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On Derivative of Eta Quotients of Levels 12 and 16
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Abstract: Z.S. Aygin and P. C. Toh have deduced a technique using the theory of modular
forms to determine all eta quotients whose derivative is also an eta quotient up to level 36.
This paper aims to find a technique without using the theory of modular forms to deduce

all the identities of Aygin and Toh of levels 12 and 16.
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§1. Introduction

The Dedekind eta function is defined by
n(r) = q= [J(1—q"),
n=1

where ¢ = ™7 with I'm(7) > 0. A Dedekind eta function identity is said to be of level n, if
it involves Dedekind eta functions n(dy7),n(da7), ..., n(dkT), where the least common multiple
of dy,da, - ,dj is n.

Recently Z. S. Aygin and P. C. Toh [2] determined all eta quotients whose derivative is
also an eta quotient up to level 36 by employing the theory of modular forms. In fact, they
have obtained one hundred of level 12 and four of level 16 of above said type. Further they
have conjectured that these are the only identities of level 12 and 16 of this nature. Also they
have shown application of these identities to the theory of partitions, integral representation of
eta functions and many more. Some of the identities of Aygin and Toh [2] exist before their
discovery, see for example [6], [5] and [10]. The purpose of this article is to give an elementary
proof for level 12 and 16 eta quotient identities by using the theory developed in [5] and [10].

In Section 2, we provide alternative proof for level 12 identities. In Section 3, we give proof
for level 16 identities. We close this section by recalling the definitions, notations and certain

existing eta function identities which are required to prove the above said identities.
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We require following eta function identities:

3,36
21 = 47727732771927 (1.1)
LU

3,.6,,3
k241 = 2772277377192’ (1.2)
M1 M476
2. 2.3
312 — 277177277377712 (1.3)
NaMg
and 5 9 o
342 = 477277377477712
"6
where 1, = n(k7). The proofs of the above four identities are found in [4], 8], [3]. S. Ramanujan
recorded two of the above four theta function identities in the form of modular equations in his
notebook [7, p.230]. We denote

: (1.4)

ki
Ml ko, k] = mitnlEalenle o ng ik
where dy,ds, - -+ ,ds are proper divisors of n and k1, ko, ...,k € Z.
§2. Level 12 Identities
5,2 92
Theorem 2.1 Letk = ?722173277152. Then we have
N1N4Me
d ninin3ng
T (logk) = 2T 21)
q 276
nsnanty k-1
3.3 18 ) (2.2)
N1M4"e 8

nining 9 -k

mnsniy k=1 23
and 24,1212 4(1.4
Lo i gL L) (2.4
N"M1" e 9—-k
The parameter k is almost the same as the p defined in [1]. In fact k& = 2p + 1, where
p= % [% — 1] The (2.1) is due to Ramanujan and the proof of the same was given by

B. C. Berndt [4]. The proof of (2.2) — (2.4) are found in [5].

From the above, one can easily deduce that

7738 B {4L12 (2 5)
77%47734 (k4 _ 1)(9 _ k4)3’ ’
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nélS 84k.4

T AR RO}

and . ) .
b k(9 — k%)

e ki1

Also, from [9], we have
mg _ 3k

T w1+ R
From [5], we have
ntngt _ 2*(1—a?)
ming® o 9—a?
and
ning _ 82
muy 9—a?

From (2.8),(2.9) and (2.10), one can easily deduce that

U O e C R

st kS +k2)3(k2 - 1)

and
ni‘l G k2)2(1 + k2)6
B B R -1

From (2.5),(2.6),(2.11) and (2.12), we have

3t 8O+ KD (3 - k)

mt BHE)S (R - 1)

and
ﬁ 84k2(1 + /4}2)3(3 _ k‘2)

ny o (B2 =153+ k%)

Now, we prove two out of one hundred level-12 identities.

Theorem 2.2 If X = n;5[10,—36, 18,8,0,0], then

d
qd—q(log(X)) = m2[10,-7,-6,1,9,-3].

