
International J.Math. Combin. Vol.4(2019), 29-47

On the Complexity of Some Classes of Circulant Graphs and

Chebyshev Polynomials

S. N. Daoud1,2, Muhammad Kamran Siddiqui3

1.Department of Mathematics

Faculty of Science, Taibah University, Al-Madinah 41411, Saudi Arabia

2. Department of Mathematics and Computer Science

Faculty of Science, Menoufia University, Shebin El Kom 32511, Egypt

3.Department of Mathematics

COMSATS University Islamabad, Lahore Campus, 54000, Pakistan

E-mail: salamadaoud@gmail.com, kamransiddiqui75@gmail.com

Abstract: Deriving closed formulae of the number of spanning trees for various graphs has
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§1. Introduction

The number of spanning trees τ(G) in a graph G (networks) is an important invariant. We

call τ(G) the complexity of G. The evaluation of this number is not only interesting from a

mathematical (computational) perspective, but also, it is an important measure of reliability of

a network and designing electrical circuits. Some computationally hard problems such as the

travelling salesman problem can be solved approximately by using spanning trees. In this work

we consider finite undirected graph with no loops or multiple edges. Let G be such a graph of

n vertices. A spanning tree for a graph G is a subgraph of G that is a tree and contains all

vertices of τ(G). The number of spanning trees of G, is the total number of distinct spanning

subgraphs of G that are trees. A classic result of Kirchhoff [?] can be used to determine the

number τ(G) for G(V, E). Let V = {v1, v2, · · · , vn}. The Kirchhoff matrix H is defined as n×n

characteristic matrix H = D −A, where D is the diagonal matrix of the degrees of G and A is

the adjacency matrix of G. Then the matrix H − [aij ] is defined as follows:

(1) aij , when vi and vj are adjacent and i 6= j;

(ii) aij , is equal to the degree of vertex vi if i = j;

(iii) aij = 0, otherwise. All of co-factors of H are equal to τ(G).
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There are more than one method for calculating τ(G). Let µ1 ≥ µ2 ≥ · · · ≥ µp denote the

eigenvalues of matrix of a p point graph. It can be easily shown that µp = 0. Kelmans and

Chelnokov [2] proved that The formula for the number of spanning trees in a d-regular graph

can be expressed as

τ(G) =
1

p

[

p−1
∏

k=1

(d − µk)
]

where µ0 = d, µ1, µ2, · · · , µp−1 are the eigenvalues of the corresponding adjacency matrix of

the graph. Many works have conceived techniques to derive the number of spanning tree of a

graph can be found at [3-12]. The circulant graphs are an important class of graphs. Among

other applications, they are used in the design of local area networks, see [13-19].

Let 1 ≤ a1 ≤ a2 ≤ a3 ≤ · · · ≤ ak ≤ n
2
, where n and ai(i = 1, 2, . . . , k) are positive integers.

An undirected circulant graph Cn(a1, a2, a3, · · · , ak) is a regular graph whose set of vertices is

V = {0, 1, 2, [dots, n−1} and whose set of edges is E = {i, i+ai(mod n)/i = 0, 1, 2, · · · , n−1, j =

1, 2, · · · , k}. If ak ≤ n
2
, then Cn(a1, a2, a3, · · · , ak) is a 2k-regular graph; if ak = n

2
, then it

is a 2k − 1-regular one, see Nikolopoulos [20] and Papadopoulos [21]. The well known formula

τ(Cn(1, 2)) = nF 2
n , where Fn is the nth Fibonacci number, see Kleiman, and Golden [22]. We

have obtained another proof for this formula in Theorem 3.3. The formulas of τ(C2n(1, n)),

τ(C3n(1, n)), τ(C4n(1, n)) can be found in Yuanping, et. al.[23].

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and

second kind which we use it in our computations. We begin from their definitions, see Yuanping,

et. al.[24]. Let An(x) be n × n matrix such that:

An(x) =

























2x −1 0 . . . . . .

−1 2x −1
. . .

...

0
. . .

. . .
. . . 0

...
. . .

. . . 2x −1
...

. . . 0 −1 2x

























where all other elements are zeros.

Further, we recall that the Chebyshev polynomials of the first kind are defined by:

Tn(x) = cos(n arccos). (1)

The Chebyshev polynomials of the second kind are defined by

Un−1(x) =
1

n

d

dx
Tn(x) =

sin(n arccos)

sin(arccos)
. (2)
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It is easily verified that

Un(x) − 2xUn−1(x) + Un−2(x) = 0. (3)

It can then be shown from this recursion that by expanding one gets

Un(x) = det(An(x)), n ≥ 1. (4)

Furthermore by using standard methods for solving the recursion (3), one obtains the

explicit formula

Un(x) =
1

2
√

x2 − 1

[

(

x +
√

x2 − 1
)n+1 −

(

x −
√

x2 − 1
)n+1

]

, n ≥ 1, (5)

where the identity is true for all complex (except at x = ±1 , where the function can be taken

as the limit). The definition of easily yields its zeros and it can therefore be verified that

