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81. Introduction

It is well known that DNA contains a genetic program for the biological development of life
and has two strands which are linked by Watson-Crick pairing so that every A is linked with a
T and every C with a G, and vice versa, where A, T,C,G are the four bases of a DNA sequence.

DNA computing started in 1994 when Adleman showed how to solve a computationally
difficult problem (traveling salesman problem, a well-known NP-complete problem) by ma-
nipulations of DNA molecules in [2]. A DNA code C of length n is a subset of S}, , where
Sp, = {A,T,C,G} is the DNA alphabet. Moreover a DNA code satisfies some constraints
such as the Hamming constraint for minimum distance, the reverse-complement constraint, the
reverse constraint, and the fixed GC content.

Designing the DNA codes for DNA computing has been a major topic of research since
the beginning of the century. The authors used a lot of methods to obtain them. One of
the methods is to use skew cyclic codes over some finite rings. In [4], they introduced the
Fy(Fy + vFy)-skew cyclic codes, where v? = v. A characterization of the Fy(Fy + vFy)-skew
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cyclic codes, which are reversible complements, has been obtained.

The other method is to use the cyclic DNA codes. In [7], they introduced the Fy RS- cyclic
codes, where R = Fy + uFy,u?® = u, S = Fy + uFy + vFy with v? = u,v? = v,uv = vu = 0
in order to construct the DNA code. They gave a one-to-one correspondence between DNA

codons of the alphabet
{Aa Ca Ta G}27 {Aa 07 Ta G}37

by using the Gray maps from R to F7 and S to F}, respectively. By using the structures of
separable codes, they studied cyclic DNA codes. They constructed DNA codes from them.

Motivated by the work in [7], we decided to study separable RyRjRs - -- R,-cyclic DNA

codes to construct DNA codes.

This paper is organized as follows. Section 2 gives some basic knowledge and in Section
3, the structures of linear codes over R;, for i = 1,2,--- ,a and the Gray maps are presented.
Section 4 gives the structures of RyRjRs - -- R4-cyclic codes, and a necessary and sufficient
conditions of RgR1 Rs - -+ R4-cyclic to be separable are determined. Section 5 determines a nec-
essary and sufficient condition of cyclic codes over R; to be reversible and reversible complement
fori =2,3,--- ,a, obtain a necessary and sufficient condition of separable RyR1 Rs - - - R4-cyclic
to be reversible and reversible complement. It is obtained the DNA codes by using a map and

these type codes with some examples.

82. Preliminaries

Let Rg = Fy = {0,1,w,w? = w+ 1}. A family of the finite rings R; = Fyuy, - ,u;]/ <
u? — U, ujus — Usuj >, where j,s =1,2,--- jiand j # s for i =1,2,--- ,a is studied in [5]. If
i =1, then Ry = Fy 4+ ui Fy, where u% =wuy. If i =2, the Ry = Fy + u1 Fy + usFy + uqus Fy,
where u? = uy,u% = ug,ujus = uguj. The rings in this family contain the commutative ring

with 42" elements and the characteristic 2, where i =1,2,--- ,a.

Let B C {1,2,---,i} and up = Ijcpu;, where i = 1,2,--- ,a. In particular uy = 1.
Each element of R; is of the form ZBePi apup, where ag € Fy, P; is the power set of the set
{1,2,--- ,i} fori=1,--- ,a. For A,B C{1,2,--- ,i}, we have that uaup = uaup which gives

that
S apun. 3 feue— 3 ( 5 /a> s
BeP; cep; DeP; \BUC=D

for integers i =1,--- ,a.

The finite rings of the family are also written as recursively
Ri=Ri 1+ uiRi,

where i =1,2,--- ,a.

The set RyR1Ry--- Ry = {(ro, - ,7a)|ri € Ri,i = 0,--- ,a} forms an R, module under
the componentwise addition and the following multiplication. For any elements z € R,,r =



On the Application of Separable RoR1R2 - - - Ry-Cyclic DNA Codes to DNA Computing 3

(ro,-++ ,7q) € RogR1 Ry - - - Ry, the multiplication is defined as

e : Ry,XRyRi1Rs..R, — RoR1Rs---R,
(z,7) = zer={(po(z)ro, - ypa-1(2)Ta—1,2Ta),
where
pi  R,—R;
Z apup — Z apup
BEP, BeP;
ring homomorphisms for ¢ = 0,--- ;a — 1 and
po  Ra— Ro

E apup ‘—  Qg.
BepP,

This multiplication can be extended componentwise on Ryga,..0, = By® X BRI X -+ X RGe

as for any z € Ry and r = (ro,r1,- - ,Tq) € Ragay-an, Where r; = (rj, i, -+ 7l _)) € R for
i:O71a"' ) @,
° : Ra X Raoal..an, — Ragozlmaa
(z,r) = zer=(po(2)ro, p1(2)r1, - ; pa-1(2)ra-1,2Ta)

S0 Rogay--a, 18 an R,-module. A non empty subset C' of Ryya,..q, iS called an RgRi Ry - - - Ry-
linear code of block length (ag,- - ,aq) if C is an R,- submodule of Ryga .o, -

Definition 2.1 An RoR1Rs2:-- Ry-linear code C of block length (ag,- -+ ,aq) is called an
RoR1Ry - -+ Ry-cyclic code if its cyclic shift o(r) = (o(rg),o(r1), - ,0(rs)) € C, for any
r=(ry,ry,-,r,) €C.

