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Abstract: Let G be a graph with edge set E(G). Recently, Das, Gutman and Ali intro-

duced a new vertex-degree-based topological index, called the augmented Sombor index of

G, defined as

ASO(G) =
∑

uv∈E(G)

√
d(u)2 + d(v)2

d(u) + d(v) − 2
,

where d(u) denotes the degree of vertex u. This paper establishes a linear model for predicting

the physicochemical properties of benzenoid hydrocarbons using the augmented Sombor

index. Moreover, we characterize all molecular graphs of order n and cyclomatic number `

that minimize the augmented Sombor index, under the condition that n ≥ 2(`− 1) ≥ 4.
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§1. Introduction

A molecular graph is defined in mathematical chemistry as a connected graph whose maximum

vertex degree does not exceed four. It serves as an effective abstraction of the skeletal structure

of compounds, with carbon atoms represented as vertices and covalent bonds as edges. This

graphical framework allows the use of graph-theoretic invariants - termed topological indices

- to quantify molecular architecture. Among these, the Sombor index family, which includes

the original Sombor index [6], elliptic Sombor index [10], Euler Sombor index [20], diminished

Sombor index [15], and augmented Sombor index [5], has attracted considerable research in-

terest in recent years owing to its geometric motivation and strong predictive capability for

physicochemical properties of molecular compounds. In Quantitative Structure Property Re-

lationship (QSPR) and Quantitative Structure Activity Relationship (QSAR) studies, such

indices are computed over specific molecular graph, for instance, benzenoid hydrocarbons and

are correlated with target physicochemical descriptors (e.g., boiling point, π-electron energy,
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molecular weight), see for example [3, 13, 19]. This in silico methodology not only offers mecha-

nistic insight into structure-property relationships but also constitutes a cost-efficient and rapid

screening strategy before undertaking laborious experimental work.

Let G be a simple connected graph with vertex set V (G) and edge set E(G). The order

of G is denoted by n. For a vertex u ∈ V (G), the set of its neighbors in G is denoted as

N(u) = {v ∈ V (G) : uv ∈ E(G)}. The degree of u is the number of its neighbors, that is,

dG(u) = d(u) = |N(u)|. A vertex of degree one (at least three, respectively) is called a pendant

vertex (branching vertex, respectively). An edge incident with a pendent vertex is called a

pendent edge. The minimum and maximum degrees of a graph G are denoted by δ(G) and

∆(G), respectively. The cyclomatic number of a graph is the smallest number of edges whose

removal makes the graph acyclic.

In 2021, Gutman [8] introduced the Sombor index from a geometric perspective, and defined

it as

SO(G) =
∑

uv∈E(G)

√
d2(u) + d2(v).

This index has attracted considerable interest in both mathematics and theoretical chemistry,

see, e.g., [6, 12, 14, 17, 18]. On this basis, scholars have proposed various versions related to

the Sombor index, such as the first (to Sixth) Sombor-like index [9], the elliptic Sombor index

[10], the Euler Sombor index [20], the hyperbolic Sombor index [2] and the diminished Sombor

index [15].

Building upon the Sombor index, Das, Gutman, and Ali [5] further extended this metric

by incorporating the degrees of line graph vertices, thereby proposing the augmented Sombor

(ASO) index, which is defined as follows:

ASO(G) =
∑

uv∈E(G)

√
d2(u) + d2(v)

d(u) + d(v)− 2
,

and meanwhile, they established lower and upper bounds for the augmented Sombor index with-

in the classes of trees, quasi-trees, and connected graphs, and characterized the corresponding

extremal graphs in each case. Notice that the Sombor index SO(G) and augmented Sombor

index ASO(G) are global properties on G. Generally, for an induced subgraph H ≺ G such as

K3,K3 + e,K1,3,K4 − e, · · · , a Smarandachely Sombor index SSOH(G) is defined by

SSOH(G) =
∑

uv∈E(G\H)

√
d2(u) + d2(v)

d(u) + d(v)− 2
.

