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Abstract: Let Mn be an n-dimensional differentiable manifold and F n be a Finsler space

equipped with a fundamental function L(x, y), (yi = ẋi) of Mn. In the present paper we

define Randers conformal change as

L(x, y) → L∗(x, y) = eσ(x)L(x, y) + β(x, y)

where σ(x) is a function of x and β(x, y) = bi(x)yi is a 1- form on Mn.

This transformation is more general as it includes conformal, Randers and homothetic trans-

formation as particular cases. In the present paper we have found out the expressions for

scalar curvature and main scalar of two-dimensional Finsler space obtained by Randers con-

formal change of F n. We have also obtained equation of geodesic for this transformed space.

Key Words: two-dimensional Finsler space, β-change, homothetic change, conformal

change, one form metric, main scalar, scalar curvature, geodesic.

AMS(2010): 53B40, 53C60

§1. Introduction

Let Mn be an n-dimensional differentiable manifold and Fn be a Finsler space equipped with a

fundamental function L(x, y), (yi = ẋi) of Mn. If a differential 1-form β(x, y) = bi(x)yi is given

on Mn, then M. Matsumoto [1] introduced another Finsler space whose fundamental function

is given by

L̄(x, y) = L(x, y) + β(x, y)

This change of Finsler metric has been called β-change [2,3].

The conformal theory of Finsler spaces has been initiated by M.S. Knebelman [4] in 1929

and has been investigated in detail by many authors [5-8] etc. The conformal change is defined

as

L(x, y) → eσ(x)L(x, y),

where σ(x) is a function of position only and known as conformal factor.
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In the present paper, we construct a theory which generalizes all the above mentioned changes.

In fact, we consider a change of the form

L(x, y) → L∗(x, y) = eσ(x)L(x, y) + β(x, y), (1)

where σ(x) is a function of x and β(x, y) = bi(x)yi is a 1- form on Mn, which we call a Randers

conformal change. This change generalizes various types of changes. When β = 0, it reduces

to a conformal change. When σ = 0, it reduces to a Randers change. When β = 0 and σ is a

non-zero constant then it reduces to homothetic change.

In the present paper we have obtained the relations between

(1) the main scalars of F 2 and F ∗2;

(2) the scalar curvatures of F 2 and F ∗2.

Further, we have derived the equation of geodesic for F ∗n.

§2. Randers Conformal Change

Definition 2.1 Let (Mn, L) be a Finsler space Fn, where Mn is an n-dimensional differentiable

manifold equipped with a fundamental function L. A change in fundamental metric L, defined by

equation (1), is called Randers conformal change, where σ(x) is conformal factor and function

of position only and β(x, y) = bi(x)yi is a 1- form on Mn. A space equipped with fundamental

metric L∗(x, y) is called Randers conformally changed space F ∗n.

This change generalizes various changes studied by Randers [11], Matsumuto [12], Shibata

[13], Pandey [10] etc. Differentiating equation (1) with respect to yi, the normalized supporting

element l∗i = ∂̇iL
∗ is given by

l∗i (x, y) = eσ(x)li(x, y) + bi(x), (2)

where li = ∂̇iL is the normalized supporting element in the Finsler space Fn. Differentiating

(2) with respect to yj, the angular metric tensor h∗
ij = L∗∂̇i∂̇jL

∗ is given by

h∗
ij = eσ(x) L

∗

L
hij (3)

where hij = L∂̇i∂̇jL is the angular metric tensor in the Finsler space Fn .

Again the fundamental tensor g∗ij = ∂̇i∂̇j
L∗2

2 = h∗
ij + l∗i l∗j is given by

g∗ij = τgij + bibj + eσ(x)L−1(biyj + bjyi) − βeσ(x)L−3yiyj (4)

where we put yi = gij(x, y)yj , τ = eσ(x) L∗

L
and gij is the fundamental tensor of the Finsler

space Fn. It is easy to see that the det(g∗ij) does not vanish, and the reciprocal tensor with

components g∗ij is given by

g∗ij = τ−1gij + φyiyj − L−1τ−2(yibj + yjbi) (5)
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where φ = e−2σ(x)(Leσ(x)b2 + β)L∗−3, b2 = bib
i, bi = gijbj and gij is the reciprocal tensor of

gij . Here it will be more convenient to use the tensors

hij = gij − L−2yiyj, ai = βL−2yi − bi (6)

both of which have the following interesting property:

hijy
j = 0, aiy

i = 0 (7)

