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Abstract: A Grundy n-coloring of a graph G is a proper vertex coloring in which every
vertex in V(G) colored with C,, is adjacent with all C,,—1 colors. The Grundy cloring or
Grundy number I'(G) is the maximum number which can also be predicted by greedy coloring
strategy by choosing some vertex order to obtain maximum colors. In this paper, we provide
some exact values for Grundy coloring of degree splitting graph of wheel graph, helm graph,
sunlet graph, crown graph and Friendship graph which are denoted by [D.S(W,,)], [DS(Hx)],
[DS(Sn)], [DS(Hn,»)] and T'[DS(F,)] respectively.
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§81. Introduction

Throughout this, we consider only a simple, finite, undirected & connected graph. Graph
coloring is the allocation of colors to the vertices of a graph G. A proper k-coloring is defined
by the mapping o : V(G) — Cs where o(f) # o(g) for Vf ~ g, (f,9) € V(G) [1, 10]. The
Grundy k-coloring is a proper k-coloring in which f ~ Cy, f ~Co, f ~Cs, -+, f ~Cys_q for v
o(f) = Cs. This Grundy number I'(G) was initially studied by P.M.Grundy for directed version
in 1939 but the undirected version was introduced by Christen and Selkow in 1979 [1, 2, 5]. This
can also be predicted by using greedy algorithm which consider the vertices in some sequence
and assign them its first available color. We know that, u(G) < x(G) < T'(G) < A(G) +1
where u(G) is the clique number [3].

82. Preliminaries

A Grundy n-coloring of G is an n-coloring of G such that V color C}, every node colored with C;
is adjacent to at least one node colored with Cy, V Cs < C} and the Grundy chromatic number
I'(G) is the maximum number n such that G is Grundy n-coloring [3]. Generally, if G\ H is
Grundy n-colourable for a typical subgraph H < G such as a path Ps, cycle Cs or K; , for an
integer s > 1, then G is said to be Smarandachely Grundy n-colourable on H. Clearly, such a
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Smarandachely Grundy n-colouring is nothing else but a Grundy n-colouring if H = ().

A graph with V(G) = S; U Sy U---US; UT where each S; is a set of all vertices of same
degree with at least two elements and T = V(G)\{S1US2U- - -US;}. The degree splitting graph
DS(G), is obtained from G by adding vertices wy, we, - -+ ,w; and joining w; to each vertex of
S; for 1 <4<t [8, 10].

For any integer n > 4, the wheel graph W, is the n-vertex graph obtained by joining a
vertex vy to each of the n-1 vertices wy,ws, -+ ,w,—1 of the cycle graph Cy,—1 [11].

A helm graph H,, is a graph formed from a wheel W,, by attaching a pendant edge to each
terminal vertex [7].

An n-sunlet graph on 2n vertices is obtained by attaching n-pendant edges to the cycle C),
and is denoted by S, [11].

A crown graph(also known as a cocktail party graph) H, , is a graph obtained from the
complete bipartite graph K, ,, by removing a perfect matching [6] and the friendship graph F,,
is the n-collection of cycle C'5 with a common vertex.

83. Main Results

Here, we concentrate on exact values of Grundy Coloring of Degree Splitting graph of wheel
graphs, helm graphs, sunlet graphs, crown graphs and friendship graphs which are symbolised
by [DS(W,,)], [DS(Hy)], [DS(Sn)], [DS(Hyp )] and T'[DS(F,)] respectively.

Theorem 3.1 Forn > 4, the grundy coloring for degree splitting graph of wheel graph W, is

given by
n+1, n=4,
FDSW,)] =% n—2, n=S5,
4 n > 6.

)

Proof Consider a wheel graph W,, with vertex set
V(W) = v
where v; is the hub vertex and edge set

EW,) ={viv; :i € (1,n]} U{vvi41 : i € (l,n)}U{vgvn}

such that | V(W,,) |= n and | E(W,,) |= 2n — 2. Moreover, A(W,,) = n — 1 and 6(W,,) = 3.
We have T' = {v; : i € [1,n]} for n = 4 otherwise T' = {v; : i € (1,n]}.

