
International J.Math. Combin. Vol.3(2024), 82-92

On Grundy Coloring of Degree Splitting Graphs

R. Pavithra and D. Vijayalakshmi

(Department of Mathematics, Kongunadu Arts and Science College, Coimbatore-641 029, Tamil Nadu, India)

E-mail: rpavithra phd@kongunaducollege.ac.in

Abstract: A Grundy n-coloring of a graph G is a proper vertex coloring in which every

vertex in V (G) colored with Cn is adjacent with all Cn−1 colors. The Grundy cloring or

Grundy number Γ(G) is the maximum number which can also be predicted by greedy coloring

strategy by choosing some vertex order to obtain maximum colors. In this paper, we provide

some exact values for Grundy coloring of degree splitting graph of wheel graph, helm graph,

sunlet graph, crown graph and Friendship graph which are denoted by [DS(Wn)], [DS(Hn)],

[DS(Sn)], [DS(Hn,n)] and Γ[DS(Fn)] respectively.
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§1. Introduction

Throughout this, we consider only a simple, finite, undirected & connected graph. Graph

coloring is the allocation of colors to the vertices of a graph G. A proper k-coloring is defined

by the mapping σ : V (G) → Cs where σ(f) 6= σ(g) for ∀f ∼ g, (f, g) ∈ V (G) [1, 10]. The

Grundy k-coloring is a proper k-coloring in which f ∼ C1, f ∼ C2, f ∼ C3, · · · , f ∼ Cs−1 for ∀
σ(f) = Cs. This Grundy number Γ(G) was initially studied by P.M.Grundy for directed version

in 1939 but the undirected version was introduced by Christen and Selkow in 1979 [1, 2, 5]. This

can also be predicted by using greedy algorithm which consider the vertices in some sequence

and assign them its first available color. We know that, µ(G) ≤ χ(G) ≤ Γ(G) ≤ 4(G) + 1

where µ(G) is the clique number [3].

§2. Preliminaries

A Grundy n-coloring of G is an n-coloring of G such that ∀ color Ct, every node colored with Ct

is adjacent to at least one node colored with Cs, ∀ Cs < Ct and the Grundy chromatic number

Γ(G) is the maximum number n such that G is Grundy n-coloring [3]. Generally, if G \H is

Grundy n-colourable for a typical subgraph H ≺ G such as a path Ps, cycle Cs or K1,s for an

integer s ≥ 1, then G is said to be Smarandachely Grundy n-colourable on H. Clearly, such a
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Smarandachely Grundy n-colouring is nothing else but a Grundy n-colouring if H = ∅.
A graph with V (G) = S1 ∪ S2 ∪ · · · ∪ St ∪ T where each Si is a set of all vertices of same

degree with at least two elements and T = V (G)\{S1∪S2∪· · ·∪St}. The degree splitting graph

DS(G), is obtained from G by adding vertices w1, w2, · · · , wt and joining wi to each vertex of

Si for 1 ≤ i ≤ t [8, 10].

For any integer n ≥ 4, the wheel graph Wn is the n-vertex graph obtained by joining a

vertex v1 to each of the n-1 vertices w1, w2, · · · , wn−1 of the cycle graph Cn−1 [11].

A helm graph Hn is a graph formed from a wheel Wn by attaching a pendant edge to each

terminal vertex [7].

An n-sunlet graph on 2n vertices is obtained by attaching n-pendant edges to the cycle Cn

and is denoted by Sn [11].

A crown graph(also known as a cocktail party graph) Hn,n is a graph obtained from the

complete bipartite graph Kn,n by removing a perfect matching [6] and the friendship graph Fn

is the n-collection of cycle C3 with a common vertex.

§3. Main Results

Here, we concentrate on exact values of Grundy Coloring of Degree Splitting graph of wheel

graphs, helm graphs, sunlet graphs, crown graphs and friendship graphs which are symbolised

by [DS(Wn)], [DS(Hn)], [DS(Sn)], [DS(Hn,n)] and Γ[DS(Fn)] respectively.

