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Abstract: The spectral graph theory explores connections between combinatorial features
of graphs and algebraic properties of associated matrices. In this paper, we introduce modi-
fied maximum degree matrix M (¢) of a simple graph ¢ and obtain a bound for eigenvalues
of Mar(¢). We also introduce modified maximum degree energy Ear,,(¢) of a graph ¢ and
obtain bounds for Ear,, (¢).
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§1. Introduction

The spectral graph theory plays an important role in analyzing the matrices of graphs with the
help of matrix theory and linear algebra. Now, spectral graph theory has attracted the attention
of both pure and applied mathematicians whose benefit lies far from the spectral graph theory,
which may be surprised because graph energy is a special kind of matrix norm. They will then
recognize that the concept of graph energy (under different names) is encountered in several
seemingly unrelated areas of their own expertise.

The eigenvalues are closely related to almost all major invariants of a graph, linking one
extremal property to another, they play a central role in the fundamental understanding of
graph. In 1978, I. Gutman related the Graph energy and total m-electron energy in a molecular
graph; it was defined as, the sum of absolute values of the eigenvalues of the associated adjacency
matrix of a graph (. Later, many matrices were defined based on distance and adjacency among
the vertices, degree of the vertices involved in forming the graph structure like: Zagreb matrix
[5], Randic matrix [10], distance matrix [1], Seidel matrix [2], Laplacian matrix [6], Seidel
Laplacian matrix [9], signless Laplacian matrix [3], Seidel signless Laplacian matrix [8], degree
sum matrix [7], etc.

In the study of spectral graph theory, we use the spectra of certain matrix associated with
the graph, such as the adjacency matrix, the Laplacian matrix and other related matrices. Some

useful information about the graph can be obtained from the spectra of these various matrices.
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Throughout the paper, we consider a simple graph (, that is nonempty, finite, having no
loops, no multiple and directed edges. Let V(¢) = {d1,02, -+ ,0v(c)}- The adjacency matrix
A(C) of the graph ( is a square matrix of order |V (¢)| whose (i, j)- entry is equal to unity if the
vertices 0; and d; are adjacent and is equal to zero otherwise. The eigenvalues A1, A2, -+, A\jy(¢),
of A(¢), assumed in non-increasing order, are the eigenvalues of the graph ¢. As we defined
before the energy of ( is

B(Q) =3I\,

The concept of graph energy arose in chemistry. An interesting quantity in Huckel theory is

the sum of the energies of all the electrons in a molecule, the so-called total m—electron energy.

In this article, we introduce modified maximum degree Matrix M;(¢) of a simple graph
¢ and obtain a bound for eigenvalues of Mj;({). We also introduce modified maximum degree
energy Fyr,,(¢) of a graph ¢ and obtain bounds for Eyy,, (¢). Also we define the concept of
HDR energy of graph with some interesting results.

82. Modified Maximum Degree Matrix of a Graph

Definition 2.1 Let ¢ be a simple graph with vertices 1,02, ,0|v(¢)| and let d; be the degree
of 0;, 1 =1,2,--- ,|V(C)|. Define,

b max{ds;,ds;} +1, if §; and 0; are adjacent,;
N 0, otherwise.
Then, the |V (C)| x |V (C)| matriz M (C) = [bij] is called the modified mazimum degree matric

of graph C.

The characteristic polynomial of modified maximum degree matrix My (¢) is defined by

(¢ \) = Det(M — My (€))
= AVl 4 gy AVOIT L gy AVOI2 L gy,

where I is the unit matrix of order [V({)|. The roots Ai,As,---, Ajy(¢) assumed in non-
increasing order are the modified maximum degree eigenvalues of (. The modified maximum
degree energy of a graph ( is defined as

V(O

EM]W(C) = Z |>‘l‘

i=1

Since My;(¢) is a real symmetric matrix with zero trace, these modified maximum degree

eigenvalues are real numbers with sum equal to zero. Thus A\; > A2 > ... > Ay (¢)| and

/\1+)‘2+“'+>‘|V(C)\:0'
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Example 2.2 The modified maximum degree matrix of the graph (; in Figure 1 is

My (G) =

oS W o W

30
0 3
30
0 3

w O w O

The characteristic polynomial of the modified maximum degree matrix My (¢) is

Y(C15A) = Det(A — Ma(C1))

I A =3 0
0o -3 X =3
-3 0 =3 A
A =3 0 -3 -3 0 -3 X 0
=Al-3 X =3|+3|0 X -=3/+0]0 -3 -3
0 -3 A -3 -3 A -3 0 A
-3 X -3
+3]0 -3 A
-3 0 -3

= A(A(V —9)+3(=3X-0) + 0)
+ 3<3()\2 -9)+3(0-9)+ 0>
+ 3(—3(9 —0) —A(0+3X) —3(0— 9))
= A" —36\°
and the modified maximum degree eigenvalues of (; are
A =0, Aa=0, A\3=6, A\y =—6.

