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Abstract: Z. S. Aygin and P. C. Toh have deduced a technique using the theory of modular

forms to determine all eta quotients whose derivative is also an eta quotient up to level 36.
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all the identities of Aygin and Toh of levels 12 and 16.
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§1. Introduction

The Dedekind eta function is defined by

η(τ) = q
1
24

∞∏
n=1

(1− qn),

where q = e2πiτ , with Im(τ) > 0. A Dedekind eta function identity is said to be of level n, if

it involves Dedekind eta functions η(d1τ), η(d2τ), . . . , η(dkτ), where the least common multiple

of d1, d2, · · · , dk is n.

Recently Z. S. Aygin and P. C. Toh [2] determined all eta quotients whose derivative is

also an eta quotient up to level 36 by employing the theory of modular forms. In fact, they

have obtained one hundred of level 12 and four of level 16 of above said type. Further they

have conjectured that these are the only identities of level 12 and 16 of this nature. Also they

have shown application of these identities to the theory of partitions, integral representation of

eta functions and many more. Some of the identities of Aygin and Toh [2] exist before their

discovery, see for example [6], [5] and [10]. The purpose of this article is to give an elementary

proof for level 12 and 16 eta quotient identities by using the theory developed in [5] and [10].

In Section 2, we provide alternative proof for level 12 identities. In Section 3, we give proof

for level 16 identities. We close this section by recalling the definitions, notations and certain

existing eta function identities which are required to prove the above said identities.

Let

k =
η52η

2
3η

2
12

η21η
2
4η

5
6

.
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We require following eta function identities:

k2 − 1 = 4
η32η

3
3η

6
12

η1η
2
4η

9
6

, (1.1)

k2 + 1 = 2
η32η

6
3η

3
12

η21η4η
9
6

, (1.2)

3− k2 = 2
η21η2η

2
3η

3
12

η4η76
(1.3)

and

3 + k2 = 4
η2η

3
3η

2
4η

2
12

η1η
7
6

, (1.4)

where ηk = η(kτ). The proofs of the above four identities are found in [4], [8], [3]. S. Ramanujan

recorded two of the above four theta function identities in the form of modular equations in his

notebook [7, p.230]. We denote

ηn[k1, k2, · · · , kl] = ηk11 η
k2
d1
ηk3d2η

k4
d3
, · · · , ηkl−1

ds
ηkln ,

where d1, d2, · · · , ds are proper divisors of n and k1, k2, . . . , kl ∈ Z.

§2. Level 12 Identities

Theorem 2.1 Let k =
η52η

2
3η

2
12

η21η
2
4η

5
6

. Then we have

q
d

dq
(log k) = 2

η21η
2
4η

2
3η

2
12

η22η
2
6

, (2.1)

η62η
9
3η

9
12

η31η
3
4η

18
6

=
k4 − 1

8
, (2.2)

η41η
4
4η

4
6

η42η
4
3η

4
12

=
9− k4

k4 − 1
(2.3)

and
η242 η

12
3 η

12
12

η121 η
12
4 η

24
6

=
k4(k4 − 1)

9− k4
. (2.4)

The parameter k is almost the same as the p defined in [1]. In fact k = 2p + 1, where

p = 1
2

[
η102 η43η

4
12

η41η
4
4η

10
6
− 1
]
. The (2.1) is due to Ramanujan and the proof of the same was given by

B. C. Berndt [4]. The proof of (2.2)− (2.4) are found in [5].

From the above, one can easily deduce that

η482
η241 η

24
4

=
84k12

(k4 − 1)(9− k4)3
, (2.5)
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η486
η243 η

24
12

=
84k4

(k4 − 1)3(9− k4)
, (2.6)

and
η62
η66

=
k2(9− k4)

k4 − 1
. (2.7)

Also, from [9], we have

x : =
η41η

2
6

η22η
4
3

=
3− k2

1 + k2
. (2.8)

From [5], we have
η121 η

12
6

η122 η
12
3

=
x2(1− x2)

9− x2
(2.9)

and
η91η

3
6

η92η
3
3

=
8x2

9− x2
. (2.10)

From (2.8), (2.9) and (2.10), one can easily deduce that

η241
η242

=
(1 + k2)2(3− k2)6

k6(3 + k2)3(k2 − 1)
(2.11)

and
η243
η246

=
(3− k2)2(1 + k2)6

k2(3 + k2)(k2 − 1)3
. (2.12)

From (2.5), (2.6), (2.11) and (2.12), we have

η242
η244

=
84k6(1 + k2)(3− k2)3

(3 + k2)6(k2 − 1)2
(2.13)

and
η246
η2412

=
84k2(1 + k2)3(3− k2)

(k2 − 1)6(3 + k2)2
. (2.14)

Now, we prove two out of one hundred level-12 identities.