LR /
Definition 2.2 Let v = (rg,r{, - 790 1,178,711, - T, 1, -, rf, -, rd ) and r =

((TO),7 (TO)/a R (T((,)vo—l),7 (rl)la (T%),7 Tty (T(il—l),v Tty (Tg)la (Ttll)la Tty (7‘3&_1)/) be two elements

of Rogar--ay- Then, the inner product is defined as

ao—l al—l
r_ 0,0 1.1
r-r = U]UQ"'U/GE 750 (T5) —‘y—UgUg"'uaE 5, (r5,)
Jjo=0 Jj1=0
ag—1—1 ag—1
a—1 a—14' a a '
SRR T SR (b S DR A ()
ja71:O ja:()

Theorem 2.3 Let C be an RoR1Rs - Rq-cyclic code of block length (ag, -+ ,aq). Then, its
dual C+ is also an RyR1Ry - - - R, -cyclic code.
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Proof For any r’ = (rj,r;, - ,r)) € Ct, we have to show that o(r') € C*. For this, take

r = (ro,r1, - ,r,) € C, where C is a RyR1 Ry - - - Ry-cyclic code of block length (ag, -, aq),
then we have

ro(r') = wjug---u, Z roo(ry) + usus - - Ug Z rio(ry)

+ -4 ug Zra_lo(rg_l) + Zrag(r;)'

Since C'is an RyR1 Ry - - - Ra-cyclic, if we take lem(ao, - -+ , aq) = d, then we have 0?1 (r) =
(09 (rg),--- ,0% L(rg)) € C, for any r € C. By taking the inner product of ¢?~!(r) € C and
r' € Ct, we get

o)y = uluQ~-~uaZod_1(r6)r6+uzu3-~-uaZad_l(r'1)r’1
SRR DA CARY AR P A A4

By comparing the coefficients, we have

where i = 0,1,--- ,a. Hence ro(r') = 0, which shows that o(r') € C*. O

With the map Yoa,-a, from Rygaq-a, tO

Qag-a, = Rolz]/ (0 — 1) X -+ X Ry[z]/ (x%* — 1),

and to any element r = (rg, 7y, -+ 70 1,785,711, rh e TGt 18 1) € Raganaa
corresponds to the element r(x) = (rg+r{z+-- 415z~ ri4riz+--4rl ot
+ric 4.+ 7ﬂgza—lxaail) = (To(ﬂf), Tl(x)a T ,ra(x)) € QOtO“'aa'

The multiplication of any element f(x) = fo + fiz + -+ + fsz° € Ry[z] with the element
r(z) = (ro(x), -+ ,7a(x)) € Qag--a, is defined as

f@)x(ro(x),- -+ ra(@)) = (po(f(2))ro(2), - s par (f(2))ra—1(2), f(2)ra(2))

where p;(f(2)) = pi(fo)+pi(f1)z+--+pi(fs)x® fori =0,--- ,a—1. So the set Q... o, forms
an Rg[r]-module with respect to usual addition an multiplication . For any r(z) € Quq...a,,

the vector  * r(z) is a cyclic shift of the corresponding vector of r(zx).

Theorem 2.4 A linear code C' is called an RyR1 Ry - - - Ry-cyclic code of block length (ag, -« - , )
if and only if Tagay-a, (C) is an Rg[x]-submodule of Qay ..o, -

83. Linear Codes Over R;

In [6], an idempotent decomposition of the finite ring B; = Fprlug, - ,u;]/ < u? — Uj, UjUs —

ugu; > for j,s =1,--- i was given. By taking p = 2,7 = 2, a idempotent decomposition of R;
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is written as follows, where i =1,--- | a.

€yy = €1 =1+ ZUB

BeP;

and the number of e, is (é),

eukl = ukl + E U‘B

k1EBEP;,|B|>2

for k1 =1,2,--- 4 and the number of e,, is (i)

e = Uk Uk + E up
Uk Ukg —
ki <o k1,ka€BEP;,|B|>3

for ki, ko =1,2,--- ¢ and the number of ey, v, is (;),

uklukzuks

u
k‘1<]<12<k‘3 Z B

k1,k2,ks€ BEP;,|B|>4

eukluk2uk3 -

for k1, ko, k3 = 1,2,--- ,i and the number of gy py iy 1S (;)

Cugug-u; — ULTU - - - Ug

and the number of ey, 4y ..u; 18 <Z>, where B C {1,2,---,i} and P; is the power set of
i
{1723"' 7i}ai: L2, ,a.

Then, we have

2
g eup = 1, (euz)” =euy and ey ey, =0
BeP;

if A% B forany A,B C {1,2,---,i}. Hence,

RZ' = @ RieuB = @ F4euB

BePp; BeP;

fori=1,---,a. So every element r; of R; can be uniquely expressed as

T = g TiupC€up

BeP;
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where 7 4, € Fu.

Example 3.1 Let a = 3. Then, Ry = Fy+ui Fy + usFy +usFy +uqus Fy + uqus Fy + ugus Fy +
uiususFy. Consider the idempotent elements of Rz below

eyy = e€1=1+wur+uz+uz+uruz + uruz + usuz + urugugz,
€y, = ULt ULU2 + UIU3 + UTULUS,
€uy, = U2+ UUz + Uu3 + UU2U3,
€y = U3+ uUu3z + usuz + ujusuz
and
Cujus = ULU2 T UIUUSZ, €y yuy = UIU3 + UIUUS,
Cusuz = UU3 + UTUUZ, Eyqupuy = UTU2US.

Moreover, any element r3 of Rg3 is written as
T3 =T3,1€1 + T3,u1 €uy + T3,u3€us + -0+ T3 uiusus Cujusus-

If C,, is a linear code of length «; over R; , the C,, is written as

Cozi - @ Cai7uBeuBa

BeP;
where Cl, ., are codes over Fy for integers i =1,2,--- ,a with
[e 7] (677
Cozi,um = Cai,l = {ri,u@ €F4’|E|I‘i’uB,B§£Q]€F477 E T upCup ECai}7
BeP;
[e 77 (e77
Cai,ul = {ri,ul € F4 Bri,uB,B;ﬁ{l} € F4 ) E TiupCup € Cai}7
BeP;
[e 77 Qg
Cai,uz = {ri,uz € F4 Bri,uB,B#{Q} € F4 ) E Tiupup € Cai}7
BeP;
................................................... ,
[e 77 (e7)
Coiu; = {ri,ui € Fy Bri,uB,B#{i} €k, E TiupCup € Ca,}
BeP;
and
(e} Qg
Caiﬂhuz = {riﬂuuz € F4 |3ri7uB1B¢{172} € F4 ) E TiugCup € Cai}’
BeP;
................................................... ,
(e 73 (e7)
Cai,ulugv--u,- = {ri7u1u2-~ui € F4 ‘Hri,uB,B;é{l,m i} € F4 ) E TiupCup € Cozi}
BeP;

where ¢ = 1,--- ,a. And moreover,
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|Cail = H |Caiup| and da(Ca,) = min{du(Ca,up)}
BeP;

fori=1,---,a. In [5], the map on R; was defined as
¢7L : Rz — R2271
i1 +uiYio1r — (o1, Tio1 + Yio1)

where i = 2,--- ,a and

o1 Ri— R}
zo+uiyo — (To,To+Yo)
So, the Gray map is defined as follows
6=¢162-¢i 1 R — RY
Tio1tuiyior > ¢ (Tim1 +uiyio1)
where i =1,--- ,a.