Theorem 3.1 For n ≥ 4, the grundy coloring for degree splitting graph of wheel graph Wn is

given by

Γ[DS(Wn)] =


n+ 1, n = 4,

n− 2, n = 5,

4, n ≥ 6.

Proof Consider a wheel graph Wn with vertex set

V (Wn) =

n⋃
i=1

vi

where v1 is the hub vertex and edge set

E(Wn) = {v1vi : i ∈ (1, n]} ∪ {vivi+1 : i ∈ (1, n)}
⋃
{v2vn}

such that | V (Wn) |= n and | E(Wn) |= 2n − 2. Moreover, 4(Wn) = n − 1 and δ(Wn) = 3.

We have T = {vi : i ∈ [1, n]} for n = 4 otherwise T = {vi : i ∈ (1, n]}.
Thus, by the construction of degree splitting graph, we introduce a new vertex w corre-

sponding to the vertex set T and hve V [DS(Wn)] = {vi : i ∈ [1, n]} ∪ {w} and E[DS(Wn)] =

{v2vn} ∪ {v1vi : i ∈ (1, n]} ∪ {vivi+1 : i ∈ (1, n)} ∪ {wvi : i ∈ [1, n]} for n = 4 otherwise

E[DS(Wn)] = {v2vn} ∪ {v1vi : i ∈ (1, n]} ∪ {vivi+1 : i ∈ (1, n)} ∪ {wvi : i ∈ (1, n]} where
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| V [DS(Wn)] |= n+ 1 and

| E[DS(Wn)] |=

 3n− 2, n = 4,

3n− 3, n 6= 4

provided δ[DS(Wn)] = 4 and

4[DS(Wn)] =

 n, n = 4,

n− 1, n 6= 4.

Consider the colors C1, C2, C3, · · · and assign the colors as follows.

Case 1. n = 4

In this case, assign the colors by using the mapping π : V [DS(Wn)] → {Ck : 1 ≤ k ≤ 5}
such that

• π(w) = C5,

• π(vi) =


C4, i = 1,

C3, i = 2,

C2, i = 3,

C1, i = 4.

Thus, Γ[DS(Wn)] = 5 for n = 4 where Γ[DS(Wn)] > 5 is not possible since Γ ≤ 4 + 1 and

suppose Γ[DS(Wn)] < 5, eventhough it satisfies the definition of Grundy coloring it is not

maximum. Hence, Γ[DS(Wn)] = n+ 1 for n = 4.

Case 2. n = 5

In this case, consider the mapping φ : V [DS(Wn)] → {Ck : 1 ≤ k ≤ 3} and assign the

colors as follows.

• φ(w) = C3,

• φ(vi) =


C3, i = 1,

C2, i ≡ 0(mod)2,

C1, i ≡ 1(mod)2.

Thus, Γ[DS(Wn)] = 3 for n = 5.

Suppose Γ[DS(Wn)] > 3, then it makes the vertex v3 colored with C2 not adjacent with

C1 which contradicts grundy coloring for the mapping φ(w) = φ(v1) = C4,

φ(vi) =


C3, i ≡ 0(mod)2,

C2, i = 3,

C1, i = 5
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and suppose Γ[DS(Wn)] < 3, it contradicts the definition of proper coloring. Therefore,

Γ[DS(Wn)] = n− 2 for n = 5.

Case 3. n ≥ 6

Let us consider the mapping ψ : V [DS(Wn)]→ {Ck : 1 ≤ k ≤ 4} and assign the colors as

follows.

Subcase 3.1 n ≡ 0(mod)2

ψ(w) = ψ(v1) = C4,

ψ(v2) = C3,

ψ(vi) =

 C2, i ≡ 1(mod)2,

C1, i ≡ 0(mod)2.

Subcase 3.2 n ≡ 1(mod)2,

ψ(w) = ψ(v1) = C4,

ψ(v2) = ψ(vn−1) = C3,

ψ(vi) =

 C2, i ≡ 1(mod)2,

C1, i ≡ 0(mod)2 and i = n.

Thus, from the above subcases, Γ[DS(Wn)] = 4 for n ≥ 6.

