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Abstract: The notion of equitable coloring was introduced by Meyer in 1973. In this
paper we obtain interesting results regarding the equitable chromatic number x— for the
Helm Graph H,, line graph of Helm graph L(Hy), middle graph of Helm graph M (H,),
total graph of Helm graph T'(Hy), Gear graph Gn, line graph of Gear graph L(G,), middle
graph of Gear graph M(G,), total graph of Gear graph T'(Gn).
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§1. Introduction

Let G = (V, E) be a graph. If the vertices of G can be partitioned into m classes Vi, Va, ..., Vi,
such that each V;, (1 < ¢ < m) are independent and ||V;| — |V;|| < 1 holds for every pair
(1 < 4,5 < k), where k¥ < m, then the graph G is said to be Smarandachely equitable k-
colorable. Particularly, if & = m, we abbreviated it to equitably k-colorable. The smallest
integer k for which G is Smarandachely equitable k-colorable or equitable k-colorable is known
as the Smarandachely equitable chromatic number or equitable chromatic number [1,3,7-10] of
G and denoted by x=(G), respectively.

This model of graph coloring has many applications. Every time when we have to divide a
system with binary conflicting relations into equal or almost equal conflict-free subsystems we
can model such situation by means of equitable graph coloring. This subject is widely discussed
in literature [3,8-10]. In general, the problem of optimal equitable coloring, in the sense of the
number color used, is NP-hard. So we have to look for simplified structure of graphs allowing
polynomial-time algorithms. This paper gives such solution for Helm graph and Gear graph
families: Helm graph, its line, middle and total graphs; Gear graph, its line, middle and total
graphs.
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§2. Preliminaries

The Helm graph H,, is the graph obtained from an n-wheel graph by adjoining a pendent edge
at each node of the cycle.

The Gear graph G,,, also known as a bipartite wheel graph, is a wheel graph with a graph
vertex added between each pair of adjacent graph vertices of the outer cycle.

The line graph [2,5] of G, denoted by L(G) is the graph with vertices are the edges of G
with two vertices of L(G) adjacent whenever the corresponding edges of G are adjacent.

The middle graph [4] of G, is defined with the vertex set V(G) U E(G) where two vertices
are adjacent iff they are either adjacent edges of G or one is the vertex and the other is an edge
incident with it and it is denoted by M (G).

Let G be a graph with vertex set V(G) and edge set E(G). The total graph [2,4,5] of G,
denoted by T'(G) is defined in the following way. The vertex set of T(G) is V(G) U E(G). Two
vertices z,y in the vertex set of T(G) are adjacent in T(G) in case one of the following holds:
(i) z,y are in V(G) and z is adjacent to y in G. (ii) z,y are in E(G) and z,y are adjacent in G.
(iii) = is in V(G), y is in E(G), and z,y are incident in G. Additional graph theory terminology
used in this paper can be found in [2,5,9].

§3. Equitable Coloring on Helm Graph
Theorem 3.1 If n > 4 the equitable chromatic number of Helm graph H,,

3 if nis even,

4 if nis odd.

X=(Hpn) =

Proof Let H, be the Helm graph obtained by attaching a pendant edge at each vertex of
the cycle. Let V(H,) = {v}U{v1,va, - ,0n} U {u1,us, - ,u,} where v;’s are the vertices of
cycles taken in cyclic order and u;’s are pendant vertices such that each v;u; is a pendant edge
and v is a hub of the cycle.

Case i: If n is even.

Case i-a: If n = 6k — 2 for some positive integer k, then set the partition of V' as below.

Vi={v}U{u;:2k+1<i<6k—2}; Vo={vg_1:1<i<3k—1}U{ug:1<i<k}
Vi ={vg; : 1 <i<3k—1}U{ugi—1:1<1i <k} Clearly Vi, V4, V3 are independent sets of
V(Hy). Also |Vi| = [Va| = V3| = 4k — 1, it holds the inequality ||Vi| — |V;|| < 1 for every pair
(i,

Case i-b: If n = 6k for some positive integer k, then set the partition of V' as below.
Vi={v}U{w :2k+2 < i <6k}; Vo ={vgo1:1<i<3k}U{ugy :1<1i <k}

Vi ={vg; : 1 <i<3k}U{ugi—1:1<i<k+1}. Clearly Vi, Vi, V3 are independent sets of

V(H,). Also |Vi| = |Va| = 4k and |V3| = 4k + 1, it holds the inequality ||V;| — |V;|| < 1 for
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every pair (i, 7).