If we take the element of R; as ZBePi Tiup€up, the Gray map defined also as

§ TiupCugp (TLUB)BePi
BePp;

where 1 =1,--- ,a.
Example 3.2 Let a = 2. The Gray map on Ry is defined as

Yo Ry — Rj

§ T2,upCup ? (T2,17T‘27U]7T27u2)r2,u1u2)
BeP>

This can be extended from R to R(Q)i‘” as

(e 7] 2iai
’(/Ji N R1 —>R0
ri = (10,71 Ta—1) = (Piiws)Bep,
where (14,71, ,7q,1) € By and 1 =3 pep TjiupCup, for j =0, jo; —1i=1,---

We define the Gray weight wtg (r;) of an element ré € R; is defined as

wte (r}) = wty (¥; (7)),
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where wty denotes the Hamming weight over Fy, j = 0,--- ,a; — 1,4 = 1,--- ;a. For any

r;,r; € R, the Gray distance between r;, r; is defined as
dg (ri,1}) = wp (i (r; — 7))

It can be easily seen that the Gray map is a Fy-linear and distance preserving map from

R} (Gray distance) to Ffiai (Hamming distance) where i =1,--- | a.

Notice that a linear code over Fy of length «y is a subspace of F,° and a linear code over
R; of length «; is a R;-submodule of R} for i =1,2,--- ,a.

For any element (rg,---,74) = (ro,711(1 4+ w1) + 714, (u1),721(1 + w1 + ug + ugus) +
72,0y (U1 + UrU2) + 72 0y (U2 + UrU2) + T2 uyus (W1U2), D pep, Taup€up) € RoR1R2 -+ Ra, We
define a Gray map from RyR1Rs... R, to Ffaﬂ*l as

20+l _1
©® : RoRlRQ"'Ra—>F4
(TOa"' ,T‘a) L SO(TOW" ,Ta) = (7"071/)1(7’1),"' awa(ra))zea
where
€= (T07 T1,1 71,015 72,15 72,019 2,025 T2,u1uss " 5 Ta, 1 Taurs " s Taugs Ta,uiuss " s Ta,ugug, ,ua)-
It is seen that the map ¢ is a Fy -linear, which can be extended on R, a,...a, as follow

. Zq=02iai
¢ ¢ Ragay-a, » B

_ 0 0 1 1 a a
(r07... ,ra) — (7107...7'&07177’-0,... ’rra1717... 77'07... 77‘0(&71) 9_>5
: — (-0 0 j ; o

with & = (75, 70, -1,70,1,1570,1,u1> T1,1,1, T1,1,u1s> > (Tjaup ) BeP, ), (Thy -+ T, —1) € R{" and
i -
rj - TjiupCup

BeP;
forj=0,---, 0, —1,i=1,--- ,a.
The Gray weight of any element (rg,---,r,) € Ragay..a, 1S defined as wa((ro, - ,1q))

=wy(rg)+twag(r1)+: - -+wag(r,) where wy represents the Hamming weight over Fy. Moreover,

it can be defined Gray distance between any two elements r,f € Ry q,.--0, as
da(x, %) = w (r — )

Proposition 3.3 A Gray map ¢ is Fy-linear and distance preserving map from Roga,---a., (GTay

distance) to F;LO 2o (Hamming distance).

Proof Let r = (rg, -+ ,rq),r = (r(, -+ ,r,) € Rageay, Where ro = (19, ,Tag—1), o =
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(10, s Thy—1) € Fg°, vy =T11€1 + 110 €0,,T) = r’Llel + rﬁ7uleu1 € R, where
ra, = (To,1,1, T 77Aa171,1,1)7
1w, = (TO,l,ul st arozl—l,l,ul)v
I"/1,1 = (7"6,1,1a : ’T(/)q—l,l,l)7
IJl,ul = (ré,l,u17”' ’T‘/alfl,l,ul) € Ffl7
........................... ,
r, = Z ToupCus and T, = Z o upCus € R,
Bep, BEP,
where
Ig 1 (To,a,h yFag 1,a,1);
ra,ul (TO,a,uly 7Taa l,a,ul)a
............... ,
Toup-ug (TO,a,ulmua, to araa,—l,a,u1'-~ua)7
r:z,l (7"/0,@,17 e 7T:xa—1,a,1)a
r;,ul ( 6,(1 Uy 7r;a71,a,u1)’
..................... ’
r;,ul---u,,, ( é,a,ul--- RPN ’T'/oc,,,—l,a.,ul,n-, ) € Ffa

For any r,r’ € Rug...a,, A € Fy, it is hold that ¢o(r + r') = ¢(r) + ¢(r') and p(Ar)

Ap(r). By using the map ¢ is Fy linear, we get dg(r,r’') = wg(r —r') = wi(eo(r — 1')) =

du(p(r), (r')).

Proposition 3.4 If C is an RyRi Rs - - - Ry-cyclic code of block length (ag, - -+, aq) with |C| =
M and minimum distance dg, them ¢(C) is a (Y ;o 2'a;, M,dp) linear code over Fy, where

dg = dg.

Proof By using the fact that the map ¢ is Fy linear, distance preserving and bijective, we

have ¢(C) is a

linear code over Fj.

)20, M, dy)

=0

84. Structures of the Cyclic Codes Over R; and the RyR1Rs - -- R,-Cyclic Codes

With the map ¢; from R to R;[z]/ (z® — 1), to any element r; = (rj,ri,---

i %3
’Taifl) € Rz

corresponds to the elements ri(z) = r§ +riz + - +r, _z* "t € Ri[z]/ (z* —1). If Cy, is a

cyclic code over R; of length o, then (;(Cy,) is an ideal in R;[z]/ (z* — 1), for i =0,1,--- ,a.
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Theorem 4.1([8]) Let C,, be a cyclic code of length oy over Fy. Then there exists a u-
nique monic polynomial f(x) € Fylx]/(x® — 1) such that (o(Ca,) = (f(z)) and f(x) di-
vides x*° — 1.  Moreover Cq, has 4% codewords, where ki = ag — degf(x) and the set

{f(@),zf(x), -, 2" =1 f(2)} forms a basis of Ca,.