Suppose Γ[DS(Wn)] > 4, then it makes some vertex colored with Ck not adjacent with all

Ck−1 colors. For instance, Γ[DS(W6)] = 5 in which the vertex v2 colored with C4 and v3 colored

with C3 are not adjacent with the color C1 for the mapping ψ(w) = ψ(v1) = C5, ψ(v2) = C4,

ψ(v3) = C3, ψ(v4) = ψ(v6) = C2 and ψ(v5) = C1. This contradicts Grundy coloring. Similarly

4 < Γ[DS(Wn)] ≤ n leads to contradiction of grundy coloring. And suppose Γ[DS(Wn)] < 4,

eventhough it satisfies grundy coloring it is not maximum. Therefore, Γ[DS(Wn)] = 4 for

n ≥ 6.

Thus, from all above cases, we have

Γ[DS(Wn)] =


n+ 1, n = 4,

n− 2, n = 5,

4, n ≥ 6

�

Theorem 3.2 For n ≥ 3, the Grundy coloring for degree splitting graph of sunlet graph Sn is

given by

Γ[DS(Sn)] =

 4, n = 4,

5, n 6= 4

Proof Consider a sunlet graph Sn with vertex set V (Sn) = {ui : i ∈ [1, n]}∪{vj : j ∈ [1, n]}
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and edge set E(Sn) = {uiui+1 : i ∈ [1, n)} ∪ {u1un} ∪ {uivj : i, j ∈ [1, n] and i = j} such

that | V (Sn) |=| E(Sn) |= 2n. Moreover, 4(Sn) = 3 and δ(Sn) = 1. Hence, we have

T1 = {ui : i ∈ [1, n]} and T2 = {vj : j ∈ [1, n]}.

Thus, by the construction of degree splitting graph, we introduce new vertices {w1, w2}
corresponding to vertex set T1 and T2 and therefore, V [DS(Sn)] = {ui : i ∈ [1, n]} ∪ {vj :

j ∈ [1, n]} ∪ {wk : k ∈ [1, 2]} and E[DS(Sn)] = {uiui+1 : i ∈ [1, n)} ∪ {u1un} ∪ {uivj : i, j ∈
[1, n] and i = j} ∪ {uiw1 : i ∈ [1, n]} ∪ {vjw2 : j ∈ [1, n]} where | V [DS(Sn)] |= 2n + 2 and

| E[DS(Sn)] |= 4n provided δ[DS(Sn)] = 2 and

4[DS(Sn)] =

 n+ 1, n = 3,

n, n 6= 3.

Consider the colors C1, C2, C3, · · · and assign the colors as follows.

Case 1. n = 4

Assign the colors by using the mapping ρ : V [DS(Sn)]→ {Ct : 1 ≤ t ≤ 4} such that

• ρ(wk) =

 C4, k = 1,

C3, k = 2;

• ρ(ui) = C3 for i ≡ 1(mod)2;

• for i ≡ 0(mod)2, ρ(ui) =

 C2, i = 2,

C1, i = 4;
;

• for 1 ≤ i ≤ n, ρ(vj) =

 C2, j = n,

C1, 1 ≤ j ≤ n− 1
.

Thus, Γ[DS(Sn)] = 4 for n = 4.

Suppose Γ[DS(Sn)] > 4 then it makes the vertex v4 colored with C2 not adjacent with C1

which contradicts grundy coloring for the mapping ρ(ui) = Ci, ρ(v1) = ρ(vn) = C2, ρ(v2) =

ρ(v3) = C1, ρ(w1) = C5 and ρ(w2) = C3 and suppose Γ[DS(Sn)] < 4, Even through it satisfies

the definition of Grundy coloring it is not maximum. Thus, Γ[DS(Sn)] = 4 for n = 4.

Case 2. n 6= 4

Let us consider the mapping λ : V [DS(Sn)] → {Ct : 1 ≤ t ≤ 5} and assign the colors as

follows.

