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§1. Introduction

In 2010, Bo Zhou and Nenad Trinajstic [3] have introduced the sum-connectivity energy of

a graph as follows. Let G be a simple graph and let v1, v2, · · · , vn be its vertices. For i =

1, 2, . . . , n, let di denote the degree of the vertex vi. Then the sum-connectivity matrix of G is

defined as R = (Rij), where

Rij =


0, if i = j,

1√
di+dj

, if the vertices vi and vj are adjacent,

0, if the vertices vi and vj are not adjacent.

The sum-connectivity energy of G is defined as the sum of absolute values of the eigenvalues

of the sum-connectivity matrix of G arranged in a non-increasing order.

In the same year, Burcu Bozkurt, Dilek Güngör, Gutman and Sinan Çevik [2], have defined

the Randić energy of a graph G as the sum of the absolute values of the eigenvalues of the Randić

matrix (Rij) where

Rij =


0, if i = j,

1√
didj

, if the vertices vi and vj are adjacent,

0, if the vertices vi and vj are not adjacent.
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Motivated by these works, we introduce the Quotient of Randić and sum-connectivity

energy of a simple graph G as follows. Let a and b be two nonnegative real number with

a 6= 0. The quotient of Randić and sum-connectivity adjacency matrix of G is the n×n matrix

Aqrs = (aij) where

aij =


0, ifı = j,

1√
a(di+dj)

b(didj)

, if the vertices vi and vj are adjacent,

0, if the vertices vi and vj are not adjacent.

The eigenvalues of the graph G are the eigenvalues of Aqrs. Since Aqrs is real and

symmetric, its eigenvalues are real numbers which are denoted by λ1, λ2, λ3, · · · , λn, where

λ1 ≥ λ2 ≥ λ3 ≥ ... ≥ λn. Then the Quotient of Randić and sum-connectivity energy of G is

defined as

Eqrs(G) =

n∑
i=1

| λi | .

Since Aqsr is a real symmetric matrix, we have

n∑
i=1

λi = tr(Aqsr) = 0 (1)

and
n∑
i=1

λ2i = tr(A2
qsr) =

n∑
i=1

n∑
j=1

a2ij = 2
∑
i∼j

b(didj)

a(di + dj)
(2)

In this paper we obtain the upper and lower bounds for Eqsr(G) and compute the Eqrs(G)

of complete graph, star graph, complete bipartite graph, the (Sm ∧ P2) graph.

§2. Upper and Lower Bounds for Eqrs(G)

In this section we obtain Upper and lower bounds for Eqsr(G).

Theorem 2.1 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a 6= 0. Then

Eqrs(G) ≤

√√√√2n
∑
i∼j

b(didj)

a(di + dj)
. (3)

Proof Let λ1, λ2, λ3, · · · , λn, be the eigenvalues of Aqrs. Then using (2) and the Cauchy-

Schwartz inequality, we have (
n∑
i=1

aibi

)2

≤

(
n∑
i=1

a2i

)
.

(
n∑
i=1

b2i

)
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with ai = 1, bi =| λi |. We obtain

Eqrs(G) =

n∑
i=1

|λi| =

√√√√(

n∑
i=1

|λi|)2 ≤

√√√√n

n∑
i=1

λ2i =

√√√√2n
∑
i∼j

b(didj)

a(di + dj)
. �

Theorem 2.2 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a 6= 0. Then

Eqrs(G) ≥ 2

√√√√∑
i∼j

b(didj)

a(di + dj)
. (4)

Proof From (1), we have

n∑
i=1

λ2i + 2
∑

1≤i<j≤n

λiλj = 0

and therefore

−
n∑
i=1

λ2i = 2
∑

1≤i<j≤n

λiλj . (5)

Thus

(Eqrs(G))
2

=

(
n∑
i=1

|λi|

)2

=

n∑
i=1

λ2i + 2
∑

1≤i<j≤n

|λiλj |

≥
n∑
i=1

λ2i + 2

∣∣∣∣∣∣
∑

1≤i<j≤n

λiλj

∣∣∣∣∣∣ = 2

n∑
i=1

λ2i

on using (5). This together with (2) implies that

(Eqrs(G))
2 ≥ 4

∑
i∼j

b(didj)

a(di + dj)
,

which gives (4). �

§3. Quotient of Randić and Sum-Connectivity Energies of Some Families of Graphs

We begin with some basic definitions and notations.

