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81. Introduction

For a simple graph G = (V(G), E(Q)), a vertex labeling of G is a mapping 0 : V(G) — Z of
non-negative integers that induces for each edge zy a label depending on 6(z) and 6(y). A

labeling is called a graceful labeling of a graph G if it satisfying three conditions following:

(1) Yu,v € V(Q), if u # v, then 6(u) # 0(v);

(it) maz{0(v)|v € V(G)} = [E(G)];

(#9i) For Ve = zy € E(Q), let O(e) = |0(x) — O(y)|. Then Vey,es € E(G), if €1 # ea, then
O(e1) # O(e2).

Many research works on graph labeling can be found in the reference [2], particularly,
graceful graphs. Gracefulness of some graph families can be also seen in references [4] — [10].
In this paper, we concentrate on the enumeration problem of graceful trees with given order.

Let K,, = (V, E) be a complete graph with n vertices v, ve, -+ ,v,. All edges of K,, can be
denoted by e;; = v;v;, where i,j € N ={1,2,--- ,n}), (i # j. We denote the vertex labeling of
v; by 6(v;), and label it with (v;) = i. Then all edges labeling are respective 6(v,v1) =n — 1,
O(vpv2) = n—2, O(vp_qvr) =n— 2, ,0(vpvp—1) = 1, O(vp—10p-2) = 1,-+- ,0(vav1) = 1.
Obviously, all edge labels 6(v;v;) make up (n — 1)! graceful graphs. Certainly, these graceful
graphs include disconnected and isomorphic graphs.

If all edges e;; correspond to coordinates (z;,y;) on a Euclidean plane by x; = i,y; = j for
1 <i<n,1<j<n, then there is a bijection between e;; and (z;,y;). Its diagram is a lower
triangle with y = x —a for a = 1,2,--- ,n— 1, and the graceful label 6(e) of an edge e is on the
oblique line y =z — a.

For example, let G = Kg. Its diagram can be found in Fig.1.1.
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Fig.1.1

In this diagram, if (e) = 1, then f(e) € {|lx —y| : 2—-1,3 —-2,4—3,5—-4,6 — 5}.
If 0(e) = 2, then 0(e) € {jJx —y| : 3—-1,4—-2,5-3,6—4}. --- |, If 6(e) = 6 — 1, then
O(e) € {|Jx —y| : 6 — 1}. In other words, there are 5 oblique lines on Fig.1 when n = 6. Suppose
these lines are L1, Lo, L3, La, Ls. Let (xy;,y1;) be a point on the plane with the coordinate
(x;,y;) and [ denotes | — th oblique line. Then {(x16,y11) = (6,1)} € L1, {(x25,921) =
(5,1), (w26,y22) = (6,2)} € L2, {(w34,y31) = (4,1), (w35, y32) = (5,2), (w36, y33) = (6,3)} € Ls,
o {(@s2,y51) = (2,1), (w53, y52) = (3,2), (54, 953) = (4,3), (w55,y54) = (5,4), (w56, y55) =
(6,5)} € Ls. Moreover, we define

Yir(y21 +y22)  Yn-1,1+ Yn—12 4+ + Yn—1,n-1) = Zy1j192j2 U Yn—14n-1> (1)

T1n(Tan—1 + T2n)  (Tn12+ Tn—13+ -+ Tpo1,n) = chljlwzjg S Tl G- (2)

The expansion of these polynomials (1) and (2) both have (n—1)! terms. Terms Hf;ll Ts, i,
and H?;ll Ys,..j,) in their expansion are called the correspondent term pair, denoted by (z,y) =
(Hf:_ll T, ins Hf:_ll Ys,..j» ). Then each pair (z,y) corresponds to a graceful graph as just ex-
plained.

In a labeling graph G, if a vertex labeling v; = n — ¢+ 1 is replaced by v; = 4, then all edge
labels are invariant. This kind of labeling are called equivalent, seeing in Fig 1.2 for details, in
where, (a — o’ and b — V).

