence of non-circular curves of constant breadth in the standard Euclidean plane has been

known since the time of Euler; e.g., the Reuleaux triangle was presented by Reuleaux to horn-
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blower, the founder of the compound steam-engine. In recent years, mathematical properties

of the Reuleaux triangle have led to some very important applications. Since a curve of con-

stant breadth can be freely rotated in a square always maintaining contact to all four sides of

the square, a Reuleaux triangle can be used for drilling holes of maximum area into squares.

Another application is given by the basic single-rotor Wankel engine. Its oval-shaped housing

surrounds a three-sided rotor similar to a Reuleaux triangle. As the rotor rotates and orbitally

revolves, each side of the rotor gets closer and farther from the wall of the housing, as also

described above, in view of drilling holes into squares. A Reuleaux triangle is also used in the

gear for driving a movie film [12].

In the classical theory of curves in differential geometry, curves of constant breadth have a

long history as a research matter [3, 5, 9]. First it was introduced by Euler in [5]. Then Fujivara

obtained a problem to determine whether there exist space curves of constant breadth or not,

and he defined the concept ”breadth” for space curves on a surface of constant breadth [6].

Furthermore, Blaschke defined the curve of constant breadth on the sphere [3]. Reuleaux gave

a method to obtain these kinds of curves and applied the results he had by using his method, in

kinematics and engineering [14]. Some geometric properties of plane curves of constant breadth

were given by Köse in [11]. And, in another work of Köse [10], these properties were studied in

the Euclidean 3-space E
3. In Minkowski 3-space as an ambient space, some characterizations

of timelike curves of constant breadth were given by Yılmaz and Turgut in [17]. Also, Yılmaz

dealt with dual timelike curves of constant breadth in dual Lorentzian space in [16].

Dual numbers were introduced by W. K. Clifford as a tool for his geometrical investigations.

Then dual numbers and vectors were used on line geometry and kinematics by Eduard Study.

He devoted a special attention to the representation of oriented lines by dual unit vectors and

defined the famous mapping: The set of oriented lines in a three-dimensional Euclidean space

E
3 is one to one correspondence with the points of a dual space D

3 of triples of dual numbers

[7].

In this paper, we study dual curves of constant breadth according to Bishop frame in

dual Lorentzian space D
3
1. We give some characterizations of dual curves of constant breadth

according to Bishop frame in D
3
1. Then we characterize these kinds of curves by obtaining

special solutions of their differential equations in D
3
1.

§2. Preliminaries

Let E
3
1 be the three-dimensional Minkowski space, that is, the three dimensional real vector

space E
3 with the metric

〈dx,dx〉= −dx2
1 + dx2

2 + dx2
3,

where (x1, x2, x3) denotes the canonical coordinates in E
3. An arbitrary vector x of E

3
1 is said

to be spacelike if 〈x, x〉 > 0 or x = 0, timelike if 〈x, x〉 < 0 and lightlike or null if 〈x, x〉 = 0

and x 6= 0. A timelike or light-like vector in E
3
1 is said to be causal. For x ∈ E

3
1 the norm is

defined by ‖x‖ =
√
|〈x, x〉|, then the vector x is called a spacelike unit vector if 〈x, x〉 = 1 and

a timelike unit vector if 〈x, x〉 = −1. Similarly, a regular curve in E
3
1 can locally be spacelike,
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timelike or null (lightlike), if all of its velocity vectors are spacelike, timelike or null (lightlike),

respectively [13].

Dual numbers are given with the set

D = {x̂ = x+ ξx∗;x, x∗ ∈ E} ,

the symbol ξ designates the dual unit with the property ξ2 = 0 for ξ 6= 0. Dual angle is defined

as θ̂ = θ+ξθ∗, where θ is the projected angle between two spears and θ∗ is the shortest distance

between them. The set D of dual numbers is commutative ring the the operations + and ·. The

set

D
3 = D × D × D =

{
ϕ̂ = ϕ+ ξϕ∗;ϕ,ϕ∗ ∈ E

3
}

is a module over the ring D [15].