Definition 3.1([4]) A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by Kn.

Definition 3.2([4]) A bigraph or bipartite graph G is a graph whose vertex set V (G) can be

partitioned into two subsets V1 and V2 such that every line of G joins V1 with V2. (V1, V2) is a
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bipartition of G. If G contains every line joining V1 and V2, then G is a complete bigraph. If

V1 and V2 have m and n points, we write G = Km,n. A star is a complete bigraph K1,n.

Definition 3.3([5]) The conjunction (Sm∧P2) of Sm = Km+K1 and P2 is the graph having the

vertex set V (Sm)×V (P2) and edge set {(vi, vj)(vk, vl)|vivk ∈ E(Sm) and vjvl ∈ E(P2) and 1 ≤
i, k ≤ m+ 1, 1 ≤ j, l ≤ 2}.

Now we compute Quotient of Randić and sum-connectivity energies of complete graph,

star graph, complete bipartite graph, the (Sm ∧ P2) graph.

Theorem 3.4 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of the complete bipartite graph Km,n is

2

√
b(mn)2

a(m+ n)
.

Proof Let the vertex set of the complete bipartite graph be V (Km,n) = {u1, u2, · · · , um, v1,
v2, · · · , vn}. Then the Quotient of Randić and sum-connectivity matrix of complete bipartite

graph is given by

Aqrs =



0 · · · 0
√

b(mn)
a(m+n) · · ·

√
b(mn)
a(m+n)

...
. . .

...
...

. . .
...

0 · · · 0
√

b(nm)
a(m+n) · · ·

√
b(mn)
a(m+n)√

b(mn)
a(m+n) · · ·

√
b(mn)
a(m+n) 0 · · · 0

...
. . .

...
...

. . .
...√

b(mn)
a(m+n) · · ·

√
b(mn)
a(m+n) 0 · · · 0


.

Its characteristic polynomial is

|λI −Aqrs| =

∣∣∣∣∣∣ λIm −
√

b(mn)
a(m+n)J

T

−
√

b(mn)
a(m+n)J λIn

∣∣∣∣∣∣ ,
where J is an n×m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by

∣∣∣∣∣∣ λIm −
√

b(mn)
a(m+n)J

T

−
√

b(mn)
a(m+n)J λIn

∣∣∣∣∣∣ = 0,

which can be written as
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|λIm|

∣∣∣∣∣λIn −
(
−

√
b(mn)

a(m+ n)
J

)
Im
λ

(
−

√
b(mn)

a(m+ n)
JT

)∣∣∣∣∣ = 0.

On simplification, we obtain

λm−n(
(a(m+n)
b(mn)

)n ∣∣∣∣a(m+ n)

b(mn)
λ2In − JJT

∣∣∣∣ = 0,

which can be written as

λm−n(
a(m+n)
b(mn)

)nPJJT

(
a(m+ n)

b(mn)
λ2
)

= 0,

where PJJT (λ) is the characteristic polynomial of the matrix mJn. Thus, we have

λm−n(
a(m+n)
b(mn)

)n ((a(m+ n)

b(mn)

)
λ2 −mn

)(
a(m+ n)

b(mn)
λ2
)n−1

= 0,

which is same as

λm+n−2
(
λ2 − b(mn)2

a(m+ n)

)
= 0.

Therefore, the spectrum of Km,n is given by

Spec (Km,n) =

 0
√

b(mn)2

a(m+n) −
√

b(mn)2

a(m+n)

m+ n− 2 1 1

 .