Clearly, if H = ∅ or there are no subgraphs G′ ' H in G, a Smarandachely Sombor index

SSOH(G) of G is nothing else but the augmented Sombor index ASO(G) of G. However, it

characterizes the Sombor index on graph G \H.

Alotaibi, Alanazi, Hassan, and Ali [1] determine all graphs that minimize the diminished

Sombor index among molecular graphs of order n and with a cyclomatic number of at least three.

Inspired by this, we investigate the chemical application of the augmented Sombor index to
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establish a linear model for predicting the physicochemical properties of benzenoid hydrocarbons

(polycyclic molecular graphs). Furthermore, we characterize all molecular graphs of order n

and cyclomatic number ` that minimize the ASO index, under the condition n ≥ 2(`− 1) ≥ 4.

§2. Applications of ASO Index to the Physicochemical Properties of Benzenoid

Hydrocarbons

In this section, the chemical applicability of the ASO index is examined in the context of mod-

eling several properties of benzenoid hydrocarbons. Linear regression models are developed for

predicting boiling point (BP ), π-electron energy (π-ele), molecular weight (MW ), polarizability

(PO), molar volume (MV ), and molar refractivity (MR).

(1) (2) (3) (4) (5) (6)

(7) (8) (9) (10) (11) (12)

(13) (14) (16) (17)

(18) (19) (20)

(15)

(21) (22)

Figure 1. Molecular graphs

((1) Benzene, (2) Naphthalene, (3) Phenanthrene, (4) Anthracene, (5) Chrysene, (6) Benzo[a]anthracene, (7)

Triphenylene, (8) Tetracene, (9) Benzo[a]pyrene, (10) Benzo[e]pyrene, (11) Perylene, (12) Anthanthrene, (13) Ben-

zo[ghi]perylene, (14) Dibenz[a,c]anthracene, (15) Dibenz[a,h]anthracene, (16) Dibenz[a,j]anthracene, (17) Picene, (18)

Coronene, (19) Dibenzo[a,h]pyrene, (20) Dibenzo[a,i]pyrene, (21) Dibenzo[a,l] pyrene, (22) Pyrene.)

The molecular graph and physicochemical properties of benzenoid hydrocarbons along with

the computed ASO index are represented in Figure 1 and Table 1 respectively. For benzenoid
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hydrocarbons, the correlation coefficients (R) between the ASO index and various properties

are as follows:

BP (0.9755), π-ele (0.9991), MW (0.9967), PO (0.9999), MV (0.9456), and MR (0.9999),

as summarized in Table 2. These strong correlations indicate that the ASO index is an effective

descriptor for predicting these physicochemical properties.

Table 1. Experimental values of benzenoid hydrocarbons and the corresponding values of augmented Sombor index