1 2 3 n-1 n n-1 n-2 2 1 5 2 4 3
(b)
5 1 4 2 3
n 1
(a) (a') ()
Fig.1.2

For instance, choose n =4 in (1) and (2), i.e.,

y11(y21 + y22) (Y31 + ys2 + y33)
= Y11Y21Y31 + Y11Y21Y32 + Y11Y21Y33 + Y11Y22Y31 + Y11Y22Y32 + Y11Y22Y33
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z14(x23 + T24)(T32 + X33 + X34)

= 214223732 + 1423733 + T14T23T34 + T14T24T32 + L14T24T33 + T14T24T34

If (z,y) = (14223232, Yy11Y21Y31), We get 14 — y11 = 3,23 — Y21 = 2,32 — Y31 = 1. Hence
(z,y) is correspondent to a graceful star graph.

If (z,y) = (x14023%33, y11Y21Y32), we find x14 —y11 = 3,223 — Y21 = 2,233 — Y32 = 1, which
is correspondent to a graceful path graph.

If (z,y) = (x14%23734, Y11Y21Y33), we have x14 — y11 = 3,223 — y21 = 2,234 — Y33 = 1. It is
correspondent to a graceful triangular graph.

Notice that by definition, these two labeling in pairs (z,y) = (214724232, Y11Y22y31) and
(x,y) = (Z14223T34, Y11Y21Y33), (2,Y) = (1424233, Y11Y22Y32) and (x,y) = (x14T23T33, Y11Y21Y32),
(x,y) = (:C14:v24x34,y11y22y33) and (z,y) = (:c14:c23:c32,y11y21y31) are equivalent.

§82. The Enumeration of Graceful Trees
For enumerating graceful trees, a well-known result is useful.

Lemma 2.1([3]) Let T = {t1,t2, -+ ,tn—1} be a set of n — 1 involutions on N = {1,2,--- ,n}.
Then the product tits - - t,—1 is an n-cyclic permutation if and only if (N,T) is a tree.

From Lemma 2.1 we obtain a result in the following.

Theorem 2.1 Let (z,y) be a correspondent term pair. If it is an n-cyclic permutation, then

(z,y) corresponds to a graceful tree.

Proof From the formulae (1) and (2), we have y11 and 21, — (1n, y11), Y21 and 2 ,—1 —
(x2,n—1,Y21), Y22 and z2,, — (T2, Y22), - - - etc.. They satisfy y =z —a,a =1,2,--- ,n—1. So
(z,y) = ([1'Z) @sr i, [1721 Ys, g ), namely {0(z,y)} = {1,2,--- ,n — 1}}. Now if it is n- cyclic
permutation (not exist less than n), then it is correspondent to a connected graph of n vertices
with n — 1 edges by the Lemma 2.1. Therefore it is a graceful tree. O

Corollary 2.1 A correspondent term pair (x,y) is a graceful tree only if

n—1 n—1
i=1 7j=1

Define a matrix A by

A= [awy]v

where az, = (x,y). This matrix shows that there are (n — 1)!/2 labeling ways on graceful
graphs, but in which (n — 2)!/2 labeling ways are equivalent. We need to delete the pair (2,n)
in the matrix A. This is tantamount to cancel equivalent labeling. In addition, the three pairs
(1,n),(1,n—1) and (n—1,n) consist of a 3-cyclic with an edge set {€1, €1,n—1,€n—1,n}. In other

words, there are (n — 2)!/2 graceful graphs contain 3-cyclic with edge e,,—1 5, correspondent to
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the pair (n — 1,n). Hence cancel the pair (n — 1,n) in the matrix A. So we get a new matrix
A’ from A.
According to the previous discussions, define a permutation

T(n): Yyr Y2 0 Yn—1 ,

Ty T2 - Tp-—1

where y1 = yo = 1,21 = n,x9 =n — 1. Then we have the next result.

Theorem 2.2 For an integer n > 3,
(1) if Yir1 = yi or yiy1 = yi + 1 for all indexes i, then T'(n) corresponds to a graceful tree;
(ii) if there is an integer k such that y; = yi+1 and Yivo = Yi+ 1, Yits = Yi +2,-+ , Yitk =
yi +k — 1, rearrange y; such that the j-th entry is yé <jfori+2<j<i+k and define

3:; = y; +mn —j. Then the new pair (',y") , namely

L1 ys yh o Ynoa

T'(n) = o
n n—1 x5 xy -+ =

is still correspondent to a graceful tree.