For any â = a+ ξa∗, b̂ = b+ ξb∗ ∈ D
3, if the Lorentzian inner product of â and b̂ is defined

by

< â, b̂ >=< a, b > +ξ(< a∗, b > + < a, b∗ >),

then the dual space D
3 together with this Lorentzian inner product is called the dual Lorentzian

space and denoted by D
3
1 [1]. For ϕ̂ 6= 0, the norm ‖ϕ̂‖ of ϕ̂ is defined by

‖ϕ̂‖ =
√
< ϕ̂, ϕ̂ >.

A dual vector ω̂ = ω + ξω∗ is called dual spacelike vector if 〈ω̂, ω̂〉 > 0 or ω̂ = 0, dual

timelike vector if 〈ω̂, ω̂〉 < 0 and dual null (lightlike) vector if 〈ω̂, ω̂〉 = 0 for ω̂ 6= 0. Therefore,

an arbitrary dual curve which is a differential mapping onto D
3
1, can locally be dual spacelike,

dual timelike or dual null if its velocity vector is dual spacelike, dual timelike or dual null,

respectively. Also, for the dual vectors â, b̂ ∈ D
3
1, Lorentzian vector product of these dual

vectors is defined by

â× b̂ = a× b+ ξ(a∗ × b+ a× b∗)

where a× b is the classical cross product according to the signature (+,+,−) [1].

The dual arc length of the curve ϕ̂ from t1 to t is defined as

s =
t∫
t1

‖ϕ̂′(t)‖ dt =
t∫
t1

‖ϕ′(t)‖ dt+ ε
t∫
t1

〈t, ϕ′〉 dt = s+ ξs∗,

where t is a unit tangent vector of ϕ(t). From now on we will take the arc-length s of ϕ(t) as

the parameter instead of t [9].

Let ϕ̂ : I ⊂ E → D
3
1 be a dual spacelike curve with the arc-length parameter s. The Bishop

derivative formula of dual spacelike curve ϕ̂ is expressed as






T̂ p = k̂1N̂1 − k̂2N̂2,

N̂ ′
1 = −εk̂1T̂ ,

N̂ p

2 = −εk̂2T̂ ,

(1)
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where
〈
T̂ , T̂

〉
= 1,

〈
N̂1, N̂1

〉
= ε = ±1,

〈
N̂2, N̂2

〉
= −ε and k̂1, k̂2 are Bishop curvatures. Here

τ̂ =
dθ̂

ds
and κ̂ =

√∣∣∣k̂2
1 − k̂2

2

∣∣∣. Thus, Bishop curvatures are defined by ([1], [2])

k̂1 = κ̂(s) cosh θ̂(s), k̂2 = κ̂(s) sinh θ̂(s) .

Let ϕ̂ : I ⊂ E → D
3
1 be a dual timelike curve with the arc-length parameter s. The Bishop

derivative formula of dual spacelike curve ϕ̂ is expressed as






T̂ p = k̂1N̂1 + k̂2N̂2,

N̂ ′
1 = k̂1T̂ ,

N̂ p

2 = k̂2T̂ ,

(2)

where
〈
T̂ , T̂

〉
= −1,

〈
N̂1, N̂1

〉
= 1,

〈
N̂2, N̂2

〉
= 1 and k̂1, k̂2 are Bishop curvatures. Here

τ̂ =
dθ̂

ds
and κ̂ =

√∣∣∣k̂2
1 − k̂2

2

∣∣∣. Thus, Bishop curvatures are defined by ([1], [2])

k̂1 = κ̂(s) cosh θ̂(s), k̂2 = κ̂(s) sinh θ̂(s)

§3. Main Results

In this section, we give some characterizations of dual spacelike (timelike) curves of constant

breadth according to Bishop frame in the dual Lorentzian space D
3
1. First, we give the definition

of dual spacelike (timelike) curves of constant breadth in D
3
1. Then we characterize these kinds

of curves by obtaining special solutions of their differential equations in D
3
1.

Definition 3.1 Let (C1) be a dual spacelike (timelike) curve with position vector ϕ̂ = ϕ̂(s) in

D
3
1. If (C) has parallel tangents in opposite directions at corresponding points ϕ̂(s) and α̂(sα)

and the distance between these points is always constant, then (C1) is called a dual spacelike

(timelike) curve of constant breadth. Moreover, a pair of dual curves (C1) and (C2) for which

the tangents at the corresponding points ϕ̂(s) and α̂(sα), respectively, are parallel and in opposite

directions, and the distance between these points is always constant are called a dual (timelike)

curve pair of constant breadth.

