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Abstract: In this paper we define the quotient of Randi¢ and sum-connectivity energy
of a graph. Then we obtain upper and lower bounds for Eqrs(G), quotient of Randi¢ and
sum-connectivity energy of a graph. Further we compute the quotient of Randi¢ and sum-
connectivity energies of complete graph, star graph, complete bipartite graph, the (Sy, A P2)
graph.
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§81. Introduction

In 2010, Bo Zhou and Nenad Trinajstic [3] have introduced the sum-connectivity energy of
a graph as follows. Let G be a simple graph and let vy, va,--- ,v, be its vertices. For ¢ =
1,2,...,n, let d; denote the degree of the vertex v;. Then the sum-connectivity matrix of G is
defined as R = (R;;), where

0, if 1 = 4,
_ % . . . . .
R;; = o if the vertices v; and v; are adjacent,
0, if the vertices v; and v; are not adjacent.

The sum-connectivity energy of G is defined as the sum of absolute values of the eigenvalues
of the sum-connectivity matrix of G arranged in a non-increasing order.

In the same year, Burcu Bozkurt, Dilek Giingor, Gutman and Sinan Cevik [2], have defined
the Randi¢ energy of a graph G as the sum of the absolute values of the eigenvalues of the Randi¢

matrix (R;;) where

0, if 1 = j,
R;j = dlidj , if the verticesv; and v; are adjacent,
0, if the vertices v; and v; are not adjacent.
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Motivated by these works, we introduce the Quotient of Randi¢ and sum-connectivity
energy of a simple graph G as follows. Let a and b be two nonnegative real number with
a # 0. The quotient of Randi¢ and sum-connectivity adjacency matrix of G is the n x n matrix

Agrs = (a;5) where

0, ifi =7,
o —L___if the vertices v; and v; are adjacent,
Q5 = a(di+d;)
b(d;d;)
0, if the vertices v; and v; are not adjacent.

The eigenvalues of the graph G are the eigenvalues of Ag.s. Since Agps is real and
symmetric, its eigenvalues are real numbers which are denoted by A1, As, A3, -, A,, where
A1 > A2 > A3 > ... > \,. Then the Quotient of Randi¢ and sum-connectivity energy of G is

defined as
Eqrs( Z | A |-

Since Agq is a real symmetric matrix, we have

Z Agsr) =0 (1)

and

ZALM«A;T 22073*22 d+d (2)

1=1 j=1

In this paper we obtain the upper and lower bounds for Ey,(G) and compute the E,,4(G)
of complete graph, star graph, complete bipartite graph, the (S,, A P») graph.

§2. Upper and Lower Bounds for E,.;(G)

In this section we obtain Upper and lower bounds for Eye, (G).

Theorem 2.1 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a # 0. Then

NCEEREDS fédfd)) | X

Proof Let A1, A2, A3, , Ay, be the eigenvalues of Ayrs. Then using (2) and the Cauchy-

Schwartz inequality, we have

(&) <(5) (59
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with a; = 1, b; =| \; |. We obtain

n " n b(d;d;)
Eps(G) =Nl =[O < ([nd) M= 2n2a(£l+ad'), O
i=1 i~j g J

i=1 i=1

Theorem 2.2 Let G be a simple graph of order n with no isolated vertices and let a, b be two

nonnegative real number with a # 0. Then

Proof From (1), we have

ZA2+2 > AN =0

1<i<j<n

and therefore

—ZA2—2 3NN (5)

1<i<j<n

Thus

(Bqrs(G))” = (Z ) =D N2 D0

1<i<j<n

n

A2 42 AiA| =2 >\
i—1 g

1<i<j<n

%

on using (5). This together with (2) implies that

(Eqv'S(G))2 >4 Z m’

which gives (4). O

83. Quotient of Randi¢ and Sum-Connectivity Energies of Some Families of Graphs

We begin with some basic definitions and notations.

Definition 3.1([4]) A graph G is said to be complete if every pair of its distinct vertices are

adjacent. A complete graph on n vertices is denoted by K.

Definition 3.2([4]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Va such that every line of G joins Vi with Va. (V1,V3) is a
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bipartition of G. If G contains every line joining V1 and Va, then G is a complete bigraph. If

Vi and Vo have m and n points, we write G = Kp, .. A star is a complete bigraph K1 .

Definition 3.3([5]) The conjunction (S APs) of Sy = K+ Ky and Py is the graph having the
vertex set V(Sy,) X V(P,) and edge set {(vi, v;)(vg, v)|vivy € E(Sp) and vju; € E(Ps) and 1 <
ik<m+1,1<j1<2}

Now we compute Quotient of Randi¢ and sum-connectivity energies of complete graph,

star graph, complete bipartite graph, the (S,, A P2) graph.

