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Abstract: In this paper, we define the Laplacian of product of Randié¢ and sum-connectivity
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§1. Introduction

In [6] we define product of Randi¢ and sum-connectivity energy of a simple graph G as follows:

Let a and b be two nonnegative real number with a # 0. The product of Randi¢ and

sum-connectivity adjacency matrix of G is the n x n matrix Ap,s = (a;;) where

0, ifi = 7,
1
4= if the verticesv; and v; are adjacent,
(/A
\/ a(di+d;)b(did;)

0, if the vertices v; and v; are not adjacent.

The eigenvalues of the graph G are the eigenvalues of A,,;. Since A,,; is real and sym-

metric, its eigenvalues are real numbers which are denoted by A1, Ao, Az, -+, A\, where
A2 A > A3 2> 2> A

Then the product of Randi¢ and sum-connectivity energy of G is defined as

Eprs(G) = | il
i=1
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In 2004, D. Vukicevi¢ and Gutman [5] defined the Laplacian matrix of the graph G, denoted
by L = (L;;), as a square matrix of order n whose elements are defined by

&, if i=j
Lij =4 -1, if i #j and the vertices v;,v; are adjacent,
0, if i # j and the vertices v;,v; are not adjacent,
where J; is the degree of vertex v;. The eigenvalues pq, pia, -+ , ftn, of L, where pg > pg > -+ >

iy are called the Laplacian eigenvalues of G. In 2006, Gutman and B. Zhou [2] have defined
the Laplacian energy of LE(G) of G as

where m is number of edges and n is number of vertices of G.

Motivated by these works, we introduce the Laplacian of product of Randi¢ and sum-
connectivity energy of a simple graph G as follows. Let a and b be two nonnegative real number
with a # 0. The Laplacian of product of Randi¢ and sum-connectivity adjacency matrix of G
is the n x n matrix A;p,s = (a;;) where

5i7 ifi = j7
a;j = %, if the vertices v; and v; are adjacent,
\/ at@;+d;)0(d;4;)
0, if the vertices v; and v; are not adjacent.
where §; is the degree of vertex v;. Where py > ps > -+ > p, are called the eigenvalues of

Aiprs. Then Laplacian of product of Randi¢ and sum-connectivity energy of G is

n

Eiprs(G) =)

=1

2m

M — —
n

3

where m is number of edges and n is number of vertices of G.

82. Laplacian of Product of Randi¢ and Sum-Connectivity Energies of

Some Families of Graphs

We begin with some basic definitions and notations.

Definition 2.1([3]) A graph G is said to be complete if every pair of its distinct vertices are
adjacent. A complete graph on n vertices is denoted by K,,.

Definition 2.2([1]) The Crown graph SO for an integer n > 3 is the graph with vertex set

{ur,ug, -+ Up,v1,v2, -+ v, } and edge set {uv;;1 <i,j <mn,i#j}. SY is therefore equivalent
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to the complete bipartite graph K, ,, from which the edges of perfect matching have been removed.

Definition 2.3([3]) A bigraph or bipartite graph G is a graph whose vertex set V(G) can be
partitioned into two subsets Vi and Va such that every line of G joins Vi with Va. (V1,Va) is a
bipartition of G. If G contains every line joining V1 and Va, then G is a complete bigraph. If

Vi and Vo have m and n points, we write G = K, ,,. A star is a complete bigraph K .

Definition 2.4([4]) The conjunction (S APz) of Sy = K.+ K1 and Py is the graph having the
vertex set V(Sm) X V(Ps) and edge set {(v;, v;)(vg, v)|vivg € E(Sp) and vju, € E(P2) and 1 <
ik<m+1,1<j,1<2).

Now we compute Laplacian of product of Randi¢ and sum-connectivity energies of complete

graph, star graph, complete bipartite graph, the Crown graph, the (S,, A Py) graph.

