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§1. Introduction

The number of spanning trees 7(G) in a graph G (networks) is an important invariant. We
call 7(G) the complexity of G. The evaluation of this number is not only interesting from a
mathematical (computational) perspective, but also, it is an important measure of reliability of
a network and designing electrical circuits. Some computationally hard problems such as the
travelling salesman problem can be solved approximately by using spanning trees. In this work
we consider finite undirected graph with no loops or multiple edges. Let G be such a graph of
n vertices. A spanning tree for a graph G is a subgraph of G that is a tree and contains all
vertices of 7(G). The number of spanning trees of G, is the total number of distinct spanning
subgraphs of G that are trees. A classic result of Kirchhoff [?] can be used to determine the
number 7(G) for G(V, E). Let V = {v1,vq,- -+ ,v,}. The Kirchhoff matrix H is defined as n xn
characteristic matrix H = D — A, where D is the diagonal matrix of the degrees of G and A is

the adjacency matrix of G. Then the matrix H — [a;;] is defined as follows:
(1) aij, when v; and v; are adjacent and i # j;
(79) asj, is equal to the degree of vertex v; if i = j;

(#4i) a;; = 0, otherwise. All of co-factors of H are equal to 7(G).
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There are more than one method for calculating 7(G). Let pq > pg > -+ - > p, denote the
eigenvalues of matrix of a p point graph. It can be easily shown that p, = 0. Kelmans and
Chelnokov [2] proved that The formula for the number of spanning trees in a d-regular graph

can be expressed as

1
(@) == [ TT@- m)]
Pri5
where po = d, 1, pl2, -+, php—1 are the eigenvalues of the corresponding adjacency matrix of

the graph. Many works have conceived techniques to derive the number of spanning tree of a
graph can be found at [3-12]. The circulant graphs are an important class of graphs. Among

other applications, they are used in the design of local area networks, see [13-19].

Let 1<a; <ay<az3<---<ap <7, wherenanda;(i =1,2,...,k) are positive integers.
An undirected circulant graph C,, (a1, as,as, -+ ,ax) is a regular graph whose set of vertices is
V ={0,1,2,[dots,n—1} and whose set of edges is E = {i,i+a;(modn)/i =0,1,2,--- ,n—1,j =
1,2,---  k}. If ap < %, then Cy(a1,a2,as3, - ,ax) is a 2k-regular graph; if ap = % , then it
is a 2k — 1-regular one, see Nikolopoulos [20] and Papadopoulos [21]. The well known formula
7(Cn(1,2)) = nF2, where F, is the n'" Fibonacci number, see Kleiman, and Golden [22]. We
have obtained another proof for this formula in Theorem 3.3. The formulas of 7(Cay,(1,n)),
7(C5,(1,n)), 7(Cyn(1,n)) can be found in Yuanping, et. al.[23].

§2. Chebyshev Polynomial

In this section we introduce some relations concerning Chebyshev polynomials of the first and
second kind which we use it in our computations. We begin from their definitions, see Yuanping,
et. al.[24]. Let A, (z) be n x n matrix such that:

2 -1 0

-1 2z -1

Ap(z) = o . . .0

2c —1

0 -1 22

where all other elements are zeros.

Further, we recall that the Chebyshev polynomials of the first kind are defined by:
T, (x) = cos(n arccos). (1)

The Chebyshev polynomials of the second kind are defined by

1d

(2) sin(n arccos)
= - r) = —=.
ndz " sin(arccos)

Un—l (ac)
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It is easily verified that
Un(z) — 22Uy, _1(x) + Up—2(z) = 0. (3)

It can then be shown from this recursion that by expanding one gets
Un(z) = det(An(z)), n>1. (4)

Furthermore by using standard methods for solving the recursion (3), one obtains the

explicit formula

Un(x)

2\/352—[( VPR ) (@ x2_1)"+1}, 0>, (5)

where the identity is true for all complex (except at x = +1 , where the function can be taken

as the limit). The definition of easily yields its zeros and it can therefore be verified that

Up_i(z) =271 [ 1:[ (x — cos %)} (6)
j=1
One further notes that
Un—1(=2) = (=1)""Un-1(2). (7)

These two results yield another formula for U, ()

U2 (z) = 4n [h(ﬁ — cos? %) . (8)

Finally, a simple manipulation of the above formula yields the following formula (9), which

is extremely useful to us latter:

[ﬁd( xIQ)z{TT@—2my%ﬂ 9)

Furthermore, one can show that

Uy _y(z) = ﬁ[ -
and
Tn(z)

(z+Va2—1)"+ (z— Va2 -1)"|. (11)

N)I)—l

83. Main Results

In our main results, i.e., Theorems 3.1 - 3.6 we use the following conclusion.