Hence the quotient of Randić and sum-connectivity energy of the complete bipartite graph is

Eqrs(Km,n) = 2

√
b(mn)2

a(m+ n)
,

as desired. �

Theorem 3.5 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of the Sn is

2

√
b(n− 1)2

an
.

Proof Let the vertex set of star graph be given by V (Sn) = {v1, v2, . . . , vn}. Then the

quotient of Randić and sum-connectivity matrix of the star graph Sn is given by
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Aqrs =



0
√

b(n−1)
an

√
b(n−1)
an · · ·

√
b(n−1)
an

√
b(n−1)
an√

b(n−1)
an 0 0 · · · 0 0√

b(n−1)
an 0 0 · · · 0 0
...

...
...

. . .
...

...√
b(n−1)
an 0 0 · · · 0 0√

b(n−1)
an 0 0 · · · 0 0


.

Hence the characteristic polynomial is given by

|λI −Aqrs| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ −
√

b(n−1)
an −

√
b(n−1)
an · · · −

√
b(n−1)
an

−
√

b(n−1)
an λ 0 · · · 0

−
√

b(n−1)
an 0 λ · · · 0

...
...

...
. . .

...

−
√

b(n−1)
an 0 0 · · · λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

(√
b(n− 1)

an

)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ 0 · · · 0 0

−1 0 µ · · · 0 0
...

...
...

. . .
...

...

−1 0 0 · · · µ 0

−1 0 0 · · · 0 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where, µ = λ
√

an
b(n−1) . Then

|λI −Aqrs| = φn(µ)

(√
b(n− 1)

a(m+ n)

)n
,

where

φn(µ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

1 µ 0 · · · 0 0

1 0 µ · · · 0 0
...

...
...

. . .
...

...

1 0 0 · · · µ 0

1 0 0 · · · 0 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.
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Using the properties of the determinants, we obtain after some simplifications

φn(µ) = (µφn−1(µ)− µn−2).

Iterating this, we obtain

φn(µ) = µn−2(µ2 − (n− 1)).

Therefore

|λI −Aqrs| =

(√
b(n− 1)

an

)n ((
an

b(n− 1)
)λ2 − (n− 1)

)(
λ

√
b(n− 1)

an

)n−2 .
Thus the characteristic equation is given by

λn−2
(
λ2 − b(n− 1)2

an

)
= 0.

Hence

Spec (Sn) =

 0
√

b(n−1)2
an −

√
b(n−1)2
an

n− 2 1 1

 .

Hence the quotient of Randić and sum-connectivity energy of Sn is

Eqrs(Sn) = 2

√
b(n− 1)2

an
. �

Theorem 3.6 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of Kn is

2(n− 1)

√
(n− 1)b

a2
.

Proof Let the vertex set of Complete graph be given by V (Kn) = {v1, v2, · · · , vn}. Then

the quotient of Randić and sum-connectivity energy of matrix of the complete graph Kn is

given by

Aqrs =


0

√
(n−1)2b
a2(n−1) · · ·

√
(n−1)2b
a2(n−1)√

(n−1)2b
a2(n−1) 0 · · ·

√
(n−1)2b
a2(n−1)

...
...

. . .
...√

(n−1)2b
a2(n−1)

√
(n−1)2b
a2(n−1) · · · 0

 .
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Hence the characteristic polynomial is given by

|λI −Aqrs| =

∣∣∣∣∣∣∣∣∣∣∣∣

λ −
√

(n−1)2b
a2(n−1) · · · −

√
(n−1)2b
a2(n−1)

−
√

(n−1)2b
a2(n−1) λ · · · −

√
(n−1)2b
a2(n−1)

...
...

. . .
...