Theorem 2.2 If X = η12[10,−36, 18, 8, 0, 0], then

q
d

dq
(log(X)) = η12[10,−7,−6, 1, 9,−3].

Proof By the definition of X, we have

X12 =

(
η241
η242

)5(
η66
η62

)36(
η244
η242

)4(
η243
η246

)9

. (2.15)

Employing (2.11), (2.7), (2.13) and (2.12) in the above, we find that

X =
(k2 − 1)(1 + k2)8

16 k12(3 + k2)3
. (2.16)
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Taking logarithm on both sides and differentiating with respect to q, we obtain

q
d

dq
(log(X)) =

4(3− k2)2

(1 + k2)(k2 − 1)(3 + k2)

q

k

dk

dq
. (2.17)

Using (1.1), (1.2), (1.3), (1.4) and (2.1) in the right hand side of the above, we find that

q
d

dq
(log(X)) = η12[10,−7,−6, 1, 9,−3]. (2.18)

This completes the proof. �

Theorem 2.3 If Y = η12[−18, 0,−10, 0, 36,−8], then

q
d

dq
(log(Y )) = 3η12[−6, 9, 10,−3,−7, 1].

Proof By the definition of Y , we have

Y 12 =

(
η242
η241

)9(
η246
η243

)5(
η246
η2412

)4(
η66
η62

)36

. (2.19)

Employing (2.7), (2.11), (2.12) and (2.14) in the above, we find that

Y =
16(k2 − 1)3

(3− k2)8(3 + k2)
. (2.20)

Taking logarithm on both sides and differentiating with respect to q, we obtain

q
d

dq
(log(Y )) =

12k2(1 + k2)2

(k2 − 1)(3− k2)(3 + k2)

q

k

dk

dq
. (2.21)

Using (1.1), (1.2), (1.3), (1.4) and (2.1) in the right hand side of the above, we find that

q
d

dq
(log(Y )) = 3η12[−6, 9, 10,−3,−7, 1]. (2.22)

This completes the proof. �

We proved the remaining 98 identities of level 12 [2], in the same way. Let

f(τ) = ηn(k1, k2, · · · , kl).

We first express f(τ) in terms of product of powers of k, k2±1, k2±3 and then, we display

the q times of logarithmic differentiation of f(τ) in terms of k, k2±1, k2±3 and q dkdq , and finally

we represent

q
d

dq
log(f)

in terms of ηn(k1, k2, · · · , kl) in the following Table 1- Table 7.
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SI.No eta quotient (f) k-parameter representation [f(k)] q ddq (log f(k)) logarithmic derivative of f

1 η12[4,−18, 0, 5, 0, 9]
(k2−1)4

√
(k2+1)

27k6(3−k2)3/2
4(k2+3)2

(k4−1)(3−k2)
q
k
dk
dq 4η12[1,−7,−3, 10, 9,−6]

2 η12[0, 0,−4,−9, 18,−5] 27(1+k2)3/2√
(3−k2)(3+k2)4

6k2(k2−1)2
(k2+1)(3−k2)(k2+3)

q
k
dk
dq 12η12[−3, 9, 1,−6,−7, 10]

3 η12[−2, 4, 6, 0,−16, 8] (k2−1)(3+k2)
24

4k2(k2+1)
(k2−1)(3+k2)

q
k
dk
dq η12[−2, 7, 6,−3,−5, 1]

4 η12[6,−16,−2, 8, 4, 0] (k2−1)(3+k2)
24k4

4(k2−3)
(k2−1)(k2+3)

q
k
dk
dq η12[6,−5,−2, 1, 7,−3]

5 η12[−4, 8, 0,−3,−2, 1] 2k2√
(1+k2)(3−k2)

4(k2+3)
(k2+1)(3−k2)

q
k
dk
dq 4η12[1,−5,−3, 6, 7,−2]