Un−1(x) = 2n−1
[

n−1
∏

j=1

(x − cos
jπ

n
)
]

. (6)

One further notes that

Un−1(−x) = (−1)n−1Un−1(x). (7)

These two results yield another formula for Un(x)

U2
n−1(x) = 4n−1

[

n−1
∏

j=1

(x2 − cos2
jπ

n
)
]

. (8)

Finally, a simple manipulation of the above formula yields the following formula (9), which

is extremely useful to us latter:

U2
n−1

(

√

x + 2

4

)

=
[

n−1
∏

j=1

(x − 2 cos
jπ

n
)
]

(9)

Furthermore, one can show that

U2
n−1(x) =

1

2(1 − x2)

[

1 − T2n

]

=
1

2(1 − x2)

[

1 − T2n(2 − 2x2)
]

(10)

and

Tn(x) =
1

2

[

(

x +
√

x2 − 1
)n

+
(

x −
√

x2 − 1
)n

]

. (11)

§3. Main Results

In our main results, i.e., Theorems 3.1 - 3.6 we use the following conclusion.

Lemma 3.1([25]) The Kirchhoff matrix of the circulant graph Cn(s1, s2, s3, · · · , sk) has n
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eigenvalues, namely: 0 and the value 2k−ε−s1j −· · ·−ε−skj −ε−s1j −· · ·−ε−skj with ε = e
2πj

n

for any j = {1, 2, · · · , n − 1}

Corollary 3.2 For the circulant graph Cn(s1, s2, s3, · · · , sk),

τ(Cn(s1, s2, s3, · · · , sk)) =
1

n





n−1
∏

j=1

(

2k − ε−s1j − · · · − ε−skj − ε−s1j − · · · − ε−skj
)





=
1

n





n−1
∏

j=1

(

k
∑

i=1

(2 − 2 cos
jsiπ

n
)

)



 .

Proof The proof follows immediately from Lemma 3.1. 2
Theorem 3.3 For the spanning trees of C12n with three jumps 1, 2n, 3n , we have:

τ(C12n(1, 2n, 3n)) =
n

12





(

√

7

4
+

√

3

4

)4n

+

(

√

7

4
−
√

3

4

)4n

− 1





2

× n

12





(

√

7

4
+

√

3

4

)2n

+

(

√

7

4
−
√

3

4

)2n

+ 1





2

× n

12





(

√

5

2
+

√

3

2

)2n

+

(

√

5

2
−
√

3

2

)2n




2

× n

12

[(√
2 + 1

)n

+
(√

2 − 1
)n]2

× n

12





(

√

11

4
+

√

7

4

)2n

+

(

√

11

4
−
√

7

4

)2n

− 1





2

Proof Let ε = e
2πi
12n . Applying Lemma 3.1, we have

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

6 − ε−j − ε−2nj − ε−3nj − εj − ε2nj − ε3nj
)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

4πjn

12n
− 2 cos

6πjn

12n

)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3
− 2 cos

πj

2

)
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=
1

12n

12n−1
∏

j=1,2∤j

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
12n−1
∏

j=1,2|j

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3
− 2 cos

πj

2

)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
12n−1
∏

j=1

6 − 2 cos 2πj
12n

− 2 cos πj
3
− 2 cos πj

2

6 − 2 cos 2πj

12n
− 2 cos πj

3

If we put j = 2j′ in the second term for some integer j′ we get

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
6n−1
∏

j=1

6 − 2 cos 2πj
6n

− 2 cos 2πj
3

− 2 cosπj

6 − 2 cos 2πj

6n
− 2 cos πj

3

=
1

12n

12n−1
∏

j=1,2∤j,3∤j

(

5 − 2 cos
2πj

12n

) 12n−1
∏

j=1,2|j,3|j

(

4 − 2 cos
2πj

12n

)

×
12n−1
∏

j=1,2|j,3|j

(

8 − 2 cos
2πj

12n

) 12n−1
∏

j=1,2|j,3|j

(

7 − 2 cos
2πj

12n

)

×

6n−1
∏

j=1,2∤j

(

8 − 2 cos 2πj
6n

− 2 cos 2πj
3

)

6n−1
∏

j=1,2∤j

(

4 − 2 cos 2πj
6n

− 2 cos 2πj
3

)

6n−1
∏

j=1

(

6 − 2 cos 2πj

6n
− 2 cos πj

3

)

.

