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81. Introduction

The uniqueness theory of meromorphic functions is an interesting problem in the value distri-
bution theory and also the uniqueness theory of algebroid functions is an interesting problem in
the value distribution theory. Ming-Liang Fang [11] and Q Zhang [9] and several other authors
proved some interesting results on uniqueness and value sharing of entire functions and also
meromorphic function that shares one small function with its derivative (see [3-5, 7-8, 10,12-31).

Let f be a transcendental meromorphic function in the plane and m(r, f), N(r, f) and
T(r, f) be the usual notations used in the Nevanlinna theory. Let S(r, f) denote any quantity
satisfying S(r, f)=o[T(r, f)] as r — oo except possibly for a set of r of finite linear measure.
Throughout this paper we denote by a,ag, ay, - ,a, meromorphic functions (or constants) for
smaller growth than f, that is T'(r, f) = S(r, f).

Let f and g be two non-constant meromorphic functions. Let a be a finite complex number.
We denote by E(a, f) the set of zeros of f — a (counting multiplicity), by E(a, f) the set
of zeros of f — a (ignoring multiplicity). We say f and g share a CM (IM), if E(a, f) =
E(a,g) (E(a, f) = E(a,g)). Similarly, we define that f and g share a small function a(z)
CM (IM), if E(a(2), f) = E(a(2),9) (E(a(2), f) = E(a(2), g)). Moreover, GCD(ny,ng,--- ,n)
denotes the greatest common divisor of positive integers ni,ng, -+, nk.

In 2005, Zhang [9] obtained the following result.
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Theorem A. Let f be a non-constant meromorphic function and k(> 1), (> 0) be integers.
Also, let a = a(z)(£ 0,00) be a meromorphic function such that T(r,a) = S(r, f). Suppose that
f—a and f® —qa share (0,1). If 1 > 2 and

(34 k)O(00, f) + 20241(0, f) > k + 4, (1.1)
orifl =1 and
(4+k)O(c0, f) + 302+(0, f) > k + 6, (1.2)
orif Il =0 and
(6 + 2k)O(o0, f) + 5624x(0, f) > 2k + 10, (1.3)
then f = f(*),
Let

S
P(w) = an+mw7l+m +Fapw" -+ ag = Apgm H(w - wpi)pia
i=1

where a;(j = 0,1,2,--- ,n+m — 1), apym # 0 and wp, (i = 1,2,---,s) are distinct finite

complex numbers and 2 < s < n+m and p1,p2,--- ,Ps, S > 2, n,m and k are all positive
S

integers with > p; = n+ m. Let p > max {pi}, r = s — 1, where s and r are two
i=1 p#pi =12, .7

positive integer?s.
Let
s—1
P(wy) = anm H(w1 +wp — wp, ) = bewi + bq—lwlk1 + -+ bo,

i=1

where apim = by, w1 = w — w,, ¢ = n+ m — p. Therefore, P(w) = w)P(w;). We assume

™
P(wy) = by [] (w1 — )P, where o; = wp, — wp, (1 =1,2,---,r), be distinct zeros of P(w).

=1

Definition 1.1([2]) For two positive integers n, p we define p, = min{n,p} and i, = p+1—p,.

Then it is clear that ) )
Np (73 f") < ppNyz (r, f> . (1.4)

In the present paper, we extend Theorem A by investigating the uniqueness of meromorphic
functions of the form fI'P(f1) —a and (fPP(f1))*) — a and obtain the following result.

Theorem 1.1 Let k(> 1), (> 0), n(> 1), p(> 1) and m(> 0) be integers, f and f1 = f —w,
be two non-constant entire functions. Let P(2) = @manz™ ™+ -+ anz"+---+ag, Gmin # 0,
be a polynomial in z of degree m + n such that P(f) = fPP(f1). Suppose P(f) and (P(f))*
share (1,1).