In [3], the structures and properties of cyclic codes over Ry are given. Similarly, we have

the following results for cyclic codes over R; for i = 2,3, -+ ,a.
Theorem 4.2 Let Cy, = ®pep,Ca,,upCup be a linear code of length o; over R; fori=2,--- ,a.
Then,

1) Cy, is a cyclic code of length o; over R; if and only if Cy, vy are cyclic codes of length
a; over Ry, fori=2,---  a;
2) If C,, is a cyclic code of length a; over R;, then its dual
Cy = ED Caup Cun
BeP;
is also cyclic code over R;, B € P;, fori=2,--- ,a;

3) If C,, is a cyclic code of length a; over R;, then (;(Ca,) = (ci(x)), where

ci(2) =Y (Ciun(@))eus
with ¢;(z)|xz® — 1 and (o(Cu; up) = (Ciug(x)), BE P, fori=2,---,a. Moreover

Cog| = a2 oS destetns @),

From [4], the following theorem can be given as follows:

Theorem 4.3 Let C be an RyR;-cyclic code of block length (g, 1). Then, YTopa, (C) =
((fo.0(2),0), (for (), fro(@))) where foo(x)|z® =1, fro(x) = (14 u1)fr01(2) + u1fr0.u (2),
fro(x)|xz*t =1 and fo1(x) € Rolx].

Theorem 4.4 Let C be an RyR; Ra-cyclic code of block length (cg, aq, a2). Then Yogayas (C) =
((fo,0(2),0,0), (fo,1(2), f1,0(2),0), (fo2(x), fr,1(2), f2,0(2))), where foo(x)lz* — 1, fio(z) =
(T4 u1) fr,0,1(2) + w1 f1,0,u, (), fro(@)|z® =1, fao(w) = (1 +us +uz +uruz) fa o1 (w) + (ur +
u1U2) f2,0,u, () + (U2 +u1u2) f2,0 0, (2) +H(U1U2) f2,0,usus (T) with fo0(2)|[2*2 1 and fo1(z), fo2(z)
€ Rolx], f1,1(x) € Ry[z].

Proof By defining a homomorphism Eq, 0,0, between Toyara,(C) and Rofz]/ (%2 — 1) by

Eagoras (To(x),m1(x), m2(2)) = r2(x), we can obtain Zqga,as (Yagaras (C)) = (f2,0(2)), where

foolz) = (14w +ug +urug) fa0,1(x) + (w1 + viue) f2,0,u, () + (2 + uru2) f2,0,u, ()
+(u1u2) f2,0,u;us ()
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and
KerEoparas = {(ro(x),m1(2),0) € Qogaras|(ro(@), r1(x),m2(2)) € Tagaras (C)}-

By defining Rj-submodule I; = {(ro(x),r1(x)) € Qaga,|(ro(z),71(2),0) € KerZaya,as}
and by using Theorem 5 in [7], we can say that I; has the generator polynomials of the form

((fo,0(2),0), (fo,1(2), fr0(z))) where foo(z)|z® —1, fio(z) = (1 + u1)fr01(2) + v f1,0u, (@)
with f1 o(z)]z**—1 and fo1(x) € Ro[z]. Since we have (ro(z),r1(x)) € I3, for any (ro(z),r1(x),0) €
KerZa,0,0,, then there exist some my(x) € R[z] for t = 0,1 such that

(ro(x),71(x)) = mo(x) * (fo,0(x),0) +ma(z) * (fo1(z), f1,0(z))-
Therefore
(ro(x),71(x),0) = mo(z) * (fo,0(z),0,0) +mi(z) * (fo,1(x), f1,0(x),0)

and we have
K@TEaOalag = <(f0,0(x)7 07 0)7 (fO,l(x)7 fl,O((E)a 0)> .

From first isomorphism theorem, we have
TO&UOQOQ (C)/KerEOCOOéloQ = analaz (Taoalag (C)) - <f2,0(x)> :
and let (fo2(x), f1.1(2), f2,0(2)) € Tagaras (C) with

Eaparas (fo,2(2), f11(z), f20(x)) = f20(2).

So, an RoRi1Rs-cyclic code is generated by elements of form (fyo(x), 0,0), (fo,1(z), f1,0(x),0)
and (fo2(2), f1,1(2), f2,0(2)). O

Theorem 4.5 Let C' be an RyR1R2R3-cyclic code of block length (ag, a1, an,as). Then,

Taoalazag(c) = <A17 Az, As, A4> ,

where
A1 = (fo,o(.’L‘),0,0,0),
Ay = (foa(2), f10(2),0,0),
Az = (foz(x), f11(x), f2,0(x),0),
Ay = (fos(x), fr2(x), f2,1(2), f30(x))

and foo(z)|z* — 1, fro(z) = (1 +w1)fr01(x) + urfi0u (), frol@)|z =1, fap(z) = (1 +
uy + ug + urug) f2,01(2) + (w1 + uruz) f2,0u, () + (U2 + wru2) fo,0,u, (2) + (w1u2) f2,0,u1u. (7)),
foolx)|xz® — 1, fao(x) = (1 + w1 + uz + ug + urue + urus + ugus + urusus)fao1(x) +
(u1 4+ wrug + urug + uruus) f3,0,u, () + (U2 + wrug + usus + uruous) f3.0,u, () + (ug + urus +
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Ugu3 + U1 U2u3) f3,0,us (€) + (U1U2 + U1u2u3) f3,0,uus () + (W13 + Uru2u3) f3,0,0,us (T) + (U2us +

UTU2U3) [3,0, upus (T) + U1 U2U3 [3,0,01 ugus (T) With

fo(x), fo2(x), fos(x) € Rolx], f1,1(x), fr,2(x) € Ri[z], f1(x) € Ra[z].

Proof Similarly, to proof of the Theorem 4.4, by defining a homomorphism Zu,0;as0s
between TOtoOqOQaS (C) and R3[x}/ <xo¢3 - 1> by analazas (7“0(.13),7“1(.%),7“2(%‘),’/‘3(%‘)) = 7“3(.1‘),
by defining Ro-submodule I, the desired result is obtained. O

From all the above discussion, by using the same process an induction on a, we get the

following corollary.

