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Abstract: This study introduces generalized integral type a — F-contraction mappings in
partial metric spaces that combine F-contraction, integral transformations, and a-admissible
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§1. Introduction

In 2002, Branciari [2] introduced the integral contraction as follows.

Theorem 1.1 Let (Qs,d) be a complete metric space, k € (0,1) and let T : Q5 — Qs be a
mapping such that for each s, (s € Qs

d(T”/s’TCS) d('YSA,Cs)
/ () dt < k / £(t) dt
0 0

where @ : [0,00) — [0,00) is a Lebesgue-integrable map which is summable, (i.e., with finite inte-
gral) on each compact subset of [0, 00), nonnegative, and such that for each € > 0, fOE &(t)dt >0,
then Y has a unique fized point.

For some motivated results on integral type contractions, see [10, 12, 5].

In 2012, Samet et al. [13] introduced a — 1) contractive type mappings and shown some
fixed point results for them. Wardowski [15, 16, 17] identified a new sort of contraction mapping
called F-contraction and shown that this mapping is a Banach contraction. Wardowski’s result
has been generalized by many authors (see [9, 1, 4, 14, 6]).

We begin by recalling a few definitions and lemmas. In 1992, Matthews [7] presented the

concept of partial metric space (PMS) as follows:

Definition 1.1 Let Q, be a non-empty set. A function gpm : Qs x Qs — [0,00) is said to be a
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partial metric on Qg if the following conditions hold:

T

MS1) v = (s < 0pm(Vs,Vs) = 0pm(Cs, Cs) = Opm (Vs» Cs)s
) QPM(%v’Ys) < Qp7n(%7<s)§
) me(’YsaCs) = QpM(Csa')/s)Q
PMS4) 0pm(Vs,Cs) < 0pm(Vsy ts) + 0pm(ts; Cs) — @pm (s, ts)- for all vs, (s ts € Qs

Lemma 1.2([7]) Let (Qs, 0pm) be a partial metric space.

(a) A sequence {vs,} in (Qs, 0pm) converges to a point vs € Q5 <
Opm ('757 'Ys) = nh—>néo Opm (’stv ’YS)'

(b) A sequence {vs, } in (s, 0pm) s a Cauchy sequence if liMy, n—so00 Opm (Vs s Vs, ) €Tists
and finite.

(¢) (s, 0pm) is complete if every Cauchy {vs,} in Qs converges to a point vs € Qg, such
that

me(VSaVS) = mlrllgoo me(VsnaVSm) = nlggo me(’ysn»’YS) = me(’YSa’YS)'

Lemma 1.3([7],[8]) Let opm be a partial metric on Qg, then the function dg,, : Qg x Qg — Rt
such that

dgm('}/s» Cs) = 2me(’75, Cs) - me(’ysa ’Ys) - «me((sv Cs)
is metric on Q. Let (Qs, 0pm) be a partial metric space. Then,
(1) A sequence {vs, } in (Qs, 0pm) is a Cauchy sequence < {vs,} is a Cauchy sequence in

the metric space (25,d2,,).

Sy pm

(2) (s, 0pm) is complete < (Qy,d8,,) is complete. Moreover,

S pm

Jim df, (V5,5 75) = 06 0pm (Vs ¥s) = WM 0pm (s,:75) = 1im_0pm (V5,0 ¥s,0)-

n,m—00

Lemma 1.4([11]) Assume that vs, — ts as n — 00 in a partial metric space (Qs, 0pm) such
that Opm (st LS) =0 Then lim,_, me(’st, Cs) = Opm (st Cs) fO’I“ every Cs € Q,.

Lemma 1.5([3]) Let (Qs, 0pm) be a partial metric space.

(1) if me(VSaCS) =0 then vs = Cs.
(2) If vs # Cs then me(’}/s, ¢s) > 0.

Samet et al. [13] introduced a-admissible mapping as follows:

Definition 1.6 Let T : Qs — Qg and a: Qs X Qg — [0,00). T is said to a-admissible if

a(¥s,Cs) = 1 = (T, T¢) > 1
for all vs, (s € Q.

Wardowski [15] presented a new class of contraction mappings as follows:
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Definition 1.7 Let Az be family of all functions F Rt = R satisfying
(F1) F is strictly increasing, i.e. for all w,v € Rt if w < v then F(w) < F(v);

(F2) for each sequence {wy,} of positive numbers,

lim w, =0 < lim F(w,) = —oo;
n—oo n—oo

(F'3) there exists A € (0,1) such that

lim w*F(w) = 0.

w—0F

Wardowski [15] defined F-contraction as follows:

Definition 1.8 Let (Q25,d) be a metric space, then the mapping T : Qg — Qq is said to be an
f—contmctz’on, if there exist F' € Az and T > 0 such that for all s, (s € Qs with d(Y7,.Y(s) > 0

we have
T+ F(d(Ys, TC)) < Fd(vs, Cs))-

82. Main Results

Let ® be family of all functions ¢ : [0,00) — [0,00) such that ¢ is a Lebesgue-integrable
mapping which is summable on each compact subset of [0, 00), nonnegative and for each € > 0

/Oeg(t)dt>0

Definition 2.1 Let (Qs, 0pm) be partial metric space and let T : Q5 — Qs be a self map. Then
T is said to be generalized integral type o — F-contractive mapping if there exists two functions
a: s x Qs — [0,00) and Fe Ag such that for 7> 0 with opm (Tvs.Y¢s) >0

- 0pm (T7s,Y¢s) . A(7s,Cs)
- f(aws? o | 0 dt) < f< [ dt), (2.1)

where ¢ € ® and

A(’ys, Cs) = max{@pm (757 Cs)a Opm (753 T’Ys)a me(gsa TCS)}

Theorem 2.1 Let (s, 0pm) be a complete partial metric space and T : Qg — Qy be self
mapping. Suppose «: Qs x Qs — [0,00) be the mapping satisfying the conditions:

(i) T is a-admissible mapping;

(it) Y is generalized integral type o — F-contractive mapping;
(791) There exists vs, € Qs such that a(Vsy, Yvso) > 1;
(

w) T is continuous,
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then Y has a fixed point in ().

Proof Let 7, be an arbitrary point such that a(vys,, Tvs,) > 1. Consider a sequence {~s, }
in Q, such that v, ., = Ty, foralln e N.

If vs,, = Y54, for some n € N, «, is a fixed point of T, completing the existence proof.

Assume vy, # vs,,, for every n € N, Lemma 1.5 states that

QpM('Vsnv'Vanrl) = me(’r’)/s?L—l?T’ysn) > 0.
Now, since T is a-admissible, so
a(T7507 T’Vsl) = 04(%17%2) >1
a(’I"ySl’T’YSZ) = a(7527753) Z 1

and using induction we have a(vs,,,7s,,,) > 1 for all n. € N.

Now, Using the property (F1) we get

- me(’Ys,,N'st_'_l) me (75n77sn+1)
T+F</ (t)d )<T+}'< (Vs Vsnia) S(t)dt>
0 O

me(Tvsn,l X Ysp,)

£(t) dt)

( Vs, ’st+1

ﬁ( /0 M 1’%")5( )dt> (2.2)

IN

where

A(Vsp_y5Vsn) =M 0pm (Vs _155 Vsn )y Opm (Vsp_1s Ldsn1)s Opm (Vs TVs,) }
= max{gpm (’st—l » Vsn )’ Opm (’st—1 » Vsn )’ Opm (Pysn7 Vsn+1 >}

= maX{me (’st_l ) stn)a Opm (’st y Vsnt1 )} (23)

Now, using (2.3) in (2.2) we get that

_ opm (Ysp Vspt1 ) - max{opm ('st,l Vo )1@pm (Vep Ysn41 )}
T+ f(/ £(t) dt) < F(/ £(t) dt). (2.4)
0

0

Now, if 0pm Vs, Vsni1) > Opm(Vsn_1s Vs, ), then we get

N Opm (Vs Vspy1) 5 Opm (Ve Vs yp1)
T+I</ 0 dt) < ]-'(/ £(t) dt),
0 0

which is a contradiction, Therefore

A(Ysp_1Vsn) = me(’stfla'st)- (2.5)
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Again, Using (2.5) in (2.4) we get

B opm (Ysp, v'YsT,,_H) ~ Opm (Ysp_1:Vsn)
}'< / () dt) < f( / (1) dt) o (2.6)
0 0

Continuing in the same way, we obtain

- 0pm (Vsn Vs 1) - Opm (Vs p_1+6pp_2)
]-'(/ &(¢) dt) < ]-'(/ &(t) dt> —T. (2.7)
0 0

Using (2.7) in (2.6) we get that

_ Opm ('st Vspp1 ) - Opm (’st—l sVsn )
]—'(/ £(t) dt) < ]-'</ £(t) dt> -
0 0

Opm (’st,1 7‘£pn72 )
( / 0 dt) _or
0
On generalizing

~ Opm (’Y"‘n”ysnﬁ-l) ~ me(gpoyfpl)
]-"( / £(t) dt> < ]—'( / £(t) dt> . (2.8)
0 0

Letting the limit 7 — oo in (??) and using the definition of F we get

IN
N

Opm ('Ys” ”st-f—l)
lim ]—'(/ () dt) = -0 & ILm Opm (Vs s Ysnia) = 0. (2.9)
0 n oo

n— oo

Consequently, we get
m 0pm (Vs,s Ysnia) = 0. (2.10)

n—oo
Now, we show that {vs,} is a Cauchy sequence in s, i.e., we prove that

lim me(%n,%m) =0.