Derivatives of benzene BP π-ele MW PO MV MR ASO

Benzene 78.8 8 78.11 10.4 89.4 26.3 12

Naphthalene 221.5 13.683 128.17 17.5 123.5 44.1 22.4480

Phenanthrene 337.4 19.448 178.23 24.6 157.7 61.9 32.8540

Anthracene 337.4 19.314 178.23 24.6 157.7 61.9 32.8960

Chrysene 448 25.192 228.3 31.6 191.8 79.8 43.2599

Benzo[a]anthracene 436.7 25.101 228.3 31.6 191.8 79.8 43.3019

Triphenylene 425 25.275 228.3 31.6 191.8 79.8 43.2179

Tetracene 436.7 25.188 228.3 31.6 191.8 79.8 43.3440

Benzo[a]pyrene 495 28.222 252.3 35.8 196.1 90.3 49.6659

Benzo[e]pyrene 467.5 28.336 252.3 35.8 196.1 90.3 49.6239

Perylene 467.5 28.245 252.3 35.8 196.1 90.3 49.6239

Anthanthrene 497.1 31.253 276.3 40 200.4 100.8 56.0719

Benzo[ghi]perylene 501 31.425 276.3 40 200.4 100.8 56.0299

Dibenz[a,c]anthracene 518 30.942 278.3 38.7 225.9 97.6 53.6659

Dibenz[a,h]anthracene 524.7 30.881 278.3 38.7 225.9 97.6 53.7079

Dibenz[a,j]anthracene 524.7 30.88 278.3 38.7 225.9 97.6 53.7079

Picene 519 30.943 278.3 38.7 225.9 97.6 53.6659

Coronene 525.6 34.572 300.4 44.1 204.7 111.4 62.4358

Dibenzo[a,h]pyrene 552.3 33.928 302.4 42.9 230.2 108.1 60.0719

Dibenzo[a,i]pyrene 552.3 33.954 302.4 42.9 230.2 108.1 60.0719

Dibenzo[a,l]pyrene 552.3 34.031 302.4 42.9 230.2 108.1 60.0299

Pyrene 404 22.506 202.25 28.7 162 72.5 39.2599

Table 2. The correlation coefficient R from linear regression model between augmented Sombor index and physic-

ochemical properties of benzenoid hydrocarbons

BP π-ele MW PO MV MR

ASO 0.9755 0.9991 0.9967 0.9999 0.9456 0.9999

The linear regression models linking the ASO index with the properties of boiling point

(BP ), π-electron energy (π-ele), molecular weight (MW ), polarizability (PO), molar volume

(MV ), and molar refractivity (MR) were developed via the least squares fitting procedure, as

illustrated in Figure 2. Regression analysis reveals that the properties considered in this study

[11, 16] are strongly correlated with the ASO index.

§3. Minimum ASO Index of Molecular Graphs with Cyclomatic Number at Least 3

For an edge set S ⊆ E (G), the graph G − S is obtained by removing all edges in S from G.

Similarly, G+ S is obtained by adding all edges in S to G. In particular, if S = uv, we simply

write G− uv and G+ uv instead of G− {uv} and G+ {uv}, respectively.

Let r, k and a1, a2, · · · , ak be positive integers such that 1 6 a1 < a2 < · · · < ak 6 b r2c.
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Such a graph is called circulant graph. The circulant graph, denoted by C(r; a1, a2, · · · , ak), is

the graph with vertex set {v0, v1, v2, · · · , vr−1} and edge set{
vivi+aj : 0 6 i 6 r − 1 and 1 6 j 6 k, where i+ aj is taken modulo r

}
.

If ak <
r
2 , then C(r; a1, a2, · · · , ak) is 2k-regular.

Figure 2. Scatter plots between physicochemical properties of benzenoid hydrocarbons and
their ASO index

Lemma 3.1([4]) The circulant graph Cn(r; a1, a2, · · · , ak) is connected if and only if

gcd(a1, a2, · · · , ak, r) = 1.

Lemma 3.2 Let G be a graph minimizing the ASO index among all n-order molecular graphs

with cyclomatic number ` such that 4 6 2(`−1) 6 n.Then, G contains no pendant edge incident

to a vertex of degree 2.

Proof This proof is by contradiction. Let G contain at least one pendant edge incident to

a vertex of degree 2. Denote such an edge by e = uv ∈ E(G), where dG(u) = 1 and dG(v) = 2.

We consider a branching vertex w ∈ V (G) such that the distance between w and u is minimized.

Then, every vertex on the unique u−w path P, except u and w, has degree 2 in G. Since ` > 3,
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w must be adjacent to at least two non-pendent vertices. Let NG(w) = {w1, w2, · · · , ws}, where

ws lies on P and s ∈ {3, 4}. Let

dG(w1) = max {dG(wi) : 1 6 i 6 s− 1} .

Case 1. dG(w) = 4.