Subcase 2.1 n = 3

• λ(ui) = Ci+2,∀1 ≤ i ≤ n;

• λ(vj) = C2,∀1 ≤ j ≤ n;

• λ(wk) = C1,∀k ∈
[
1,
⌈n

2

⌉]
.
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Subcase 2.2 n ≥ 5

• λ(w1) = C5 and λ(w2) = C3;

• λ(ui) = Ci+2,∀i ∈ [1, 2];

• for odd n, λ(ui) =

 C2, i ≡ 1(mod)2,

C1, i ≡ 0(mod)2;

λ(vj) =

 C2, j ≡ 0(mod)2,

C1, j = 2 and j ≡ 1(mod)2;

• for even n, λ(ui) =


C3, i = n− 1,

C2, i ≡ 1(mod)2 and i = n,

C1, i ≡ 0(mod)2;

λ(vj) =

 C2, j ≡ 0(mod)2 and 4 ≤ j < n,

C1, j = 2, n and j ≡ 1(mod)2.

Thus, from all above subcases, Γ[DS(Sn)] = 5 for n 6= 4.

Suppose Γ[DS(Sn)] > 5, it is not possible for n = 3 since Γ ≤ 4+ 1 whereas for n ≥ 5, it

makes some vertex colored with Ct not adjacent with all Ct−1 colors. For instance, Γ[DS(S5)] =

6 in which the vertex w1 colored with C6 is not adjacent with the color C5 for the mapping

λ(w1) = C6, λ(w2) = C3,

λ(vj) =

 C2, j = 1,

C1, 2 ≤ j ≤ 5
and λ(ui) =

 Ci, 1 ≤ i ≤ 4,

C2, i = 5.

This contradicts Grundy coloring. Similarly 7 ≤ Γ[DS(Sn)] ≤ 4[DS(Sn)] + 1 for n ≥ 6 leads

to contradiction and suppose Γ[DS(Sn)] < 5. Even though it satisfies Grundy coloring it is not

maximum. We get Γ[DS(Sn)] = 5 for n 6= 4.

Thus, from all above cases, we have

Γ[DS(Sn)] =

 4, n = 4,

5, n 6= 4.

This completes the proof. �

Theorem 3.3 For n ≥ 3, the grundy coloring for degree splitting graph of helm graph Hn is

given by

Γ[DS(Hn)] = 5.

Proof Consider a helm graph Hn with vertex set V (Hn) = {vi : i ∈ [0, n]}∪{uj : j ∈ [1, n]}
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and edge set E(Hn) = {v0vi : i ∈ [1, n]}∪{v1vn}∪{vivi+1 : i ∈ [1, n)}∪{viuj : i, j ∈ [1, n]andi =

j} such that | V (Hn) |= 2n+ 1 and | E(Hn) |= 3n. Moreover,

4(Hn) =

 4, n = 3, 4,

n, n ≥ 5
and δ(Hn) = d(uj : j ∈ [1, n]) = 1.

Hence, we have

T1 = {vi : i ∈ [0, n]} and T2 = {uj : j ∈ [1, n]}.

Thus, by the construction of degree splitting graph, we introduce a new set of vertices {w1, w2}
corresponding to vertex set T1 and T2. Consequently, V [DS(Hn)] = {vi : i ∈ [0, n]} ∪ {uj :

j ∈ [1, n]} ∪ {wk : k ∈ [1, 2]} and E[DS(Hn)] = {v0vi : i ∈ [1, n]} ∪ {v1vn} ∪ {vivi+1 : i ∈
[1, n)} ∪ {viuj : i, j ∈ [1, n] and i = j} ∪ {viw1 : i ∈ [0, n]} ∪ {ujw2 : j ∈ [1, n]} for n = 4.

Otherwise, E[DS(Hn)] = {v0vi : i ∈ [1, n]} ∪ {v1vn} ∪ {vivi+1 : i ∈ [1, n)} ∪ {viuj : i, j ∈
[1, n] and i = j} ∪ {viw1 : i ∈ [1, n]} ∪ {ujw2 : j ∈ [1, n]} where | V [DS(Hn)] |= 2n+ 3 and

| E[DS(Hn)] |=

 5n+ 1, n = 4,

5n, Otherwise

provided

4[DS(Hn)] =

 5, n = 3, 4,

n, n ≥ 5

and δ[DS(Hn)] = 2.