Lemma 3.1([25]) The Kirchhoff matriz of the circulant graph C,(s1,S2,83, - ,8k) has n
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. i Ceri —sid Cspi 2mj
etgenvalues, namely: 0 and the value 2k —e™%1 — ... —g7%%] — 751 — ... —¢7%J yithe = en

forany j={1,2,--- ,n—1}

Corollary 3.2 For the circulant graph Cy(s1, 82,83, ,Sk),
1 _nfl
T(Cn (51,582,838, - ,8,) = — (2k —e™"V e — g gk
n
j=1

Il
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Proof The proof follows immediately from Lemma 3.1. |

Theorem 3.3 For the spanning trees of Ch2, with three jumps 1,2n,3n , we have:

7(Ci2n(1,2n,3n)) = 1—7; <\/Z+\/§>4n+<\/2—\/§>4n—1 2
X :<\/Z+\/§>2n+<\/2—\/§>2n+1 2
w8 (5]

g [(ve) s (ve) T

2n 2n 2
o [11 N \/7 e \f .
12 4 4 4 4
Proof Let e = etsn . Applying Lemma 3.1, we have
| 12t
7(Ci2n(n,2n,3n)) = — (6—c7 —e™® — 73 gl — g2 _ 5)
12n -
j=1
12n—1 . . .
1 27j 4min 6mjn
= —— 6 — 2cos —2 — 2cos —— — 2 cos —2—
o 11 ( Con TP o T T 10y



On the Complexity of Some Classes of Circulant Graphs and Chebyshev Polynomials 33

1 12n—1 2 7
= = 6—2cos ) _9¢
12n‘H,< Coslz 3>
Jj=1,2{j

12n—1 . . .
2
X.ll_[zl, 6—2cos—1;i—2cosﬁ—;—2cos%)
j=1,2|j

1 12n—1 2 7
S 6—2cos ) _9¢
o 11 ( 1o 3>

j=1

12n—1 ;
"6 — 2cos 2L —2005——2(305”
% ][ oo 3 P

6 — 2 cos 2”7 —2cos Z ?

If we put 7 = 2’ in the second term for some integer j' we get

| 12not 9 i
Chon(n,2n,3n)) = — 6—2cos =) _9¢
7(Ci2n(n, 20, 3n0)) o Jl;[l ( (30812 3)
6n=l 6 9cos 2”7 —2cos 2% — 2cosTj
X H 3 J
6 — 2 cos 26” 2 cos ”33
12n—1 . 12n—1 .
1 2mj 2mj
= — 5 —2cos — H 4 — 2cos —=
o < 12 > < 12 >
" =ttt " =258 "
12n—1 o 12n—1 o
X H (8—2(308—) H (7—2(308—)
12 12
7=1,2|3,313 " 7=1,2|3,313 "
6n—1 6n—1
. I1 _ (8 —2cos 26” 2cos 27;7) _ I1 . (4 —2cos 267” 2 cos 2;”)
J=1,24j J=1,24j
X 6n—1
j]:[l (6 — 2cos 267” 2 cos 7733)
Thus,
12n—1 N 2n—1 27 27j
1 2mj (5—2cos3) (4 —2cos TY)
7(Cian(n,2n,3n = — 5—2cos —= n
(Crzn ) 12n 1:[ ( 12”) 1:[ (8—2cos 2”) (7—2cos Qﬂ)
Jj=1 =1 2n
ﬁﬁl 8 — 2cos 26” 4ﬁ1 7 — 2cos 247”
X 27 27yj
j:15—2cos an 7.215—2(30543
6n—1 3n—1 4
_Hl (8 2 cos 27” — 2cos 2?) _Hl (4 2 cos 27” — 2cos ;”)
j= j=
6n—1 . 3n—1 '
[T (6—2cos 267” 2cos ) [ (8—2cos 237” 2cos 4;”)

Jj=1 Jj=1
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So, we get that

T(Ch2n(n, 2n,3n)) Ton

12n—1 2n—1 2 2mj
1 275 (5—2cos ZL) (4 —2cos 2L)
— II (5-2cos22) ] _
2 1 ( oo ) 44 (8 2cos 2) (7~ 2c0s 3

6n—1 dn—1
8 — 20052” v b7 2cos

In
x H 5—20052” H 5—2(30824”

Jj=1 6n j=1
6n—1 6n—1 .
H (9— 2005267”).]_[ ‘(6—200526%)
7=1,3|j j=1,3]j
6n—1 . 6n—1 .
. 11 _(7—2cos26%) . 11 _(4—2cos26%)
J=1,3]j J=1,3]j
3n—1 .
1_[1 (6 —2cos 237” 4 cos? %)
j=
3n—1 L)
'H1 (10 — 2 cos ZL — 4 cos? 222
j=
ie.,
12n—1 2n—1 27 27
1 27j (5—2cos ZL) (4 —2cos 2)
7(Ciz2n(n,2n,3n)) = — H <5 — 2cos —> H 5] 2
12n -4 12n) 5 (8 —2cos F) (7 —2cos 57)
Gﬁl 8 —2cos 2L 4ﬁ1 7 —2cos 2L
X .
5 — 2cos 26” Ll 5 9cos 2
n  j=1 4n
6n—1 . 6n—1 27
9 — 2 cos 284 w
jl;Il ( 671) jl;ll (9—2(:05 26—])
6n—1 6n—1 (4 5.0 2ﬂ)
7 — 2cos 2” (76,,"]
jl;ll ( ) jl;ll (7—2(:05 26—)
3n—1 3n—1
[T (5-2cosZZ) I (2—2cosZ)
Jj=1,3|j Jj=1,3|j
3n—1 3n—1
[T (9—2cos 23”) [T (6—2cos 23”)
Jj=1,3lj Jj=1,3lj
Furthermore,
12n—1 .\ 2n—1 27 2
1 27 (5—2cos3) (4 —2cos 3Y)
7(C1r2n(n,2n,3n = — 5 —2cos —=
(Crzn( ) 12n H < 12n> U (8 —2cos3) (7T —2cos 32)
j=1 7j=1 2 2