Now differentiating equation (4) with respect to yk and using relation (6), the Cartan covariant

tensor C∗ with the components C∗
ijk = ∂̇k(

g∗
ij

2 ) is given as:

C∗
ijk = τ [Cijk − 1

2L∗
(hijak + hjkai + hkiaj)] (8)

where Cijk is (h)hv-torsion tensor of Cartan’s connection CΓ of Finsler space Fn.

In order to obtain the tensor with the components C∗
ijk , paying attention to (7), we obtain

from (5) and (8),

C∗j
ik = Cj

ik − 1

2L∗
(hj

iak + hj
kai + hikaj) (9)

−(τL)−1Cikry
jbr − τ−1

2LL∗
(2aiaj + a2hij)y

j

where aia
i = a2.

Proposition 2.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

Randers conformal change of the Finsler space Fn = (Mn, L), then the normalized supporting

element l∗i , angular metric tensor h∗
ij, fundamental metric tensor g∗ij and (h)hv-torsion tensor

C∗
ijk of F ∗n are given by (2), (3), (4) and (8) respectively.

§3. Main Scalar of Randers Conformally Changed Two-Dimensional Finsler Space

The (h)hv-torsion tensor for a two-dimensional Finsler space F 2 is given by [9]:

Cijk = Imimjmk (10)

where I = C222 is the main scalar of F 2.

Similarly, the (h)hv-torsion tensor for a two-dimensional Finsler space F ∗2 is given by

C∗
ijk = I∗m∗

i m
∗
jm

∗
k (11)

where I∗ is the main scalar of F ∗2, and m∗
i is unit vector orthogonal to l∗i in two-dimensional

Finsler space.

Putting j = k in equation (9), we get

C∗
i = Ci −

(n + 1)

2L∗
ai (12)
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The normalized torsion vectors are mi = Ci

C
in F 2 and m∗i = C∗i

C∗ in F ∗2, where C and C∗ are

the lengths of Ci and C∗i in F 2 and F ∗2 respectively. The equation (12) can also be written as

m∗
i = λmi + µai (13)

where λ = C
C∗ and µ = − (n+1)

2C∗ L∗−1.

Now

C∗2 = g∗ijC∗
i C∗

j = τ−1[C2 +
(n + 1)

L∗
Aγ ], (14)

where Aγ = Cγ + (n+1)
4L∗ a2 and Cγ = Cib

i are scalars.

The contravariant components of l∗i and m∗
i are given below:

l∗i = g∗ij l∗j = Ali + Bbi (15)

where A = eσ(x)τ−1 − τ−2βeσ(x) + βφL − b2τ−2 + eσ(x)L2 and B = (−eσ(x)τ−2 − τ−1 −
βL−1τ−2) are scalars, lil

i = 1 and bil
i = bili = Lβ. Also

m∗i = Dmi + Eli + Fai (16)

where D = τ−1λ, E = (−τ−2λH − τ−2µ(β2L−1 − b2)), F = µτ−1 and H = mib
i are scalars.

Hence, we have

Proposition 3.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

Randers conformal change of the Finsler space Fn = (Mn, L), then contravariant components of

the Berwald frame (l, m) in two-dimensional Finsler space are given by (15) and (16), whereas

covariant components are given by (2) and (13) respectively.

Proposition 3.2 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

Randers conformal change of the Finsler space Fn = (Mn, L), then the relationship between

the lengths of the components Ci and C∗
i is given by (14).

Since the (h)hv-torsion tensor given by (8) can be rewritten in two-dimensional form as

follows:

I∗m∗
i m

∗
jm

∗
k = τ [Imimjmk − 3

2L∗
a2mimjmk] (17)

where hij = mimj and ai = a1li + a2mi, then aiy
i = 0 =⇒ a1 = 0. So, ai = a2mi, a1 and a2

are certain scalars.

