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Abstract: Let M" be an n-dimensional differentiable manifold and F™ be a Finsler space
equipped with a fundamental function L(z,y), (y* = %) of M™. In the present paper we

define Randers conformal change as
L(z,y) — L*(z,y) = ¢” ) L(z,y) + B(z.y)

where o(x) is a function of x and §(z,y) = bi(x)y’ is a 1- form on M™.

This transformation is more general as it includes conformal, Randers and homothetic trans-
formation as particular cases. In the present paper we have found out the expressions for
scalar curvature and main scalar of two-dimensional Finsler space obtained by Randers con-

formal change of F'™. We have also obtained equation of geodesic for this transformed space.
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§1. Introduction

Let M™ be an n-dimensional differentiable manifold and F™ be a Finsler space equipped with a
fundamental function L(z,y), (y* = &%) of M™. If a differential 1-form B(x,y) = b;(z)y" is given
on M"™, then M. Matsumoto [1] introduced another Finsler space whose fundamental function
is given by
L(z,y) = L(z,y) + Bz, y)
This change of Finsler metric has been called -change [2,3].
The conformal theory of Finsler spaces has been initiated by M.S. Knebelman [4] in 1929
and has been investigated in detail by many authors [5-8] etc. The conformal change is defined

as
L(w,y) — " L(a,y),

where o(z) is a function of position only and known as conformal factor.
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In the present paper, we construct a theory which generalizes all the above mentioned changes.
In fact, we consider a change of the form

L(:E,y) —>L*($,y) :eU(I)L(Iay)_Fﬁ(xvy)a (1)

where o(x) is a function of x and 8(x,y) = b;(x)y’ is a 1- form on M™, which we call a Randers
conformal change. This change generalizes various types of changes. When § = 0, it reduces
to a conformal change. When o = 0, it reduces to a Randers change. When 8 =0 and o is a
non-zero constant then it reduces to homothetic change.

In the present paper we have obtained the relations between
(1) the main scalars of F? and F*?;
(2) the scalar curvatures of F? and F*2.

Further, we have derived the equation of geodesic for F*".

§82. Randers Conformal Change

Definition 2.1 Let (M™, L) be a Finsler space F™, where M™ is an n-dimensional differentiable
manifold equipped with a fundamental function L. A change in fundamental metric L, defined by
equation (1), is called Randers conformal change, where o(z) is conformal factor and function
of position only and B(x,y) = b;(x)y* is a 1- form on M™. A space equipped with fundamental
metric L*(x,y) is called Randers conformally changed space F*™.

This change generalizes various changes studied by Randers [11], Matsumuto [12], Shibata
[13], Pandey [10] etc. Differentiating equation (1) with respect to ¢, the normalized supporting
element [} = O L* is given by

[ (w,y) = " Dli(a,y) + i), (2)

where I; = 9;L is the normalized supporting element in the Finsler space F™. Differentiating

*

(2) with respect to y?, the angular metric tensor h; = L*9;0;L* is given by
* olxr L*
hij = et )fhij (3)

where hi; = Ld;0;L is the angular metric tensor in the Finsler space F™ .
. A A *2 * * * .
Again the fundamental tensor g;; = 8i8jLT = hj; + 1717 is given by

g?j = T7g;; +bib; + ea(m)L_l(biyj + bjyi) — ﬁeU(I)L_Syiyj (4)

where we put y; = g;(z,y)y!, 7 = e"(w)% and g;; is the fundamental tensor of the Finsler
space F™. It is easy to see that the det(g;*j) does not vanish, and the reciprocal tensor with

components g*¥ is given by

g =171 + oy'y) — LTIy + 470 (5)
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where ¢ = e=27(@) (Le®b2 + BYL*3, b2 = bb', b' = g“b; and g¥ is the reciprocal tensor of

gi;- Here it will be more convenient to use the tensors
hi; = gi; — L™y, ai = BLy; — b; (6)

both of which have the following interesting property:
hijy’ =0, ay’ =0 (7)

Now differentiating equation (4) with respect to y* and using relation (6), the Cartan covariant

tensor C* with the components C7;; = 8k(q7]) is given as:

1
Chix = 7Cijr — ﬁ(hijak + hjra; + hgiag)) (8)

where Cjj;i, is (h)hv-torsion tensor of Cartan’s connection CT' of Finsler space F™.

In order to obtain the tensor with the components C7;; , paying attention to (7), we obtain

from (5) and (8), l

» ‘ 1. ‘ .
Ci = C) - 5L (hjar + hyai + hira?) 9)
. 71 .
—(TL) ' Cirry’b" — 2;[/* (2aiaj + ahij)y’

where a;a’ = a?.