6 η12[0,−2,−4, 1, 8,−3] 2√
(1+k2)(3−k2)

4k2(k2−1)
(1+k2)(3−k2)

q
k
dk
dq 4η12[−3, 7, 1,−2,−5, 6]

7 η12[2, 0,−6,−8, 12, 0] (k2−1)
(3+k2)3

4k2(3−k2)
(k2−1)(3+k2)

q
k
dk
dq η12[2, 5, 2,−3,−3, 1]

8 η12[6,−12,−2, 0, 0, 8] (k2−1)3
24k4(3+k2)

12(1+k2)
(k2−1)(3+k2)

q
k
dk
dq 3η12[2,−3, 2, 1, 5,−3]

9 η12[−4, 0, 0, 1, 6,−3] 2
√

(1+k2)
(3−k2)3

4k2(3+k2)
(1+k2)(3−k2)

q
k
dk
dq 4η12[−3, 5, 1, 2,−3, 2]

10 η12[0,−6, 4, 3, 0,−1]
√

(1+k2)3

22k4(3−k2)
(k2−1)

(1+k2)(3−k2)
q
k
dk
dq 12η12[1,−3,−3, 2, 5, 2]

11 η12[6,−12,−18, 24, 0, 0] (k2−1)(3+k2)9
84(1+k2)8

4k2(3−k2)2
(k2−1)(3+k2)(1+k2)

q
k
dk
dq η12[6, 3,−2,−3,−1, 1]

12 η12[−6, 0, 2, 0,−4, 8] 3

√
(k2−1)9(3+k2)
k4(3−k2)8

12(1+k2)2

(k2−1)(3+k2)(3−k2)
q
k
dk
dq 3η12[−2,−1, 6, 1, 3,−3]

13 η12[−12, 6, 0,−3, 0, 9]
√

(k2−1)8
82(1+k2)(3−k2)9

2k2(3+k2)2

(k2−1)(1+k2)(3−k2)
q
k
dk
dq 4η12[−3, 3, 1, 6,−1,−2]

14 η12[0, 0,−4, 3, 2,−1] 6

√
k4(3−k2)(3+k2)8

84(1+k2)9
36(k2−1)2

(3−k2)(3+k2)(1+k2)
q
k
dk
dq 12η12[1,−1,−3,−2, 3, 6]

15 η12[9,−30, 9, 12, 0, 0] (1+k2)4(k2−1)
k9

(3−k2)2
(1+k2)(k2−1)

q
k
dk
dq η12[9,−6,−3, 3, 2,−1]

Table 1
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SI.No eta quotient (f) k-parameter representation [f(k)] q ddq (log f(k)) logarithmic derivative of f

16 η12[−3, 0,−3, 0, 10,−4] 3

√
82k

(3−k2)4(3+k2)
3(1+k2)2

(3−k2)(3+k2)
q
k
dk
dq 3η12[−3, 2, 9,−1,−6, 3]

17 η12[12,−30, 0, 9, 0, 9] (1+k2)(k2−1)4
k9

(3+k2)2

(k2−1)(1+k2)
q
k
dk
dq 4η12[3,−6,−1, 9, 2,−3]

18 η12[0, 0,−4,−3, 10,−3] 3

√
83k

(3−k2)(3+k2)4
3(k2−1)2

(3−k2)(3+k2)
q
k
dk
dq 12η12[−1, 2, 3,−3,−6, 9]

19 η12[−8,−2,−8, 0, 26,−8] 84(k2−1)3
(3−k2)12(3+k2)3

8k4(1+k2)
(k2−1)(3−k2)(3+k2)

q
k
dk
dq η12[−8, 16, 8,−6,−8, 2]

20 η12[8,−26, 8, 8, 2, 0] (1+k2)4(k2−1)
k8(3+k2)

8(3−k2)
(1+k2)(k2−1)(3+k2)

q
k
dk
dq η12[8,−8,−8, 2, 16,−6]

21 η12[4,−13, 0, 4, 1, 4]
√

(k2−1)4(1+k2)
k8(3−k2)

4(3+k2)
(k2−1)(1+k2)(3−k2)

q
k
dk
dq 2η12[2,−8,−6, 8, 16,−8]

22 η12[0,−1,−4,−4, 13,−4]
√

84(1+k2)3

(3−k2)3(3+k2)12
4k4(k2−1)