From equations (13) and (17), we have

I∗(λ + µa2)
3mimjmk = τ [Imimjmk − 3

2L∗
a2mimjmk] (18)

Contracting (18) by mimjmk, we have

I∗ =
τ

(λ + µa2)3
[I − 3

2L∗
a2] (19)



24 H.S.Shukla and Arunima Mishra

Theorem 3.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space Fn = (Mn, L), then the relationship between the

Main scalars I∗ and I of the Finsler space F ∗2 and F 2 is given by (19).

Corollary 3.1 For σ(x) = 0, i.e. for Randers change, the relationship between the Main

scalars I∗ and I of the Finsler space F ∗2 and F 2 is given by [10]:

I∗ =
(L + β)L−1

(λ + µa2)3
I − 3L−1

2(λ + µa2)3
a2.

Corollary 3.2 For β = 0, i.e. for conformal change, the relationship between the Main scalars

I∗ and I of the Finsler space F ∗2 and F 2 is given by

I∗ =
eσ(x)

λ3
I.

Corollary 3.3 For β = 0 and σ = a non-zero constant i.e. for homothetic change, the

relationship between the Main scalars I∗ and I of the Finsler space F ∗2 and F 2 is given by

I∗ =
eσ

λ3
I.

§4. Geodesic of Randers Conformally Changed Space

Let s be the arc-length, then the equation of a geodesic [14] of Fn = (Mn, L) is written in the

well-known form:
d2xi

ds2
+ 2Gi(x,

dx

ds
) = 0, (20)

where functions Gi(x, y) are given by

2Gi = gir(yj ∂̇r∂jF − ∂rF ), F =
L2

2
.

Now suppose s∗ is the arc-length in the Finsler space F ∗n = (Mn, L∗), then the equation

of geodesic in F ∗n can be written as

d2xi

ds∗2
+ 2G∗i(x,

dx

ds∗
) = 0, (21)

where functions G∗i(x, y) are given by

2G∗i = g∗ir(yj ∂̇r∂jF
∗ − ∂rF

∗), F ∗ =
L∗2

2
.

Since ds∗ = L∗(x, dx), this is also written as

ds∗ = eσ(x)L(x, dx) + bi(x)dxi = eσ(x)ds + bi(x)dxi

Since ds = L(x, dx), we have
dxi

ds
=

dxi

ds∗
[eσ(x) + bi

dxi

ds
] (22)
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Differentiating (22) with respect to s, we have

d2xi

ds2
=

d2xi

ds∗2
[eσ(x) + bi

dxi

ds
]2 +

dxi

ds∗
(
deσ(x)

ds
+

dbi

ds

dxi

ds
+ bi

d2xi

ds2
).

Substituting the value of
dxi

ds∗
from (22), the above equation becomes

d2xi

ds2
=

d2xi

ds∗2
[eσ(x) + bi

dxi

ds
]2 (23)

+
dxi

ds

[eσ(x) + bi
dxi

ds
]
(
deσ(x)

ds
+

dbi

ds

dxi

ds
+ bi

d2xi

ds2
)

Since 2G∗i = g∗ir(yj ∂̇r∂j
L∗2

2 − ∂r
L∗2

2 ), we have

2G∗
i = e2σ(x)Gi + yj[eσ(x)L∂̇i(∂je

σ(x))L + eσ(x)L∂̇i∂jβ + (24)

β∂̇i(∂je
σ(x))L + βeσ(x)∂̇i∂jL + β∂̇i∂jβ + (eσ(x)li + bi)((∂je

σ(x))L

+∂jβ) + eσ(x)br∂jL] − [eσ(x)L(∂ie
σ(x))L + eσ(x)L∂iβ + β∂i(e

σ(x))L

+βeσ(x)∂iL + β∂iβ]

Now we have

2G∗i = g∗irG∗
r = JGi + M i (25)

where J = e2σ(x)τ−1 and

M i = e2σ(x)Gr[φyiyr − L−1τ−2(yibr + yrbi)] + [τ−1gir + φyiyr (26)