−
√

(n−1)2b
a2(n−1) −

√
(n−1)2b
a2(n−1) · · · λ

∣∣∣∣∣∣∣∣∣∣∣∣

=

(√
(n− 1)2b

a2(n− 1)

)n
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
,

where µ = λ
√

a2(n−1)
(n−1)2b . Then

|λI −Aqrs| = φn(µ)

(√
(n− 1)2b

a2(n− 1)

)n
,

where

φn(µ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

0 0 0 · · · −1− µ µ+ 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= (µ+ 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 −1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
+ (µ+ 1)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

µ −1 −1 · · · −1 −1

−1 µ −1 · · · −1 −1

−1 −1 µ · · · −1 −1
...

...
...

. . .
...

...

−1 −1 −1 · · · µ −1

−1 −1 −1 · · · −1 µ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
.

A calculation shows that

φn(µ) = −(µ+ 1)n−1 + (µ+ 1)
[
(µ+ 1)n−2(µ− (n− 2))

]
= −(µ+ 1)n−1 + (µ+ 1)n−1(µ− (n− 2)).



96 Puttaswamy and C. A. Bhavya

Iterating this, we obtain φn(µ) = µn−2(µ2− (n− 1)). Thus, the characteristic equation is given

by (√
(n− 1)2b

a2(n− 1)

)n
(µ+ 1)n−1(µ− (n− 1)) = 0.

Hence the quotient of Randić and sum-connectivity energy of Kn is

Eqrs(Kn) = 2(n− 1)

√
(n− 1)b

a2
. �

Theorem 3.7 Let a and b be two nonnegative real number with a 6= 0. Then the quotient of

Randić and sum-connectivity energy of (Sm ∧ P2) is

4

√
b(n− 1)2

an
.

Proof Let the vertex set of (Sm∧P2) graph be given by V (Sm∧P2) = {v1, v2, · · · , v2m+2}.
Then the quotient of Randić and sum-connectivity matrix of (Sm ∧ P2) graph is given by

Aqrs =



0 0 · · · 0 0
√

b(n−1)
an · · ·

√
b(n−1)
an

0 0 · · · 0
√

b(n−1)
an 0 · · · 0

...
...

. . .
...

...
...

. . .
...

0 0 · · · 0
√

b(n−1)
an 0 · · · 0

0
√

b(n−1)
an · · ·

√
b(n−1)
an 0 0 · · · 0√

b(n−1)
an 0 · · · 0 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...√
b(n−1)
an 0 · · · 0 0 0 · · · 0


2n×2n

,

where, m+ 1 = n.

Its characteristic polynomial is given by

|λI − Aqrs| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

λ 0 · · · 0 0 −
√

b(n−1)
an · · · −

√
b(n−1)

an

0 λ · · · 0 −
√

b(n−1)
an 0 · · · 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.
.
.
.

. . .
.
.
.

0 0 · · · λ −
√

b(n−1)
an 0 · · · 0

0 −
√

b(n−1)
an · · · −

√
b(n−1)

an λ 0 · · · 0

−
√

b(n−1)
an 0 · · · 0 0 λ · · · 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.
.
.
.

. . .
.
.
.

−
√

b(n−1)
an 0 · · · 0 0 0 · · · λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

.
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Hence, the characteristic equation is given by

(√
b(n− 1)

an

)2n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 · · · 0 0 −1 · · · −1

0 Λ · · · 0 −1 0 · · · 0
...

...
. . .

...
...

...
. . .

...

0 0 · · · Λ −1 0 · · · 0

0 −1 · · · −1 Λ 0 · · · 0

−1 0 · · · 0 0 Λ · · · 0
...

...
. . .

...
...

...
. . .

...

−1 0 · · · 0 0 0 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

= 0,

where

Λ =

√
na

(n− 1)b
λ.

Let

φ2n(Λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · 0 0 −1 −1 · · · −1

0 Λ 0 · · · 0 −1 0 0 · · · 0

0 0 Λ · · · 0 −1 0 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

0 0 0 · · · Λ −1 0 0 · · · 0

0 −1 −1 · · · −1 Λ 0 0 · · · 0

−1 0 0 · · · 0 0 Λ 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

−1 0 0 · · · 0 0 0 0 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2n×2n

= (−1)2n+2nΛ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · 0 0 −1 −1 · · · −1

0 Λ 0 · · · 0 −1 0 0 · · · 0

0 0 Λ · · · 0 −1 0 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

0 0 0 · · · Λ −1 0 0 · · · 0

0 −1 −1 · · · −1 Λ 0 0 · · · 0

−1 0 0 · · · 0 0 Λ 0 · · · 0
...