Theorem 2.5 Let a and b be as defined above. Then the Laplacian of product of Randi¢ and

1
2abn *

sum-connectivity energy of the complete bipartite graph K, ,, is 2

Proof Let the vertex set of the complete bipartite graph be V (K, ,,) = {u1, u2, - , Un, v1, v2,
- ,Up}. Then, the Laplacian of product of Randi¢ and sum-connectivity matrix of complete

SRV ar ==y o
T

0

bipartite graph is given by

1
n T 0 \/ a(n+n)b(n?)
1
Apprs = ! o " \ amrnyem?)
prs — I I
\/ a(ntn)b(n2) \/ a(n+n)b(n?) n

Its characteristic polynomial is

A=ml =\
1
_ /7b(n2)a(n+n) J (A=n)I,

where J is an n X n matrix with all the entries are equal to 1. Hence, the characteristic equation

1 T
‘ Al “\ a(n+n)b(n?) J —0
1 9
“\ a(n+n)b(n?) J AI”

where A = X\ — n and which can be written as

(O S o IELN (Y SN S = |
AL, ( a(n+n)b(n2)J> A ( a(n+n)b(n2)J >| 0

M — Apprs| =

is given by

|AL|
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By simplification, we obtain

An—n

((a(n 4 n)b(n2))" ’a(n +n)b(n?)A%I, — JJT| = 0,
which can be written as
(a(n + n)b(nQ))nPJJT (a(n+n)b(n”))A") = O,

where Pjyr(A) is the characteristic polynomial of the matrix ,,J,,. Thus, we have

ATL—TL

(aln 3 2y (@ +mbD)A% = %) (aln +n)b(n?) A% =0,

which is the same as
An+n—2 (A2 _

Therefore, the spectrum of K, ,, is given by
n n+ 4/ S A e S
Spec (Kn,n) _ 2abn 2abn )
n+n-—2 1 1

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of the complete bipar-
tite graph is

i 2m
Elprs(Kn,n) = Z Hi — 7 )
i=1
and
Fupra (K n) = 24/ —
lprs nn) — 2abn.
as desired. O

Theorem 2.6 Let a and b be as defined above. Then the Laplacian of product of Randi¢ and
sum-connectivity enerqgy of the S, is

(n—2)?

Elprs (Sn) = n

_|_

n?—2(n—1) \/an3b —4(anb(n — 1) — 1)
_|_
2nab

+

n?—2(n—1) B \/an3b —4(anb(n — 1) — 1)

n 2nab

Proof Let the vertex set of star graph be given by V(S,) = {v1,v2, -+ ,v,}. Then the
Laplacian of product of Randi¢ and sum-connectivity matrix of the star graph .S, is given by
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1 1 1 1
n—1 \/anb(nfl) \/anb(nfl) e \/anb(nfl) \/anb(nfl)
1
anb(n—1) 1 0 e 0 0
: 0 1 e 0 0
anb(n—1
Alprs = ( )
1
anb(n—1) 0 0 1 0
1
anb(n—1) 0 0 0 1

Hence, its characteristic polynomial is given by

1 1 1
A— (TL - 1) 7\/anb(n—1) 7\/anb(n—1) e 7\/%
1
- nb(n—1) A-l 0 o 0

A= Aprs| = | =/ a0 0 A—1 0
-/ =2 0 0 A—1
anb(n—1)

S R | -1 -1

1 u 0 0 0

( 1 ) -1 0 pu -~ 0 0
anb(n — 1) : : Do C
-1 0 0 0

1 0 0 0 4

where p= (A —1)y/anb(n —1) and v = (A — (n — 1))/anb(n — 1). Then,

1 n
A — Apprs| = dn (1) < a(n)b(nl)) ,

where
v -1 -1 -1 -1
-1 u 0 0 0
-1 0 " 0 0
(bn(,u') =
-1 0 0 0 7

Applying the properties of determinant, we obtain after some simplifications ¢, () =
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(udn—1(p) — ™~ 2) and iterating this formula, we obtain

Pn(p) = p" 2 (uy — (n— 1))

Therefore,

AL = Ayr] = ( m(?il)) ((anb(n — )X = A= (0~ 1)

(= 1) (- 1) nbéw] .

Thus, the characteristic equation is given by
n—2 1
(A=1) A=1)A=(n-1)——) =0.

We know that

1 n+ \/an3b74(anb(n71)71) n— \/an3b74(anb(n71)fl)

2nab 2nab
n—2 1 1

Spec (Sp) =

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of .S,, is

(n—2)2 |n?-2(n-1) \/an3b —4(anb(n —1) — 1)
E =
lprs(sn) n + * 2nab
n? —2(n—1) \/an?’b —4(anb(n — 1) — 1)
+ - .
n 2nab
This completes the proof. O

Theorem 2.7 Let a and b be as defined above. Then the Laplacian of product of Randi¢ and

sum-connectivity enerqgy of K, is 2, /m .