n,Mm—00

Put €, = 0pm (Vs,»Vsn.s) for n € N. Then, from the property (F3) of F contraction there
exists k € (0, 1) such that
lim ef F(e,) = 0. (2.11)

n—oo

Following (2.8) for all n € N we obtain

~ opm (Vsp, Vepp1 ) - Opm (5170 Ep1 )
ek (]—'(/ £(t) dt) — ]—'(/ () dt)) < —efnr <o. (2.12)
0 0

Considering (2.10), (2.11) and letting n — oo in (2.12) we get

i (n(0pm (Vs> Venss)*) = 0. (2.13)

n—oo
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Since (2.13) holds, there exists n, € N such that n(0pm (Vs,, Vs..,))* < 1 for all n > n, or
(2.14)

3
|

QPM(’st,’stH) <

for all n > ny,.
Using PMS/ (triangular inequality) and (2.14) we obtain that for m > n > n,,

Opm (Vs s Vo) < me(Vsn ) '75n+1) + Opm ('78%1 ) 'st+2> ot me(’ys'm—l s Vs )
- [me('stﬂv%nH) + Opm ('st+z,'78n+z) + -+ Opm (’75,,”,1775,,",1)]

< me('ysn ) '78n+1) + Opm ('78n+1 ) 'st+2) +oee me(’ysnL—l s Vs )

21

m—1 oo
= Z ‘me(,ysi7/y5i+l) < Z‘Q;Dm(’ysi7’75i+1) < n?
i=n

i=n i=n

-1 is convergent, so
n

el

Since k € (0, 1), the series > =

m  opm (Vs s ¥s,) = 0.

n,M—00

This implies that {vs,} is a Cauchy sequence in (Qs, 0pm). Due to Lemma 1.3, {vs,} is a
Q,d2,.) which is complete. Therefore the sequence {vs, } is convergent

Cauchy sequence in (€2, dg,,
in the space (s, df,m) as a result there exist ¢5 € {25 such that lim,_, dg,, (¥s,,ts) = 0. Again
from Lemma 1.2, we get

me(LSa Ls) = nlgl;o me(’stvLs) = mlégloo me('sta Vsm) =0. (215)
Moreover, As T is continuous, we have
te = lim v, ., = lim T, =T,
n—oo n—oo
a

This completes the proof.

Theorem 2.2 Let (s, 0pm) be a complete partial metric space and T : Qg — € be self
mapping. Suppose a: Qg X Qs — [0,00) be the mapping satisfying the conditions:

(i) 7T is a-admissible mapping;
(ii) Y is integral type generalized v — F-contractive mapping;

(7i1) There exists vs, € Qs such that a(Vs,, Yvso) = 1;
(iv) If {vs,} s a sequence in Q such that a(vs,,Vs,,,) = 1 for all n and s, — 15 € Qq

as m — oo, then there exists a subsequence s, . of {Vs,} such that a(vs, . ts) > 1 for all i;

(v) F is continuous,
then Y has a fized point in Qg.Further if s, t; are fived points of T with a(is,tr) > 1, then T

has a unique fixed point in Q.
Proof From the proof of the Theorem 2.1, the sequence {v,, } defined by vs,,, = Tv,, is
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a Cauchy sequence in (s, gpm). Due to Lemma 1.3, {75, } is a Cauchy sequence in (s, d2,,)

$H»¥'pm

which is complete. Therefore the sequence {7, } is convergent in the space (€2, d,,) as a result

there exist 15 € Qg such that lim,,_ o dgm('ysn,Ls) = 0. Again from Lemma 1.2, we get
Opm (s, ts) = 7}1_{1010 Opm (Vs » Ls) = m}}lgloo 2pm (Vs> Vs) = 0. (2.16)

We now prove that YT has a fixed point.

On contrary we suppose that (Yis,ts) > 0. Then from condition (iii) there exists a
subsequence s, of {7s, } such that a(fysn(i),Ls) > 1 for all i. By Using given contractive
condition (2.1) for 75 = vs,,,, and (s = ¢5 and property of F we have

- me(gpn(i>+17TLs) ~ me(T'st(i)yT’/s)
T—i—}_(/ {(t)dt>=T+]:(/ 5(t)dt>
0 0

- 0pm (s, 3y, Tes)
T+ f(a(%n(i) Jls) / &(¢) dt)
0

ﬁ( / M0t £(1) dt> (2.17)

IN

INA
S

where
A(Vsn(i) ; Ls) = maX{me (’st(i) ; Ls), Opm (’)/sn(i) y T’st(i))’ me(Ls, TLS)}
= max{0pm (Vs i)+ s)s Qpm (Vsn(iy Spnciysn)> pm (ss Tes) }. (2.18)