Thus, by the construction of degree splitting graph, we introduce a new vertex w corre-
sponding to the vertex set T and hve V[DS(W,,)] = {v; : i € [1,n]} U{w} and E[DS(W,,)] =
{vav,} U{viv; 1 ¢ € (I,n]} U{vvipr 14 € (1,n)} U{wy; : ¢ € [1,n]} for n = 4 otherwise
E[DS(W,,)] = {vav,} U{v1v; : i € (1,n]} U{vivipr 1 @ € (1,n)} U{wv; : i € (1,n]} where
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| V[DS(W,)] |=n +1 and

3n—2, n=4,
| E[DS(W,)] |=
3n—3, n#4
provided 6[DS(W,,)] = 4 and
n, n =4,
A[DS(Wy)] =
n—1, n#4.
Consider the colors C1,C5, Cs, - -+ and assign the colors as follows.

Casel. n=14

In this case, assign the colors by using the mapping 7 : V[DS(W,,)] — {C) : 1 < k < 5}
such that

oem(w) = Cs,
047 Zzla
07 .:2,
o m(v;) = C3 Z X
2, =9,
Cy, i=4

Thus, I'[DS(W,,)] = 5 for n = 4 where I'[DS(W,,)] > 5 is not possible since I' < A + 1 and
suppose I'[DS(W,,)] < 5, eventhough it satisfies the definition of Grundy coloring it is not
maximum. Hence, I[DS(W,,)] =n + 1 for n = 4.

Case 2. n=5

In this case, consider the mapping ¢ : V[DS(W,)] = {C) : 1 < k < 3} and assign the
colors as follows.

e p(w) = Cj,
Oy i=1,

o p(v;) = Co, i =0(mod)2,
Cy, i=1(mod)2.

Thus, T[DS(W,,)] = 3 for n = 5.
Suppose I'[DS(W,,)] > 3, then it makes the vertex vs colored with Cy not adjacent with
C which contradicts grundy coloring for the mapping ¢(w) = ¢(v1) = Cy,

C3, i =0(mod)2,
¢(U’L) = 027 1= 37
Ch, i=5
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and suppose I'[DS(W,)] < 3, it contradicts the definition of proper coloring. Therefore,
I'DS(W,)] =n—2for n=5.

Case 3. n>6

Let us consider the mapping 1 : V[DS(W,,)] — {C}. : 1 <k < 4} and assign the colors as

follows.

Subcase 3.1 n = 0(mod)2

Y(w) = P(v1) = Cy,
P(va) = Cs,

Y(v;) =

Subcase 3.2 n = 1(mod)2,

Y(w) = P(v1) =Cy,
T/J(’Uz) = w(vn—l) - C?n

b(o) = Cs, z = 1(mod)2, |
Cy, i=0(mod)2 and i=n.
Thus, from the above subcases, I'[DS(W,,)] = 4 for n > 6.

Suppose I'[DS(W,,)] > 4, then it makes some vertex colored with Cj, not adjacent with all
C—1 colors. For instance, I'[DS(Ws)] = 5 in which the vertex v colored with Cyy and vs colored
with C5 are not adjacent with the color Cy for the mapping ¢ (w) = ¢ (v1) = Cs, ¥(v2) = Cy,
Y(vs) = Cs, ¥(va) = Y(ve) = Co and (vs) = Cy. This contradicts Grundy coloring. Similarly
4 < T[DS(W,)] < n leads to contradiction of grundy coloring. And suppose I'[DS(W,,)] < 4,
eventhough it satisfies grundy coloring it is not maximum. Therefore, T'[DS(W,)] = 4 for
n > 6.

Thus, from all above cases, we have

n+1, n=4,
F[DS(Wn)] = n — 2’ n = 5’ O
4, n>6

Theorem 3.2 For n > 3, the Grundy coloring for degree splitting graph of sunlet graph S,, is
given by

4,
I[DS(Sn)] = 5, notd

Proof Consider a sunlet graph S,, with vertex set V(S,,) = {u; : i € [1,n]}U{v; : j € [1,n]}
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and edge set E(S,) = {wuit1 = 7 € [L,n)} U{uiu,} U {ww; 4,5 € [1 ,n] and ¢ = j} such
that | V( w) =] E(Sn) |= 2n. Moreover, A(S,) = 3 and §(S,) = 1. Hence, we have
T ={u; i€ [l,n]} and Thr = {v; : j € [1,n]}.