Thus,

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

5 − 2 cos
2πj

12n

) 2n−1
∏

j=1

(

5 − 2 cos 2πj
2n

) (

4 − 2 cos 2πj
2n

)

(

8 − 2 cos 2πj

2n

) (

7 − 2 cos 2πj

2n

)

×
6n−1
∏

j=1

8 − 2 cos 2πj
6n

5 − 2 cos 2πj

6n

4n−1
∏

j=1

7 − 2 cos 2πj
4n

5 − 2 cos 2πj

4n

×

6n−1
∏

j=1

(

8 − 2 cos 2πj

6n
− 2 cos 2πj

3

)

3n−1
∏

j=1

(

4 − 2 cos 2πj

3n
− 2 cos 4πj

3

)

6n−1
∏

j=1

(

6 − 2 cos 2πj
6n

− 2 cos πj
3

)

3n−1
∏

j=1

(

8 − 2 cos 2πj
3n

− 2 cos 4πj
3

)

.
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So, we get that

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

5 − 2 cos
2πj

12n

) 2n−1
∏

j=1

(

5 − 2 cos 2πj

2n

) (

4 − 2 cos 2πj

2n

)

(

8 − 2 cos 2πj

2n

) (

7 − 2 cos 2πj

2n

)

×
6n−1
∏

j=1

8 − 2 cos 2πj

6n

5 − 2 cos 2πj
6n

4n−1
∏

j=1

7 − 2 cos 2πj

4n

5 − 2 cos 2πj
4n

×

6n−1
∏

j=1,3|j

(

9 − 2 cos 2πj

6n

)

6n−1
∏

j=1,3|j

(

6 − 2 cos 2πj

6n

)

6n−1
∏

j=1,3|j

(

7 − 2 cos 2πj

6n

)

6n−1
∏

j=1,3|j

(

4 − 2 cos 2πj

6n

)

×

3n−1
∏

j=1

(

6 − 2 cos 2πj

3n
− 4 cos2 2πj

3

)

3n−1
∏

j=1

(

10 − 2 cos 2πj
3n

− 4 cos2 2πj
3

)

,

i.e.,

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

5 − 2 cos
2πj

12n

) 2n−1
∏

j=1

(

5 − 2 cos 2πj
2n

) (

4 − 2 cos 2πj
2n

)

(

8 − 2 cos 2πj
2n

) (

7 − 2 cos 2πj
2n

)

×
6n−1
∏

j=1

8 − 2 cos 2πj
6n

5 − 2 cos 2πj

6n

4n−1
∏

j=1

7 − 2 cos 2πj
4n

5 − 2 cos 2πj

4n

×

6n−1
∏

j=1

(

9 − 2 cos 2πj

6n

)

6n−1
∏

j=1

(6−2 cos
2πj

6n )
(9−2 cos

2πj

6n )

6n−1
∏

j=1

(

7 − 2 cos 2πj

6n

)

6n−1
∏

j=1

(4−2 cos
2πj

6n )
(7−2 cos

2πj

6n )

×

3n−1
∏

j=1,3|j

(

5 − 2 cos 2πj
3n

)

3n−1
∏

j=1,3|j

(

2 − 2 cos 2πj
3n

)

3n−1
∏

j=1,3|j

(

9 − 2 cos 2πj
3n

)

3n−1
∏

j=1,3|j

(

6 − 2 cos 2πj
3n

)

Furthermore,

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

5 − 2 cos
2πj

12n

) 2n−1
∏

j=1

(

5 − 2 cos 2πj

2n

) (

4 − 2 cos 2πj

2n

)

(

8 − 2 cos 2πj

2n

) (

7 − 2 cos 2πj

2n

)

×
6n−1
∏

j=1

8 − 2 cos 2πj

6n

5 − 2 cos 2πj
6n

4n−1
∏

j=1

7 − 2 cos 2πj

4n

5 − 2 cos 2πj
4n
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×

6n−1
∏

j=1

(

9 − 2 cos 2πj

6n

)

2n−1
∏

j=1

(6−2 cos
2πj

6n )
(9−2 cos

2πj

6n )

6n−1
∏

j=1

(

7 − 2 cos 2πj

6n

)

2n−1
∏

j=1

(4−2 cos
2πj

6n )
(7−2 cos

2πj

6n )

×

3n−1
∏

j=1

(

5 − 2 cos 2πj

3n

)

3n−1
∏

j=1

(2−2 cos 2πj
3n )

(5−2 cos 2πj
3n )

3n−1
∏

j=1

(

9 − 2 cos 2πj
3n

)

3n−1
∏

j=1

(6−2 cos
2πj

3n )
(9−2 cos

2πj

3n )

.

We get that

τ(C12n(n, 2n, 3n)) =
1

12n

12n−1
∏

j=1

(

5 − 2 cos
2πj

12n

) 2n−1
∏

j=1

(

5 − 2 cos 2πj

2n

) (

4 − 2 cos 2πj

2n

)

(

8 − 2 cos 2πj

2n

) (

7 − 2 cos 2πj

2n

)

×
6n−1
∏

j=1

8 − 2 cos 2πj

6n

5 − 2 cos 2πj

6n

4n−1
∏

j=1

7 − 2 cos 2πj

4n

5 − 2 cos 2πj

4n

×

6n−1
∏

j=1

(

9 − 2 cos 2πj
6n

)

2n−1
∏

j=1

(6−2 cos
2πj

6n )
(9−2 cos

2πj

6n )

6n−1
∏

j=1

(

7 − 2 cos 2πj

6n

)

2n−1
∏

j=1

(4−2 cos
2πj

6n )
(7−2 cos

2πj

6n )

×

3n−1
∏

j=1

(

5 − 2 cos 2πj

3n

)

n−1
∏

j=1

(2−2 cos
2πj

n )
(5−2 cos

2πj

n )

3n−1
∏

j=1

(

9 − 2 cos 2πj

n

)

n−1
∏

j=1

(6−2 cos
2πj

n )
(9−2 cos

2πj

n )

.