Taking n — oo in (2.18) and using (2.16) we get that

hm A(’YSn(i),LS) = me(Lsa TLS)‘ (219)

n—oo

Now, Letting n — oo in (2.17) and using (2.19) and the continuity of F we get that

- me,(’/sa’rLs) - prn(LS7TLs)
T—l—.]:(/ §(t)dt>§}‘(/ f(t)dt)
0 0

which is a contradiction since 7 > 0, Thus we have Yts = t5. This shows that ¢4 is a fixed point

of Y. Further, suppose ¢ and ¢; be two fixed point of YT such that gy, (ts,¢:) > 0. From (2.1)

5 0pm (Ls,tt) B opm (Tis,Ter)
T+f(/ §(t)dt) =7'—|-]:</ f(t)dt)
0 0

we have

< ﬁ(/OA(LS’Lt)g(t) dt), (2.20)
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where
A(Ls; Lt) = max{@pm(bsa Lt)a me(bsa Tbs)a me([/ta Tbt)}
= max{gpm(Lsa Lt)v me(bsa Ls)a «me(Lt; Lt)} = me(Lsa Lt)' (221)

Putting (2.21) in (2.20) we get

p'm(’»s;’*t) p'm(’»s;’»t)
T+f</g £(t) dt> < ﬁ(/g £(t) dt>, (2.22)
0 0

which is a contradiction. Hence Y has a unique fixed point. O

Following are consequences of the theorems.

Corollary 2.3 Let (s, 0pm) be a complete partial metric space and let T : Qs — Qg be a self
map. Suppose that there exist F € Ag and T > 0 with 0pm(Yvs.T(s) > 0 be such that

~ van(T737TCs) ~ me(’Y&Cs)
T+f< / &(t) dt) < f( / £(t) dt) (2.23)
0 0

for all v4,(s € Qs and ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable
on each compact subset of [0,00), nonnegative and for each € > 0

/Eg(t)dt>0
0

and F or Y is continuous. Then Y has a unique fized point in Q.

Corollary 2.4 Let (Qs, 0pm) be a complete partial metric space and let T : Q3 — Qg be a
continuous self map. Suppose that there exist k € (0,1) with gpm (Y. Y(s) > 0 such that

me(TVMTCS) me('Ys;Cs)
/ €ty de < k / £(t) dt (2.24)
0 0

and ¢ : [0,00) — [0,00) is a Lebesgue-integrable mapping which is summable on each compact
subset of [0, 00), nonnegative and for each € > 0

/eg(t) dt >0,
0

then Y has a unique fized point in ;.

Example 2.5 Let Qg = [0,1] and define g, : Q5 X Q5 = RY by 0pm(7s, ¢s) = max{ys, (s}
Then (€, opm) is a complete partial metric space. Consider the mapping Y : Q; — Q, defined
by T(ts) = 4. Suppose that {(t) = 2t. Define the function F:Rt = R by F(a) = Ina for all
a € RT >0and a: Qs x Qs — [0,00) by alys,(s) = 4 for all vs, (s € Qs.

We show that contractive condition of Theorem 2.1 is satisfied. Let 7, (s € €5, without
loss of generality we assume that v, > (,. Suppose that gpm(YTvs, T¢;) > 0 and let 7 = In(2),
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then
B opm (T7s,Y¢s) ~ Qp”m(%7%) 72
T+I<a(%,Cs)/ f(t)dt> =r+f(4/ 2tdt> =7 +F())
0 0

2 2

vz Y3

=In(2) + In(2) =In(=

n(2) + () = In(5)

Hence, T has a fixed point, which in this case is 0.

Example 2.6 Let Qg = [0,1] and define g, : Q5 X Q5 = RY by 0pm(7s, () = max{ys, (s}
Then (s, gpfg) is a complete partial metric space. Consider the mapping T : Qg — €, defined
by T(ts) = %. Suppose that 7 = In(1.5) and £(t) = 1 for ¢ > 0. Define the function
F:RT = R by F(a) = In(a) for all a € R* > 0.

We show that contractive condition of Corollary 2.3 is satisfied. Let v, (s € €, without
loss of generality we assume that s > (5. Suppose that T4 # Y, then

_ peem (07, YC) s (”2*52“42*&0“)
T+f</ f(t)dt) r+]—“</ dt)
0 0

2+ 0.045>

T+.7:< 12

2
=In(1.5) +In <’YS+0045)

12
~ me('Ys;Cs)
< In(y,) = ]-'( /0 £(t) dt>. (2.26)

Therefore, it satisfies the condition of Corollary 2.3. Hence T has a fixed point, which in this
case is 0.003751.

§3. Conclusion

In this article, we prove fixed point theorems for generalized integral type o — F contraction
in complete partial metric spaces and provide corollaries of the results. We also provided some

examples to validate the results. This article extends and generalises previous research findings.
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