Since G is a molecular graph, by a direct computation, we have√
16

3
−
√

5 <
√

5−
√

9

2
<

√
17

3
−
√

5 <
√

5−
√

13

3
,

√
16

3
−
√

5 <

√
17

3
−
√

5 <
√

5−
√

13

3
<
√

5− 2.

Let G1 = G − w1w + w1u. Since dG(w1) > 2 and 1 6 dG(wi) 6 dG(w1) 6 4 for each

i ∈ {2, 3}, we have

ASO(G)−ASO(G1)

=

3∑
i=2

[√
42 + (dG(wi))2

4 + dG(wi)− 2
−

√
32 + (dG(wi))2

3 + dG(wi)− 2

]
+

√
42 + 22

4 + 2− 2
−
√

32 + 22

3 + 2− 2

+

√
12 + 22

1 + 2− 2
−
√

22 + 22

2 + 2− 2
+

√
42 + (dG(w1))2

4 + dG(w1)− 2
−

√
22 + (dG(w1))2

2 + dG(w1)− 2

=

3∑
i=2

[√
16 + (dG(wi))2

2 + dG(wi)
−

√
9 + (dG(wi))2

1 + dG(wi)

]
+
√

5−
√

13

3
+
√

5− 2

+

√
16 + (dG(w1))2

2 + dG(w1)
−

√
4 + (dG(w1))2

dG(w1)

> 2

(√
16

3
−
√

5

)
+ 2
√

5−
√

13

3
− 2 +

√
16

3
−
√

5

> 0.61 > 0,

that is, ASO(G) > ASO(G1), a contradiction.

Case 2. dG(w) = 3 and (dG(w1), dG(w2)) 6= (4, 4).

By a direct computation, we have

0 =
√

5−
√

5 <

√
9

2
−
√

13

3
<

√
13

3
− 2.

Let G2 = G− w1w + w1u. Since dG(w1) > 2, 1 6 dG(w2) 6 dG(w1) 6 4 and

(dG(w1), dG(w2)) 6= (4, 4),
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we have

ASO(G)−ASO(G2)

=

√
32 + (dG(w2))2

3 + dG(w2)− 2
−

√
22 + (dG(w2))2

2 + dG(w2)− 2
+

√
32 + 22

3 + 2− 2
−
√

22 + 22

2 + 2− 2

+

√
12 + 22

1 + 2− 2
−
√

22 + 22

2 + 2− 2
+

√
32 + (dG(w1))2

3 + dG(w1)− 2
−

√
22 + (dG(w1))2

2 + dG(w1)− 2

=

√
9 + (dG(w2))2

1 + dG(w2)
−

√
4 + (dG(w2))2

dG(w2)
+

√
13

3
− 2 +

√
5− 2

+

√
9 + (dG(w1))2

1 + dG(w1)
−

√
4 + (dG(w1))2

dG(w1)

>
√

5−
√

5 +

√
13

3
− 2 +

√
5− 2 +

√
5−
√

5

> 0.31 > 0,

that is, ASO(G) > ASO(G2), a contradiction.

Case 3. dG(w) = 3 and (dG(w1), dG(w2)) = (4, 4).

Subcase 3.1 Either w1 or w2 does not have three neighbors of degree 4.

Without loss of generality, let w1 does not have three neighbors of degree 4. We choose a

vertex w′1 ∈ NG(w1) \ {w}, such that it satisfies dG(w′1) = min {dG(w′) : w′1 ∈ NG(w1) \ {w}}.
Therefore, dG(w′1) 6 3. Let G3 = G− w′1w1 + w′1u. Then, we have

ASO(G)−ASO(G3) =
∑

w′∈NG(w1)\{w,w′1}

[√
42 + ((dG(w′))2

4 + dG(w′)− 2
−

√
32 + (dG(w′))2

3 + dG(w′)− 2

]