Thus,

τ(C12n(n, 2n, 3n)) =
1

12n
× U2

12n−1

(

√

7

4

)

×
U2

2n−1

(√

7
4

)

× U2
2n−1

(√

3
2

)

U2
2n−1

(

3
2

)

× U2
2n−1

(√

5
2

)

×
U2

4n−1

(

3
2

)

× U2
6n−1

(√

5
2

)

U2
6n−1

(√

7
2

)

× U2
6n−1

(√

7
2

)

×
U2

6n−1

(√

11
4

)

× U2
2n−1

(

3
2

)

× U2
2n−1

(√
2
)

× U2
3n−1

(

7
4

)

× U2
n−1

(

11
4

)

n2

U2
6n−1

(

3
2

)

× U2
2n−1

(√

3
2

)

× U2
n−1

(√

7
4

)

× U2
3n−1

(√

11
4

)

× U2
n−1

(√
2
)

,

which implies that

τ(C12n(n, 2n, 3n)) =
n

12





(

√

7

4
+

√

3

4

)4n

+

(

√

7

4
−
√

3

4

)4n

− 1





2
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× n

12





(

√

7

4
+

√

3

4

)2n

+

(

√

7

4
−
√

3

4

)2n

+ 1





2

× n

12

[(

√

5

2
+

√

3

2

)2n

+
(

√

5

2
−
√

3

2

)2n]2

× n

12

[(√
2 + 1

)n

+
(√

2 − 1
)n]2

× n

12





(

√

11

4
+

√

7

4

)2n

+

(

√

11

4
−
√

7

4

)2n

− 1





2

,

where (6), (8) , (9) and (10) are used to derive the last two steps. 2
Theorem 3.4 For the spanning trees of C6n with three jumps 1, 3n, 6n, we have

τ(C12n(1, 3n, 6n)) =
3n

4





(

√

5

2
+

√

3

2

)6n

+

(

√

5

2
−
√

3

2

)6n




2

×3n

4

[

(√
2 + 1

)3n

+
(√

2 − 1
)3n
]2

Proof Let ε = e
2πi
12n . Applying Lemma 3.1, we have

τ(C12n(1, 3n, 6n)) =
1

12n

12n−1
∏

j=1

(

6 − ε−j − ε−3nj − ε−6nj − εj − ε3nj − ε6nj
)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

6πjn

12n
− 2 cos

12πjn

12n

)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

πj

2
− 2 cosπj

)

=
1

12n

12n−1
∏

j=1,2∤j

(

8 − 2 cos
2πj

12n

) 12n−1
∏

j=1,2|j

(

4 − 2 cos
2πj

12n
− 2 cos

πj

2

)

.

Whence,

τ (C12n(1, 3n, 6n)) =
1

12n

12n−1
∏

j=1

(

8 − 2 cos
2πj

12n

) 6n−1
∏

j=1

4 − 2 cos 2πj

12n
− 2 cos πj

2

8 − 2 cos 2πj

6n

=
1

12n

12n−1
∏

j=1

(

8 − 2 cos 2πj

12n

)

6n−1
∏

j=1

(

8 − 2 cos 2πj

6n

)

×
6n−1
∏

j=1,2∤j

(

6 − 2 cos
2πj

6n

) 6n−1
∏

j=1,2|j

(

6 − 2 cos
2πj

6n

)

.
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Thus,

τ(C12n(1, 3n, 6n)) =
1

12n

12n−1
∏

j=1

(

8 − 2 cos 2πj

12n

)

6n−1
∏

j=1

(

8 − 2 cos 2πj
6n

)

6n−1
∏

j=1

(

6 − 2 cos
2πj

6n

)

×
6n−1
∏

j=1

2 − 2 cos 2πj

6n

6 − 2 cos 2πj
6n

=
1

12n

12n−1
∏

j=1

(

8 − 2 cos 2πj
12n

)

6n−1
∏

j=1

(

8 − 2 cos 2πj

6n

)

6n−1
∏

j=1

(

6 − 2 cos
2πj

6n

)

×
3n−1
∏

j=1

2 − 2 cos 2πj

3n

6 − 2 cos 2πj

3n

,

which implies that,

τ(C12n(1, 3n, 6n)) =
1

12n
×

U2
12n−1

(√

5
2

)

× (3n)2 × U2
6n−1(

√
2)

U2
6n−1

(√

5
2

)

× U2
3n−1(

√
2)

=
3n

4
×

U2
12n−1

(√

5
2

)