If 1 > 2 and

p28us (Wp, f) + prr20p; , (Wp, f) > m+n—2p+ pio + pig42 (1.5)
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orl=1 and

3(m+n)—5p

1
5 tp2 t+ ez g (1.6)

@(wpvf) +N25#§ (wpvf) +/~Lk+26#,t+g(wpvf) > )

orl =0 and
20(wp, f)+20u; (wp, )+ pr+10u;,  (wp, )+ trt20u; , (Wp, ) > 4(m4n)—5p+2+po-+ g+ 1+ k42

(1.7)
then P(f) = (P(f))*).

§82. Preliminary Lemmas
Let F' and G be two non-constant meromorphic functions. We denote by H the following
F// 2F/ G// 2G/
o= _ B (e . 2.1
(F-753)-(G-55) @

Lemma 2.1 ([9]) Let f be a non constant meromorphic function, k, p, be two positive integers,
then

function

N, (7‘, f(1k)> < Npik (r, }) +kN(r, f) +S(r, f).

— 1 1
¥ () =24 (7

Lemma 2.2 ([6] Let H be defined as in (2.1). If F and G share 1 IM and H # 0, then

Clearly,

Ny <r, F1_1> < N(r,H) + S(r, F) + S(r,G).

Lemma 2.3 ([1]) Let F and G share (1,1) and N(r,F) = N(r,G) and H # 0, then

) ()

(rG 1>—|—S(r,f).

N(rH) < N(TaFHN(?( ;> (
+N0( G/)JFNL(’"Fl 1)

§83. Proof of Theorem 1.1

+Q\

Proof of Theorem 1.1 Let F = P(f) = fPP(f1) and G = (P(f))* = (fFP(f1))*). Since
P(f) and [P(f)]™ share (1,1), F, G share (1,1) except the zeros and poles of a(z). Also, let’s
note that

N(r,F)=N(r,f) +S(r,f) and N(r,G) = N(r, )+ S(r, f).
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Let H be defined as in (2.1). We consider the following cases.

Case 1. Suppose H # 0.

By the second fundamental theorem of Nevanlinna, we have

T(r,F)+T(r,G) < N(F)+N(r,G)+N (7“7 ;) LN (r, é)
+N (r, Fl_l) Y (T, Gl_1>
—No (T’ Ii’> - No (T’ é) +5(r, F) +5(r, G), (3.1)

— 1
where Ng (r, F’) denotes the reduced counting function of the zeros of F’ which are not the
zeros of FI(F —1).

Since F' and G share 1 IM, it is easy to verify that

— 1 1 — 1

N(*vp_1> - N11<T’F—1>+NL<T’F—1>
— 1 @ | — 1
+NL(T’G_1)+NE <T7H)_N<T7G—1> (32)

Using Lemmas 2.2 and 2.3, (3.1) and (3.2), we get

T(r,F)+T(r,G) < 3N(r,F)+ N, (’"}) LN, (n é )

1 2 1
+N11 (73 Fl) + 2Ny (7“’ a_ 1)
— 1
+3NL (T, F1—1>
+3N, (r, Gl_1> +S(r F) + S(r,G). (3.3)

Subcase 1.1 [ > 2..

Obviously,

1 @ 1 — 1 — 1
Nll <T,F‘—1) + 2NE (T,G_1>+3NL (r’F‘—l)+3NL <T,C;’—1>

1
< -
_N(r,G_1> +5(r, F)

<T(r,G)+S(r,F)+ S(r,G). (3.4)

Using (3.3) and (3.4), we get

T(r, F) < Ny (r, ;) N (r, é) + 3N (r, F) + S(r, F). (3.5)
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Using Lemma 2.1, (1.4) and (3.5), we get

% (r gepiz) + % (e ) #3800+ 5000

3N(r, f) + paNs (1, + (n4+m —p)T(r, f)
(7)

(n+m)T(r, f)

IA

IN

1
f_wp

+Nk+2 <T7 ) + kN(T7 f) + S(T’, f)

1
fTP(f1)

(k+ 3)N(r. f) + 2N, ( 1

r
7f_wp

1
+Mk+2Np,;+2 <7’7 pr> + S('f", f)

IN

>+%n+m—mﬂnﬁ

So, p2dus (wy, f) + uk+25“2+2 (wp, f) <m+n—2p+ po + fg42, which contradicts with (1.5).
Subcase 1.2 [=1.