Case i-c: If n = 6k + 2 for some positive integer k, then set the partition of V' as below.
Vi={v}U{u;:2k+3<i<6k+2} Vo={vgi—1:1<i<3k+1}U{ug:1<i<k+1};
Va={ve;: 1 <i<3k+1}U{ugi—1:1<i<k+1}. Clearly Vi, Vo, V5 are independent sets
of V(Hy). |Vi| = 4k + 1 and |Va| = |V3| = 4k + 2, it holds the inequality ||V;| — |V;|| < 1 for
every pair (i, 7).
In all the three subcases of Case i, x=(H,) < 3. Since x(H,) > 3, x=(H,) > x(Hy,) > 3,
X=(Hy) > 3. Therefore x—(H,) = 3.

Case ii: If n is odd.

Case ii-a: If n = 6k — 3 for some positive integer k, then set the partition of V' as below.

Vi={v}U{u;:3k+1<i<bk—1}; Vo={vgi_2:1<i<2k—1}U{ug :1<i<k}
Va=A{usi1:1<i<2k—1}U{usi2:1<i<k} Vy={{vg;:1<i<2k—1}U{usi—1:
1 < i < k}. Clearly V4, Va, V5 are independent sets of V(H,). Also |Vi| = 3k — 2 and
[Va| = |V3] = [Va| = 3k — 1, it holds the inequality ||Vi| — |V;|| < 1 for every pair (i, 7).

Case ii-b: If n = 6k — 1 for some positive integer k, then set the partition of V' as below.

Vi=A{v}U{u;:3k+2<i<6k—1} Vo={v32:1<i<2k}U{uz—1:1<i<2k—1}
Va=Avsi—1 : 1 <i<2k}U{ug : 1 <i<2k—1}; Vi ={vsg; : 1 <i<2k—1}U{ugi—2:
1 < i < 2k}. Clearly Vi, Vo, V3 are independent sets of V(H,). Also |Vi| = 4k — 2 and
[Vo| = |Va| = |Va| = 4k — 1, it holds the inequality ||Vi| — |V;|| < 1 for every pair (i, j).

Case ii-c: If n = 6k + 1 for some positive integer k, then set the partition of V' as below.
Vi={v}U{u;:3k+2<i<6k+1};Vo={vg—2:1<i<2k}U{ugi—1:1<i<2k—1};
Va ={vsi—1: 1 <i <2k U{v,}U{ug; : 1 <i<2k—1}; Vi = {vs; 0 1 <i <2k}PU{ur JU{usitq :
1 <4 <2k—1}. Clearly Vi, Vi, V3 are independent sets of V (H,,). |Vi| = |V3] = |V4| = 4k and
[Va| = 4k — 1, it holds the inequality ||V;| — |V;|| < 1 for every pair (4, j).
In all the three subcases of cases (ii), x= (H,) < 4. Since x(H,) > 4, x=(H,) > x(H,) > 4,

X=(Hy) > 4. Therefore x—(H,) = 4. O

84. Equitable Coloring on Line graph, Middle Graph and Total Graph of
Helm Graph

Theorem 4.1 If n > 4 the equitable chromatic number on line graph of Helm graph L(H,),
V= (L(Hy)) = n.

Proof Let V(Hy) = {v} U {v1,v2, - ,0n} U{us,uz, -+ ,u,} and E(Hp) ={e; : 1 <i <
npU{el : 1 <i<n—-1}U{e), JU{s; : 1 < i < n} where e; is the edge vv; (1 <i < n), €} is the edge
v;vi11 (1 <i<n-—1), e is the edge v,v1 and s; is the edge v;u; (1 < < n). By the definition
of line graph V(L(H,)) = E(H,) ={e;: 1 <i<n}U{e;: 1 <i<n}U{s;:1<i<n}.
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Now, we partition the vertex set of V(L(H,)) as below.

Vi = {er,eh,sn}; Vi = {eiejpq,8i1 02 <i <n—1} V, = {en,¢],5,-1}. Clearly
,Vi, Vi, (2 < i < n—1) are independent sets of L(H,). Also |Vi| = |V;| = |V,] = 3
(2 <i <mn—1), it holds the inequality ||V;| — |V;|| < 1 for every pair (7, 7). x=(L(H»)) < n.
Since ¢;(1 < i < n) forms a clique of order n, x(L(H,)) > n, x=(L(H,)) > x(L(Hy)) > n,
X=(L(Hy)) > n. Therefore x—(L(H,)) = n. O

Theorem 4.2 Ifn > 5 the equitable chromatic number on middle graph of Helm graph M (H,),
x=(M(Hy,)) =n+1.