(1+k2)(3−k2)(3+k2)
q
k
dk
dq 2η12[−6, 16, 2,−8,−8, 8]

23 η12[−4, 6, 12, 4,−30, 12] (k2−1)(3+k2)3
28

8k4

(k2−1)(3+k2)
q
k
dk
dq η12[−4, 14, 4,−6,−6, 2]

24 η12[−2,−3,−6, 2, 15,−6] 1√
(1+k2)(3−k2)3

4k4

(1+k2)(3−k2)
q
k
dk
dq 2η12[−6, 14, 2,−4,−6, 4]

25 η12[12,−30,−4, 12, 6, 4] (3+k2)(k2−1)3
28k8

24
(3+k2)(k2−1)

q
k
dk
dq 3η12[4,−6,−4, 2, 14,−6]

26 η12[−6, 15,−2,−6,−3, 2]
√

k8

(1+k2)3(3−k2)
12

(1+k2)(3−k2)
q
k
dk
dq 6η12[2,−6,−6, 4, 14,−4]

27 η12[−1,−3,−9,−5, 27,−9]
√

214(1+k2)
(3−k2)3(3+k2)6

8k6

(1+k2)(3+k2)(3−k2)
q
k
dk
dq η12[−9, 23, 3,−10,−9, 6]

28 η12[−10,−6,−18,−2, 54,−18] 210(k2−1)
(3−k2)6(3+k2)3

16k6

(k2−1)(3+k2)(3−k2)
q
k
dk
dq η12[−10, 23, 6,−9,−9, 3]

29 η12[18,−54, 10, 18, 6, 2] (1+k2)6(k2−1)3
k16(3+k2)

48
(1+k2)(k2−1)(3+k2)

q
k
dk
dq 3η12[6,−9,−10, 3, 23,−9]

Table 2
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SI.No eta quotient (f) k-parameter q ddq (log f(k)) logarithmic derivative of f

representation [f(k)]

30 η12[9,−27, 1, 9, 3, 5]
√

(1+k2)3(k2−1)6
214k16(3−k2)

24
(1+k2)(k2−1)(3−k2)

q
k
dk
dq 3η12[3,−9,−9, 6, 23,−10]

31 η12[−6, 6, 18, 18,−54, 18] (k2−1)(3+k2)9
(1+k2)2

16k6

(k2−1)(3+k2)(1+k2)
q
k
dk
dq η12[−6, 21, 2,−9,−7, 3]

32 η12[−9,−3,−9, 3, 27,−9] 4

√
84(k2−1)2

(1+k2)(3−k2)9
8k6

(k2−1)(1+k2)(3−k2)
q
k
dk
dq η12[−9, 21, 3,−6,−7, 2]

33 η12[−3, 9,−3,−3,−1, 1] 3

√
82k16(3+k2)2

(1+k2)9(3−k2)
144

(3+k2)(1+k2)(3−k2)
q
k
dk
dq 3η12[3,−7,−9, 2, 21,−6]

34 η12[6,−18,−2, 6, 2, 6] 3

√
(3+k2)(k2−1)9
86k16(3−k2)2

48
(3+k2)(k2−1)(3−k2)

q
k
dk
dq 3η12[2,−7,−6, 3, 21,−9]

35 η12[−12,−12,−36,−12, 108,−36] 88(k2−1)(1+k2)
(3+k2)9(3−k2)9

32k8

(k2−1)(1+k2)(3+k2)(3−k2)
q
k
dk
dq η12[−12, 30, 4,−12,−10, 4]

36 η12[12,−36, 4, 12, 4, 4] 3

√
(1+k2)9(k2−1)9

88k32(3+k2)(3−k2)
(1+k2)9(k2−1)9

88k32(3+k2)(3−k2)
q
k
dk
dq 3η12[4,−10,−12, 4, 30,−12]

37 η12[−1, 6,−9, 4, 0, 0] k3(3+k2)3

22(1+k2)4
(3−k2)2

(3+k2)(1+k2)
q
k
dk
dq η12[9,−4,−3,−1, 0, 3]

38 η12[−9, 0,−1, 0, 6, 4] (k2−1)3
k(3−k2)4

3(1+k2)2

(3−k2)(k2−1)
q
k
dk
dq 3η12[−3, 0, 9, 3,−4,−1]