Theorem 3.4 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randié and sum-connectivity energy of the complete bipartite graph K, , is

Proof Let the vertex set of the complete bipartite graph be V (K, ) = {u1,u2, -« tUm, v1,
Vg, - ,Un}. Then the Quotient of Randi¢ and sum-connectivity matrix of complete bipartite

graph is given by

b(mn) b(mn)
0 0 a(m+n) a(m-+n)
b(nm) b(mn)
Y 0 .. 0 ) s
e blmn) b(mn) 0 e 0
a(m+n) a(m+n)
b(mn) b(mn)
a(m+n) a(m-+n) 0 0

Its characteristic polynomial is

N b(mn) T
|)\] — Aqm| — ‘ ):izn) V a(ern)J ,
- \V a(ern)J )\In

where J is an n X m matrix with all the entries are equal to 1. Hence the characteristic equation

is given by

i b(mn) T
Y atmm | _

b(mn)
'V a(m+n) J Al

which can be written as
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|/\Im|

(| _b(mn) LI (] b(mn) _
Aln ( a(m—i—n)J) A ( a(m—l—n)J >‘ 0

On simplification, we obtain

)\mfn
_|almtn) ey gt 2,
(a(m+n)) b(mn)
( b(mn)
which can be written as

Ao alm+n) o
——P —A = 0
(a(m+n))n JIT < b(mn) ’

b(mn)

where Py r () is the characteristic polynomial of the matrix ,,.J,. Thus, we have
m— n—1
Am—n n a(m+n) A2 — a(m+n))\2 —0,
(a(er'r)L)) b(mn) b(mn)
b(mn

which is same as

Therefore, the spectrum of K,, ,, is given by

0 b(mn)?2 [/ b(mn)?
Spec (Km.n) = \/a(m+n) \/a(m+n)
m+mn—2 1 1

Hence the quotient of Randi¢ and sum-connectivity energy of the complete bipartite graph is

b(mn)?

Eqrs(Km,n) = ma

as desired. 0

Theorem 3.5 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randi¢ and sum-connectivity energy of the S, is

b(n —1)2
an

2

Proof Let the vertex set of star graph be given by V(S,) = {v1,v2,...,v,}. Then the
quotient of Randi¢ and sum-connectivity matrix of the star graph S, is given by
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bn=1) 0 0 . 0 0

bn—1) 0 0 . 0 0
Aqrs = .

bn—1) 0 0 . 0 0

bn=1) 0 0 e 0 0

an

Hence the characteristic polynomial is given by

b(n—1) b(n—1) b(n—1)
A 7\/ an 7\/ an T an
—y/n=t) A 0 0
‘)\I - Aqrsl = | — b(z;l) 0 A 0
_[fb(n=1) 0 0 A
poo—1 —1 - -1 -1
-1 0 0 0
B bn—1\ | -1 0 p 0 0
n an
1 0 0 uo 0
1 0 0 0 u

where, = A % Then

b(n—1)
|)‘I_ Aqrs' = ¢n(u) < b(n_l))> )

where

po -1 -1 -1 -1
1 0 0 0
1 0 " 0 0
1 0 0 0
1 0 0 0 7!
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Using the properties of the determinants, we obtain after some simplifications

bn(1) = (udn_1(p) — p"~2).

Iterating this, we obtain

Therefore

Thus the characteristic equation is given by

A2 <A2 — b(”_l)2> =0.

an

Hence

0 [b(n=1)2 _ [b(n—1)2
Spec (Sp) = ) la" . an .

n —

Hence the quotient of Randi¢ and sum-connectivity energy of S, is

5 [b(n—1)2
EqTS(Sn) =2 T D

Theorem 3.6 Let a and b be two nonnegative real number with a # 0. Then the quotient of
Randié¢ and sum-connectivity energy of K, is

(n—1)b

2(n—1) )

Proof Let the vertex set of Complete graph be given by V(K,) = {v1,vs, -+ ,v,}. Then

the quotient of Randi¢ and sum-connectivity energy of matrix of the complete graph K, is
given by

0 (n—1)2b (n—1)2b

a2(n—-1) a2(n—1)

(n—1)2b 0 o (n—1)2b

Aqrs _ aQFn—l) a2(n—1)

(n—1)2b (n—1)2b 0
a2(n—1) a2(n—1)
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Hence the characteristic polynomial is given by

where © = A

where

bn ()

no —1
-1 u
-1 -1
-1 -1
-1 -1

A
[ (n=1)%b
|AI—Aq7-S| _ a.2(n71)
(n—1)%b
a2(n—1)
B (n—1)2b
N a2(n —1)
a2(n—1
(n71)213' Then
A — Agrs| = dn(p) <
wo -1 —1 -1 -1
-1 pn -1 -1 -1
-1 -1 pu -1 -1
-1 -1 -1 no -1
-1 -1 -1 -1 pu
v -1 -1
-1 p -1
-1 -1 pu
(n+1)
-1 -1 -1
-1 -1 -1

¢n(u) =

I
-1
-1
-1
0
-1 -1
-1 -1
-1 -1
no -1
-1 -1

-1
-1

a2(n — 1)

-1 -1
uwo -1
-1 u
-1 -1
0 0
+(p+1)

(n—1)2b>"

(n—1)2b
“V a2(n-1)
(n—1)2b
a2(n—1)
A
-1 -1
-1 -1
-1 -1
no -1
-1 u
-1 —1
-1 -1
-1 -1
o —1
—1—-—p p+1
v -1 -1
-1 pu -1
-1 -1 pu
-1 -1 -1
-1 -1 -1
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Iterating this, we obtain ¢, (1) = u" 2(u? — (n —1)). Thus, the characteristic equation is given
by