+

√
12 + 22

1 + 2− 2
−
√

22 + 22

2 + 2− 2
+

√
32 + 42

3 + 4− 2
−
√

32 + 32

3 + 3− 2

+

√
42 + (dG(w′1))2

4 + dG(w′1)− 2
−

√
22 + (dG(w′1))2

2 + dG(w′1)− 2

=
∑

w′∈NG(w1)\{w,w′1}

[√
16 + ((dG(w′))2

2 + dG(w′)
−

√
9 + (dG(w′))2

1 + dG(w′)

]
+ 2
√

5

− 2−
√

9

2
+

√
16 + (dG(w′1))2

2 + dG(w′1)
−

√
4 + (dG(w′1))2

dG(w′1)

>2

(√
16

3
−
√

5

)
+

√
17

3
−
√

5 + 2
√

5− 2−
√

9

2

>0.64 > 0,

that is, ASO(G) > ASO(G3), a contradiction.

Subcase 3.2 Both w1 and w2 have three neighbors of degree 4.
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Let G∗ be the graph obtained from G by removing all vertices on the path P except w and

their incident edges. Then, dG∗(w) = 2 and dG∗(x) = dG(x) for each x ∈ V (G) \ V (P ), where

V (P ) is the set of all vertices belonging to the path P . To complete the proof, we first prove a

claim.

Claim 1. There exists at least one vertex y ∈ V (G∗) \ {w} such that 1 6 dG(y) 6 3.

Proof of Claim 1. This proof is by contradiction. Let each vertex y ∈ V (G∗)\{w} satisfy

dG(y) = 4, that is, dG∗(y) = 4. Since both the graphs G and G∗ have the same cyclomatic

number `, it follows from the Handshaking Lemma that

4(|V (G∗)| − 1) + 2 = 2|E(G∗)| = 2(|V (G∗)|+ `− 1).

Therefore, |V (G∗)| = `.

If ` 6 5,then we have |V (G∗)| 6 5. This contradicts the fact that dG∗(w) = 2 because

every y ∈ V (G∗) \ {w} satisfies dG∗(y) = 4, according to our assumption. We now consider the

case where ` > 6, i.e., |V (G∗)| > 6. Next, we first prove that for every ` (` > 6) ,there exists at

least one connected graph of order ` and the degree sequence (4, 4, · · · , 4︸ ︷︷ ︸
`−1

, 2).

The circulant graph C(`−1; 1, 2) is a 4-regular graph for ` > 6. By Lemma 1, C(`−1; 1, 2)

is a connected graph. Let C∗(`− 1; 1, 2) = C(`− 1; 1, 2)−{v0v1}+ {v′v0, v
′v1}, where v′ is the

newly added vertex. Clearly, the order and the degree sequence of the graph C∗(`− 1; 1, 2) are

` and (4, 4, · · · , 4︸ ︷︷ ︸
`−1

, 2),respectively. Therefore, we have

m1,2(G) = 1 = m2,3(G),m3,4(G) = 2,m4,4(G) = 2`− 3,m2,2(G) = n− `− 2,

where mi,j(G) denotes the number of edges with end vertices of degrees i and j in G. Then,

we have

ASO(G) =(n− `− 2)

√
22 + 22

2 + 2− 2
+ (2`− 3)

√
42 + 42

4 + 4− 2
+

√
12 + 22

1 + 2− 2

+

√
22 + 32

2 + 3− 2
+ 2

√
32 + 42

3 + 4− 2

=2(n− `− 2) + (2`− 3)

√
16

3
+ 3
√

5 +

√
13

3
.

Let G′ be the n-order molecular graph with cyclomatic number ` such that 4 6 2(`−1) 6 n

and

m2,3(G′) = 2,m3,3(G′) = 3`− 4,m2,2(G′) = n− 2`+ 1.