−L−1τ−2(yibr + yrbi)][yj [eσ(x)L∂̇r(∂je
σ(x))L + eσ(x)L∂̇r∂jβ

+β∂̇r(∂je
σ(x))L + βeσ(x)∂̇r∂jL + β∂̇r∂jβ + (eσ(x)lr + br)((∂je

σ(x))L

+∂jβ) + eσ(x)br∂jL] − [eσ(x)L(∂re
σ(x))L + eσ(x)L∂rβ + β∂r(e

σ(x))L

+βeσ(x)∂rL + β∂rβ]

Proposition 4.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the

Randers conformal change of the Finsler space Fn = (Mn, L), then the relationship between

the Berwald connection function G∗i and Gi is given by (25).

Theorem 4.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space Fn = (Mn, L), then the equation of geodesic of F ∗n

is given by (21), where
d2xi

ds∗2
and G∗i are given by (23) and (25) respectively.

Corollary 4.1 For σ(x) = 0, i.e. for Randers change, the equation of geodesic of F ∗n is given

by (21), where
d2xi

ds∗2
and G∗i are given below [10]:

d2xi

ds2
=

d2xi

ds∗2
[1 + bi

dxi

ds
]2 +

dxi

ds∗
(
dbi

ds

dxi

ds
+ bi

d2xi

ds2
)
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and

2G∗i = L(L + β)−1Gi + Gr[−L(L + β)−2((yibr + yrbi) + (Lb2 + β)(L + β)−3yiyr]

+[L(L + β)−1gir − L(L + β)−2((yibr + yrbi) + (Lb2 + β)(L + β)−3yiyr][yj(2L∂jbr

+β∂̇j∂rL + 2β∂jbr + br∂jL+) − (βlr + (L + β)∂jbry
j)].

Corollary 4.2 For β = 0, i.e. for conformal change, the equation of geodesic of F ∗n is given

by (21), where d2xi

ds∗2 and G∗i are given below:

d2xi

ds2
=

d2xi

ds∗2
e2σ(x) +

dxi

ds∗
deσ(x)

ds

and

2G∗i = Gi + e−2σ(x)gir[yj[eσ(x)L∂̇r(∂je
σ(x))L + eσ(x)lr(∂je

σ(x))L] − eσ(x)L(∂re
σ(x))L].

Corollary 4.3 For β = 0 and σ = a non-zero constant i.e. for homothetic change, the equation

of geodesic of F ∗n is given by (21), where
d2xi

ds∗2
and G∗i are given below

d2xi

ds2
=

d2xi

ds∗2
e2σ

and 2G∗i = Gi.

§5. Scalar Curvature of Randers Conformally Changed Two-Dimensional

Finsler Space

The (v)h-torsion tensor Ri
jk in two-dimensional Finsler space may be written as [9]

Ri
jk = LRmi(ljmk − lkmj), (27)

where R is the h-scalar curvature in F 2.

Similarly the (v)h-torsion tensor R∗i
jk in Finsler space F ∗2 is given by

R∗i
jk = L∗R∗m∗i(l∗j m∗

k − l∗km∗
j ), (28)

where R∗ is the h-scalar curvature in F ∗2. If we are concerned with Berwald connection BΓ,

the non-vanishing (v)h-torsion tensor Ri
jk [9] is given as

Ri
jk = δkGi

j − δjG
i
k = ∂kGi

j − ∂jG
i
k + Gr

jG
i
rk − Gr

kGi
rj , (29)

where δi = ∂i − Gr
i ∂̇r, Gi

j = ∂̇jG
i and Gi

jk = ∂̇kGi
j .

Similarly the (v)h-torsion tensor R∗i
jk for Berwald connection BΓ in F ∗n is

R∗i
jk = δkG∗i

j − δjG
∗i
k = ∂kG∗i

j − ∂jG
∗i
k + G∗r

j G∗i
rk − G∗r

k G∗i
rj , (30)
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where δi = ∂i − G∗r
i ∂̇r, G∗i

j = ∂̇jG
∗i and G∗i

k = ∂̇kG∗i
j .