Corollary 4.6 Let C be an RoR1Ry - -- R;-cyclic code of block length (ag, a1, g,y .-+ ).
Then,

TOLQOél“'ai(C) = <(f0,0($)3070707"' 70)7(fO,l(I)afl,O(I)7oaoa"' 70)3(.]00,2(1')3
fia(2), f2,0(2), 0, ,0), (fo,3(x), f1,2(2), f21(2), f5,0(2),0,---,0),
o (foi (@), frim1(®), faima(@), f3i-3(x), -+, fio(x))),

where f;o(z)|x® —1 fori=0,1,--- ,a,

fio@) =" fious(@)eu,

BeP;
fori=1,---,a and f;1(x), fi2(x), -, fi(a—i)(®) € Ry[z] fori=0,1,2,--- ,a—1.

In [7], some lemmas and theorems about the RgR1S cyclic codes and the separable codes

2

were given, where S = Fy + uF, + vFy and v? = u,v? = v,uv = vu = 0. Similarly, we get the

following lemmas and theorems.
Lemma 4.7 Let

Taoal'“aa (O) = <(f070($)70’ 0’ Oa o ’0)7 (fO,l(x)a fl,O(x)’ Oa 07 e 70)7 (f072($),
f11(), fao(),0,---,0), (fo3(x), fr2(z), f2,1(x), f3,0(x),0,---,0),
T (f(),a(x)a fl,afl(m)v f2,a72($)7 fS,aff}(x)a tee 1fa,0($))>

be an RoR1Rs--- Ry-cyclic code. Then, we assume that degf; ;j(z) < degfio(x) for i =
0, ya—1,=1,2--,a—i.

An RoR1Rs - - Ry-linear code C of length (g, a1, @9, -+, ;) is called a separable code
it ¢ = C}, x---x (], while considering C,, as punctured codes over C' by deleting the
coordinates outside the a; components, for : =0, -+ ;a.

Lemma 48 L@t Taoar"aa (C) = <(f070(33), 0, 0, O7 e ,0), (f071(1?), f170($), O7 O, e ,O), (f()g(l‘),
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fl,l(x)7 f2,0(x>707 e 70)7 (fO,?)(x)a fl,Z(x)v f2,1(x)7 f3,0(x)7 Oa e 7O)a R (fO,a('T)7 .fl,a—l(x);
fo,a—2(), f3.a—3(x),- - ,fa,o(x)» be an RoR1 Ry - - - Ry-cyclic code of length (ag, - -+ , ). Then,

CO(C(IIO) = (ged(fo,o(x), for(x), -, fo,a(x))),
Cl(C,Ill) = <90d(f1,0($)af1,1(ff)7"'7f1,a71(x))>7

Ca—l(ctlxa,l) = <90d(fa—1,0(x)’fa—l,l(x)» >
Ca(o(lxa) = <fa,0($)> :

Lemma 4.9 Let

Taoaln-aa(c) = <(f070($),0,0,0,"' 70)3(fO,l(x)afl,O(x)aOa(),"' ao>a
(fo2(2), fr,1(2), f2,0(2), 0, ,0), (fo,3(2), f12(2), f2,1(x),
f370($)70,"' 70)7"' 7(f&a(-r)afl,a71<x)af27a72($>7f3,a73(x)a'" afa,O(m))>

be an RoR1Rs--- Rq-cyclic code. Then f;o(z)|fi;j(z) if and only if fij(x) = 0 for i =
0,1,---,a—1,7=1,2,--- Ja —1.

Theorem 4.10 Let

Taoal---aa,(c) - <(f0,0(x)707030a"' 70)7(fO,l(x)afl,O(x)aOaO,”' aO)a(fO,Q(x)a
fl,l(x)v f270(117),0, e 7O)a (fO,B(x)a fl,Q(I)v f2,1(z)7 f370(f£),07 e 50)7
) (fO,a(x); fl,a—l(x)’ f2,a—2($)7 f3,a—3(x)7 e afa,O(x))>

be an RyRy1Rs...Ry-cyclic code. Then, the following assertions are equivalent:

1) C is a separable code;

2) foo(@)|fo,i(x), fro(@)|fri-1(2), - ficr0(@)|fic1a(2), fori=1,2,-- a;

3) Gi(Ca,) = (fio(x)) fori=0,---,a;

4) Tagay-a, (C) = ((fo,0(2),0,---,0), (0, fro(x),--,0),- -+, (0, ,0, fa0(2))) -

We get Gi(Cl,) =< fio(z) >= ((Ca,) for i =0,--+ ,a.

Theorem 4.11 Let C' = Cy, X Cy, X -+ X Cq, be an RoR1 Ry - - - R,-linear code of block length
(g, ,aq). Then, C is a separable RyRiRs - - - Ry-cyclic code of block length (cp, -+, aq) if

and only if Cy, are cyclic codes of length a; over R;, fort=20,1,---  a, respectively.

Proof Let C be an RyRiRy--- Ry-cyclic code of block length (ag, - ,a,). Take r =
(ro,r1,--+,rq) € C, where r; = (r§,r},--- ,rl, ;) € Co, for i =0,1,--- ,a. By using the fact
that C is an RyR1 Ry - -+ R4-cyclic code of block length (ag, -, aq), we have

(O‘(I‘()), 0’(1’1), T ,O’(I'a)) € 07

which shows that o(r;) € Cy, where i =0,1,2,--- ,a. Therefore, C,, are cyclic codes of length
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a; over R;, for i = 0,1,--- ,a, respectively. Conversely, let C,, be cyclic codes of length «;
over R;, for i =0,1,--- ,a, respectively and r,, € C,, where i =0,1,--- ,a. By using the fact
that C,, are cyclic, then o(r;) € Cy, for i = 0,1,--- ,a. Take r = (ro,r1,---,ry,) € C. So
o(r) = (o(rg),o(r1), - ,0(r,)) € C. O

Theorem 4.12 Let C' = Cy, % -+ X Cy, be a separable RyR1 Ry - - - R,- cyclic of block length
(0407“' 7aa)7 where CU(CQ()) = <f0,0(x)>7"' 7Ca(Caa) = <fa,0(-73)>' Th@’fL, Ta[)()él"'aa (C) =
(foo(@)) x -+ x (fa,0(2)).

Example 4.13 Let a be 3. Let foo(x) = 2% + (w+ 1)z +w. Then (4(Ca,) = (foo (z)) is a
cyclic code over Ry with length ap = 3 and |C,,| = 4,d = 3.