Proposition 2.1 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then the normalized supporting
element [, angular metric tensor hi;, fundamental metric tensor g;; and (h)hv-torsion tensor

Yk of FT are given by (2), (3), (4) and (8) respectively.

§3. Main Scalar of Randers Conformally Changed Two-Dimensional Finsler Space

The (h)hv-torsion tensor for a two-dimensional Finsler space F? is given by [9]:
Ciji = Imim;my, (10)

where I = Cass is the main scalar of F2.
Similarly, the (h)hv-torsion tensor for a two-dimensional Finsler space F*? is given by

C;‘jk = I*mfm;mz (11)

where I* is the main scalar of F*2, and m} is unit vector orthogonal to I} in two-dimensional
Finsler space.

Putting j = k in equation (9), we get
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*17

¢+ in F*2, where C and C* are

the lengths of C* and C** in F? and F*? respectively. The equation (12) can also be written as

The normalized torsion vectors are m? = % in F? and m* =

m; = Am; + pa; (13)
where \ = CC* and p = —(gg,})L*_l.
Now
- 1
C?=g"icrcr =11 + ("t )AW], (14)

where A, = C, + (Zz,} )42 and C, = C;b" are scalars.

The contravariant components of [} and m] are given below:

¥ — g*wl;f = A" + Bb* (15)
where A = 7@ 771 — 7-28e7@) 4 BoL — b2772 + @2 and B = (—e’@r72 - 71
BL~'772) are scalars, [;I" = 1 and b;l" = b'l; = L. Also

m* = Dmi + Eli + Fa' (16)

where D = 771\, E = (=7 72\H — 7 2u(8*L~1 = b?)), F = ur~! and H = m;b® are scalars.

Hence, we have

Proposition 3.1 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then contravariant components of
the Berwald frame (I,m) in two-dimensional Finsler space are given by (15) and (16), whereas

covariant components are giwen by (2) and (18) respectively.

Proposition 3.2 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then the relationship between

the lengths of the components C; and Cf is given by (14).

Since the (h)hv-torsion tensor given by (8) can be rewritten in two-dimensional form as
follows:

I'mimimj = T Imymimy, — ﬁagmimjmk] (17)

where h;; = mym; and a; = a1l; + aam;, then a;y' =0 = a; = 0. So, a; = aym;, a; and ay
are certain scalars.
From equations (13) and (17), we have

A+ uag)gmimjmk =t Im;mjmy — ﬁazmimjmk] (18)

Contracting (18) by m;mjmg, we have

. T 3
= (A + pasz)3 i 2L*a2] (19)
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Theorem 3.1 Let F*" = (M™, L*) be an n-dimensional Finsler space obtained from the Ran-
ders conformal change of the Finsler space F™ = (M™ L), then the relationship between the
Main scalars I* and I of the Finsler space F*? and F? is given by (19).

Corollary 3.1 For o(z) = 0, i.e. for Randers change, the relationship between the Main
scalars I* and I of the Finsler space F*?* and F? is given by [10]:

(L + )L 3.1

I = -
O+ paz)® 200+ pag)® 2

Corollary 3.2 For =0, i.e. for conformal change, the relationship between the Main scalars

I* and I of the Finsler space F*? and F? is given by

o(z)
==
23
Corollary 3.3 For § = 0 and 0 = a non-zero constant i.e. for homothetic change, the

relationship between the Main scalars I* and I of the Finsler space F** and F? is given by

*760
I_ﬁl.

84. Geodesic of Randers Conformally Changed Space

Let s be the arc-length, then the equation of a geodesic [14] of F™ = (M™, L) is written in the
well-known form: .y
d“z" . dx
— +2G(x,—) = 2
L aai e B =0 (20)

where functions G*(z,y) are given by
L2

2G" = ¢ (v 0,0; F — 0, F), F==

Now suppose s* is the arc-length in the Finsler space F*" = (M™, L*), then the equation
of geodesic in F*" can be written as
d?z?

: dzr
261
ds*? +267 (=, ds*

) =0, (21)
where functions G*¢(z,y) are given by

L*2

2G* = g*" (y) 0,0;F* — 9,F*),  F*= n

Since ds* = L*(z,dx), this is also written as
ds* = e”@ L(z,dx) + bi(z)dz’ = e @ ds + b;(z)dx’

Since ds = L(z,dx), we have

dz? dz? dz?