× U2
6n−1(

√
2)

U2
6n−1

(√

5
2

)

× U2
3n−1(

√
2)

,

i.e.,

τ(C12n(1, 3n, 6n)) =
3n

4





(

√

5

2
+

√

3

2

)6n

+

(

√

5

2
−
√

3

2

)6n




2

×3n

4

[

(√
2 + 1

)3n

+
(√

2 − 1
)3n
]2

,

where (6), (8) , (9) and (10) are used to derive the last two steps. 2
Theorem 3.5 For the spanning trees of C12n with three jumps 1, 3n, 4n , we have:

τ(C12n(1, 3n, 4n)) =
n

12





(

√

9

4
+

√

5

4

)4n

+

(

√

9

4
−
√

5

4

)4n

− 1





2

×





(

√

7

4
+

√

3

4

)2n

+

(

√

7

4
−
√

3

4

)2n

+ 1





2
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×





(

√

3

2
+

√

1

2

)2n

+

(

√

3

2
−
√

1

2

)2n




2

×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

×





(

√

11

4
+

√

7

4

)2n

+

(

√

11

4
−
√

7

4

)2n

− 1





2

Proof Let ε = e
2πi
12n . Applying Lemma 3.1, we have

τ(C12n(1, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

6 − ε−j − ε−3nj − ε−4nj − εj − ε3nj − ε4nj
)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

πj

2
− 2 cos

2πj

3

)

=
1

12n

12n−1
∏

j=1,2∤j

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
12n−1
∏

j=1,2|j

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3
− 2 cos

πj

2

)

=
1

12n

12n−1
∏

j=1

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
6n−1
∏

j=1

6 − 2 cos 2πj

6n
− 2 cosπj − 2 cos 4πj

3

6 − 2 cos 2πj
6n

− 2 cos 4πj
3

=
1

12n

12n−1
∏

j=1,3∤j

(

7 − 2 cos
2πj

12n

) 12n−1
∏

j=1,3|j

(

4 − 2 cos
2πj

12n

)

×
6n−1
∏

j=1

8 − 2 cos 2πj

6n
− 2 cosπj − 2 cos2 2πj

3

6n−1
∏

j=1

8 − 2 cos 2πj
6n

− 2 cos2 2πj
3

.

Thus,

τ (C12n(1, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

7 − 2 cos
2πj

12n

) 4n−1
∏

j=1

4 − 2 cos 2πj

4n

7 − 2 cos 2πj

4n

×

6n−1
∏

j=1,2∤j

(

10 − 2 cos 2πj

6n
− 4 cos2 2πj

3

)

6n−1
∏

j=1,2|j

(

6 − 2 cos 2πj

6n
− 4 cos2 2πj

3

)

6n−1
∏

j=1,3∤j

(

7 − 2 cos 2πj

6n

)

6n−1
∏

j=1,3|j

(

4 − 2 cos 2πj

6n

)

.
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We therefore get that

τ(C12n(1, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

7 − 2 cos
2πj

12n

) 4n−1
∏

j=1

4 − 2 cos 2πj

4n

7 − 2 cos 2πj

4n

×

6n−1
∏

j=1

(

10 − 2 cos 2πj
6n

− 4 cos2 2πj
3

)

3n−1
∏

j=1

6−2 cos
2πj

3n
−4 cos2

2πj

3

10−2 cos
2πj

3n
−4 cos2

2πj

3

6n−1
∏

j=1

(

7 − 2 cos 2πj

6n

)

2n−1
∏

j=1

4−2 cos 2πj
2n

7−2 cos
2πj

2n

,

i.e.,

τ(C12n(1, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

7 − 2 cos
2πj

12n

) 4n−1
∏

j=1

4 − 2 cos 2πj
4n

7 − 2 cos 2πj

4n

×

6n−1
∏

j=1,3∤j

(

9 − 2 cos 2πj

6n

)

6n−1
∏

j=1,3|j

(

6 − 2 cos 2πj

6n

)

6n−1
∏

j=1

(

7 − 2 cos 2πj
6n

)

2n−1
∏

j=1

4−2 cos
2πj

2n

7−2 cos
2πj

2n

×

6n−1
∏

j=1,3∤j

(

5 − 2 cos 2πj

3n

)

6n−1
∏

j=1,3|j

(

7 − 2 cos 2πj

3n

)

6n−1
∏

j=1,3∤j

(

9 − 2 cos 2πj
3n

)

6n−1
∏

j=1,3|j

(

6 − 2 cos 2πj
3n

)

,

which implies that

τ(C12n(1, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

7 − 2 cos
2πj

12n

) 4n−1
∏

j=1

4 − 2 cos 2πj

4n

7 − 2 cos 2πj
4n

×

6n−1
∏

j=1

(

9 − 2 cos 2πj
6n

)

6n−1
∏

j=1

6−2 cos
2πj

6n

9−2 cos 2πj
6n

6n−1
∏

j=1

(

7 − 2 cos 2πj

6n

)

2n−1
∏

j=1

4−2 cos
2πj

2n

7−2 cos
2πj

2n

×

3n−1
∏

j=1

(

5 − 2 cos 2πj
3n

)

3n−1
∏

j=1

7−2 cos
2πj

3n

5−2 cos 2πj
3n

3n−1
∏

j=1

(

9 − 2 cos 2πj

3n

)

n−1
∏

j=1

6−2 cos
2πj

n

9−2 cos
2πj

n

.