Consider the colors C1, C2, C3, · · · and assign the colors by using the mapping η : V [DS(Hn)]→
{Ct : 1 ≤ t ≤ 5}.

Case 1. n = 3

• η(v0) = η(wk : k ∈ [1, 2]) = C1;

• η(uj) = C2,∀j ∈ [1, n];

• η(vi) = Ci+2,∀i ∈ [1, n].

Case 2. n = 4

• η(w1) = C5 and η(w2) = η(v0) = C1;

• η(uj) =

 C3, j = 2,

C2, Otherwise, for ∀j ∈ [1, n];

• η(vi) =

 C3, i = 1,

Ci, i ≥ 2 for ∀i ∈ [1, n].
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Case 3. n ≥ 5

• η(v0) = η(w1) = C5 and η(w2) = C3;

• η(uj) =

 C2, j = 1,

C1, j ≥ 2 ∀j ∈ [1, n];

• η(vi) =


Ci, 1 ≤ i ≤ 4,

C2, i ≡ 1(mod)2,

C3, i ≡ 0(mod)2 for ∀i ∈ [1, n].

Thus, from all above cases, Γ[DS(Hn)] = 5.

Suppose Γ[DS(Hn)] > 5, then it makes some vertex vi colored with Ct is not adjacent

with all Ct−1 colors. For instance, Γ[DS(H3)] = 6 in which the vertex v0 colored with C3 is

not adjacent with C2 and C1 for the mapping η(wk : k ∈ [1, 2]) = C1, η(vi : i ∈ [0, 3]) = Ci+3

and η(uj : j ∈ [1, 3]) = C2. This leads to the contradiction of Grundy coloring. Similarly,

7 ≤ Γ[DS(Hn)] ≤ n + 1 for n ≥ 5 leads to contradiction and suppose Γ[DS(Hn)] < 5. Even

though it satisfies the definition of Grundy coloring it is not maximum, i.e., Γ[DS(Hn)] = 5 for

n ≥ 3. �

Theorem 3.4 For n ≥ 2, the Grundy coloring for degree splitting graph of crown graph Hn,n

is given by

Γ[DS(Hn,n)] = n+ 1.

Proof Consider a crown graph Hn,n with vertex set V (Hn,n) = {ui : i ∈ [1, n]} ∪ {vj : j ∈
[1, n]} and edge set E(Hn,n) = {uivj : i, j ∈ [1, n] and i 6= j} such that | V (Hn,n) |= 2n and

| E(Hn,n) |= n(n− 1). Moreover, 4(Hn,n) = δ(Hn,n) = n− 1, i.e., we have T = ui ∪ vj where

i, j ∈ [1, n].

Thus, by the construction of degree splitting graph, we introduce a new vertex w corre-

sponding to the vertex set T, and so V [DS(Hn,n)] = {ui : i ∈ [1, n]} ∪ {vj : j ∈ [1, n]} ∪ {w}
and E[DS(Hn,n)] = {uivj : i, j ∈ [1, n] and i 6= j} ∪ {uiw : i ∈ [1, n]} ∪ {vjw : j ∈ [1, n]} where

| V [DS(Hn,n)] |= 2n + 1 and | E[DS(Hn,n)] |= n(n + 1) provided 4[DS(Hn,n)] = 2n and

δ[DS(Hn,n)] = n.

Consider the colors C1, C2, · · · and assign colors by using the mapping σ : V [DS(Hn,n)]→
{Ck : k = 1, 2, 3, · · · } as follows:

• σ(w) = Cn+1;

• σ(ui) = σ(vj) = Ci, ∀i, j ∈ [1, n].

Thus, Γ[DS(Hn,n)] = n+ 1.