Then, we have

ASO(G′) =(n− 2`+ 1)

√
22 + 22

2 + 2− 2
+ (3`− 4)

√
32 + 32

3 + 3− 2
+ 2

√
22 + 32

2 + 3− 2

=2(n− 2`+ 1) + (3`− 4)

√
9

2
+ 2

√
13

3
.
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Therefore,

ASO(G)−ASO(G′) =

(
2 +

8
√

3

3
− 9
√

2

2

)
`− 6− 4

√
3 + 6

√
2 + 3

√
5−
√

39

3
.

Since 2 + 8
√

3
3 −

9
√

2
2 > 0.25 > 0 and −6 − 4

√
3 + 6

√
2 + 3

√
5 −

√
39
3 > 0.18 > 0, we have

ASO(G) − ASO(G′) > 0. Namely, ASO(G) > ASO(G′), a contradiction. This completes the

proof of Claim 1.

Next, using Claim 1, we proceed with the following three cases based on the minimum

vertex degree in V (G∗) \ {w}.

Subcase 3.2.1 There exists a vertex p ∈ V (G∗) \ {w} such that dG(p) = 1.

Let p1 be the unique neighbor of p in G and G4 = G − {w1w,w2w} + {w1w2, wp}. By a

direct computation, we have √
17

3
−
√

5 <
√

5−
√

13

3
<
√

5− 2.

Therefore,

ASO(G)−ASO(G4) =

√
12 + (dG(p1))2

1 + dG(p1)− 2
−

√
22 + (dG(p1))2

2 + dG(p1)− 2
+

√
22 + 32

2 + 3− 2

+ 2

√
32 + 42

3 + 4− 2
− 2

√
22 + 22

2 + 2− 2
−
√

42 + 42

4 + 4− 2

=

√
1 + (dG(p1))2

dG(p1)− 1
−

√
4 + (dG(p1))2

dG(p1)
+

√
13

3
+ 2
√

5

− 4−
√

16

3

>

√
17

3
−
√

5 +

√
13

3
+ 2
√

5− 4−
√

16

3

>0.38 > 0,

that is, ASO(G) > ASO(G4), a contradiction.

Subcase 3.2.2 There does not exist any vertex p ∈ V (G∗) \ {w} such that dG(p) = 1, but

there is a vertex q ∈ V (G∗) \ {w} such that dG(q) = 2.

Since G is connected, we choose a vertex q such that at least one of its neighbors has degree

at least 3 in G. Let q1 and q2 be the neighbors of q such that dG(q1) > 3 and dG(q2) > 2. Let

G5 = G− {w1w,w2w}+ {w1w2, wq}. By a direct computation, we have

2−
√

13

3
<

√
13

3
−
√

9

2
<
√

5−
√

5 = 0
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Then, we have

ASO(G)−ASO(G5)

=

2∑
i=1

[√
22 + (dG(qi))2

2 + dG(qi)− 2
−

√
32 + (dG(qi))2

3 + dG(qi)− 2

]
+ 2

√
32 + 42

3 + 4− 2
−
√

22 + 22

2 + 2− 2

−
√

42 + 42

4 + 4− 2
+

√
22 + 32

2 + 3− 2
−
√

22 + 32

2 + 3− 2

=

2∑
i=1

[√
4 + (dG(qi))2

dG(qi)
−

√
9 + (dG(qi))2

1 + dG(qi)

]
+ 2
√

5− 2−
√

16

3

> 2−
√

13

3
+

√
13

3
−
√

9

2
+ 2
√

5− 2−
√

16

3

> 0.04 > 0,

that is, ASO(G) > ASO(G5), a contradiction.

Subcase 3.2.3 There does not exist any vertex p ∈ V (G∗) \ {w} such that dG(p) = 1 or

dG(p) = 2, but there is a vertex z ∈ V (G∗) \ {w} such that dG(z) = 3.

Since G is connected, we choose a vertex z such that at least one of its neighbors has degree

at least 4 in G. Let zi for i ∈ {1, 2, 3} be the neighbors of z such that dG(z1) = 4, dG(z2) > 3

and dG(z3) > 3.