Proof By the definition of X, we have

5 36 4 9
= () ()" () ()
n3t ns n3t ngt

Employing (2.11), (2.7),(2.13) and (2.12) in the above, we find that

(K2 — 1)(1 + k%)

X = .
16 k12(3 + k2)3

21

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)
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Taking logarithm on both sides and differentiating with respect to g, we obtain

4(3 — k2)? q dk
(1+k)(k2—1)B+ k) kdg

qdiqaogm) - (2.17)

Using (1.1),(1.2), (1.3), (1.4) and (2.1) in the right hand side of the above, we find that

qdiq(log(X)) = 7712[10) _77 _65 17 97 _3] (218)

This completes the proof. O

Theorem 2.3 IfY = n;2[—18,0,-10,0, 36, —8], then

d
qd—q(log(Y)) = 3m12[—6,9,10,-3,-7,1].

Proof By the definition of Y, we have

9 5 4 36
12 7734 77(254 ’7(%4 77(6i
Y= = 21 21 21 6] (2.19)
m n3 M2 M2
Employing (2.7), (2.11), (2.12) and (2.14) in the above, we find that

16k 1)
Y = GG (2.20)

Taking logarithm on both sides and differentiating with respect to g, we obtain

1221+ k%) qdk
K2 —1)(B-k2)(3+ k%) kdq

qdiqaog(Y)) - (2.21)

Using (1.1),(1.2),(1.3), (1.4) and (2.1) in the right hand side of the above, we find that

qdiq(log(Y)) = 3m12[—6,9,10, -3, -7,1]. (2.22)

This completes the proof. O

We proved the remaining 98 identities of level 12 [2], in the same way. Let

f(T) = 777L(k1’ ko, -~ 7kl)'

We first express f(7) in terms of product of powers of k, k? £ 1, k% £3 and then, we display
the ¢ times of logarithmic differentiation of f(7) in terms of k, k> 41, k?+3 and qg—’;, and finally

we represent
d
—I
9 og(f)

in terms of n,(k1, k2, - , ki) in the following Table 1- Table 7.



SI.No eta quotient (f) k-parameter representation [f(k)] qd%(log f(k)) logarithmic derivative of f
1 2[4, ~18,0,5,0,9) UshvCasy AL g d 4n1a[1, ~7,3,10,9, —6]
2| 712[0,0,—4,-9,18, 5] %&;) e ey 1 | 1215[-3,9,1, 6, 7, 10]
3 | mal—2,4,6,0,-16,8] (1) 3+k7) k) g dk Mal—2,7,6,-3, =5, 1]
4| o6, —16,—2,8,4,0] (E-Ek7) T )4 dk M6, —5,—2,1,7, =3]
5 | ma[—4,8,0,—3,—2,1] A Tk ) o 4 dh dma[l, —5,—3,6,7,—2]
6 | mol0,—2,—4,1,8,—3] N e o g dk Amia[—3,7,1,-2,—5,6]
7 | mf2,0,-6,-8,12,0] = ) 4 dk m2(2,5,2, -3, 3, 1]

8 | m2l6,-12,-2,0,0,8] S k) 4 dk 3mal2,—3,2,1,5,—3]
9 M2(—4,0,0,1,6,—3] 2/ s ) gk Ama[—3,5,1,2,-3,2]
10 | 71200, -6,4,3,0,-1] P Tl L& 129151, —3,-3,2,5,2]
11| 7ia[6, 12, —18,24,0,0] (g hiae)’ e e 1 | a6,3,-2,-3,1,1]
12 Ma[—6,0,2,0, -4, §] \/“2 WG Rtk | 3,2, -1,6,1,3, 3]
13 | 1ma[-12,6,0,-3,0,9] \/% e G 4k 45[-3,3,1,6,—1, 2]
14 m2[0,0,—4,3,2, —1] Q/W G A 4 | 125[1, -1, -3, -2,3,6]
15 m=l9, —30,9,12,0, 0] (ELIRGEE] Bk g dk ma[9, —6,—3,3,2, 1]