3.1 Dual Spacelike Curves of Constant Breadth According to Dual Bishop Frame

Let ϕ̂ = ϕ̂(s) be a simple closed dual spacelike curve in D
3
1. We consider a dual spacelike curve

in the class Γ as in [6] having parallel tangents T̂ϕ and T̂α in opposite directions at the opposite

points ϕ̂ and α̂ of the curve according to Bishop frame. A simple closed dual spacelike curve

of constant breadth having parallel tangents in opposite directions at opposite points can be
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represented with respect to dual Bishop frame by the equation

α̂ = ϕ̂+ γ̂T̂ + δ̂N̂1 + λ̂N̂2, (3)

where γ̂, δ̂ and λ̂ are arbitrary functions of s. Differentiating both sides of (4), we get

dα̂

dsα

dsα
ds

= (
dγ̂

ds
-εδ̂k̂1-ελ̂k̂2 + 1)T̂ + (γ̂k̂1+

dδ̂

ds
)N̂1 + (-γ̂k̂2 +

dλ̂

ds
)N̂2. (4)

Considering T̂α = −T̂ϕ by the definition 3.1, we have the following system of equations






dγ̂

ds
= εδ̂k̂1 + ελ̂k̂2 − 1 − dsα

ds
,

dδ̂

ds
= −γ̂k̂1,

dλ̂

ds
= γ̂k̂2.

(5)

If we call θ̂ as the angle between the tangent of the curve C at point ϕ̂ with a given direction

and taking
dθ̂

ds
= τ̂ ,

dθ̂

dsα
= τ̂∗ into account, the equation (5) turns into






dγ̂

dθ̂
= εδ̂

k̂1

τ̂
+ ελ̂

k̂2

τ̂
− f(θ̂),

dδ̂

dθ̂
= −γ̂ k̂1

τ̂
,

dλ̂

dθ̂
= γ̂

k̂2

τ̂
,

(6)

where f(θ̂) =
1

τ̂
+

1

τ̂∗
.

Let K̂1 =
k̂1

τ̂
, K̂2 =

k̂2

τ̂
and using the system of ordinary differential equations (6), we have

the following dual third order differential equation with respect to γ̂ as;

d3γ̂

dθ̂3
+ ε(K̂2

1 − K̂2
2)
dγ̂

dθ̂
+ 3ε(K̂1

dK̂1

dθ̂
− K̂1

dK̂1

dθ̂
)γ̂

+ε(
∫
γ̂K̂1dθ̂)

d2K̂1

dθ̂2
− ε(

∫
γ̂K̂2dθ̂)

d2K̂2

dθ̂2
+
d2f(θ̂)

dθ̂2
= 0

(7)

We can give the following corollary.

Corollary 3.1.1 The dual differential equation of third order given in (7) is a characterization

of the simple closed dual spacelike curve α̂ according to Bishop frame in D
3
1.

Since position vector of a simple closed dual spacelike curve can be determined by solution

of the equation (7), let us investigate solution of the equation (7) in a special case. Let K̂1, K̂2
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and f(θ̂) be constants. Then the equation (7) turns to the following form

d3γ̂

dθ̂3
+ ε(K̂2

1 − K̂2
2 )
dγ̂

dθ̂
= 0. (8)

Solution of equation (8) yields the components






γ̂ = Â+ B̂ cos(

√
K̂2

1 − K̂2
2 θ̂) + Ĉ sin(

√
K̂2

1 − K̂2
2 θ̂)

δ̂ = −
∫ {

Â+ B̂ cos(

√
K̂2

1 − K̂2
2 θ̂) + Ĉ sin(

√
K̂2

1 − K̂2
2 θ̂)

}
K̂1dθ̂

λ̂ =
∫ {

Â+ B̂ cos(

√
K̂2

1 − K̂2
2 θ̂) + Ĉ sin(

√
K̂2

1 − K̂2
2 θ̂)

}
K̂2dθ̂.

(9)

Corollary 3.1.2 Position vector of a simple dual spacelike closed curve with constant dual

curvature and constant dual torsion according to Bishop frame is obtained in terms of the

values of γ̂, δ̂ and λ̂ as in the equation (9).