- = o(z) b, —— 29
ds ds* le + 0 ds ) (22)
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Differentiating (22) with respect to s, we have

drt dzt de’®  db; dat d2z?

dQIi d2 7 ] N b )
ds ds** ds ds ds “ds?

T = gl b

i

Substituting the value of from (22), the above equation becomes

ds*
d*x’ d*x’ da’
- o(x)
ds? ds*? [e7 4 bs ds r (23)
L& de”® dbi ' _d%i)
[eo@) 4 bl”?;] ds ds ds Y ds?
Since 2G* = g*"(yj(iaj%z - BTLT*Z), we have
2GF = 20(1)0- + 17 [e? @ LO;(0;e7 )L + 7@ LO;0; 8 + (24)
B (9;e7 )L + 8@ 9,0, L + ﬁa»ajﬁ + (7@ + b-)((a»eom)
+0;0) 4+ ¢“@b,0; L] — [ @ L(8;e7 @)L + e” @ LA 8 + BDi(e” ™)L
+Be° @0, L + 30,3]
Now we have
26" = g Gy = JG' + M (25)
where J = €27 7=1 and
Mi — 620(1) [(byzyr —LilTiz(yibT—f—yTbi)] +[ -1 zr+¢y (26)

—LT R 4y e LD, (ae"(w))L—i—e 18,0,
+60,(9; 6"(’”))L+ﬁe"(w)5 0; L—l—ﬁa (%ﬁ—i—( @)1, + b,)((9;¢° @)L
+0;8) + ¢ @b,0, L] — [ @ L(8,¢7 @)L + 7@ L, + 0, (e )L
+Be” )0, L + B0, ]

Proposition 4.1 Let F*™ = (M™,L*) be an n-dimensional Finsler space obtained from the
Randers conformal change of the Finsler space F™ = (M™, L), then the relationship between
the Berwald connection function G** and G* is given by (25).

Theorem 4.1 Let F*" = (M™, L*) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space F™ = (M™, L), then the equation of geodesic of F*™
d2 i )
is given by (21), where d—fz and G** are given by (23) and (25) respectively.
s

Corollary 4.1 For o(z) =0, i.e. for Randers change, the equation of geodesic of F*™ is given

d2 i )
by (21), where y f2 and G** are given below [10]:
s
A2z’ B A2z’ 1+ b; dz? ] n d:vi(dbi dzt n _dzxi)
ds?2 — ds*? ds ds* " ds ds " ds?
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and

2G* = L(L+B)'G'+ G, [~L(L+B)((y'0" +y"b") + (Lb* + B)(L + ) *y'y"]
HL(L A+ B) g™ = LIL+ 8) 2 ((y'b" +y"0") + (Lb* + B)(L + B)*y'y" |y’ (2L;b,
+68j8TL + 268jb7« + brajL—F) — (ﬂlr + (L + 6)8jbry )]

Corollary 4.2 Fm’ 8 =0, i.e. for conformal change, the equation of geodesic of F*™ is given
by (21), where 4 ds*2 and G** are given below:

d*x' dPa (20(0) da’ de”™)

ds?  ds*2 ds* ds
and
2G* = G+ e 2@ gy (7P L0, (0,7 )L + 7, (9,7 L] = 7 L(0,e ™)) L.
Corollary 4.3 For 3 =0 and o0 = a non-zero constant i.e. for homothetic change, the equation
d2 4 )
of geodesic of F*™ is given by (21), where T and G are given below

d8*2

d*zt d*xt

o
ds? — ds*? €

and 2G** = G*.

85. Scalar Curvature of Randers Conformally Changed Two-Dimensional

Finsler Space

The (v)h-torsion tensor R’ in two-dimensional Finsler space may be written as [9]
v = LRm' (Lymy — lym), (27)

where R is the h-scalar curvature in F2.