(+F?)(F?=1) k dg

Table 1
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SI.No eta quotient (f) k-parameter representation [f(k)] qd%(log f(&)) logarithmic derivative of f
16 Mia[—3,0,-3,0,10,—4] T — e g dk 3mal—3,2,9, -1, -6,3]
17 212, -30,0,9,0,9] QD217 Tk g gk Ana[3,—6,-1,9,2, —3]
18 m2[0,0, 4, —3,10, -3] s Tl L& 12715[~1,2,3, 3, =6, 9]
19 | miol-8,-2,-8,0,26, 8] . b L) 14k | 15[-8,16,8, -6, -8, 2]
20 m2l8, —26,8,8,2,0] -ty Ty L | 1a]8, 8, —8,2,16, 6]
21 o4, —13,0,4,1, 4] \/% T S | 252, -8, 6,8,16, 9]
22 M0, —1, —4, —4, 13, —4] . e e 1| 215(6,16,2, 8, 8, §]
23 Thal—4,6,12,4, —30, 12] GRS D - Lmet T Mal—4,14,4,—6,-6,2]
24 ma[—2,—3,—6,2,15, —6] W m%%’; 2n12[—6,14,2, —4, —6, 4]
25 212, —30,—4,12,6, 4] GHR) (1) T L 3mial4, —6,—4, 2,14, 6]
26 M2[—6,15, -2, —6, —3,2] L o 6112[2, —6, —6, 4,14, —4]
27 | o1, -3,-9, 5,27, -9 \/% e PR | mel-9,23,3,-10,-9,6]
28 | mia[—10, -6, 18, -2, 54, — 18] e et | mal-10,23,6,-9,-9,3]
29 m2[18,—54,10, 18,6, 2] ARk 1) e L | 3mal6, -9, -10,3,23, 9]

R0 (3+52)

Table 2
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SI.No eta quotient (f) k-parameter qdiq(log f(k)) logarithmic derivative of f
representation [f(k)]

30 ma[9, —27,1,9,3, 5] Sl e 2 3n12[3, -9, —9,6,23, —10]
31 Thal—6,6,18,18, —54, 18] e Ty Lk Thal—6,21,2, -9, 7, 3]
32 Mma[—9, —3,—9,3,27, —9] Y sy TR b Mia[—9,21,3,—6, -7, 2]
33 Mmal-3,9, -3, -3, —1,1] Y et T 3ma[3, 7, -9,2,21, —6]
34 m2[6, 18, —2,6,2, 6] o SR e i 3112(2, —7, —6,3,21, —9]
35 | m2—12, —12, —36, —12, 108, —36] I I e et | mal-12,30,4,-12,-10,4]
36 (12, —36,4,12,4, 4] e e sl s gk | 3[4, —10,-12,4, 30, 12
37 Mia[—1,6,-9,4,0,0] by Ty 4 219, —4, —3,-1,0,3]
38 m2[—9,0,—1,0,6,4] e kL g dk 3ma[—3,0,9,3, 4, —1]
39 Mma[—4,-6,0,1,0,9] e il e dk Anmia[—1,-4,3,9,0, 3]
40 M12[0,0, 4,9, 6, 1] A el g dk 1271[3,0, 1, -3, —4, 9]
41 mal7,—21,3,8,3,0] (RS0 1) k) e a7, —7,—5,4,9, —4]
42 mal8, —21,0,7,3,3] (k2 0i-1) gtk Sade 2mald, —7,—4,7,9, —5]
43 Ma[—3,—3,—7,0,21, -8 2 Ch (LR g dk 3mal—5,9,7, 4, —7,4]

(B3-k2)(3+k?) k dg

Table 3
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SI.No eta quotient (f) k-parameter representation [f(k)] qdiq(log f(k)) logarithmic derivative of f
44| mi2[0,-3,-8,-3,21, -7 s G P | 6mal—4,9,4,-5,-7,7]
15 | mal-1,4,-1,-4,2,0] o (ohlade mals, —2,1,—1,-2,3]
46 mall, —2,1,0, —4, 4] GRS g}gfjg g dk ma(l, —2,5,3, -2, —1]
AT mal0, —2,4,1, —4, 1] Qi) e A10]3, —2, —1,1, -2, 5]
48 | mi2[-4,4,0,-1,2, 1] s (Srhlade Aia[—1,-2,3,5,-2,1]
49 | mol5,-12,-3,4,6,0] (G (3okladk s[5, —4,1,3,0, 1]
50 ma[—3,6,5,0, 12, 4] b3+ k%) i) e de 312[1,0,5, —1, —4, 3]
51 | m1a[—4,12,0,—5,-6,3] o2 (rhlade dnia[3, —4,—1,5,0, 1]
52 | mal0,—6,—4,3,12, 5] . R ade 1212[~1,0,3,1,—4, 5]
53 | mal-7,0,-3,1,12, -3 L) e b | ma[-7,14,5,-3,-6,1]
54| mal—1,0,3,7,-12,3] el S £ | [-3,14,1,-7,-6,5]
55 | mif3,-12,-1,3,0,7) e it | 3mall, —6,-3,5,14, 7]
56 | mal—3,12,—7,-3,0,1] R arrim t 4 | 3mal5, —6,-7,1,14, 3]
57 | ma[-1,3,3,-8,3,0] L B g dk | [3,5, 1,4, -3,4]