39 η12[−4,−6, 0, 1, 0, 9] (k2−1)4
25k3(3−k2)3

(3+k2)2

(k2−1)(3−k2)
q
k
dk
dq 4η12[−1,−4, 3, 9, 0,−3]

40 η12[0, 0,−4, 9,−6, 1] k(3+k2)4

25(1+k2)3
3(k2−1)2

(3+k2)(1+k2)
q
k
dk
dq 12η12[3, 0,−1,−3,−4, 9]

41 η12[7,−21, 3, 8, 3, 0] (1+k2)2(k2−1)
24k6

2(3−k2)
(1+k2)(k2−1)

q
k
dk
dq η12[7,−7,−5, 4, 9,−4]

42 η12[8,−21, 0, 7, 3, 3] (1+k2)(k2−1)2
25k6

2(3+k2)
(1+k2)(k2−1)

q
k
dk
dq 2η12[4,−7,−4, 7, 9,−5]

43 η12[−3,−3,−7, 0, 21,−8] 24

(3−k2)2(3+k2)
6k2(1+k2)

(3−k2)(3+k2)
q
k
dk
dq 3η12[−5, 9, 7,−4,−7, 4]

Table 3
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SI.No eta quotient (f) k-parameter representation [f(k)] q ddq (log f(k)) logarithmic derivative of f

44 η12[0,−3,−8,−3, 21,−7] 25

(3+k2)2(3−k2)
4k4

(3+k2)(3−k2)
q
k
dk
dq 6η12[−4, 9, 4,−5,−7, 7]

45 η12[−1, 4,−1,−4, 2, 0] 2k
(3+k2)

(3−k2)
(3+k2)

q
k
dk
dq η12[5,−2, 1,−1,−2, 3]

46 η12[1,−2, 1, 0,−4, 4] (k2−1)
k

(1+k2)
(k2−1)

q
k
dk
dq η12[1,−2, 5, 3,−2,−1]

47 η12[0,−2, 4, 1,−4, 1] (1+k2)
22k

(k2−1)
(1+k2)

q
k
dk
dq 4η12[3,−2,−1, 1,−2, 5]

48 η12[−4, 4, 0,−1, 2,−1] 22k
(3−k2)

(3+k2)
(3−k2)

q
k
dk
dq 4η12[−1,−2, 3, 5,−2, 1]

49 η12[5,−12,−3, 4, 6, 0] (k2−1)
22k3

(3−k2)
(k2−1)

q
k
dk
dq η12[5,−4, 1, 3, 0,−1]

50 η12[−3, 6, 5, 0,−12, 4] k(3+k2)
22

3(1+k2)
(3+k2)

q
k
dk
dq 3η12[1, 0, 5,−1,−4, 3]

51 η12[−4, 12, 0,−5,−6, 3] 2k3

(1+k2)
(3+k2)
(1+k2)

q
k
dk
dq 4η12[3,−4,−1, 5, 0, 1]

52 η12[0,−6,−4, 3, 12,−5] 22

k(3−k2)
3(k2−1)
(3−k2)

q
k
dk
dq 12η12[−1, 0, 3, 1,−4, 5]

53 η12[−7, 0,−3, 1, 12,−3] 2(k2−1)
(3−k2)3

4k4

(k2−1)(3−k2)
q
k
dk
dq η12[−7, 14, 5,−3,−6, 1]

54 η12[−1, 0, 3, 7,−12, 3] (3+k2)2

25(1+k2)
4k4

(3+k2)(1+k2)
q
k
dk
dq η12[−3, 14, 1,−7,−6, 5]

55 η12[3,−12,−1, 3, 0, 7] (k2−1)3
25k4(3−k2)2

12
(k2−1)(3−k2)

q
k
dk
dq 3η12[1,−6,−3, 5, 14,−7]

56 η12[−3, 12,−7,−3, 0, 1] 22k4(3+k2)
(1+k2)3

12
(3+k2)(1+k2)

q
k
dk
dq 3η12[5,−6,−7, 1, 14,−3]

57 η12[−1, 3, 3,−8, 3, 0] 24(1+k2)2

(3+k2)3
2k2(3−k2)

(1+k2)(3+k2)
q
k
dk
dq η12[3, 5,−1,−4,−3, 4]