Thus, by the construction of degree splitting graph, we introduce new vertices {wq, wo}
corresponding to vertex set 77 and T and therefore, V[DS(S,)] = {u; : i € [1,n]} U {v; :
j € [Ln]}U{w : k € [1,2]} and E[DS(S,)] = {wittit1 : ¢ € [1,n)} U {waun} U{wv; 14,5 €
[1,n] and ¢ = j} U {wwi : i € [I,n]} U{vjws : j € [1,n]} where | V[DS(S,)] |= 2n + 2 and
| E[DS(Sy,)] |= 4n provided §[DS(S,,)] = 2 and

n+1, n=23,
A[DS(Sn)] =
n, n # 3.
Consider the colors C1,C5,Cs, - - and assign the colors as follows.

Casel. n=4

Assign the colors by using the mapping p : V[DS(S,)] — {C: : 1 <t < 4} such that

Cy, k=1,
* p(wy) =
037 k= 27
o p(u;) = Cs for i = 1(mod)2;
C ) | = 27
e for i = 0(mod)2, p(u;) = 2 :
Cl, 1= 4;
027 .7 =n,

efor 1 <i<mn, p(v;) =
017 1 S .7 S n— 1
Thus, I[DS(S,)] = 4 for n = 4.

Suppose I'[DS(S,,)] > 4 then it makes the vertex vy colored with Cy not adjacent with Cy
which contradicts grundy coloring for the mapping p(u;) = C;, p(v1) = p(v,) = Ca, p(va2) =
p(vz) = Cq, p(wy) = Cs and p(ws) = C5 and suppose I'[DS(S,)] < 4, Even through it satisfies
the definition of Grundy coloring it is not maximum. Thus, I'[DS(S,,)] = 4 for n = 4.

Case 2. n#4

Let us consider the mapping A : V[DS(S,)] — {C: : 1 <t < 5} and assign the colors as
follows.

Subcase 2.1 n=3

° )\(Ul) = CH_Q,Vl S ) < n;
o \(vj) =Co,V1<j<m
n
o Mwy) = C1,Vk € [1, BH .



On Grundy Coloring of Degree Splitting Graphs 87

Subcase 2.2 n>5

o ANw;y) = C5 and A(wz) = Cs;
(] /\(Ul) = Ciy2,Vi € [1,2];
Cy, i=1 d)2,
e for odd n, A(u;) = 2, 1= 1(mod)
C1, i=0(mod)2;
Cy, j=0(mod)2,
Cy, j=2and j=1(mod)2;
Cs, i=n-—1,
o for even n, A(u;) Cy, i=1(mod)2 and i = n,
Cy, 1 =0(mod)2;
Cy, j=0(mod)2 and 4 < j < n,
Cy, j=2,nand j = 1(mod)2.
Thus, from all above subcases, I'[DS(S,,)] =5 for n # 4.

Suppose I'[DS(S,,)] > 5, it is not p0551ble for n = 3 since I' < A + 1 whereas for n > 5, it
makes some vertex colored with C; not adjacent with all C;_; colors. For instance, I'[DS(S5)] =
6 in which the vertex w; colored with Cg is not adjacent with the color C5 for the mapping
Awy) = Cg, Mwe) = Cs,

CQa
Ola

Ci7
027

1<i<4,
i=5.

J=1
2<j<5

Av;) = and  A(u;) =

This contradicts Grundy coloring. Similarly 7 < T'[DS(S,)] < A[DS(S,)] + 1 for n > 6 leads
to contradiction and suppose I'[DS(S,,)] < 5. Even though it satisfies Grundy coloring it is not
maximum. We get I'[DS(S,,)] =5 for n # 4.

Thus, from all above cases, we have

This completes the proof. O

Theorem 3.3 Forn > 3, the grundy coloring for degree splitting graph of helm graph H, is
given by
I[DS(H,)] = 5.