Table 4
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SI.No eta quotient (f) k-parameter representation [f(k)] Udg (log f(k)) logarithmic derivative of f
58 m2[-8,3,0,-1,3,3] R v Sk adk | 9yy[-4,5,4,3,-3, 1]
59 Mia[—3,—3,1,0,-3,8] P o) adk | 3y,[-1,-3,3,4,5, 4]
60 Mm2[0,-3,8,-3, -3, 1] et ok e 24k | 6ia[4, -3, —4, 1,5, 3]
61 | ma[—1,—2,—5,—1,14, 5] e e t 2 | py[-7,16,5, -7, -8, 5]
62 a5, —14,1,5,2,1] A+E)(-1) it | maf5, -8, ~7,5,16, 7]
63 mal—1,3,3,-2,-9,6] (G Y ma[~1,5,3,0, -3, 0]
64 ma[—2,3,6,—1,—9,3] % (1‘{‘52)%% 2112[0, 5,0, —1, —3, 3]
65 Thal—3,9,1, -6, —3,2] e Y 3n1a[3, =3, —1,0,5,0]
66 Tal—6,9,2,—3, =3, 1] S e Y 6712[0, =3, 0,3, 5, —1]
67 | m2[-3,6,9,-3,-18,9] A+RD (1) et | na[-3,12,1,-3,—4,1]
68 Mhal—3,6,1,-3,-2,1] i oy oot P | 3mall, —4,-3,1,12, 3]
69 mal—4,-1,0,0,1,4] s GHNOTRI Lk | 9n[~2,-2,6,6, -2, 2]
70 Mm2l0,—1,4,—4,1,0] il RO R Ik | 91s[6, -2, ~2, ~2, ~2,6]

Table 5
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SI.No eta quotient (f) k-parameter representation [f(k)] q%(log f(k)) logarithmic derivative of f
1| mis4,-9,0,2, -3, 6] L) (k3 g gk 21[2, —4,2,6,0, 2]
72 | mal—2,9,-6,—4,3,0] o2k (B-klade 2012[6, —4, —2, 2,0, 2]
73| mal—6,3,-2,0,9, 4] e ko ade 61m2[—2,0,6,2, —4,2]
74 [0, —3,4,6, -9, 2] (481" ST 61712[2, 0,2, —2, —4, 6]
75| mold,—6,-12,8,6,0] (et k) e 14k | p[4,2,-4,-2,6, 2]
6 | mal—4,3,0,—2,-3,6] ey e L | 21y[-2,2,-2,4,6, 4]
77 | mi2[-12,6,4,0,6,8] G e b ) s 14k 3y[—4,6,4,-2,2, 2]
78 | mal0,—3,-4,6,3, 2] e s 2k | Gyy[-2,6, -2, 4,2, 4]
79 | mel12,-33,0,12,9,0] Q4h7) (7 -1) Bk g di 2012[6, —6, —2, 6,2, —2]
80 | mal0,—3,—4,0,11, 4] e Ll 6112[—2, 2,6, —2, —6, 6]
81 | mall,0-3,-1,0,3] P e em e mal1,2,—3,1,6,—3]
82 | m1a[-3,0,1,3,0,—1] i) o il 3012[—3,6,1, 3,2, 1]
83 | ma[-1,1,-1,-1,-1,3] ¢4(1$;2igggi,@) i P | mal-1,1,-5,2,13, 6]
84 | miaf2,-2,-6,2,2,2] Coala s L | maf2,1,-6,-1,13, 5]