Suppose Γ[DS(Hn,n)] > n+ 1, then some vertex ui or vj colored with Ck is not adjacent

with all Ck−1 colors. For instance, Γ[DS(Hn,n)] = n+2 for n = 2 in which the vertex u2 colored

with C3 and the vertex v1 colored with C2 are not adjacent with C1 for the mapping σ(w) = C4,
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σ(u1) = σ(v1) = C2, σ(un) = Cn+1 and σ(vn) = Cn−1. This leads to the contradiction of

Grundy coloring. Similarly, n+3 ≤ Γ[DS(Hn,n)] ≤ 2n+1 leads to contradiction. And suppose

Γ[DS(Hn,n)] < n+ 1, then it contradicts the definition of proper coloring, i.e., Γ[DS(Hn,n)] =

n+ 1 for n ≥ 2. �

Theorem 3.5 For n ≥ 1, the Grundy coloring for degree splitting graph of friendship graph Fn

is given by

Γ[DS(Fn)] =

 4, n = 1,

3, n 6= 1

Proof Consider a friendship graph Fn with vertex set V (Fn) =
2n⋃
i=0

{vi} and edge set

E(Fn) = {v0vi : i ∈ [1, 2n]} ∪ {vivi+1 : i ≡ 1(mod)2} such that | V (Fn) |= 2n + 1 and

| E(Fn) |= 3n. Moreover,

4(Fn) =

 2, n = 1,

2n, n 6= 1

and δ(Fn) = 2. We have T =
2n⋃
i=0

{vi} for n = 1 otherwise T =
2n⋃
i=1

{vi} for n ≥ 2.

Thus, by the construction of degree splitting graph, we introduce a new vertex w cor-

responding to vertex set T , i.e., V [DS(Fn)] = {vi : i ∈ [0, 2n]} ∪ {w} and E[DS(Fn)] =

{v0vi : i ∈ [1, 2n]} ∪ {vivi+1 : i ≡ 1(mod)2} ∪ {viw : i ∈ [0, 2n]} for n = 1 otherwise

E[DS(Fn)] = {v0vi : i ∈ [1, 2n]} ∪ {vivi+1 : i ≡ 1(mod)2} ∪ {viw : i ∈ (0, 2n]} for n ≥ 2

where

| V [DS(Fn)] |= 2(n+ 1) and | E[DS(Fn)] |=

 3(n+ 1), n = 1,

5n, n 6= 1

provided

4[DS(Fn)] =

 3, n = 1,

2n, n 6= 1

and δ[DS(Fn)] = 3.

Consider the colors C1, C2, C3, · · · and assign the colors as follows.

Case 1. n = 1

Let us consider the mapping ζ : V [DS(Fn)]→ {Cs : 1 ≤ s ≤ 4} such that

• ζ(w) = C4;

• ζ(vi) = Ci+1 for 0 ≤ i ≤ 2n.

Obviously, Γ[DS(Fn)] = 4 for n = 1.

Case 2. n ≥ 1
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Assume the mapping τ : V [DS(Fn)]→ {Ct : 1 ≤ t ≤ 3} and assign the colors as follows.

• τ(w) = τ(v0) = C3;

• τ(vi) =

 C2, i ≡ 0(mod)2,

C1, i ≡ 1(mod)2 for 1 ≤ i ≤ 2n.

Thus, Γ[DS(Fn)] = 3. Suppose Γ[DS(Fn)] > 3 then the vertex vi colored with Ct is not

adjacent with all Ct−1 colors. For instance, Γ[DS(Fn)] = 4, the vertex v0 colored with C4 is

not adjacent with C1 for the mapping τ(v0) = C4,

τ(vi) =

 C3, i ≡ 1(mod)2,

C2, i ≡ 0(mod)2

for ∀i ∈ [1, 2n] and τ(w) = C1. This leads to the contradiction of Grundy coloring. Similarly,

5 ≤ Γ[DS(Fn)] ≤ 2n + 1 leads to contradiction. And suppose Γ[DS(Fn)] < 3, it contradicts

the definition of proper coloring. Therefore, Γ[DS(Fn)] = 3 for n 6= 1.

From all above cases, we have

Γ[DS(Fn)] =

 4, n = 1,

3, n 6= 1.

This completes the proof. �
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