Proof Consider a helm graph H,, with vertex set V(H,,) = {v; : i € [0,n]}U{u; : j € [1,n]}
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and edge set E(H,,) = {vov; : 7 € [1,n]}U{v1v, }U{v;v;41 : 7 € [1,n) }U{vu; : 1,5 € [1,nlandi
j} such that | V(H,,) |=2n+ 1 and | E(H,,) |= 3n. Moreover,

Hence, we have
Ty ={v;:i€[0,n]} and Tp ={u,:j € [1,n]}.

Thus, by the construction of degree splitting graph, we introduce a new set of vertices {w, w2}
corresponding to vertex set 77 and T». Consequently, V[DS(H,)] = {v; : i € [0,n]} U {u; :
j e ,n]}U{{wg : k€ [1,2]} and E[DS(H,)] = {vov; : i € [1,n]} U{viv,} U {vviqr 0 €
1,n)} U{viu; 4,5 € [1,n] and i = j} U {v;wy : ¢ € [0,n]} U {ujwse : j € [1,n]} for n = 4.
Otherwise, E[DS(H,)] = {vov; : ¢ € [L,n]} U{viv,} U{vivipr 14 € [I,n)} U {vu; 14,5 €
[1,n] and ¢ = j} U {v;wy : i € [1,n]} U{ujws : j € [1,n]} where | V[DS(H,)] |=2n+ 3 and

m+1, n=4,
| E[DS(H,)] |= _
5n, Otherwise
provided
5 n =34,
A[DS(H,)] = "
n, n>5

and §[DS(H,,)] = 2.

Consider the colors Cy,Cs,Cs, - - -

and assign the colors by using the mapping n : V[DS(H,)] —

Casel. n=3

Case 2. n=4
o n(w1)

o n(u;)

® 7(vi)

n(wy : k € [1,2]) = Ch;
Cy,Vj € [1,n];
CZ'JFQ,Vi S [1,n].

C5 and n(ws) = n(vg) = C;

037 .7 = 27
Cy, Otherwise, for Vj € [1,n];
Cs, 1=1,

C;, i>2forViel(l,n].
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Case 3. n>5

e 1)(vo) = n(wy) = Cs and n(wy) = Cs;
Cy, j=1,

o (uj) =
’ Cr, j=2Vje[Ln];
C;, 1<i<A4,
e n(v)) =4 Cy, i=1(mod)2,

C3, i=0(mod)2 for Vi € [1,n].

Thus, from all above cases, I'[DS(H,)] = 5.

Suppose I'[DS(H,,)] > 5, then it makes some vertex v; colored with C; is not adjacent
with all C¢_y colors. For instance, I'[DS(Hs)] = 6 in which the vertex vy colored with Cj is
not adjacent with Cy and C; for the mapping n(wy : k € [1,2]) = C1, n(v; : ¢ € [0,3]) = Cit3
and n(u; : j € [1,3]) = Cy. This leads to the contradiction of Grundy coloring. Similarly,
7T <T[DS(H,)] <n+1for n > 5 leads to contradiction and suppose I'[DS(H,)] < 5. Even
though it satisfies the definition of Grundy coloring it is not maximum, i.e., I'[DS(H,)] = 5 for
n > 3. 0

Theorem 3.4 Forn > 2, the Grundy coloring for degree splitting graph of crown graph H, ,
is given by

T[DS(Hpn)] =n+ 1.

Proof Consider a crown graph H, , with vertex set V(H,, ) = {u; :i € [1,n]} U{v; : j €
[1,n]} and edge set E(H, ) = {uwv; : 4,5 € [1,n] and i # j} such that | V(H,,,) |= 2n and
| E(Hp ) |=n(n —1). Moreover, A(H,, ) = 6(Hy,n) =n—1, ie., we have T = u; Uv; where
i,7 € [1,n].

Thus, by the construction of degree splitting graph, we introduce a new vertex w corre-
sponding to the vertex set T, and so V[DS(Hyn)] = {u; i € [1,n]} U{v; : j € [1,n]} U {w}
and E[DS(Hy )] = {uv; 14,5 € [1,n] and i # j} U{uw : i € [1,n]} U{v;w : j € [1,n]} where
| VIDS(Hn)] |= 2n+ 1 and | E[DS(Hy,)] |= n(n + 1) provided A[DS(H,,,)] = 2n and
S[DS(Hp )] = n.