Proof Thecaseof y3 =y4y = -+ =yp1 =landz; =n—i+1,0=3,4,---,n—11is
trivial,which corresponds to a star tree.

We verify Theorem 2.2(7) in the first. When y1 = yo = 1,21 = n,290 =n — 1, 80 v1, 0,1
and v, three vertices consist of a path. When y; = y;11,2; = y; + n — i, then ;41 = y; +
n—i1—1=x; —1. When y,41 =y, + 1,2, = y; + n — 1, then x;41 = x;. So for any integer
i,1 < i < n, we know that y;11 = y; + 1 — i1 = Ti; Yir1 = Yi — Tiy1 = x; — 1, e,
0 <|yit1 —uil <1,0 <|ajp1 — 2] <1and x,—1 — yn—1 = 1. Thereafter,

n—1 n—1
i=1 7j=1

Because three vertices vi,v,-1 and v, consist of a path. When y3 = yo = y1 = 1, we
obtain x3 = n — 2. So v,_2 and vy are connected. Similarly, if y3 = 2,23 =n — 1, vz and v,
are connected. In fact, for any integer i,1 < i < n, we have y;41 = y; — zjy1 = x; + 1 or
Yir1 = Yi + 1 — 2541 = x;. If y;41 = y;, then y,41 and y; corresponds to same vertex vg, i1
corresponds to vertex vy, vs and v, are connected, by x; = y; + n — 4. Similarly, if x;41 = z;,
then z;11 and z; corresponds to same vertex v:,y;4+1 corresponds to vertex vy, vs and v; are
connected. we know that 7T'(n) corresponds to a graceful tree by Lemma 2.1.

For Theorem 2.2(i%), let N ={1,2,--- ,n}. If y; = yiy1,2it1 = x; — 1 and yi12, Yiys,
yit+k are consecutive plus 1 of y;, then x40 = 243 = -+ = x4 = x;41. Since y;41 does
not participate in the rearrangement, we know that x;11 = y;41 + n — ¢ + 1. Notice that
Yit2, Yits, -, Yit+k participating in the rearrangement do not change these labels of n vertices.
Namely, the labeling set {1,2,--- ,n}is not dependent on x; 2, Z;13, -+ ,Zitk DY Tiyo = Tit3 =

- = Tiyk = Tip1. In fact, Yipo,Yits, -, Yitr correspond to k — 1 leaves of a tree, and
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min{z;} = xp_1 > max{y;} = yn—1,i = 1,2,---,n. If y;1, is replaced by yit,r—;(1 < j <

r—2) for 2 < i <k, then y4, > yi4r—;. We obtain x;H_j > Tipy—j = Ti+1, since there
/iJrrfj
change these y;;, correspondent to leaves. If ;. is replaced by yiyri;(1 < j < k—1), we

exists an s = x (x1 > x5 > w;41) correspondent to a vertex of a tree, which does not

obtain x§+r+j =Yiyr+n—1—7—j < Tigpr; = Tig1. If x§+r+j > x,_1, there exists an
/ e : . /

Te = :Ei+r+j(xi+1 >z > Xp—1). Now if Titrii < Yn—1, then there still exists a y; = Ty

Both of them do not change these y;, correspondent to leaves. Therefore,

1 1 Y A B

T'(n) = Y3 Ya Yn—1
n n—1 af 2 - =

still corresponds to a graceful tree. g

According to Theorem 2.2, the rearrangement on y; enable us to get new graceful tree, is
not equivalent to the original tree. We enumerate all rearrangement labeling on graceful trees

in the following.

Let T(12,22,32,--- k") denote a permutation
1 1 ys ya - Yn—
n n—1 x3 x4 -+ Tp_1 7

in which, y1 = y2,y3 = ya, -+ ,Y2i—1 = y2; = @ for i < k. Let E(T,,) denote the number of all
non-equivalent graceful trees of n vertices, and E (T}, k") denote the number of permutations
onk+1,k+2,--- ,n—k—ro+1satisfyingy; <iandz; =y, +n—ifork+1<i<n—k—ro+1.
Applying Theorem 2.2 we find the following result.