Let f10.1 (%) = fiom (®) =22+ (w+ 1)z + 1. Then (o(Cay 1) = (o(Cay uy) = (f1.01 (2))
are cyclic codes over Ry with length 5 and |C,, 1| = 43,d = 3. Therefore, (1(Ca,) = (f1,0 (z))
is a cyclic code over R; with length o; = 5 with cardinality 419=4 = 46 d = 3.

Let fo.01 (%) = foou () = 22+ 2+ 1, f20us (T) = fo.0u1us (¥) = 23 + 2% + 1. Then
C0(Caz1) = C0(Cazur) = (f2,01 (), C0(Cazuz) = Co(Cazurus) = (2,0, () are cyclic codes
over Ry with length 7 and |Ca,.1| = |Cay.u,| = 4%, d = 3. Therefore, (2(Ca,) = {fa0 (2)) is a
cyclic code over Ry with length oy = 7 with cardinality 428712 = 416, 4 = 3.

Let f301 (%) = 3.0, (%) = f3.0us (T) = fa.0us () = 25 +wat + wa + 22 + (w+ 1)z +
L, f3.0urus () = f3.0u1us () = [3,0,u0us (£) = f3.0u10us (2) = 2% 4+ (w+1) 2° + 2 + wa® +
wz?® + 1. Then (o(Cag,1) = C0(Casur) = C0(Cagus) = C0(Casus) = (f3,01 (%)), C0(Cogurus) =
Co(Casuius) = C0(Casusus) = C0(Cas urusus) = (f3,0,urus () are cyclic codes over Ry with
length 35 and |Cas 1| = [Cas uyus| = 42%,d = 3. Therefore, (3(Cy;) = (f3.0 (z)) is a cyclic code
over Rs with length as = 35 with cardinality 428048 = 4232 ¢ = 3.

Hence, Tagar..aq (C) = (fo,0 (2)yx(f1,0 ()% {f2,0 (2))x(f3,0 (x)) is a separable Ry Ry R R3-
cyclic code of block length (3,5,7,35). Moreover, |C| = 425, d = 3.

85. DNA Codes

In this section, some basic definitions and details about cyclic DNA codes over Ry and R;
in literature will be given. Later the necessary and sufficient conditions cyclic codes over
R; for i = 1,--- ,a and separable RyR1Rs--- R, cyclic codes to be reversible and reversible
complement will be discussed.

It is well known that DNA has two strands that are linked that Watson-Crick pairing,
every A is linked with a 7" and every C' is linked with a G, and vice versa, where A, T, C, and
G are four bases of DNA sequences. i.e. one writes A=T,T = A,C = G and G = C. The A
denotes complement of A.

Let M be a finite commutative ring and C be a linear code of length n over M. Let a =

(a1, ,a,) be a codeword in C. The reverse of a is a* = (a,,,a,_1,-- ,a1). The complement
of ais a® = (@y,ds,-- ,a@,). The reverse complement of a is al®® = (@,,,@,_1, -+ ,@), where
a@; denotes complement of a;, for i =1, -+, n.

Definition 5.1 Let C be a linear code of length n over M. Then C is called reversible if
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al® € C, for any a € C, C is called complement if a¢ € C, for any a € C and C is called
reversible complement if ai® € C, for any a € C.

Definition 5.2 Let C be a linear code of length n over M. Then C is said to be cyclic DNA

codes if C is a cyclic and reversible complement.

Definition 5.3 For any polynomial s(z) = so + s1z + -+ + sxt € M[x] with s; # 0, the

reciprocal polynomial of s(x) is defined as
s*(x) = 2's(1/x)
If s*(z) = s(x), then s(x) is called self reciprocal.

Lemma 5.4([9]) Let (o(Cay) = (f(z)) be a cyclic code of length ag over Ry = Fy. Then Cy,
is reversible if and only if f(x) is self reciprocal.

In [1], they studied cyclic DNA code over Ry = Fy and used the bijection map between
the set of DNA alphabet Sp, = {A,T,C,G} and Ry = Fy = {0,1,w,w?}, with 0 — A, 1
Tw—Ciw+1—G.

Lemma 5.5([1]) Let (o(Cy,) = (f(z))be a cyclic code of length oy over Ry = Fy. Then Cl,, is
a complement if and only if f(x) is not divisible by x — 1.

Theorem 5.6([7]) Let (o(Ca,) = (f(2))be a cyclic code of length g over Ry = Fy. Then, Cy,

is reversible complement if and only if f(x) is self reciprocal and f(x) is not divisible by x — 1.

In [7], they extended the map from R; to Sj%4, by using the Gray map v as follows:

r € Ry Gray Images 11(r1) Codon 7 (r1)

0 (0,0) AA
u (0,1) AT
u W (0, w) AC
uw? (0, w?) AG
1 (1,1) T
1+ uy (1,0) TA
L+ww?  (1,w) TC
L+uw  (1,w?) TG
w (w, w) cc
ww+w  (w,0) CA
ww? +w  (w,1) cT
Uy +w (w, w?) lole
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w? +uww?  (w?,0) GA
w? + uy (w?,w) GC
wr+ww  (w?1)  GT
w? (w?,w?) GG
Definition 5.7([7]) Let C,, be a linear code of length oy over Ry and r1 = (ro, -+ ,ra,-1) €

Cy, . By using the table, the map Ay is defined as follows
Ay i Coy — S

ry = (1o, ,Tay—1) = Ai(re) = ((ro),- -, 7(ra;-1))-

Theorem 5.8([7]) Let Cyo, = Cq, 161+ Cay uyu, be a cyclic code of length o over Ry. Then,

Ca, is reversible over Ry if and only if Cy, 1,Cq, u, are reversible over Fy.
Lemma 5.9([7]) For anyry € Ry, 71 +0=r1.

Theorem 5.10([7]) Let Co, = Cy,y 161+ Cay uy€u, be a cyclic code of length o over Ry. Then,

C., is reversible complement over Ry if and only if Cy, is reversible and (0,---,0) € C,, .

Theorem 5.11 Let C,, be a cyclic DNA code of length o over the ring Ri and minimum
Hamming distance d. Then, A1(Cy,) is a DNA code of length 2c;; over the alphabet {A, T, G, C'}
with minimum Hamming distance at least d.