Table 6

8¢
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SI.No eta quotient (f) k-parameter representation [f(k)] q%(log fk) logarithmic derivative of f
85 | mo[~1,-1,-1,3,1, 1] \/22(1(4?,;7% Ty £ & Mel—5,13, —1,—6,1,2]
86 | mia[—6,2,2,2,-2,2] LR T L M2[—6,13,2, 5,1, —1]
87 | mal-2,6,6,—10,—6,6] R pRies) T L mal—2,11,-2, 5,3, 1]
88 | ma[-5,3,3,—1,-3,3| \/W R R ERLIE Mal[~5,11, —1,-2,3, —2]
89 | 112[-3,3,5,—3,-3,1] \/% T L 3m12[—1,3, -5, —2, 11, 2]
90 | 712[-6,6,2, 6, —6,10] e T sy D 32[~2,3, -2, —1,11, 5]
91 | mal—4,4,4,—4,—4,4] e R i P | ma[-4,10, -4, ~4,10, 4]
92 mel3, —7,~1,2,1,2] (e =1) et mal3, =5, —1,4,7, —4]
93 | ma[-1,1,3,2,-7,2] G+ L hal—1,7,3,—4, -5, 4]
94 | ma[-2,-1,-2,1,7, —3] = (32_’3:2) gk 2m10[—4,7,4,—~1,-5,3]
95 | m2[-2,7,-2,-3,~1,1] e 2L 212[4, —5,—4,3,7, —1]
96 | mo[-3,2,1,-1,-2,3] =4 T mal—3,4,1,1,4, —3]
97 | m2l-1,2,3,-3,-2,1] 2 e L mall,4,—3,-3,4,1]
98 | mal-2,5,2,-2,-5,2] k gk 21a[2, 2, 2,2, ~2,2]

Table 7
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83. Level 16 Identities

Let

2
27
h = 510, (3.1)
nins
From [10], we have
d 121318
ag 18 ninis (32
5
1273
1+2h = , 3.3
s )
6
n
1+4h = —25, (3.4)
1M1
7.5
278
1+6h+8h% = , 3.5
mininis (35)
10
4
1+4h+8h% = , 3.6
3 (30
h
24 6
- ) 3.7
T F T 2h)5(1 + 4h)2(1 + 4h + Sh2)5 (37)
h2(1 + 4h)?
24 6
_ 3.8
T F T 2h)i(A 1 4h + sh2)E (3:8)
h4
24 6
_ 3.9
T T U 2h)2(1 + 4R)2(1 + 4k + 8h2)2 (3:9)
h8(1+ 2h)?
83t = 2° 3.10
8 T T I Ah)A(1 + 4h 1 Sh2)E (3.10)
and 16
24 6
= . 3.11
M6 = F 1 20)2(1 + 4h)5 (1 + 4h + Sh2) (8:11)
Now, we prove one out of four level-16 identities.
Theorem 3.1 Let Z = (2, —5,2,—1,2] then, prove that
d
qd—(log(Z)) = mse[2, —5,8,1, —2].
q
Proof By the definition of Z, we have
48,48, 48
24 M "4 "he
Employing (3.7), (3.8),(3.9), (3.10) and (3.11) in the above, we find that
h
Z = (3.13)
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Taking logarithm on both sides and differentiating with respect to g, we obtain

d 8h? qdh
—(log(2)) = - .14
05 (0x(2) = A (3.14)
Using (3.1), (3.2) and (3.4) in the right hand side of the above, we find that
d
qd—q(log(Z)) = m12[10,—7,—6,1,9,-3]. (3.15)
This completes the proof. O

We proved the remaining 3 identities of level 16 [10], in the same way. Let g(7) =
(K1, ko, -+, k). We first express f(7) in terms of product of powers of h, 1+ 2h, 1+ 4h, and
then we display the ¢ times of logarithmic differentiation of g(7) in terms of h, 1+ 2h, 1+ 4hand

q‘;—z, and finally we represent qdiqlog(g) in terms of 7, (k1, k2, -+ , ki) in the following Table 8.
SI.No eta quotient h-parameter qdiq(log f(h)) logarithmic
) representation [f(h)] derivative of f

1 Me[—2,1,—2,5, —2] 1+2h 1j’;h%% 2me[—2,1,8,-5,2]

2 7716[_231707_172] h %% 7716[_27176317_2]

3 me[—2,5,0,—5,2] EET) Wg% 2m6[2, —5, 10, =5, 2]

Table 8
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