Using relation (25) we have

G∗i
j = ∂̇jG

∗i =
1

2
[JGi

j + M i
j ], (31)

where ∂̇jM
i = M i

j , and

G∗i
jk = ∂̇kG∗i

j =
1

2
[JGi

jk + M i
jk], (32)

where ∂̇kM i
j = M i

jk.

Using equation (30) and (31) in (29), we have

R∗i
jk =

J

2
[∂kGi

j − ∂jG
i
k] +

1

2
[∂kM i

j − ∂jM
i
k] +

J2

4
[Gr

jG
i
kr − Gr

kGi
jr] (33)

+
J

2
[Gr

jM
i
kr + M r

j Gi
kr − Gr

kM i
jr − M r

kGi
jr ] + [M r

j M i
kr − M r

kM i
jr]

From equation (27) we have

R∗i
jk

R∗
= L∗m∗i(l∗j m∗

k − l∗km∗
j ).

In view of (1), (2), (13) and (16), we have

R∗i
jk

L∗R∗
= Dλeσ(x)mi(ljmk − lkmj) + Dλmi(bjmk − bkmj) (34)

+(Eli + µeσ(x)mi(ljbk − lkbj)

+Fai)[λeσ(x)(ljmk − lkmj)µeσ(x)(ljbk − lkbj) + λ(bjmk − bkmj)]

Using (26), (28), (32) and (33), we have

1

R∗
(
J

2
[∂kGi

j − ∂jG
i
k] +

1

2
[∂kM i

j − ∂jM
i
k] +

J2

4
[Gr

jG
i
kr − Gr

kGi
jr] (35)

+
J

2
[Gr

jM
i
kr + M r

j Gi
kr − Gr

kM i
jr − M r

kGi
jr ] + [M r

j M i
kr − M r

kM i
jr])

=
Dλτ

R
(∂kGi

j − ∂jG
i
k + Gr

jG
i
rk − Gr

kGi
rj) + (eσ(x)L + β)(µeσ(x)mi(ljbk

−lkbj) + Dλmi(bjmk − bkmj) + (Eli + Fai)[λeσ(x)(ljmk − lkmj)

+µeσ(x)(ljbk − lkbj) + λ(bjmk − bkmj)])

Theorem 5.1 Let F ∗n = (Mn, L∗) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space Fn = (Mn, L), then the relationship between scalar

curvatures of the Finsler space F ∗2 and F 2 is given by (34).

Corollary 5.1 For σ(x) = 0, i.e. for Randers change, the relationship between scalar curvatures
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of the Finsler space F ∗2 and F 2 is given as [10]:

1

R∗
(
J1

2
[∂kGi

j − ∂jG
i
k] +

1

2
[∂kM i

1j − ∂jM
i
1k] +

J2
1

4
[Gr

jG
i
kr − Gr

kGi
jr ]

+
J1

2
[Gr

jM
i
1kr + M r

1jG
i
kr − Gr

kM i
1jr − M r

1kGi
jr ] + [M r

1jM
i
1kr − M r

1kM i
1jr])

=
D1λτ1

R
(∂kGi

j − ∂jG
i
k + Gr

jG
i
rk − Gr

kGi
rj) + (L + β)(µ1m

i(ljbk − lkbj)

+D1λmi(bjmk − bkmj) + (E1l
i + F1a

i)[λ(ljmk − lkmj) + µ1(ljbk − lkbj)

+λ(bjmk − bkmj)]),

where

J1 =
L(L + β)−1

2
, τ1 =

L + β

L
, µ1 = − (n + 1)

2C∗
(L + β)−1,

D1 =
L

L + β

C

C∗
, E1 = −(

L + β

L
)−2(λH + µ1(β

2L−1 − b2)), F1 = µ1
L

L + β

and

M i
1 =

1

2
[Gr[−L(L + β)−2((yibr + yrbi) + (Lb2 + β)(L + β)−3yiyr]

+[L(L + β)−1gir − L(L + β)−2((yibr + yrbi) + (Lb2 + β)(L + β)−3yiyr]

×[yj(2L∂jbr + β∂̇j∂rL + 2β∂jbr + br∂jL) − (βlr + (L + β)∂jbry
j)]],

M i
1j = ∂̇jM

i
1, M i

1jk = ∂̇kM i
1j .