(n—1)% 1
AL )" —(n—1))=0.
( 2= 1) (p+1)""(p—(n—1))
Hence the quotient of Randi¢ and sum-connectivity energy of K, is

(n—1)b

O
a2

Eqrs(Kn) = 2(” - 1)

Theorem 3.7 Let a and b be two nonnegative real number with a # 0. Then the quotient of

Randi¢ and sum-connectivity energy of (Sm A Pa) is

b(n —1)2
an

4

Proof Let the vertex set of (S,, A Py) graph be given by V(S,, A P2) = {v1,v2, -+, Vamt2}-
Then the quotient of Randi¢ and sum-connectivity matrix of (S,, A Py) graph is given by

0 0 . 0 0 % . %
0 0 . 0 b(Z:) 0 . 0
N 0 0 - 0 bn—1) 0 0
qrs — )
0 Bn—1) bn—1) 0 0 0
b(n—1)
= 0 0 0 0 0
b(zgl) 0 . 0 0 0 e 0

2nx2n

where, m + 1 =n.

Its characteristic polynomial is given by

A 0 0 0 ,1/% ,1/%
0 A 0 ,1/% 0 0

I — Ay 0 0 A _‘/% 0 0
— Agrs =
0 ,,/% ,\/@ 0 0

>

|

S
of3

31
-

o

o

=)

>

=)

_,/n=1) 0 0 0 0 A
an 2nX2n
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Hence, the characteristic equation is given by

A 0 0 0 -1 -1
0 A 0O -1 0 0
2

bn—1)\ |0 0 -~ A -1 0 - 0 .
an O -1 --- =1 A 0 --- 0 7

-1 0 0 0 A 0

-1 0 0 0 0 A

2nx2n
where
na
A= A
(n—1)b
Let
A 0 0 0 0o -1 -1 -1
0 A 0 0O -1 0 0 0
0 0 A 0 -1 0 0 0
Pan(A) = o 0 0 -~ A -1 0 0 - 0
0o -1 -1 -1 A 0 0 0
-1 0 0 0 0 A 0 0
-1 0 0 0 0 0 0 A
2nxX2n
A 0 0 0 o -1 -1 —1
0 A 0 0O -1 0 0 0
0 0 A 0O -1 0 0 0
= (-D*™"Al'0 0 0 - A -1 0 0 - 0
o -1 -1 -1 A 0 0 0
-1 0 0 0 0 A 0 0
-1 0 0 0 0 0 0 A
(2n—1)x(2n—1)
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0 0 0 0 0 -1 -1 -1
A 0 0 0 -1 0 0 0
0 A 0 0 -1 0 0 0
+(-)**2' o0 0o 0 -~ A -1 0 -~ 0 0
-1 -1 -1 -1 A 0 0 0
0 0 0 0 0 A 0 0
0 0 0 0 0 0 A O
(2n—1)x(2n—1)
Let
0 0 0 0 0 -1 -1 -1
A 0 0 0 -1 0 0 0
0 A 0 0 -1 0 0 0
Vo q(A) = D2 0 0o 0 -~ A -1 0 -~ 0 0
1 -1 -1 -1 A 0 0 0
0 0 0 0 0 A 0 0
o 0 0 -~ 0 0 0 -+ A 0
(2n—1)x(2n—1)

Using the properties of the determinants, we obtain, after some simplifications

\11271,—1(/\) == *An72@n(A)a

where,
A0 O -1
0 A O -1
0,A)=| 0 0 A -1
-1 -1 -1 A
nxn
Then,

Pan(A) = —A"720,,(A) + Ada,_1(A).

Now, proceeding as above, we obtain
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bon_1(A) = (=1)CDH20, S (A) + (=1) DD NG, o (A)
= fAnf‘g@n(A) + Adan—_2(A).

Proceeding like this, we obtain at the (n — 1)* step

2n(A) = —(n — A" 20, (A) + A" Ve, 1 (M),

where,

A0 0 0
0O A O -1
oy )= 0 0 A - -1
0o -1 -1 A
(n+1)x(n+1)
A calculation shows that
don(A) = —(n—1)A"20,(A) + A"TAO,(A)

—(n—1)
= —(n—1)A""20,(A)+ A"0,(A)
= (A" —(n— 1)A"‘2) O,(A).
Using the properties of the determinants, we obtain
On(A) = A" — (n — 1)A" 2

Thus,
dan(A) = (A" — (n — 1)A"2)*.

Hence characteristic equation becomes

2n
( bm‘”) fon(A) =0,

an

which is the same as

an

( bn —1) ”) (A" — (n—1)A"2)* =0

and reduces to

Azt (b(n”“ G- - 1))2 —0.
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Therefore,

0 _b(n=1)2  _ [b(n=1)?
Spec ((Sm A P2)) = m \/T

2n —4 2 2

Hence the quotient of Randi¢ and sum-connectivity energy of (S,, A P») graph is

b(n —1)2

Eys(Sm A P2)) =4 o
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