Thus,

τ(C12n(1, 3n, 4n)) =
1

12n
×

U2

4n−1

(√
3

2

)

×U2

12n−1

(

3

2

)

U2

4n−1

(√
3

2

)

U2

2n−1

(√
3

2

)

×U2

6n−1

(

3

2

)

U2

2n−1

(√
3

2

)
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×

U2

6n−1

(√
11

4

)

×U2

2n−1

(

√
2

)

U2

2n−1

(√
11

4

) ×
n2×U2

3n−1

(√
7

4

)

U2

3n−1

(√
11

4

)

U2

n−1

(

√
2

)

×U2

3n−1

(

11

4

)

U2

n−1

(√
11

4

)

.

We have

τ(C12n(1, 3n, 4n)) =
n

12





(

√

9

4
+

√

5

4

)4n

+

(

√

9

4
−
√

5

4

)4n

− 1





2

×





(

√

7

4
+

√

3

4

)2n

+

(

√

7

4
−
√

3

4

)2n

+ 1





2

×





(

√

3

2
+

√

1

2

)2n

+

(

√

3

2
−
√

1

2

)2n




2

×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

×





(

√

11

4
+

√

7

4

)2n

+

(

√

11

4
−
√

7

4

)2n

− 1





2

,

where (6), (8) , (9) and (10) are used to derive the last two steps. 2
Theorem 3.6 For the spanning trees of C12n with three jumps 1, 2n, 3n, 6n , we have

τ (C12n(1, 2n, 3n, 6n)) =
n

12

[(

√

11

4
+

√

7

4

)4n

+

(

√

11

4
−

√

7

4

)4n

− 1

]2

×

[(

√

11

4
+

√

7

4

)

2n

+

(

√

11

4
−

√

7

4

)

2n

+ 1

]2

×

[(

√

13

4
+

√

9

4

)

4n

+

(

√

13

4
−

√

9

4

)

4n

+ 1

]2

×

[(

√

7

2
+

√

5

2

)2n

+

(

√

7

2
−

√

5

2

)2n]2

×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

×

[(

√

7

4
+

√

3

4

)

2n

+

(

√

7

4
−

√

3

4

)

2n

+ 1

]2

.
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Proof Let ε = e
2πi
12n . Applying Lemma 3.1, we get the required result. 2

Theorem 3.7 For the spanning trees of C12n with four jumps 1, 2n, 3n, 4n, we have

τ(C12n(1, 2n, 3n, 4n)) =
n

12





(

√

5

2
+

√

3

2

)6n

+

(

√

5

2
−
√

3

2

)6n




2

×





(

√

5

2
+

√

3

2

)2n

+

(

√

5

2
−
√

3

2

)2n

+ 1





2

×





(

√

7

2
+

√

5

2

)2n

+

(

√

7

2
−
√

5

2

)2n

− 1





2

×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

.

Proof Let ε = e
2πi
12n . Applying Lemma 3.1, we have

τ(C12n(1, 2n, 3n, 4n))

=
1

12n

12n−1
∏

j=1

(

8 − ε−j − ε−2nj − ε−3nj − ε−4nj − εj − ε2nj − ε3nj − ε4nj
)

=
1

12n

12n−1
∏

j=1

(

8 − 2 cos
2πjn

12n
− 2 cos

6πjn

12n
− 2 cos

8πjn

12n

)

=
1

12n

12n−1
∏

j=1

(

8 − 2 cos
πj

3
− 2 cos

πj

2
− 2 cos

2πj

3

)

=
1

12n

12n−1
∏

j=1,2∤j

(

8 − 2 cos
πj

3
− 2 cos

πj

2
− 2 cos

2πj

3

)

×
12n−1
∏

j=1,2|j

(

8 − 2 cos
πj

3
− 2 cos

πj

2
− 2 cos

2πj

3

)

=
1

12n

12n−1
∏

j=1

(

8 − 2 cos
πj

3
− 2 cos

πj

2
− 2 cos

2πj

3

)

×
6n−1
∏

j=1

8 − 2 cos πj

3
− 2 cos πj

2
− 2 cos 2πj

3

8 − 2 cos 2πj
6n

− 2 cos 2πj
3

− 2 cos 4πj
3

.