Theorem 2.3 For any integer n > 2, let E(T,,,K) = Elgkgg E(T,, k™). If n = 0(mod2),
then

E(T, K) = Za:z'"*”?(ii*l —1)-(i—2)!

1=2

8—1
bY@k (i) ) ok 2)
>

A
+ (2i—1)-(g—z‘)!+(a—1)zz‘!
=1 i=0
s
+ D i(a=2i+p+2)- (a—2i+p), (3)
1=1
where,
a=2pB=2y=2AX=2_1,p=0, if n=0(mod6);
a:nT_l’ﬁz%"Y nT_le)‘ n317P:17 if n=—2(mod6);
=1 pg=n2 y—n2 N n22 o ] if n = 2(mod6).
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If n = 1(mod2), then

E(Ty, K)

I
.
]
w
<
+
N
—~
e
T.
—
[y
~
—~
~
|
[N}
~—

e
+ ) @+ 1) (o i - 2)!

il n—1 a
+ Z(Qi—l)-(T—i)!—i-(o/—l);i!

+ i —2i4+p +2)- (o) =2i+p )N+ 5 +1, (4)

where,

n n—1 n-1 n—-1 n—-1 -+ n-—1

In fact, it is correspondent to a graceful tree(see Fig.2.1 below).

1 2 3 n-2
n n—1
Fig.2.1

If y3 # 2, then y3 = 3 because z; = y; + n — i and maz{x;} = n. Similarly, if y4 # 2 too,
then y4 = 4. If there is an integer r,3 < r < n — 1 such that y, = 2, then y; = 7,2; = n for
3 <i < r. In other word, only y3 = 2 or y3 = 3, and y4 is one element of the set {2,3,4} — {ys},
Y5 is one element of the set {2,3,4,5} — {ys,v4}, - - -. Continuing this process, y, 1 is uniquely
determined at the final. Hence the number of permutations is 2 x 2 x 2 x --- x 2 x 1 = 24,
When

3 1 1 1 2 3 oo on—3
TQ1®) =
n n—1 n—-2 n—-2 n—-2 -+ n—2
then choose an element y, in the set {2,3,4}, an element ys5 in the set {2,3,4,5} — {ya}, - .
Continuing in this manner, y,_» and y,_1 are 2 selectable. So the number of such permutations
is3x3x3x---x3x2=3"6.21



On the Number of Graceful Trees

Similarly, When

1 1 1 1 2 3 oo m—4
(1" =

n n—1 n—-2 n—-3 n—-3 n—3 n—3

we have E(T,,,1%) =4 x4 x4 x -+ x 4 x 3! = 4778 . 3] and generally,

2<r<g5 -1, niseven;
(e = 1)L (5)
2§r§"7_1, n is odd.
E(T,,1") =
7 —1<r<mn-—1, niseven;
(n—r—1),
”§1<T§n—1, n is odd.
In general, if k + [4] < 2 —1
3-151 n—k
E(T,, k") = Z A (S B Z (n—k—r)l,n is even;
r=k+1 T:%—f%]-i-l
[nT%] n—=k
B(To, k") = Y o2 M r—1)l+ Y (n—k—r),nisodd (6)
r=k+1 T:["T*’C]Jrl
Ifh+[E]>2-1
n—2k .
_ — 2k —r)l, s even;
BT, )= S O e g
S (n—=2k—7)!, nisodd
By (6) and (7), when n is even, define
3-141
fly=>_ pn=2r=ktl (p — 1)
r=k+1
with k € {2 — 1,251 — 1,2 — 1} Then we know that