...
...

. . .
...

...
...

...
. . .

...

−1 0 0 · · · 0 0 0 0 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2n−1)×(2n−1)
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+(−1)2n+2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 · · · 0 0 −1 · · · −1 −1

Λ 0 0 · · · 0 −1 0 · · · 0 0

0 Λ 0 · · · 0 −1 0 · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · Λ −1 0 · · · 0 0

−1 −1 −1 · · · −1 Λ 0 · · · 0 0

0 0 0 · · · 0 0 Λ · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · 0 0 0 · · · Λ 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2n−1)×(2n−1)

.

Let

Ψ2n−1(Λ) = (−1)2n+2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 0 0 · · · 0 0 −1 · · · −1 −1

Λ 0 0 · · · 0 −1 0 · · · 0 0

0 Λ 0 · · · 0 −1 0 · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · Λ −1 0 · · · 0 0

−1 −1 −1 · · · −1 Λ 0 · · · 0 0

0 0 0 · · · 0 0 Λ · · · 0 0
...

...
...

. . .
...

...
...

. . .
...

...

0 0 0 · · · 0 0 0 · · · Λ 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(2n−1)×(2n−1)

Using the properties of the determinants, we obtain, after some simplifications

Ψ2n−1(Λ) = −Λn−2Θn(Λ),

where,

Θn(Λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · −1

0 Λ 0 · · · −1

0 0 Λ · · · −1
...

...
...

. . .
...

−1 −1 −1 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
n×n

.

Then,

φ2n(Λ) = −Λn−2Θn(Λ) + Λφ2n−1(Λ).

Now, proceeding as above, we obtain
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φ2n−1(Λ) = (−1)(2n−1)+2Ψ2n−2(Λ) + (−1)(2n−1)+(2n−1)Λφ2n−2(Λ)

= −Λn−3Θn(Λ) + Λφ2n−2(Λ).

Proceeding like this, we obtain at the (n− 1)th step

φ2n(Λ) = −(n− 1)Λn−2Θn(Λ) + Λ(n−1)ξn+1(Λ),

where,

ξn+1(Λ) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

Λ 0 0 · · · 0

0 Λ 0 · · · −1

0 0 Λ · · · −1
...

...
...

. . .
...

0 −1 −1 · · · Λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(n+1)×(n+1)

.

A calculation shows that

φ2n(Λ) = −(n− 1)Λn−2Θn(Λ) + Λn−1ΛΘn(Λ)

= −(n− 1)Λn−2Θn(Λ) + ΛnΘn(Λ)

=
(
Λn − (n− 1)Λn−2

)
Θn(Λ).

Using the properties of the determinants, we obtain

Θn(Λ) = Λn − (n− 1)Λn−2.

Thus,

φ2n(Λ) =
(
Λn − (n− 1)Λn−2

)2
.

Hence characteristic equation becomes(√
b(n− 1)

an

)2n

φ2n(Λ) = 0,

which is the same as (√
b(n− 1)

an

)2n (
Λn − (n− 1)Λn−2

)2
= 0

and reduces to

λ2n−4
(

na

b(n− 1)
λ2 − (n− 1)

)2

= 0.
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Therefore,

Spec ((Sm ∧ P2)) =

 0
√

b(n−1)2
na+(n−1)b −

√
b(n−1)2
na

2n− 4 2 2

 .

Hence the quotient of Randić and sum-connectivity energy of (Sm ∧ P2) graph is

Eqrs((Sm ∧ P2)) = 4

√
b(n− 1)2

na
. �
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