Table 4
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SI.No eta quotient (f) k-parameter representation [f(k)] q ddq (log f(k)) logarithmic derivative of f

58 η12[−8, 3, 0,−1, 3, 3] (k2−1)2
2(3−k2)3

2(3+k2)k2

(k2−1)(3−k2)
q
k
dk
dq 2η12[−4, 5, 4, 3,−3,−1]

59 η12[−3,−3, 1, 0,−3, 8] (k2−1)3
24k2(3−k2)

6(1+k2)
(3−k2)(k2−1)

q
k
dk
dq 3η12[−1,−3, 3, 4, 5,−4]

60 η12[0,−3, 8,−3,−3, 1] (1+k2)3

k2(3+k2)2
6(k2−1)

(1+k2)(3+k2)
q
k
dk
dq 6η12[4,−3,−4,−1, 5, 3]

61 η12[−1,−2,−5,−1, 14,−5] 8
(3−k2)(3+k2)

4k4

(3−k2)(3+k2)
q
k
dk
dq η12[−7, 16, 5,−7,−8, 5]

62 η12[5,−14, 1, 5, 2, 1] (1+k2)(k2−1)
8k4

4
(1+k2)(k2−1)

q
k
dk
dq η12[5,−8,−7, 5, 16,−7]

63 η12[−1, 3, 3,−2,−9, 6] (k2−1)
4

2k2

(k2−1)
q
k
dk
dq η12[−1, 5, 3, 0,−3, 0]

64 η12[−2, 3, 6,−1,−9, 3] (1+k2)
16

2k2

(1+k2)
q
k
dk
dq 2η12[0, 5, 0,−1,−3, 3]

65 η12[−3, 9, 1,−6,−3, 2] 4k2

(3+k2)
6

(3+k2)
q
k
dk
dq 3η12[3,−3,−1, 0, 5, 0]

66 η12[−6, 9, 2,−3,−3, 1] 2k2

(3−k2)
6

(3−k2)
q
k
dk
dq 6η12[0,−3, 0, 3, 5,−1]

67 η12[−3, 6, 9,−3,−18, 9] (1+k2)(k2−1)
8

4k4

(1+k2)(k2−1)
q
k
dk
dq η12[−3, 12, 1,−3,−4, 1]

68 η12[−3, 6, 1,−3,−2, 1] 3

√
8k4

(3−k2)(3+k2)
12

(3−k2)(3+k2)
q
k
dk
dq 3η12[1,−4,−3, 1, 12,−3]

69 η12[−4,−1, 0, 0, 1, 4] (k2−1)2
26k(3−k2)2

(3+k2)(1+k2)
(k2−1)(3−k2)

q
k
dk
dq 2η12[−2,−2, 6, 6,−2,−2]

70 η12[0,−1, 4,−4, 1, 0] 26(1+k2)2

k(3+k2)2
(k2−1)(3−k2)
(1+k2)(3+k2)

q
k
dk
dq 2η12[6,−2,−2,−2,−2, 6]

Table 5
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SI.No eta quotient (f) k-parameter representation [f(k)] q ddq (log f(k)) logarithmic derivative of f

71 η12[4,−9, 0, 2,−3, 6] (k2−1)2
24k3

(3+k2)
(k2−1)

q
k
dk
dq 2η12[2,−4, 2, 6, 0,−2]

72 η12[−2, 9,−6,−4, 3, 0] 22k3

(1+k2)2
(3−k2)
(1+k2)

q
k
dk
dq 2η12[6,−4,−2, 2, 0, 2]

73 η12[−6, 3,−2, 0, 9,−4]
√

24k
(3−k2)2

3(1+k2)
(3−k2)

q
k
dk
dq 6η12[−2, 0, 6, 2,−4, 2]

74 η12[0,−3, 4, 6,−9, 2] (3+k2)2

24k
3(k2−1)
(3+k2)

q
k
dk
dq 6η12[2, 0, 2,−2,−4, 6]

75 η12[4,−6,−12, 8, 6, 0] (3+k2)3(k2−1)
24(1+k2)4

8k2(3−k2)
(3+k2)(k2−1)(1+k2)

q
k
dk
dq η12[4, 2,−4,−2, 6,−2]