Subcase 3.2.3.1 dG(z2) = dG(z3) = 4.

Let G6 = G− {w1w,w2w, z2z}+ {w1w2, wz, z2u}. Then, we have

ASO(G)−ASO(G6) =

√
12 + 22

1 + 2− 2
− 2

√
22 + 22

2 + 2− 2
+ 3

√
42 + 32

4 + 3− 2
−
√

42 + 42

4 + 4− 2

−
√

22 + 42

2 + 4− 2
+

√
22 + 32

2 + 3− 2
−
√

22 + 32

2 + 3− 2

=3
√

5− 4−
√

16

3

>0.39 > 0,

that is, ASO(G) > ASO(G6), a contradiction.

Subcase 3.2.3.2 min {dG(z2), dG(z3)} = 3.

Without loss of generality, we assume that dG(z2) = 3. Then, either dG(z3) = 3 or
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dG(z3) = 4.Let G7 = G− {w1w,w2w, z2z}+ {w1w2, wz, z2u}. Then, we have

ASO(G)−ASO(G7) =

√
12 + 22

1 + 2− 2
+ 2

√
32 + 42

3 + 4− 2
+

√
32 + 32

3 + 3− 2
− 2

√
22 + 22

2 + 2− 2

−
√

42 + 42

4 + 4− 2
−
√

22 + 32

2 + 3− 2
+

√
22 + 32

2 + 3− 2
−
√

22 + 32

2 + 3− 2

=3
√

5 +

√
9

2
− 4−

√
16

3
−
√

13

3

>0.43 > 0,

that is, ASO(G) > ASO(G7), a contradiction.

Therefore, G contains no pendant edge incident to a vertex of degree 2. �

Theorem 3.3 Let G be a molecular n-order graph with cyclomatic number ` such that 4 6

2(`− 1) 6 n.

(1) If n = 2(`− 1), then

ASO(G) >
9
√

2

2
(`− 1)

with equality if and only if G is a 3-regular graph;

(2) If n > 2(`− 1), then

ASO(G) > 2n+

(
9
√

2

2
− 4

)
`+ 2− 6

√
2 +

2
√

39

3

with equality if and only if

δ(G) = 2, ∆(G) = 3

and

m3,3(G) = 3`− 4, m2,3(G) = 2, m2,2(G) = n− 2`+ 1.

Proof Let G∗ be a graph minimizing the augmented Sombor index among all molecular

n-order graphs with cyclomatic number ` such that 4 6 2(`− 1) 6 n. Then, we have

ASO(G) > ASO(G∗).

By Lemma 3.2, graphG∗ contains no pendant edge incident to a vertex of degree 2. Namely,

m1,2(G∗) = 0. Let mi,j(G) = mi,j(G
∗) and

A := {(i, j) : 1 6 i 6 j 6 4 and i, j ∈ Z+} \ {(1, 1), (1, 2)},

where Z+ denotes the set of positive integers. Since

∑
(i,j)∈A

(
1

i
+

1

j

)
mi,j = |V (G∗)| = n,
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we have ∑
(i,j)∈A∗

(
1

i
+

1

j

)
mi,j = n−m2,2 −

5

6
m2,3 −

2

3
m3,3, (1)

where A∗ := A \ {(2, 2), (2, 3), (3, 3)}.

Moreover, since
∑

(i,j)∈Ami,j = n+ `− 1, we have

∑
(i,j)∈A∗

mi,j = n+ `− 1−m2,2 −m2,3 −m3,3. (2)

By solving (1) and (2), we have

m2,3 = 2(n− 2`−m2,2 + 2) +
∑

(i,j)∈A∗

(
4− 6

(
1

i
+

1

j

))
mi,j

and

m3,3 = 5(`− 1) +m2,2 − n+
∑

(i,j)∈A∗

(
6

(
1

i
+

1

j

)
− 5

)
mi,j .