Similarly, we define a bijection map between Ry to S}‘54 as follows, by considering the Gray
images of elements of R,.

r9 € Ry Gray Images ¥a(r2)  Codon 75(r2)

0 (0,0,0,0) AAAA
uy (0,1,0,1) TATA
1+w (w?, w?, w? w?) GGGG
1 (1,1,1,1) TTTT
w (w, w, w, w) ccec
Definition 5.12 Let C,, be a linear code of length ay over Ry andra = (1o, ,Tas—1) € Ca,.

By using the table, the map Ao is defined as follows
Ay ¢ Coy — SH?

r2 = (1o, " ,Tap—1) > Aa(r2) = (72(r0), - ,72(ray-1))-

Theorem 5.13 Let Co, = Cqo, 161 4+ Coyoug€uy + CosusCus + CagugusCusus be a cyclic code of
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length ap over Ry. Then Cy, is reversible over Ry if and only if Co, 1, Cayurs Casugs Casugus

are reversible over Fy.
Lemma 5.14 For anyry € Ry, 73 +0 = rs.

Theorem 5.15 Let Co, = Cqo,1€1 4 Capouy€uy + Cogusus + CogugusCusu, b€ a cyclic code of
length ay over Ry. Then C,, is reversible complement over Ry if and only if Cy, are reversible
over Ry and (0,---,0) € C,.

Theorem 5.16 Let C,, be a cyclic DNA code of length o over the ring Ry and minimum
Hamming distance d. Then, Ao(Cy,) is a DNA code of length 4as over the alphabet {A, T, G, C'}
with minimum Hamming distance at least d.

Similarly, we define a bijection map between R; to Sg4 as follows, by considering the Gray
images of elements of R; for i =3, - ,a.

r; € R;  Gray Images ¥;(r;)  Codon ~;(r;)

0 (0,0,0,--- ,0) AAA---A
1+w (v w?w? - w?) GGG---G
1 (1,1,1,-- 1) TTT--- T
w (w,w,w, -+ ,w) cece---C

Definition 5.17 Let C,, be a linear code of length «; over R; and ri = (ro, -+ ,7q,-1) € Ca,
fori1=3,..,a. By using the table, the map A; is defined as follows

2%
Ai : Cozi — SD:“

ri=(ro,  ,ra;—1) = Ai(ri) = (vi(ro), - Yi(ra;-1))

Theorem 5.18 Let Cy, = ®pep,Ca;upeus be a cyclic code of length o; over R; for i =
3,---,a. Then C,, is reversible over R; if and only if Cu, vy are reversible over Ry = Fy,
where all B € P; fori=3,--- ,a

Proof 1t is proven as proof of Theorem 10 in [7]. O

From Lemma 5.9 and Lemma 5.14, the following lemma can be obtained.

Lemma 5.19 The following conditions hold.

i) For anyr; € R;, 77 = (Ti—1 + wiyi—1) = (Ti—1) + wiyi—1, where x;_1,y;-1 € Ri—1,1 =
37 2) T, Ay
i) For any r; € Ry, 7i+0=1r; fori=3,--- ,a

Theorem 5.20 Let C,, = @®pep,Ca;upup be a cyclic code of length a; over R;, for i =
3,---,a. Then, Cy, is reversible complement over R; if and only if C, are reversible over R;
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and (0,---,0) € C,,, where all B € P; fori=3,--- ,a.

Proof 1t is proven as proof of Theorem 11 in [7]. O

Theorem 5.21 Let C,, be a cyclic DNA code of length «; over the ring R; and minimum
Hamming distance d. Then, A;(Cy,) is a DNA code of length 2c; over the alphabet {A, T,G,C}

with minimum Hamming distance at least d, fori=3,--- ,a.
Example 5.22 Let Ry = Fy + u1 Fy,
-1 = (241 (@ +wrt+2*+ 27+ (w+ 1)z +1)

(2° + (w+ 1) 2" + 2% + 2® + wa + 1)
hi(z)he(z)hs(x) € Fy [z]

and let f101(z) = fi0u (®) = ha(x)hs(z). Then (H(Cay,1) = (Cayuy) = (fr1,01 (2)) are
cyclic codes over Ry with length 11 and |Cy, 1| = 4,d = 11. Hence, (1(Cq,) = (f1,0 (z)) is a
cyclic code over Ry with length 11 with d = 11. As f1,0,1 (z) and f1,0,., (@) are self-reciprocal
polynomials, by Lemma 5.24, C,, 1, C,, u, are reversible over Ry. Therefore, C, is reversible
over Ry. Also, Cy, has 422720 = 16 codewords. As Cl, is reversible and (0,0,---,0) € Ca,,
then C,,, is a reversible complement code over R;. Moreover, C,,, is a cyclic DNA code and the
image of the C,, under the map A is a DNA code of length 22, size 16 and minimum distance

d =11. The DNA codewords are given in the following

A A A A A A A A A A A A A A A A A A A A A A
A C A C A C A C A C A C A C A C A C A C A C
A G A G A G A G A G A G A G A G A G A G@ A G
A T A T A T A T A T A T A T A T A T A T A T
c A C A C A C A C A C A C A C A C A C A C A
c 6 ¢ 6 ¢ 6 ¢ G ¢ G ¢ G C G@cC GO G Cc @ Cc G
c ¢c ¢ ¢ ¢ ¢ ¢ ¢c ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ c cC
c r ¢ T C T C T C T C T C T C T C T C T C T
T ¢ T ¢ T C T C T C T C T C T C T C T C T C
T T T T T T T T T T T T T T T T T T T T T T
T A T A T A T A T A T A T A T A T A T A T A
T 6 T G T &G T G T G T G T G T G T G T G T G
¢G v ¢ T G T &G T & T G T &G T GG T G T G T G T
G A G A G A G A G A G A G A G A G A G A G A
¢ ¢ 6 ¢ ¢ ¢ 6 ¢ 6 ¢ G C GcC GcCc G o @ oG cC
¢ 6 6 6 6 6 6 G 6 G G G GE& @ GEd@GeEd@ 6 6 6@ 6@ q@a

Example 5.23 Let Ry = Fy + u1Fy + uaFy + uguaFy, a0 = 41 and fo 01 (x) = foou, () =
f2.00s (%) = foouu, () = 220 + wrt® + warl” + (w4 1) 21 + 213 + (w+ 1) 2!2 + 21 +
(w+ 1) 2042+ (w + 1) 28427+ (w + 1) 2 +wa+wr+1. Then (o(Cog uyus) = C0(Cogurus) =
Co(Casuzus) = C0(Cagurusus) are cyclic codes over Ry with length 41 and |Cy, 1] = 4%!,d =
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11. Hence, (2(Cq,) = (f2,0 (z)) is a cyclic code over Ry with length 41 with d = 11. As
f2,01 (), f2.0u1 (2), f2.0,u, () and fa2,0.4,u, () are self-reciprocal polynomials, by Lemma 5.24,
Cosuguss Caguiugs Cas,ususs Casuiusus are reversible codes over Ry. Therefore, Cy, is a re-
versible code over Ry. Also, C,, has 4164780 = 434 codewords. As C,, is a reversible code and
(0,0,---,0) € Ca,, Ca, is a reversible complement code over Ry. Moreover, C, is a cyclic
DNA code and the image of the C,, under the map A is a DNA code of length 164, size 454
and minimum distance d = 11.