Consider the colors Cy, Cs, - - - and assign colors by using the mapping o : V[DS(H,, )] —
{Cx : k=1,2,3,---} as follows:

e o(w) =Chyr;

e o(u;) = o(v;) = Ci, Vi,j € [1,n].

Thus, T[DS(Hp.n)] = n + 1.

Suppose I''DS(Hy, )] > n+ 1, then some vertex u; or v; colored with Cj, is not adjacent
with all Cj_; colors. For instance, I'[DS(H,, )] = n+2 for n = 2 in which the vertex us colored
with C3 and the vertex vy colored with Cy are not adjacent with C; for the mapping o(w) = Cy,
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o(uy) = o(vy) = Cy, o(u,) = Cpy1 and o(v,) = Cp—1. This leads to the contradiction of
Grundy coloring. Similarly, n+3 < T'[DS(Hp»)] < 2n+1 leads to contradiction. And suppose
I'[DS(Hy.n)] < n+ 1, then it contradicts the definition of proper coloring, i.e., I'[DS(Hp »)] =
n+1 forn > 2. O

Theorem 3.5 Forn > 1, the Grundy coloring for degree splitting graph of friendship graph F,
is given by
4, n=1,

F[DS(Fn)]: 3, n#l

2n
Proof Consider a friendship graph F,, with vertex set V(F,) = |J{v;} and edge set
=0
E(F,) = {vov; : i € [1,2n]} U {v;v;31 : ¢ = 1(mod)2} such that | V(F,) |= 2n + 1 and
| E(Fy) |= 3n. Moreover,
2, n=1,
A(F,) =
2n, n#1

2n 2n
and 6(F,) =2. We have T = |J {v;} for n = 1 otherwise T = J {v;} for n > 2.
i=0 i=1

Thus, by the construction of degree splitting graph, we introduce a new vertex w cor-
responding to vertex set T, i.e., V[DS(F,)] = {v; : i € [0,2n]} U {w} and E[DS(F,)] =
{vov; : i € [1,2n]} U {vwiyr : 4 = 1(mod)2} U {v,w : i € [0,2n]} for n = 1 otherwise
E[DS(F,)] = {vov; : i € [1,2n]} U {vvi41 : @ = 1(mod)2} U {v;w : i € (0,2n]} for n > 2
where

VIDS(E)] =20 +1) and | E[DS(F) =4 S FD m=1

on, n#1
provided
3, n=1,
A[DS(Fy)] =
2n, n#1
and §[DS(F,)] = 3.
Consider the colors C1,C5,Cs, -+ and assign the colors as follows.

Casel. n=1
Let us consider the mapping ¢ : V[DS(F,)] — {Cs : 1 < s <4} such that

* ((w) =Cy;
o ((v;) = Cyyq for 0 <4 < 2n.

Obviously, I'[DS(F,)] = 4 for n = 1.

Case 2. n>1
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Assume the mapping 7 : V[DS(F,)] — {C : 1 <t < 3} and assign the colors as follows.

o 7(w) = 7(vo) = C3;
Cy, 1 =0(mod)2,

® T(Ui) =
Cy, i=1(mod)2 for 1 <i < 2n.

Thus, T'[DS(F,)] = 3. Suppose I'DS(F,)] > 3 then the vertex v; colored with C; is not
adjacent with all C,_; colors. For instance, I'[DS(F,,)] = 4, the vertex vy colored with Cy is
not adjacent with Cy for the mapping 7(vg) = Cly,

C3, i=1(mod)2,

T(v;) =
Cy, i =0(mod)2

for Vi € [1,2n] and 7(w) = Cy. This leads to the contradiction of Grundy coloring. Similarly,
5 < T[DS(F,)] < 2n+ 1 leads to contradiction. And suppose I'[DS(F,,)] < 3, it contradicts
the definition of proper coloring. Therefore, T[DS(F,)] = 3 for n # 1.

From all above cases, we have

4, n=1,

[[DS(F.)] = 5, ntl

This completes the proof. O
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