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On Sears’s Basic Hypergeometric Series Transformation Formula
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Abstract: In this paper, we provide an alternative simple proof to Sears’s 32 transforma-

tion formula using Gauss summation formula.
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81. Introduction

For any complex number a and for any ¢ with |¢| < 1, (a;¢)c or simply (a)s is defined as

follows: .

(@)oo = (a59)00 = [J (1 = ag™).

n=0

For any integer n, we define (a;q),, or simply (a), as

(@)n = ) (1.1)

provided the denominator is well defined. For any two integers m and n, the following holds

good
(a)n(aq™)m = (a)m(ag™)n. (1.2)

The basic hypergeometric series 51195 is defined by

o0
a1, a2, - 0541 | (a1),, (a2), - - (ast1), n
s+1Ps YR = E () (b
n=0

z )
b17b2"“ 7bs 1)77, (b2)n.(b5)n

where a1, a2, -, @s41,b1,b2,- -+ ,bs are any complex numbers, except that (b;), #0,1 < j <

$,0 <n < oco. This series converges for all z with |z| < 1.

In his paper [3], D. B. Sears deduced the following 3¢9 transformation formula

(@), (0), () (e " 0)a (5) o (36) e o= (5). (5
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%‘ < 1,15 < 1, and |g| < 1. Sears deduced the above transformation by letting one

where,
of the parameters in his 4¢3 transformation to infinity. This identity has been widely in areas
of special functions and number theory. See for instance [1] and [2]. In this paper, we give a
simple proof to (1.3) using g-analogous of Gauss summation formula. This proof seems to be
new in the literature. We close this section by recalling the g-analogous of Gauss summation
formula and prove (1.3) in Section 2 following.

i (@), (B) (g)m _ @) () Sl (1.4)
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§2. Proof of (1.3)

From (1.4), it follows that

(A B)y = (2),(5), (AB\" AB
<C>w(%)m_,§ (©), (@), ( ) ’ ’c <l

Taking A = dq™, B = eq™ and C = del‘fm in the above, we obtain

(dg™)o (6™ = (), (5)

(bg™)" . (2.1)

Using (1.1), we can write

= (a 0. [ de\™ w0 (a),, (c),, (%8 AT () (o™
ZM@) N ( )w(d> (d4™) o (™)

Using (2.1) in the above, we obtain

i (@), (0) , () <d6 )m ONCIN i (@), (V) (de >mi (5), (8)., (bg™)"

@ (@ Nabe) (D (e 2 @ (F), \obe) S (g), (22)
Interchanging the order of summation in the above and using (1.2), we obtain

5 OOl ()" O (D2 Dl 5= (00 ()"
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Now applying (1.4) to the inner series on the right hand side, we obtain

yICIUHC A EEUNG S N () ().
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Notice that the equation (1.3) follows directly from the above on using (1.1). This completes
the proof. O
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