76 η12[−4, 3, 0,−2,−3, 6] (k2−1)4
24(1+k2)(3−k2)3

4(3+k2)k2

(k2−1)(1+k2)(3−k2)
q
k
dk
dq 2η12[−2, 2,−2, 4, 6,−4]

77 η12[−12, 6, 4, 0,−6, 8] (k2−1)3(3+k2)
28(3−k2)4

24k2(1+k2)
(k2−1)(3+k2)(3−k2)

q
k
dk
dq 3η12[−4, 6, 4,−2, 2,−2]

78 η12[0,−3,−4, 6, 3,−2] (3+k2)4

24(3−k2)(1+k2)3
12k2(k2−1)

(3+k2)(3−k2)(1+k2)
q
k
dk
dq 6η12[−2, 6,−2,−4, 2, 4]

79 η12[12,−33, 0, 12, 9, 0] (1+k2)2(k2−1)2
82k9

(3−k2)(3+k2)
(1+k2)(k2−1)

q
k
dk
dq 2η12[6,−6,−2, 6, 2,−2]

80 η12[0,−3,−4, 0, 11,−4] 3

√
82

k(3−k2)2(3+k2)2
3(k2−1)(1+k2)
(3−k2)(3+k2)

q
k
dk
dq 6η12[−2, 2, 6,−2,−6, 6]

81 η12[1, 0− 3,−1, 0, 3] (k2−1)
2(1+k2)

4k2

(k2−1)(1+k2)
q
k
dk
dq η12[1, 2,−3, 1, 6,−3]

82 η12[−3, 0, 1, 3, 0,−1] (3+k2)
(3−k2)

12k2

(3+k2)(3−k2)
q
k
dk
dq 3η12[−3, 6, 1,−3, 2, 1]

83 η12[−1, 1,−1,−1,−1, 3]
√

(k2−1)2
4(1+k2)(3−k2)

8k2

(k2−1)(1+k2)(3−k2)
q
k
dk
dq η12[−1, 1,−5, 2, 13,−6]

84 η12[2,−2,−6, 2, 2, 2] (3+k2)(k2−1)
(1+k2)2

16k2

(3+k2)(k2−1)(1+k2)
q
k
dk
dq η12[2, 1,−6,−1, 13,−5]

Table 6
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SI.No eta quotient (f) k-parameter representation [f(k)] q ddq (log f(k)) logarithmic derivative of f

85 η12[−1,−1,−1, 3, 1,−1]
√

(3+k2)2

22(1+k2)(3−k2)
4k4

(3+k2)(1+k2)(3−k2)
q
k
dk
dq η12[−5, 13,−1,−6, 1, 2]

86 η12[−6, 2, 2, 2,−2, 2] (k2−1)(3+k2)
(3−k2)2

16k4

(k2−1)(3+k2)(3−k2)
q
k
dk
dq η12[−6, 13, 2,−5, 1,−1]

87 η12[−2, 6, 6,−10,−6, 6] 22(1+k2)2(k2−1)
(3+k2)3

16k4

(1+k2)(k2−1)(3+k2)
q
k
dk
dq η12[−2, 11,−2,−5, 3,−1]

88 η12[−5, 3, 3,−1,−3, 3]
√

24(1+k2)(k2−1)2
(3−k2)3

8k4

(1+k2)(k2−1)(3−k2)
q
k
dk
dq η12[−5, 11,−1,−2, 3,−2]

89 η12[−3, 3, 5,−3,−3, 1]
√

22(1+k2)3

(3−k2)(3+k2)2
24k2

(1+k2)(3−k2)(3+k2)
q
k
dk
dq 3η12[−1, 3,−5,−2, 11,−2]

90 η12[−6, 6, 2,−6,−6, 10] (k2−1)3
(3−k2)2(3+k2)

48k2

(k2−1)(3−k2)(3+k2)
q
k
dk
dq 3η12[−2, 3,−2,−1, 11,−5]

91 η12[−4, 4, 4,−4,−4, 4] (1+k2)(k2−1)
(3−k2)(3+k2)

32k4

(1+k2)(k2−1)(3−k2)(3+k2)
q
k
dk
dq η12[−4, 10,−4,−4, 10,−4]

92 η12[3,−7,−1, 2, 1, 2] (k2−1)
4k2

2
(k2−1)

q
k
dk
dq η12[3,−5,−1, 4, 7,−4]