Thus,

τ(C12n(1, 2n, 3n, 4n)) =
1

12n

12n−1
∏

j=1,3∤j

(

9 − 2 cos
2πj

12n
− 2 cos

πj

3

)
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×
12n−1
∏

j=1,3|j

(

6 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×

6n−1
∏

j=1

(

10 − 2 cos 2πj
6n

− 2 cos 2πj
3

− 4 cos2 2πj
3

− 2 cosπj
)

6n−1
∏

j=1

(

10 − 2 cos 2πj

6n
− 2 cos 2πj

3
− 4 cos2 2πj

3

)

,

i.e.,

τ(C12n(1, 2n, 3n, 4n)) =
1

12n

12n−1
∏

j=

(

9 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
4n−1
∏

j=1

6 − 2 cos 2πj

4n
− 2 cos πj

3

9 − 2 cos 2πj

4n
− 2 cos πj

3

×

6n−1
∏

j=1

(

10 − 2 cos 2πj

6n
− 2 cos 2πj

3
− 4 cos2 2πj

3
− 2 cosπj

)

6n−1
∏

j=1

(

10 − 2 cos 2πj
6n

− 2 cos 2πj
3

− 4 cos2 2πj
3

)

.

We get that

τ(C12n(1, 2n, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

9 − 2 cos
2πj

12n
− 2 cos

πj

3

)

×
4n−1
∏

j=1

6 − 2 cos 2πj
4n

− 2 cos πj
3

9 − 2 cos 2πj

4n
− 2 cos πj

3

×

6n−1
∏

j=1,2∤j

(

12 − 2 cos 2πj

6n
− 2 cos 2πj

3
− 4 cos2 2πj

3

)

6n−1
∏

j=1,3∤j

(

10 − 2 cos 2πj

6n

)

×

6n−1
∏

j=1,2|j

(

8 − 2 cos 2πj
6n

− 2 cos 2πj
3

− 4 cos2 2πj
3

)

6n−1
∏

j=1,3|j

(

4 − 2 cos 2πj
6n

)

,

which implies that

τ(C12n(1, 2n, 3n, 4n)) =
1

12n

12n−1
∏

j=1,2∤j,3∤j

(

8 − 2 cos
2πj

12n

) 12n−1
∏

j=1,2|j,3|j

(

7 − 2 cos
2πj

12n

)
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×
12n−1
∏

j=1,2∤j,3|j

(

11 − 2 cos
2πj

12n

) 12n−1
∏

j=1,2∤j,3|j

(

10 − 2 cos
2πj

12n

)

×

4n−1
∏

j=1,2∤j

(

8 − 2 cos 2πj

4n

)

4n−1
∏

j=1,2|j

(

4 − 2 cos 2πj

4n

)

4n−1
∏

j=1,2∤j

(

11 − 2 cos 2πj

4n

)

4n−1
∏

j=1,2|j

(

7 − 2 cos 2πj

4n

)

×

6n−1
∏

j=1

(

12 − 2 cos 2πj
6n

− 2 cos 2πj
3

− 4 cos2 2πj
3

)

6n−1
∏

j=1

(

10 − 2 cos 2πj

6n

)

×

6n−1
∏

j=1

8−2 cos
2πj

6n
−2 cos

2πj

3
−4 cos2

2πj

3

12−2 cos
2πj

6n
−2 cos

2πj

3
−4 cos2

2πj

3

6n−1
∏

j=1

4−2 cos
2πj

6n

10−2 cos
2πj

6n

.

Thus,

τ(C12n(1, 2n, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

8 − 2 cos
2πj

12n

)

×
12n−1
∏

j=1

(

8 − 2 cos 2πj

12n

) (

7 − 2 cos 2πj

12n

)

(

11 − 2 cos 2πj

12n

) (

10 − 2 cos 2πj

12n

)

×
12n−1
∏

j=1

10 − 2 cos 2πj
12n

]

8 − 2 cos 2πj

12n

×
12n−1
∏

j=1

11 − 2 cos 2πj
12n

8 − 2 cos 2πj

12n

×

4n−1
∏

j=1

(

8 − 2 cos 2πj

4n

)

4n−1
∏

j=1

4−2 cos 2πj
4n

8−2 cos
2πj

4n

4n−1
∏

j=1

(

11 − 2 cos 2πj
4n

)

4n−1
∏

j=1

7−2 cos
2πj

4n

11−2 cos 2πj
4n

×

6n−1
∏

j=1

(

12 − 2 cos 2πj

6n
− 2 cos 2πj

3
− 4 cos2 2πj

3

)

6n−1
∏

j=1

(

10 − 2 cos 2πj
6n

)

×

6n−1
∏

j=1

8−2 cos 2πj
6n

−2 cos 2πj
3

−4 cos2 2πj
3

12−2 cos
2πj

6n
−2 cos

2πj

3
−4 cos2

2πj

3

6n−1
∏

j=1

4−2 cos
2πj

6n

10−2 cos 2πj
6n

.