1 2

4 3

Figure 1. The graph (4



78 Raju S., Puttaswamy and Nayaka S. R.

Definition 2.3 dj,(v) = |{u,v € V()|d(u,v) = [Z]}| and d(u,v) is the distance between the
vertices u and v in V(¢) and R is the radius of graph (.

Definition 2.4 Let ( be a simple graph with n vertices v, vs, ..., vy and let dp,i be the degree
of vi, 1 =1,2,..n defined

dprij = max{dp,i, dprj}

if the vpi,vpej adjacent and 0 otherwise. Then the n x n matrix H(¢) = [dprij] is called
mazimum HDR degree matrixz of (. The characteristic polynomial of the maximum degree
matriz H(C) is defined by

a(Ge) = det(el — H(Q))
= " +a " a2+ +a,,

where I is the unit matriz of order n.

83. Some Bounds of Modified Maximum Degree Energy

We now give the explicit expression for the coefficient a; of AIV(OI=% (7 =1,2,3 .- [|[V(¢)]) in
the modified characteristic polynomial of the maximum degree matrix My, ({). It is clear that
ap =1 and a1 = trace Mp;(¢) = 0. We have

0 ory+1
ag =
1<e<i<vio) [P +1 0
and
0 deg+1f ) —(max{d; +1,dr + 1})2, if 65 and 7, are adjacent;
dyjr +1 0 0, otherwise.
Thus,
V(I
ay=— Y (rk+z)(dy +1)°
k=1

V(I
== 3 (e ) (dG) + 1)
k=1

where 7, = the number of vertices in the neighborhood of §;, whose degrees are less than d(dy)
and z; = the number of vertices §; j > k in the neighborhood of J; whose degrees are equal to
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d(5).

drp+1 dpg+1 dpp+1
B0 T e dtt e
1<SL<J<hL|V(Q)] dp +1 dpg+1 dpp+1

— 9 Z (drg+1)(dyn 4+ 1)(dp + 1)
1<L<I<hL|V(Q)]

=-2 > (d(dn) +1)*(d(65) + 1)
d(81)<d(d5)<d(6n)

Example 3.1 For the graph (; in Figure 1, the coefficient as of A% in the characteristic

polynomial of the modified maximum degree matrix My;((1) is equal to

4

az ==Y (rg +2)(d(0k) + 1)°

k=1

= —((0 +2)2+ 12+ 0+ D2+ 12+ 0+ 1)(2+1)2+(0+0)(2+ 1)2) = —36.

Theorem 3.2 If A\, A2, -+, \jy(¢)| are the modified mazimum degree eigenvalues of a graph ¢,

then
V(O

Z )\12 = —2@2.
i=1
Proof We have

VOl VOl VI
Z M\ = trace of M(¢) = Z (Z dijdjl)

i=1 i=1 j=1
V(O
=2 Y (ri+2)(d(8) +1)° = —2as.
i=1

This completes the proof. O

Theorem 3.3 Let ¢ be a graph. Then,

V(O s
2 ) () + D)2+ [VQIIV(Q) = )BT
=1

V(O
< By () <4 2IV(Q)] Z (ri + 2:)(d(0:) + 1)*.
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Proof We have

B, (€)

V(O 2 V()]
(X M) = 3 P+ T ndn

i=1 i=1 i#l

[V(O)] )
23 (i +2)(d(6:) + 1) + [V(OI(V(Q) — 1)sTien,

i=1

Y

where

V()]

=11 Nl

i=1

and the last inequality is due to Theorem 3.2, the arithmetic mean, the geometric mean in-

equality. On employing Holder’s inequality, we obtain

V(I
Eny, (C) = Z ‘)‘1|
i=1
V(S)]
< A2 VIV(Q)
i=1
V()
= |2Vl Y (ri + 2i)(d(6;) + 1)2
i=1
This completes the proof. O

Proposition 3.4 Let ¢ be a graph such that ¢ = C,,, Ky m, Wy, Fp. Then, the mazimum HDR

degree energy of ¢ is same as its maximum first degree energy.
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