Definition 5.24 Let D be an RyRi1Ry - -+ Ry-linear code of block length (ag, - ,q). Then

D is said to be reversible, if v = (xff,---,xf) € D, for any r = (ro, - ,r,) € D, where
r; = (rg,rl, - rh 1) € RS fori=0,1,--- ,a.

Definition 5.25 Let D be an RoR1Rs -+ R, linear code of block length (ag, - ,aq). Then

D is said to be complement, if r¢ = (I‘g,-~- ,rg) € D, for anyr = (rg,--- ,rq) € D, where
v, = (rg,rl, - rh 1) € RS fori=0,1,--- ,a.

Definition 5.26 Let D be an RoR1Rs - - - R, linear code of block length (ag,- -+ ,aq). Then, D
¢ ... rECY e D, for anyr = (vo,--- ,r,) € D,

where v; = (14,74, , 71, _1) € R fori=0,1,--- a.

is said to be reversible complement, if t?¢ = (

Theorem 5.27 Let C = Cy, X --- x Cq, be separable RyR1 Ry - - - R;-cyclic code of block length
(o, -+ ), where Cy, are cyclic codes of length o; over R;, fori=0,1,2,--- a. Then C is
reversible if and only if Cyoy,Ca,, -+ ,Cq, are reversible codes over R;, for i = 0,1,2,--- a,

respectively.

Proof Let C be a reversible code and let r = (rg,ry1,--- ,r,) € C,x; = (rg,ri, - vl 1) €
Cy, fori=0,1,--- ,a. By using the fact that C is a reversible, we have r® = (v, rf, ... r2) €
C. So this shows that r2 € C,, where i = 0,1,2,---,a. Therefore, C,, are reversible codes
of length oy over R;, for ¢ = 0,1,--- ,a, respectively. Conversely, let C,, be reversible codes
of length a; over R;, for i = 0,1,--- | a, respectively and take r = (rg,ry, -+ ,r,) € C where
r; € C,, with i = 0,1,--- ,a. By using the fact that C,, are reversible, then rZ € C,, for

i=0,1,---,a. Sorf = (rf',rf ... r2) € C. Hence C is reversible. O

Theorem 5.28 Let C = C,, X - -+ X Cy, be separable RyR1 Rz - - - R;-cyclic code of block length

(ag, -+, ), where Cy, are cyclic codes of length «; over R;, fori=0,1,2,---  a. Then, C is
a reversible complement code if and only if Coy,Cay,- -+ ,Ca, are reversible complement codes
over R;, fori=20,1,2,--- ,a, respectively.

Proof Let C be a reversible complement code. Take r = (rg,ry,---,r,) € C, where
r; = (ré,r, .- ,rfli_l) € Cy, for i = 0,1,--- ,a. By using the fact that C is a reversible
complement, we have ri¢ = (¢[i rFC ... rBC¢) ¢ O. So this shows that r*® € C,, where
i =0,1,2,--- ;a. Therefore C,, are reversible complement codes of length «; over R;, for
1 =20,1,---,a, respectively. Conversely, let C,, be reversible complement codes of length «;
over R;, fori=0,1,--- ,a, respectively and take r = (rg,r1, -+ ,1,) € C where r; € C,,, where

i =0,1,--,a. By using the fact that C,, are reversible complement, then r?¢ ¢ C,, for
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i=0,1,---,a. So rf¢ = (rFC rEC ... +EC) ¢ C. Hence, C is a reversible complement. [

Definition 5.29 Let C be an RoR1Rs - - Ry-linear code of block length (ag, -+ ,q) and r =
(ro, -+ ,rq) = (1], - ,7"3071,7%, e 77&171’ Gy, 1re 1) € Rag,. o, - By using the table,
the map A is defined as follows

. ao+201++2%
At Raya, — Sp) “

r=(ro, - ,rq) —= A(r)=(Ao(ro), - ,Na(rs)).

Theorem 5.30 Let C be a separable RyR1 R - - - Ry cyclic DNA code of block length (v, - -+ , o)
with |C| = M and minimum Hamming distance d. Then, A(C) is a DNA code of length

ag +2a1 + -+ + 2%,

over the alphabet {A,T,G,C} with the minimum Hamming distance at least d.

Example 5.31 Let Toarasas(C) = (fo,0 (2)) X (f1,0 (2)) X (f2,0 (x)) X (f3,0 (x)) is a separable
Ry R1 R Rs-cyclic code of block length (9,3,5,35). Let foo(x) = 28 + 23 + 1. Then,

C0(Cayp) = (fo,0 ()

is a cyclic codes over Ry with length 9. As fo o (2) is self-reciprocal polynomial and (0,0, --- ,0) €
Coys Ca, is reversible complement over Ry. Similarly, if we take (1(Cl,) = (f1,0(2)) =
(€ +1).6(Car) = {(fon (@) = (22 +wr +1),Go(Cay) = (a0 @) = (2 + (w+ D +1),
Cy,’s will be reversible complement codes over R;, for ¢ = 1,2,3. Hence, by Theorem 5.28, we
get C as a reversible complement code . Then A(C) is a DNA code of length 315, size 43°.

86. Conclusion

In this paper, the structures of RyRiRs --- R4-cyclic codes are obtained with their generator
polynomials, and a new inner product is defined. It was shown that if C' is an RyR1 Ry - - R,-
cyclic code, then C+ is an RyR1 Ry - -+ R4-cyclic code, and a separable RyRiRs --- R,-cyclic
codes are introduced with necessary and sufficient conditions for them being reversible and
reversible complement, and also the DNA codes can be constructed from them with examples.
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