Similarly the (v)h-torsion tensor R} in Finsler space F*? is given by
= L*R'm™ (Iim), — [im3), (28)

where R* is the h-scalar curvature in F*2. If we are concerned with Berwald connection BT,

the non-vanishing (v)h-torsion tensor R;k [9] is given as
R = 0kGh — 0;G} = OkGl — 0;G), + GGl — GRGLj, (29)

where 0; = 0; — G} 0r, G = 0;G" and Giy = O, G
Similarly the (v)h-torsion tensor R;‘}C for Berwald connection BI' in F*" is

= 0kGY = 6;Gy = 0WG = 0;G + GGl — GG

Ty

(30)
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where §; = 0; — G{"0,, G5! = 9;G*" and G} = 0x G
Using relation (25) we have

G5 = ;6" = SIG] + Mj)
where 9; M? = M}, and

k= WGy = SIGH + M)
where BkM; = M;k

Using equation (30) and (31) in (29), we have

J?
7
2165 M, + MIGY, — GEM}, — MG, ]+ (MM, — MM} ]

*7

J 7 T 1 ) ) ral ral
ik = 5[8ij - 0;Gi] + 5[3ij - 0; M| + —[G}GY, — GG, ]
+

From equation (27) we have
R
R*

= L*m*i(l;mz — lymj).
In view of (1), (2), (13) and (16), we have

*7

ik
L*R*

= D/\eg(m)mi(ljmk —lym;j) + D/\mi(bjmk — brm,)
+(El 4 pe”@mi (10 — lxbj)
+Fa) N (Limy — lymj) e @ (Liby, — lkb;) + A(bjmy — bym;)]

Using (26), (28), (32) and (33), we have

1 J 0 7 1 1 1 J2 T Y i)
ﬁ(g[aij = 0iGE + 5 [0uMj = O My + -GGl — GG,
J s 7 T is 7 T T T T 1
+§[Gijr+Mj kr_Gijr_Mijr]+[Mijr_Mijr])
DMt

= =L (OhG) — 0,G} + GGl = GRGly) + (7L + ) (ue” i (1,

—1kb;) + DXt (bymy, — bymy) + (EI' + Fa')[Ae” ™ (1;my, — lmy)
—|—ue”(m)(ljbk — lka) + )\(bjmk — bka)])

27

(32)

(33)

Theorem 5.1 Let F*" = (M™, L*) be an n-dimensional Finsler space obtained from the Ran-

ders conformal change of the Finsler space F™ = (M™, L), then the relationship between scalar

curvatures of the Finsler space F*? and F? is given by (34).

Corollary 5.1 Foro(x) =0, i.e. for Randers change, the relationship between scalar curvatures
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of the Finsler space F*% and F? is given as [10]:

1 Jl i i 1 i 7 J2 I} T Y

R*( [OkG; — 0;G] + 5[‘9le3‘ — 0; My + Il[Gj ke — GG, ]
+7[G§Mikr + M{] }écr - GZMI]T - M{kG_l]r] + [M{jMfkr - M{kMIZ]r])
- Dl/\Tl

i (00Gy = 0;Gy + GGy — GRGLy) + (L + B) (' (1by, — iby)
+DiAmt (bymy, — bem;) + (Erl' + Fra) A(lymg — lemj) + pa (b — 1ib;)
+A(bjmue — bim;)]),

where
L(L+p)"! L 1
P22 7 S (LS T
__L c __L"'ﬂ—z 27 -1 _ 32 _ L
Dl_L—FﬂC*’ El— ( I ) ()\H‘FMl(ﬁL b))v Fl_ulL—Fﬂ
and
M= SIGIL(L+ B2 +y6) + (L0 + AL+ 5) ')

H[L(L + B) g — L(L + B)2((y'b" +y"b") + (Lb* + B)(L + B) *y'y"]
x [y (2L8;by + 0;0,L + 280;b,. + b.0;L) — (Bl + (L + 8)9;bry7)]],

Mi; = 9;M;, Mj; = 0pMj;.

Corollary 5.2 For =0, i.e. for conformal change, the relationship between scalar curvatures

of the Finsler space F*2 and F? is given as:

1 1 ) 1 . . 1 . )
( [0kGY — 0;,G] + 5[3kM§j — 0; M3 + Z[G; er — GEG,

R*
+_[GT'M§IW + M2Tj 7];(:7" - GzMéjr - Mng;r] + [ngMékr - Mngggr])
D2AT2 7 i et} Il
R (akG - 0,G} + GGy, — GLGLy),
where o
T2 = 60(1), D2 = €_U(w)a
and
M = e 2@ gy [e”@ L9, (0,67 @)L 4+ €7 @1, (9,7 @) L] — 7@ L(D,e” @) L],
M3, = 0;Mj, M = 0, Mj,.
Corollary 5.3 For 8 = 0 and 0 = a non-zero constant i.e. for homothetic change, the

relationship between scalar curvatures of the Finsler space F*2 and F? is given as:

11 i i 1 i S D3\
22 (506G} = 0,Gi] + 1[G} G, — GLG5,)) = ==

where

(0kG} = 0;G}, + GGy — GRGLy),
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