Proof Let the vertex set of Complete graph be given by V(K,,) = {v1,v2,-+- ,v,}. Then
the Laplacian of product of Randi¢ and sum-connectivity energy of matrix of the complete

graph K, is given by

1
n—1 \/ a2b(n—1)3

n—1

\ T
\ T

\/azb(iq)ﬁﬁ \/a2b(71—1)3 n—1
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Hence, its characteristic polynomial is given by

A=(n=1)  —\/emmTm
—amoogr A—(n—1)
A — Apprs| = s ,

1 1
T\ a2b(n—1)3 " \/ a2b(n—1)3

1
"\ a2b(n-1)3
1
a2b(n—1)3

A—(n-1)
po—1 -1 1 -1
1 4 -1 1 -1
1 [ S R -1 -1
o a2b(n —1)3 : : :
1 -1 -1 u -1
1 -1 -1 1 u
where,
p=N—(n—1)va2(n—1)(n—1)2b.
Then N
1
M—-A rs| — Pn o1/ a\3
‘ lp ‘ ¢ (M)( a2b(n—1)3>
with
p -1 -1 |
1 o -1 -1 -1
1 -1 p 1 1
bn(p) =
1 -1 -1 - pu -1
1 -1 -1 -+ -1 op
po -1 -1 -1 -1
1 u -1 ~1 ~1
1 -1 p |
1 -1 -1 - -1
0 0 0 - —l—p p+l
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poo—1 -1 -1 -1 poo—1 -1 1 -1
1 op -1 e -1 S T |
R T | S R R |

R | S ER RS
P | P |
1 -1 -1 -1 -1 1 -1 -1 1 p
and
() = —(+D" '+ (p+ 1) [(p+1D)" 2 (u—(n—2))]

= ~(+D)" T+ (p+ )" e - (- 2)).
Iterating this formula, we obtain
Gn(u) = p" 72 (0 = (n = 1)),

thus the characteristic equation is given by

a2b(n — 1

( 11P> i+ 1" — (n— 1)) = 0,

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of K, is

1
e, Eiprs(Kn) = 24— 0
s bes Biprs(Kn) a2b(n —1)

Theorem 2.8 Let the vertex set V(SY) of the crown graph be given by V(S2) = {u1,uz, -+ , Uy,

v1,V2, -+ ,Un}t. Then, the Laplacian of product of Randié and sum-connectivity energy of the
crown graph is 4, /m.

Proof The Laplacian of product of Randi¢ and sum-connectivity energy matrix of crown

n

Elprs (Kn) - Z

i=1

My — —
n

graph is given by

n—1 0 0 0 a «

0 n—1 0 « 0 «

0 0 e o n—1 « « 0
Alprs: )

0 o « n—1 0 0

« 0 « 0 n—1 0
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where a = m. Its characteristic polynomial is

A=(n—-1)I, mKT

M — Ajprs| =
K  (A—(n-11I,

1
ab(2(n—1)3)

where K is an n X n matrix. Hence the characteristic equation is given by

1 T
—/ ab(2(n—1)3)K _0

AL,
1 - )
\/ TGRSV RAY AL

where A = (A — (n — 1)). This is the same as

1 I, 1 A\
Al = ( ab(2(n 1)3)K) A ( SO ) | =0

which can be written as

|AL|

1 " o
(=) P izt =170 =0

where Py g7 (y) is the characteristic polynomial of the matrix KK T, Thus we have

17)71@ n—1PNA2 — (n — D21ab(2(n — 1)3)A2 — 1171 —
(ab(2(n— 1)3)) [ab(2( 1)?)A" —( 1)%][ab(2( 1)%)A? — 1] 0,

which is the same as
1 1 n—1
A2 _ A2 _ I = O
( 2ab(n — 1)) ( a2b(n — 1)3)

Therefore
speeqsty_ (8 08 8
1 1 n—-1 n-—-1
where, 8 = Wihl)—i—(n—l). Hence, the Laplacian of product of Randi¢ and sum-connectivity
energy of crown graph is
1
Epprs(S0) =4, | ————. O
tprs (Sn) a2b(n — 1)

Theorem 2.9 Let a and b be as defined above. Then the Laplacian of product of Randié¢ and
sum-connectivity energy of (Spm A Pa) is

(2n —4)(n —2)

+ 2

n?—2(n—1) \/an?’b —4(anb(n —1) — 1)
J’_
n 2nab

+ 2

2nab

n?—2(n—1) _ \/an3b —4(anb(n —1) — 1) .
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Proof Let the vertex set of (S, A P3) graph be given by V (S, A Ps) = {v1,v2, -+, Vamt2}-
Then the Laplacian of product of Randié¢ and sum-connectivity matrix of (S,, A Py) graph is
given by

n—1 0 0 w w
0 1 0 w 0 0
A 0 0 1 w 0 0
l - )
e w w n—1 0 0
w 0 0 0 1 0
w 0 0 0 1
2nxX2n