Proof Let V(Hy) = {v} U {v1,v2, -, 00} U{us,uz, -+ ,u,} and E(Hp) ={e; : 1 <i <
npU{e;:1<i<n—-1}U{e,}U{s;: 1 <1i < n} where ¢; is the edge vv; (1 <1i < n), €} is
the edge v;vi41 (1 < i< n—1), el is the edge v,v; and s; is the edge v;u; (1 < i < n). By
the definition of middle graph V(M (H,,)) =V (H,) UE(H,) ={v;: 1 <i<n}U{u;:1<i<
ntU{e;:1<i<n}uU{e;:1<i<n}U{s;:1<i<n}.

Now, we partition the vertex set of V(M (H,)) as below.

Vi ={en,eq,ur,snt; Vi ={vict, w66 :2<i<n—1}U{s; 2:3<i<n+ 1}V, =
{Vn-1,8n-2,€n, €1, }; Vor1 = {v,vn, Sn—1, un }. Clearly V1, Vs, --V,,, V, 41 are independent sets
of M(Hy). Also |Vi| = |Va| = |Vo| = [Vag1] =4 and |V;| =5 (3 < i < n —1), it holds the
inequality ||V;|—|V;|| < 1 for every pair (4, 7). x=(M(H,)) < n+1. Since ve;(1 < i < n) forms a
clique of order n+1, x(M (Hy,)) > n+1, x=(M(H,)) > x(M(H,)) > n+1, x=(M(H,)) > n+1.
Therefore x— (M (H,)) =n+ 1. O

Theorem 4.3 Ifn > 5 the equitable chromatic number on total graph of Helm graph T(H,),
o (T(H,) = n+1.

Proof Let V(H,) = {v} U {v1,v2, -, 05} U{u,uz, - ,u,} and E(H,) ={e; : 1 <i <
npU{e;:1<i<n—-1}U{e,}U{s;: 1 <i < n} where ¢; is the edge vv; (1 <1i < n), €} is
the edge v;v;11 (1 < i < n—1), e} is the edge v,v1 and s; is the edge v;u; (1 <14 < n). By
the definition of total graph V(T (H,)) = V(H,) UE(H,) ={v; : 1 <i<n}U{y;:1<i<
nfU{e;:1<i<njuU{e,:1<i<n}U{s;:1<i<n}.

Now, we partition the vertex set of V(T (H,,)) as below.

Vi = {er,eh,us,vn}; Vo = {e2,v0,€5,80,u4}; Vi = {es,vim1,€j1,8i-2,uiy2 : 3 < i <
n—2} Vo1 = {en—1,n-2,€h,8n-3}; Vo = {en,vn-1,€1,8n—2}; Vos1 = {v,8n—1,u1,us}.
Clearly V1, Vo, Vi, Vo1, Vi, Viurr (3 < i < n — 2) are independent sets of T'(H,,). Also |Vi| =
Vol = [Vagi|l =4 and [Va] = |Vi| =5 (3 < i < n — 2), it holds the inequality ||V;| — |V}]] <1
for every pair (i,5), x=(T(H,)) < n + 1. Since ve;(1 < i < n) forms a clique of order
n+1, x(T(Hy,)) > n+1, x=(T(Hy,)) > x(T(Hy,)) > n+1, x=(T(H,)) > n+ 1. Therefore

x=(T(Hy,)) =n+1.

85. Equitable Coloring on Gear Graph, Line Graph, Middle Graph and
Total Graph

Theorem 5.1 Ifn > 3 the equitable chromatic number of gear graph G, x=(G,) = 2.
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Proof Let V(Gy) = {v} U{v1,va, - ,van} where v;’s are the vertices of cycles taken in
cyclic order and v is adjacent with ve;—1(1 < i < n).

Now, we partition the vertex set of V(G,,) as below.

Vi={v}U{ve:1<i<n—1}; Vo ={vg_1:1<i<n}. Clearly V1, Vs are independent
sets of (G). Also |Vi]| = n+1 and |Va| = n, it holds the inequality ||V;|—|V;|| < 1 for every pair
(4,9)- Xx=(Gn) £2. X(Gn) = 2, Xx=(Gn) 2 X(Gn) = 2, x=(Grn) = 2. Therefore x—(Gr) =2. O

86. Equitable Coloring on Line Graph, Middle Graph and Total Graph of
Gear Graph

Theorem 6.1 If n > 3 the equitable chromatic number on line graph of Gear graph L(G,),
X=(L(Gpr)) = n.