If the distance between opposite points of ϕ̂ and α̂ is constant, then we can write that

‖α̂− ϕ̂‖ = −γ̂2 + δ̂2 + λ̂2 = constant. (10)

Differentiating (10) with respect to θ̂ gives

−γ̂ dγ̂
dθ̂

+ δ̂
dδ̂

dθ̂
+ λ̂

dλ̂

dθ̂
= 0. (11)

By virtue of (6), the differential equation (11) yields

−δ̂K̂1(1 + ε) + λ̂K̂2(1 − ε) + f(θ̂) = 0, γ̂ = 0. (12)

There are two cases for the equation (12), we study these cases as follows:

Case 1. If K̂1 = 0 and K̂2 = 0 then we find that the components δ̂ and λ̂ are constants and

f(θ̂) = 0.

Hence, Dual spacelike curves of constant breadth according to Bishop frame can be written

as

α̂ = ϕ̂+ l̂1T̂ + l̂2N̂1 + l̂3N̂2, (13)

where γ̂ = l̂1, δ̂ = l̂2, λ̂ = l̂3; l̂1, l̂2, l̂3 are constants.

Case 2. If f(θ̂) = 0, then we have a relation among radii of curvatures as

1

τ̂
− 1

τ̂∗
= 0. (14)
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For this case, the equation (7) turns into

d3γ̂

dθ̂3
+ ε(K̂2

1 − K̂2
2)
dγ̂

dθ̂
+ 3ε(K̂1

dK̂1

dθ̂
− K̂1

dK̂1

dθ̂
)γ̂

+ε(
∫
K̂1dθ̂)γ̂

d2K̂1

dθ̂2
− ε(

∫
K̂2dθ̂)γ̂

d2K̂2

dθ̂2
= 0

(15)

The equation (15) is a characterization for the components. However, its general solution of

has not been found. Due to this, we investigate its solutions in special cases.

Let us suppose that K̂1 = K̂2 = 0, then we rewrite the equation (15) as

d3γ̂

dθ̂3
= 0. (16)

By this way, we have the components as follows:






γ̂ = ĉ1 + ĉ2θ̂ + ĉ3θ̂
2,

δ̂ = constant,

λ̂ = constant.

(17)

3.2 Dual Timelike Curves of Constant Breadth According to Dual Bishop Frame

Let ϕ̂ = ϕ̂(s) be a simple closed dual timelike curve in D
3
1. We consider a dual timelike curve

in the class Γ as in [6] having parallel tangents T̂ϕ and T̂α in opposite directions at the opposite

points ϕ̂ and α̂ of the curve according to Bishop frame. A simple closed dual timelike curve

of constant breadth having parallel tangents in opposite directions at opposite points can be

represented with respect to dual Bishop frame by the equation

α̂ = ϕ̂+ γ̂T̂ + δ̂N̂1 + λ̂N̂2, (18)

where γ̂, δ̂ and λ̂ are arbitrary functions of s. Differentiating both sides of (18), we get

dα̂

dsα

dsα
ds

= (
dγ̂

ds
+δ̂k̂1 + λ̂k̂2 + 1)T̂ + (γ̂k̂1+

dδ̂

ds
)N̂1 + (γ̂k̂2+

dλ̂

ds
)N̂2. (19)

Considering T̂α = −T̂ϕ by the Definition 3.1, we have the following system of equations






dγ̂

ds
=

dsα
ds

− δ̂k̂1 − λ̂k̂2 − 1,

dδ̂

ds
= −γ̂k̂1,

dλ̂

ds
= −γ̂k̂2.

(20)

If we call θ̂ as the angle between the tangent of the curve C at point ϕ̂ with a given direction
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and taking
dθ̂

ds
= τ̂ ,

dθ̂

dsα
= τ̂∗ into account, we have (20) as follow;






dγ̂

dθ̂
= −δ̂ k̂1

τ̂
− λ̂

k̂2

τ̂
− f(θ̂),

dδ̂

dθ̂
= −γ̂ k̂1

τ̂
,

dλ̂

dθ̂
= −γ̂ k̂2

τ̂
,

(21)

where f(θ̂) =
1

τ̂
− 1

τ̂∗
.