We get that
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τ(C12n(1, 2n, 3n, 4n)) =
1

12n

12n−1
∏

j=1

(

8 − 2 cos
2πj

12n

)

×
12n−1
∏

j=1

(

8 − 2 cos 2πj
12n

) (

7 − 2 cos 2πj
12n

)

(

11 − 2 cos 2πj

12n

) (

10 − 2 cos 2πj

12n

)

×
12n−1
∏

j=1

10 − 2 cos 2πj
12n

8 − 2 cos 2πj

12n

12n−1
∏

j=1

11 − 2 cos 2πj
12n

8 − 2 cos 2πj

12n

×

4n−1
∏

j=1

(

8 − 2 cos 2πj

4n

)

4n−1
∏

j=1

4−2 cos
2πj

4n

8−2 cos
2πj

4n

4n−1
∏

j=1

(

11 − 2 cos 2πj
4n

)

4n−1
∏

j=1

7−2 cos
2πj

4n

11−2 cos
2πj

4n

×

6n−1
∏

j=1

(

12 − 2 cos 2πj

6n
− 2 cos 2πj

3
− 4 cos2 2πj

3

)

6n−1
∏

j=1

(

10 − 2 cos 2πj

6n

)

×

2n−1
∏

j=1

8−2 cos
2πj

2n
−2 cos

2πj

3
−4 cos2

2πj

3

12−2 cos 2πj
2n

−2 cos 2πj
3

−4 cos2 2πj
3

3n−1
∏

j=1

4−2 cos
2πj

3n

10−2 cos
2πj

3n

,

i.e.,

τ(C12n(1, 2n, 3n, 4n)) =
1

12n

×
U2

12n−1

(√

11
4

)

× U2
2n−1

(√

11
4

)

× U2
2n−1

(√

7
2

)

× U2
4n−1

(√

7
2

)

× U2
6n−1

(√

13
4

)

U2
2n−1

(√

7
2

)

× U2
2n−1

(√

13
4

)

× U2
4n−1

(√

11
4

)

× U2
6n−1

(√

11
4

)

×
U2

6n−1

(√

11
4

)

× U2
2n−1

(√
2
)

× U2
3n−1

(√

7
4

)

× U2
n−1

(√

11
4

)

× U2
2n−1

(√

11
4

)

U2
2n−1

(√

11
4

)

× U2
n−1

(√

7
4

)

× U2
3n−1

(√

11
4

)

× U2
n−1

(√
2
)

× U2
6n−1

(√

11
4

)

So, we have

τ(C12n(1, 2n, 3n, 4n)) =
n

12





(

√

5

2
+

√

3

2

)6n

+

(

√

5

2
−
√

3

2

)6n




2

×





(

√

5

2
+

√

3

2

)2n

+

(

√

5

2
−
√

3

2

)2n

+ 1





2
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×





(

√

7

2
+

√

5

2

)2n

+

(

√

7

2
−
√

5

2

)2n

− 1





2

×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

,

where (6), (8), (9) and (10) are used to derive the last two steps. 2
Theorem 3.8 For the spanning trees of C6n with four jumps 1, 3n, 4n, 6n, we have

τ(C12n(1, 3n, 4n, 6n)) =
n

12





(

√

11

4
+

√

7

4

)8n

+

(

√

11

4
−
√

7

4

)8n

+ 1





2

×





(

√

11

4
+

√

7

4

)2n

+

(

√

11

4
−
√

7

4

)2n

− 1





2

×





(

√

3

2
+

√

5

2

)2n

+

(

√

3

2
−
√

5

2

)2n




2

×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

×





(

√

7

4
+

√

3

4

)2n

+

(

√

7

4
−
√

3

4

)2n

+ 1





2

×





(

√

13

4
+

√

9

4

)2n

+

(

√

13

4
−
√

9

4

)2n

+ 1





2

Proof Let ε = e
2πi
12n . Apply Lemma 3.1, we get the required result. 2

Theorem 3.9 For the spanning trees of C6n with four jumps 1, 2n, 3n, 4n, 6n, we have

τ(C12n(1, 2n, 3n, 4n, 6n)) =
n

12
×
[(√

2 + 1
)n

+
(√

2 − 1
)n]2

×
[(√

2 +
√

3
)n

+
(√

2 −
√

3
)n

− 1
]2

×





(

√

5

2
+

√

3

2

)2n

+

(

√

5

2
−
√

3

2

)2n

+ 1





2

×





(

√

7

2
+

√

5

2

)2n

+

(

√

7

2
−
√

5

2

)2n

− 1





2

×





(

√

7

2
+

√

5

2

)2n

+

(

√

7

2
−
√

5

2

)2n




2
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×





(

√

7

2
+

√

5

2

)4n

+

(

√

7

2
−
√

5

2

)4n

+ 1





2

Proof Let ε = e
2πi
12n . Applying Lemma 3.1, We get the required result. 2

§4. Conclusions

The number of spanning trees in graphs (networks) is an important invariant. The evaluation

of this number is not only interesting from a mathematical (computational) perspective, but

also, it is an important measure of reliability of a network and designing electrical circuits.

Some computationally hard problems such as the travelling salesman problem can be solved

approximately by using spanning trees. Due to the high dependence of the network design and

reliability on the graph theory we prove our results in Section 3.
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