Proof Let V(G,) = {v} U {v1,v2, -+ ,v2,} and E(G,) = {e; : 1 < i < n}U{e; :
1 <i < 2n—1}U{e,} where e; is the edge vvgi—1 (1 < i < n), € is the edge v;vi11
(1 <i < 2n—1), and €}, is the edge vap_1v1. By the definition of line graph V(L(G,))
= FE(G )—{’U}U{’UZ.1<Z<27’L}U{€Z.1<Z<7’L}U{€ 1<4<2n}.

Now, we partition the vertex set of V(L(H,)) as below.

Vi ={e1,eh,¢eh, 1}; Vi={ei b b 52 <i<n}. Clearly V4, Vs, -V, are independent
sets of L(G,). Also |Vi] = |V;| = 3 (2 < i < n), it holds the inequality ||Vi| — |V;]| < 1 for
every pair (4,J). x=(L(Gy)) < n. Since e;(1 <14 < n) forms a clique of order n, x(L(G,)) > n,
X=(L(Gn)) > xX(L(Gr)) > n, x=(L(Gr)) > n. Therefore x—(L(Gr)) = n. a

Theorem 6.2 Ifn > 5 the equitable chromatic number on middle graph of Gear graph M(G,,),
X=(M(Gy)) =n+1.

Proof Let V(G,) = {v} U{v1,va, - ,v3,} and E(Gp) ={e;: 1 <i<n}U{e,:1<i<
2n — 1} U {el,} where e; is the edge vvg;—1 (1 < i < mn), e} is the edge v;v;41 (1 < i < 2n —1),
and eb,, is the edge va,—1v1. By the definition of middle graph V(M (Gy)) = V(G,)UE(G,) =
{v}Uf{v,:1<i<2n}U{e;:1<i<n}uU{e,:1<i<2n}.

Now, we partition the vertex set of V(M (G,,)) as below.

Vi={e1, 09, €5, 4,5, 1}; Vo = {ea,v1,va, €5, o}; Va = {es, v3, 1,06, €5, }; Vi = {ei, € 5,
Voi—g,V2 4 < i < npU{eh_g 5 < i < n}; Vg = {v,eh,_g Van—1,€h, 3} Clearly
Vi,Va, -V, Voi1 are independent sets of M(G,). Also |[Vi| = |[Va| = |Vay1| = 4 and
Vil = |V5] = 5 (b < ¢ < n), it holds the inequality ||Vi| — |V;|| < 1 for every pair (i, 7).
X=(M(G,)) <n—+1. Since ve;(1 < i < n) forms a clique of order n 4+ 1, x(M(Gy)) > n+1,
X=(M(Gn)) = x(M(Grn)) =2 n+1, x=(M(Gy)) =2 n+ 1. Therefore x—(M(Gn)) =n+1. O

Theorem 6.3 Ifn > 5 the equitable chromatic number on total graph of Gear graph T(G.,),
x=(T(Gn)) =n+1.

Proof Let V(G,,) = {v} U{v1,v2, -+ 09} and E(G,) ={e; : 1 <i<njuU{e;:1<i<
2n — 1} U {el,} where e; is the edge vvg;—1 (1 <i < n), €} is the edge v;v;41 (1 <@ <2n —1),
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and e}, is the edge va,—1v1. By the definition of total graph V(T(G,)) = V(G,) U E(G,)
{v}U{v;:1<i<2n}U{e;:1<i<n}U{e:1<i<2n}.

Now, we partition the vertex set of V(T'(G,,)) as below.

Vi = {e1, €5, va,v2n-1}; Vo = {eg,vi,€),v6}; Vi = {ei, €h_5,v2i-3,€5;, 0242 : 3 < 4
0= 1}V = {ens €hnsram_3: €hn}s Vis1 = {0, 02, b1, €h_s}-

Clearly V4, V2, Vi, Vi, Vipr (3 < i < n — 1) are independent sets of T(G,). Also |Vi] =
[Va| = |Vo| = [Vag1] =4 and |Vi| =5 (3 <i < n —1), it holds the inequality ||V;| — |V;]] <1
for every pair (i,7), x=(T(Grn)) < n+ 1. Since ve;(1 < ¢ < n) forms a clique of order
n+1, x(T(Gn)) > n+1, x=(T(Gn)) > x(T(Gp)) > n+1, x=(T(G,)) > n+ 1. Therefore
x=(T(Gp)) =n+1. ]
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