Let K̂1 =
k̂1

τ̂
, K̂2 =

k̂2

τ̂
and using the system of ordinary differential equations (21), we

have the following dual third order differential equation with respect to γ̂ as;

d3γ̂

dθ̂3
− (K̂2

1 + K̂2
2 )
dγ̂

dθ̂
− 3ε(K̂1

dK̂1

dθ̂
+ K̂1

dK̂1

dθ̂
)γ̂

−(
∫
K̂1dθ̂)γ̂

d2K̂1

dθ̂2
− (
∫
K̂2dθ̂)γ̂

d2K̂2

dθ̂2
− d2f(θ̂)

dθ̂2
= 0.

(22)

We can give the following corollary.

Corollary 3.2.1 The dual differential equation of third order given in (22) is a characterization

of the simple closed dual timelike curve α̂ according to Bishop frame in D
3
1.

Since position vector of a simple closed dual timelike curve can be determined by solution

of (22), let us investigate solution of the equation (22) in a special case. Let K̂1, K̂2 and f(θ̂)

be constants. Then the equation (22) turns into the following form

d3γ̂

dθ̂3
− (K̂2

1 + K̂2
2 )
dγ̂

dθ̂
= 0. (23)

Solution of equation (23) yields the components






γ̂ = Â+ B̂e(K̂
2
1+K̂2

2)θ̂ + Ĉe−(K̂2
1+K̂2

2)θ̂,

δ̂ = −
∫ {

Â+ B̂e(K̂
2
1+K̂2

2 )θ̂ + Ĉe−(K̂2
1+K̂2

2)θ̂
}
K̂1dθ̂,

λ̂ = −
∫ {

Â+ B̂e(K̂
2
1+K̂2

2)θ̂ + Ĉe−(K̂2
1+K̂2

2)θ̂
}
K̂2dθ̂.

(24)

Corollary 3.2.3 Position vector of a simple dual timelike closed curve with constant dual

curvature and constant dual torsion according to Bishop frame is obtained in terms of the

values of γ̂, δ̂ and λ̂ in the equation (24).
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If the distance between opposite points of ϕ̂ and α̂ is constant, then we can write that

‖α̂− ϕ̂‖ = −γ̂2 + δ̂2 + λ̂2 = constant. (25)

Differentiating (25) with respect to θ̂ gives

−γ̂ dγ̂
dθ̂

+ δ̂
dδ̂

dθ̂
+ λ̂

dλ̂

dθ̂
= 0. (26)

By virtue of (21), the differential equation (26) yields

γ̂f(θ̂) = 0. (27)

There are two cases for the equation (27), we study these cases as follows:

Case 1. If γ̂ = 0 then we find that the components δ̂ and λ̂ are constants.

Hence, Dual timelike curves of constant breadth according to Bishop frame can be written

as

α̂ = ϕ̂+ l̂1T̂ + l̂2N̂1 + l̂3N̂2, (28)

where γ̂ = l̂1, δ̂ = l̂2, λ̂ = l̂3; l̂1, l̂2, l̂3 are constants.

Case 2. If f(θ̂) = 0, then we have a relation among radii of curvatures as

1

τ̂
− 1

τ̂∗
= 0. (29)

For this case, the equation (22) turns into

d3γ̂

dθ̂3
− (K̂2

1 + K̂2
2 )
dγ̂

dθ̂
− 3ε(K̂1

dK̂1

dθ̂
+ K̂1

dK̂1

dθ̂
)γ̂

−(
∫
K̂1dθ̂)γ̂

d2K̂1

dθ̂2
− (
∫
K̂2dθ̂)γ̂

d2K̂2

dθ̂2
= 0.

(30)

The equation (30) is a characterization for the components. However, its general solution

has not been found. Due to this, we investigate its solutions in special cases.

Let us suppose that K̂1 = K̂2 = 0, then we rewrite the equation (30) as

d3γ̂

dθ̂3
= 0. (31)

By this way, we have the components as follows:






γ̂ = ĉ1 + ĉ2θ̂ + ĉ3θ̂
2,

δ̂ = constant,

λ̂ = constant.

(32)



On Dual Curves of Constant Breadth According to Dual Bishop Frame in Dual Lorentzian Space D
3
1 17

References
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