Corollary 5.2 For β = 0, i.e. for conformal change, the relationship between scalar curvatures

of the Finsler space F ∗2 and F 2 is given as:

1

R∗
(
1

2
[∂kGi

j − ∂jG
i
k] +

1

2
[∂kM i

2j − ∂jM
i
2k] +

1

4
[Gr

jG
i
kr − Gr

kGi
jr ]

+
1

2
[Gr

jM
i
2kr + M r

2jG
i
kr − Gr

kM i
2jr − M r

2kGi
jr ] + [M r

2jM
i
2kr − M r

2kM i
2jr ])

=
D2λτ2

R
(∂kGi

j − ∂jG
i
k + Gr

jG
i
rk − Gr

kGi
rj),

where

τ2 = eσ(x), D2 = e−σ(x) C

C∗

and

M i
2 = e−2σ(x)gir[yj [eσ(x)L∂̇r(∂je

σ(x))L + eσ(x)lr(∂je
σ(x))L] − eσ(x)L(∂re

σ(x))L],

M i
2j = ∂̇jM

i
2, M i

2jk = ∂̇kM i
2j.

Corollary 5.3 For β = 0 and σ = a non-zero constant i.e. for homothetic change, the

relationship between scalar curvatures of the Finsler space F ∗2 and F 2 is given as:

1

R∗
(
1

2
[∂kGi

j − ∂jG
i
k] +

1

4
[Gr

jG
i
kr − Gr

kGi
jr ]) =

D3λτ3

R
(∂kGi

j − ∂jG
i
k + Gr

jG
i
rk − Gr

kGi
rj),

where

τ3 = eσ, D3 = e−σ C

C∗
.



On Finsler Space with Randers Conformal Change — Main Scalar, Geodesic and Scalar Curvature 29

References

[1] M.Matsumoto, On some transformation of locally Minkowskian space, Tensor, N. S.,

22(1971), 103-111.

[2] Prasad B. N. and Singh J. N., Cubic transformation of Finsler spaces and n-fundamental

forms of their hypersurfaces, Indian J.Pure Appl. Math., 20 (3) (1989), 242-249.

[3] Shibata C., On invariant tensors of β-changes of Finsler spaces, J. Math. Kyato Univ., 24

(1984), 163-188.

[4] M.S.Knebelman, Conformal geometry of generalized metric spaces, Proc.Nat.Acad. Sci.USA.,

15(1929) pp.33-41 and 376-379.

[5] M.Hashiguchi, On conformal transformation of Finsler metric, J. Math. Kyoto Univ.,

16(1976) pp. 25-50.

[6] H.Izumi, Conformal transformations of Finsler spaces I, Tensor, N.S., 31 (1977) pp. 33-41.

[7] H.Izumi, Conformal transformations of Finsler spaces II, Tensor, N.S.,33 (1980) pp. 337-

359.

[8] M.Kitayama, Geometry of transformations of Finsler metrics, Hokkaido University of Ed-

ucation, Kushiro Compus.. Japan(2000).

[9] M.Matsumoto, Foundations of Finsler Geometry and Special Finsler Spaces, Kaiseisha

Press, Saikawa, Otsu, Japan, 1986.

[10] T.N.Pandey, V. K.Chauney and D.D.Tripathi, Randers change of two-dimensional Finsler

space, Journal of Investigations in Mathematical Sciences(IIMS), Vol. 1, (2011), pp, 61-70.

[11] G.Randers, On the asymmetrical metric in the four-space of general relativity, Phys. Rev.,

2(1941)59, pp, 195-199.

[12] M.Matsumoto, On Finsler spaces with Randers metric and special forms of important

tensors, J. Math. Kyoto Univ., 14(1974), pp. 477-498.

[13] C.Shibata, On invariant tensors of β - change of Finsler metrics, J. Math. Kyoto Univ.,

24(1984), pp. 163-188.

[14] M.Kitayama, M.Azuma and M.Matsumoto, On Finsler spaces with (α, β)-metric, regular-

ity, gerodesics and main scalars, J. Hokkaido Univ., Edu., Vol. 46(1), (1995), 1-10.