It is easy to verify that

1 @ 1 - 1 - 1
Nll(T’F—1> +2NE <T,CH)+2NL<T,H>+3NL(T,CH>

1
< -
_N<T,G_1> +S(r, F)

< T(r.G) + S(r.F) + 5(r,C). (3.6)
o) < )
< N <r, F) +S(r, F)
< 3 <N (r, ;) + N, F)) +S(r, F). (3.7)
Using (3.3), (3.6) and (3.7), we get
T(r,F) < Ny (r, ;) LN, (r, é) + AN F)+ 5N <r, ;) L S(rF).  (38)

Using Lemma (2.1), (1.4) and (3.8), we get

f_wp
1— 1 5
—I-N(’I“, )—i—(n—l—m—p)T(r,f)—l—S(r,f).

(TL + m)T(rv f) < (kf + ;) N(’I‘, f) + ,UQNM; (’I“, 1) + 'uk""QNN;; (T, 1 )
+2 f—w,

2
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So,

3(m+n)—5p

1
5 + p2 + k2 + 5

1
56(wp7f)+,u26u§(wp>f) +/~Lk+25uz+2(wpaf) < D)

which contradicts with (1.6).
Subcase 1.3 [ =0.

It is easy to verify that

(7
<N (r, ;) + N(r, F) + S(r, F). (3.10)
Using (3.3), (3.9) and (3.10), we get

1 1
1—7(7"7 F) S N2 <T7 F> +N2 (T, G)

+6N(r, F) + 2N (r, ;) + Ny <r, é) + S(r, F). (3.11)

Using Lemma 2.1 and (3.11), we get

1 1 —
et < 3 (s g ) 486 (n G ) 5%
- 1 1
+2N (r, ffP(f1)> + N (7“, (ffP(fl))(k)> +S(r, f).
So,

2@(wpa f)+ NQ(SM; (wpa )+ /Lk+16u2+1 (wpa )+ Mk+25uz+2 (wpa f)
<4d(m+mn) —5p—+ 2+ s + pg+1 + ko

which contradicts with (1.7).

Case 2. Suppose H = 0.
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Using (2.1), we get

F// 2F/ B G// 2G/

F F-1 & G-1

Hence,

=C +D, (3.12)

where C, D are constants and C # 0.

We discuss the following three cases:
Subcase 2.1 D #0,-1.

Rewrite (3.12) as,

G-1_  F-1
C D+1-DF

we have,

_ — 1
N(T’G):N<T7F'_(D+1)> .
D

By using second fundamental theorem of Nevanlinna, we get

which contradicts with (1.5), (1.6) and (1.7).
Subcase 2.2 D =0.

Then from (3.12), we get
G=CF—-(C-1). (3.13)

If C # 1, then
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Proceeding as in Subcase 2.1, we get

(n+m)T(r,f) < (k+1)N(r,f)+N(r,f1w )

L2+ m - p)T(r ) + Nigs ( ) L S(r ).

1
f= Wp
So,

O(wp, f) + prt16pz,, (Wp, f) <1+ prgr +n+m —2p,

which contradicts with (1.5), (1.6) and (1.7).

Therefore, C' = 1. By using (3.13), we get F' = G and so, fPP(f1) = (fPP(f1))".
Subcase 2.3 D = —1.

Then from (3.12) we get

Hence we have N (r, +) = N(r,G) = S(r, f) and hence N (7‘7 %) = S(r, f).

If C # —1, then

Proceeding as in Subcase 2.1, we get

(n+m)T(r, f) < (k+ )N(r, ) + N < ] 1wp)

T 2n+m— )T f) + Nem ( ) LS ).

1
J—wp
So,

O(wp, f) + prt 16z, (Wp, f) <1+ prgr +n+m—2p

which contradicts with (1.5), (1.6) and (1.7).

Therefore, C = —1. By using (3.13), we get FG = 1. Hence, P(f)(P(f))*) = 1. Thus in
this case,

N(r,f)+N (r, ch> =S8(r, f).
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We have,

(PUH™ 1
P (PO

From first fundamental theorem and (3.14), we get

(3.14)

which is impossible. This completes the Proof. O
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