1

where, m+1=n and w = =T Its characteristic polynomial is given by

A—(n-1) 0 0 0 —w e W
0 A—1 0 —w 0 0
0 0 - A—1 —y/=b g ...
|)\I*Alprs| _ an
0 —w o —w A—(n-1) 0 0
—w 0 0 0 A—1 0
—w 0 0 0 0 A—1
2nXx2n

w 0 0 0 -1 -1
0 A 0 -1 0 0
(@)™ 0 O A -1 0 0 o
0 -1 1w 0 0 ’
-1 0 0 0 A 0
-1 0 0 0 0 A
2nxX2n
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Let
0 0 0 0 -1 -1 ~1
0 A 0 0 -1 0 0 0
0 0 A 0 -1 0 0 0
Pan(A) = o 0 o0 -~ A -1 0 0 - 0
0 -1 -1 -1 v 0 0 0
1 0 o0 0 0 A 0 0
-1 0 o0 0 0 0 0 A
2nxX2n

0 0 0 0 -1 -1 —1

0 A 0 0 -1 0 0 0

0 0 A 0 -1 0 0 0

= (=)Ao 0 0 -+ A -1 0 0 - 0

0 -1 -1 -1 v 0 0 0

1 0 o0 0 0 A 0 0

-1 0 o0 0O 0 0 0 A

(2n—1)x(2n—1)

0 0 0 0 0 -1 1 -1

A 0 O 0 -1 0 0 0

0 A 0 0 -1 0 0 0

+(-D**21 090 0o 0 .- A -1 0 -~ 0 0

-1 -1 -1 -+ =1 v 0 -+ 0 0

o 0 0 -~ 0 0 A -~ 0 0

0 0 0 0 0 0 A 0O

(2n—1)x(2n—1)

and let
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Wop1(A) = (=1)*"*2
0 0 0 0 0 -1 —1
A 0 0 0 -1 0 0
0 A 0 0 -1 0 0
x| 0 0 0 A -1 0 0
-1 -1 -1 -1 0 0
0 0 0 0 0 A 0
0 0 0 0 0 0 A

Applying the properties of determinant, we obtain
Uy, 1(A) = —A"20,,(A),

after some simplifications, where

A 0 0 -1
0 A 0 -1
O.(A)=| 0 0 A -1
-1 -1 -1 5

nxn

Then,
¢2n(A) = _An72®n(A) + A¢2n71(A)~

Now, proceeding as the above we obtain
pan—1(A) = (=1)E D2y, ,(A)

+(_1)(2n—1)+(2n—1)A¢2n_2(A)
—A"720,(A) + Aan—2(A)

and continuously like this, we obtain
Pon(A) = —(n — DA 20, (A) + A"Ve, 11 (A)

at the (n — 1)** step, where

(2n—1)x(2n—1)
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~ 0 0 0
0 A O -1
GiM)=|0 0 A 1
0 -1 -1 A
(n+1)x(n+1)
Pan(A) —(n—1)A"20,(A) + A" 170, (A)

= —(n—1)A""20,(A) + A" 110, (A)
= (A" Yy = (n = 1A"2)0,(A).

Applying the properties of determinants, we obtain
On(A) = A"y — (n— 1)A" 2.

Therefore

$2n(A) = (A" 1y — (n — DA%

Hence, characteristic equation becomes

1 2n
( cmb(n—l)) ¢2n(A):O7

which is the same as

( o )> R S )

anb(n —1
which can be reduced to
(A= 1)2"74((nab(n - DA -1DA=(n—-1))—(n— 1))2 =0.

Therefore,

1 \/an3b74(anb(n71)71) o \/an3b74(anb(n71)71)
Spec ((Sm A Py)) = nt 2nab n Fnab _

2n —4 2 2

Hence, the Laplacian of product of Randi¢ and sum-connectivity energy of (S, A Py) graph is

n

EZPTS((Sm A PQ)) = Z

i=1

2m

My — —
n
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Whence,
20— 4)(n — 2 2 _9(n—1 3b — 4(anb(n — 1) — 1
Bire(Sm A By)) = Cn=dn=2) o fn7 =20 >+\/an (anb(n— 1) = 1)
n 2nab
n? —2(n—1) \/an?’b —4(anb(n — 1) — 1)
+2 _ .
n 2nab

This completes the proof. .
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