By substituting m2,3 and m3,3, we obtain

ASO(G∗) =
∑

(i,j)∈A

√
i2 + j2

i+ j − 2
mi,j

=

√
22 + 22

2 + 2− 2
m2,2 +

√
22 + 32

2 + 3− 2
m2,3 +

√
32 + 32

3 + 3− 2
m3,3 +

∑
(i,j)∈A∗

√
i2 + j2

i+ j − 2
mi,j

=2m2,2 +

√
13

3
m2,3 +

√
9

2
m3,3 +

∑
(i,j)∈A∗

√
i2 + j2

i+ j − 2
mi,j

=

(
2
√

39

3
− 3
√

2

2

)
n+

(
15
√

2

2
− 4
√

39

3

)
`+

(
2 +

3
√

2

2
− 2
√

39

3

)
m2,2 +

4
√

39

3

− 15
√

2

2
+

∑
(i,j)∈A∗

[
(9
√

2− 2
√

39)

(
1

i
+

1

j

)
+

√
i2 + j2

i+ j − 2
+

4
√

39

3
− 15

√
2

2

]
mi,j .

Let

f(i, j) = (9
√

2− 2
√

39)

(
1

i
+

1

j

)
+

√
i2 + j2

i+ j − 2
+

4
√

39

3
− 15

√
2

2
.

By a direct computation, we have

f(1, 3) > 0.27, f(1, 4) > 0.39, f(2, 4) > 0.13,

f(3, 4) > 0.09, f(4, 4) > 0.14.
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Hence,

ASO(G∗) >

(
2
√

39

3
− 3
√

2

2

)
n+

(
15
√

2

2
− 4
√

39

3

)
`

+

(
2 +

3
√

2

2
− 2
√

39

3

)
m2,2 +

4
√

39

3
− 15

√
2

2
.

By the definition of G∗, the inequality above must hold with equality. This implies that

mi,j = 0 for every (i, j) ∈ A∗, which means G∗ contains neither vertices of degree 4 nor

pendant edges incident to vertices of degree 3. Therefore, we have either δ(G∗) = ∆(G∗) =

3 or (δ(G∗),∆(G∗)) = (2, 3).

Case 1. If n = 2(` − 1), we can not have (δ(G∗),∆(G∗)) = (2, 3). Otherwise, we would have

n2(G∗) = n − 2(` − 1) = 0, a contradiction. Therefore, if n = 2(` − 1), we have δ(G∗) =

∆(G∗) = 3, that is, G∗ is a 3-regular graph. Consequently, we have

ASO(G∗) =
9
√

2

2
(`− 1).

Case 2. If n > 2(` − 1), we can not have δ(G∗) = ∆(G∗) = 3. Otherwise, we would have

3n = 2(n+ `− 1) by the Handshaking Lemma, a contradiction. Therefore, if n > 2(`− 1), we

have (δ(G∗),∆(G∗)) = (2, 3). Since G∗ is a connected graph, it holds that m2,3 > 0. Moreover,

since 2m2,2 +m2,3 = 2n2, it follows that m2,3 must be a positive even integer. Hence,

2m2,2 + 2 6 2m2,2 +m2,3 = 2n2 = 2(n− 2(`− 1)),

which yields m2,2 6 n − 2` + 1 with equality if and only if m2,3 = 2. Therefore, from the

definition of G∗, we obtain m2,2 = n− 2`+ 1, m2,3 = 2, m3,3 = 3`− 4. Consequently, we have

ASO(G∗) =

(
2
√

39

3
− 3
√

2

2

)
n+

(
15
√

2

2
− 4
√

39

3

)
`

+

(
2 +

3
√

2

2
− 2
√

39

3

)
(n− 2`+ 1) +

4
√

39

3
− 15

√
2

2

=2n+

(
9
√

2

2
− 4

)
`+ 2− 6

√
2 +

2
√

39

3
.

This completes the proof. �
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