(a) if n = 0(mod6), k = 5§ — 1, then

[ -1 =)’ G -k

(b) if n = —2(mod6), k = 21 — 1, then

w

(¢) if n = 2(mod6), k = 2 — 1, then

97
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Whence we obtain that

r<g r<
DOETH 4TI T I G = Y IR — 1) (i-2) (8)
i= =2

When n = 0(mod6),

n_q
6
(E 4D+ (240 + (240 + et (2 ) 572D i —1)!
p 3 3 3 3
S -1 iy
= —+i)((z+¢ - (= +i-2)L
e 3 3 3
We obtain that
3141
Z Tn—?r—k—i—l(,r, _ 1)|
k+[5]1<5—1 r=k+1
n n_q
° n—3i42(i—1 . | \ T N (22i41) no. . |
=>i (i —1)(@—2).+Z(§—|—z)((§+z) 5 ~D(g+i-2L ()
i=2 i=1
Similarly, when n = —2(mod6),
5-141
Z Z T,n—2r—k+1 (7‘ _ 1)|
k+[£1<g—1 r=Fk+l1
n—1
3 . .
_ Z Z-n—31+2(iz—1 _ 1)(2 _ 2)|
i=2
n—4
PO Pt e L gy (10)
= 3 3 i
and when n = 2(mod6),
3-151
Z Z ,r,n72r7k+1 (’f‘ _ 1)|
k+[E]<z—1 r=k+1
ntl
3 . .
_ Z in731+2(izfl _ 1)(2 _ 2)'
i=2
n—=_8
~n4+1  on+1l gy n+l
+ Y (g A (g + )T T (= i 2L (11)
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Now let
n—Fk
fi(k) = (n—Fk—r)!
r=3-[51+1
Similarly, we get that
(a) When n = 0(mod6), k = 5 — 1,
n—=k -1
Z (n—k—r)!:Zfl(i)
:ﬂ_[k]_,_l i=1

n__
-1

i@z - 1)(5 —i+ (g BN

=1 i=0

(b) When n = —2(mod6), k = 2L — 1

n—k %*1
Yoo n—k=n'= > fli)
r=%-[§]+1 i=1
n—4 n-l_9q
6 n—l 3
=S @i—D)( & i+ — -1 >l
i=1 i=0
(¢) When n = 2(mod6), k = 2 — 1,
n—k nTH*l
(n—k—r)!= f1(9)
r=4-[51+1 =1
52 -
1
=Y ei-nG -+ (- Y
=1 i=0
When k+ [5] > 5§ — 1. Let
n—2k
fok) =Y (n—2k—r)
r=1

We know that

(a)When n = 0(mod6), k > % — 1,

n

(3

> fak>

(b) When n = —2(mod6), k > 2+ — 1,

wl:
||
ﬁMm\s

2i + 2)(§ —2i)l.

(14)

(15)

99
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|a
o+
M

ng(kzngl): i(”;1_2¢+3)(”;1_2¢+1)!. (16)

.
Il

(c) When n = 2(mod6), k > 2 — 1,

3
N

v —
6

S halh = T = 3L i 1y
1

n+1

— 2 —1)l. (17)

3

Similarly, the discussion for the case n

To sum up, we obtain (3) by formulae (9), (10), (11), (12), (13), (14), (15), (16) and (17).
= 1(mod2) can be divided into three subcases, i.e.,
3

—1(mod6),k = 252, n = 3(mod6),k = % — 1 and n = 1(mod6), k = 252, and the formula

n=
(4) can be found as the formula (3). O

For example, E(Ts, K) = 10 when n = 6. We obtain 10 non-equivalent graceful trees by

permutations following.

1 1 2 3 4 1 1 2 4 3

— {e16, €15, €25, €35, €45 }; — {e16, €15, €25, €46, €34 };
6 5 5 5 5 6 5 5 6 4
1 1 3 2 4 1 1 3 4 2

— {e16, €15, €36, €24, €45 }; — {e16, €15, €36, €46, €23 };
6 5 6 4 5 6 5 6 6 3
1 1 1 2 3 1 1 1 3 2

— {e16, €15, €14, €24, €34} ; — {e16, €15, €14, €35, €23 };
6 5 4 4 4 6 5 4 5 3
1 1 1 1 2 1 1 1 1 1

— {e16, €15, €14, €13, €23 }; — {e16, €15, €14, €13, €12 };
6 5 4 3 3 6 5 4 3 3
1 1 2 2 3 11 2 2 2

— {e16, €15, €25, €24, €34 }; — {e16, €15, €25, €24, €23 }.
6 5 5 4 4 6 5 5 4 3

When n is a large number, E(T,) >> E(T,, K). Of course, there exist a lot of isomorphic
trees in the previous enumeration. We have verified the number of non-isomorphic graceful

paths P, for n < 13 vertices in the following table.

EP,) |1 |1|1]2]|6|8]|10]30]| 74162 | 330 | 760
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