93 η12[−1, 1, 3, 2,−7, 2] (3+k2)
4

k2

2(3+k2)
q
k
dk
dq η12[−1, 7, 3,−4,−5, 4]

94 η12[−2,−1,−2, 1, 7,−3] 2
(3−k2)

2k2

(3−k2)
q
k
dk
dq 2η12[−4, 7, 4,−1,−5, 3]

95 η12[−2, 7,−2,−3,−1, 1] 2k2

(1+k2)
2

(1+k2)
q
k
dk
dq 2η12[4,−5,−4, 3, 7,−1]

96 η12[−3, 2, 1,−1,−2, 3] (k2−1)
2(3−k2)

4k2

(3−k2)(k2−1)
q
k
dk
dq η12[−3, 4, 1, 1, 4,−3]

97 η12[−1, 2, 3,−3,−2, 1] 2(1+k2)
(3+k2)

4k2

(1+k2)(3+k2)
q
k
dk
dq η12[1, 4,−3,−3, 4, 1]

98 η12[−2, 5, 2,−2,−5, 2] k q
k
dk
dq 2η12[2,−2, 2, 2,−2, 2]

Table 7
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§3. Level 16 Identities

Let

h =
η2η

2
16

η21η8
. (3.1)

From [10], we have

z = q
d

dq
(log(h)) =

η2η
6
4η8

η21η
2
16

, (3.2)

1 + 2h =
η2η

5
8

η21η
2
4η

2
16

, (3.3)

1 + 4h =
η62
η41η

2
4

, (3.4)

1 + 6h+ 8h2 =
η72η

5
8

η61η
4
4η

2
16

, (3.5)

1 + 4h+ 8h2 =
η104

η41η
2
2η

4
8

, (3.6)

η241 = z6
h

(1 + 2h)5(1 + 4h)2(1 + 4h+ 8h2)5
, (3.7)

η242 = z6
h2(1 + 4h)2

(1 + 2h)4(1 + 4h+ 8h2)4
, (3.8)

η244 = z6
h4

(1 + 2h)2(1 + 4h)2(1 + 4h+ 8h2)2
, (3.9)

8248 = z6
h8(1 + 2h)2

(1 + 4h)4(1 + 4h+ 8h2)4
, (3.10)

and

η2416 = z6
h16

(1 + 2h)2(1 + 4h)5(1 + 4h+ 8h2)5
. (3.11)

Now, we prove one out of four level-16 identities.

Theorem 3.1 Let Z = η16[2,−5, 2,−1, 2] then, prove that

q
d

dq
(log(Z)) = η16[2,−5, 8, 1,−2].

Proof By the definition of Z, we have

Z24 =
η481 η

48
4 η

48
16

η1202 η248
. (3.12)

Employing (3.7), (3.8), (3.9), (3.10) and (3.11) in the above, we find that

Z =
h

1 + 4h
. (3.13)
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Taking logarithm on both sides and differentiating with respect to q, we obtain

q
d

dq
(log(Z)) =

8h2

1 + 4h

q

h

dh

dq
. (3.14)

Using (3.1), (3.2) and (3.4) in the right hand side of the above, we find that

q
d

dq
(log(Z)) = η12[10,−7,−6, 1, 9,−3]. (3.15)

This completes the proof. �

We proved the remaining 3 identities of level 16 [10], in the same way. Let g(τ) =

ηn(k1, k2, · · · , kl). We first express f(τ) in terms of product of powers of h, 1 + 2h, 1 + 4h, and

then we display the q times of logarithmic differentiation of g(τ) in terms of h, 1+2h, 1+4hand

q dhdq , and finally we represent q ddq log(g) in terms of ηn(k1, k2, · · · , kl) in the following Table 8.

SI.No eta quotient h-parameter q d
dq

(log f(h)) logarithmic

(f) representation [f(h)] derivative of f

1 η16[−2, 1,−2, 5,−2] 1 + 2h 2h
1+2h

q
h

dh
dq

2η16[−2, 1, 8,−5, 2]

2 η16[−2, 1, 0,−1, 2] h q
h

dh
dq

η16[−2, 1, 6, 1,−2]

3 η16[−2, 5, 0,−5, 2] 1+4h
1+2h

2h
(1+2h)(1+4h)

q
h

dh
dq

2η16[2,−5, 10,−5, 2]

Table 8
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