6n—1 dn—1
Pl R 2cos 2 Al 7 9 cog 20

6n an
. H 5 — 2cos 284 H

2mj
Jj=1 6n j=1

5 —2cos I
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6n—1 2n—1 j
9 — 2cos 2” (6200 ) i )

jl;ll ( ) jl;ll (9_2C°S2GTJ)
6n—1 2n—1 2mj
27.-J (4—2cos6—)

j];[l (7 2 cos ) j];[l 7(772(;05%:1)
3n—1 3n—1 2.9 275
1 G-2c05) 1T e
D

3n—1 3

(
Jj=1 j=1 (
(
(

1:[ (9_2COS%) 1:[ 9— 200523&
j=1 Jj=1 sn
We get that
12n—1 .\ 2n—1 27 2mj
1 27y (5—2(30827)(4—2(3082—‘7
7(C12n(n,2n,3n = — 5 —2cos —= n n
(Ciza( ) 12n I:I ( 12n> 1:[ (8—2(30327”)(7—2608m
Jj=1 j=1 2 2n
y 6ﬁ1 8 — 2cos 22 4ﬁ1 7 —2cos 32
2m 27j
el 2c056—nJ el 2cos T
6n—1 2n—1 27
i (6—2(:05 TJ)
71;[1 (9 2 cos 6n =L ) jl;[l (9—2 cos 22%)
6n—1 2n—1 2mj
7 — 9cos 27j (472 cos ?)
jl;Il ( 6n ) jl;ll (7—2 cos 264)
3n—1 n—1 27
_ 2mj (2—2 cos J)
71;[1 (5 2 cos 3 ) 71;[1 (572 cos 2%)
3n—1 n—1 27j
9 2COS 271.7 (672005 T)
jl;ll ( ) i1 (9—2 cos 2711)
Thus,

7(Ci2n(n, 2n,3n)) L « U2 ( 7) y U22n71 (\/Z) X U22n,1 (\/g)

35

which implies that

7 3 an = 3 4n 2
n
7(Cizn(n,2n,30) = 5 < i 1) +(\/;‘ 1) !
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() ()]
B BT

Bl s (-

[ ()

where (6), (8) , (9) and (10) are used to derive the last two steps.

Theorem 3.4 For the spanning trees of Cg, with three jumps 1,3n,6n, we have

7(Chan(1,3n,6n)) = ?ZT" <\/§+\/g> <\/j—f>
Sz (2 )]

2mi

Proof Let e = eizn. Applying Lemma 3.1, we have

12n—1
1 , 4 , . , ,
7(Ci2n(1,3n,6n)) = m (6 —e T g mOnd o 3nd 56"3)
12n—1 ) )
1 67Tjn 1275n
= — 6 —2cos —= —2c¢ -2
12n 11 ( COS 120~ T12n )
] 12n-t i
= Ton (6 2cos——2 87—2(3087'(‘])
Jj=1
12n—1 .\ 12n—1
1 27y 27mj mJ
= — 8 —2cos —= 4—2cos—= —2c¢ .
12n ( C0812n)‘H,< Cosu 2>
J=1,2tj J=1,2j

Whence,

271'j) 6h1 4 — 2cos f;” 2 cos %

12n—1
7(Ci2n(1,3n,6n — 8 — 2cos —=
(Crzn( ) 12n ket < 12n S _ 2cos 27rJ

12n—1

1 ,_1:[1 (8 2 cos f;”) 6n—1 ori\ 6zl o
= o 6Jn_71 X H (6—2cos6—J) H (6—2cos6—J).
8 — 2cos 20 J=1,2fj i=1,2]3
COTL( ) " "

j=1
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Thus,
12n—1 -
) 1:[1 (8 — 2cos m) 61 o
7(Ch2,(1,3n,6n)) = o GF - H (6 — 2cos 6—>
n Sn— . n
(8 — 2cos 26%) Jj=1
j=1
6n—1 2Q7q
2 — 2cos Z&L
x H 6—2 267:7'
=1 — COSG_n
12n—1 o
1_[ (8—2cos ﬁ) 61 .
1 =1 2mj
= 1oy 61 . 6—2(3056—n
11 (8—2(308%) j=1

Jj=1
3n—1 27j

2—2cos 3¢

X II — on
PLY

jo1 06— 2cos gy

which implies that,

T(Clgn(l, 3n, 6”))

ie.,

3

7(Cian(1,3n,6n)) = 3? (\/ng\/g)ﬁ"Jr(\/g_\/g)% 2
X%Tn{(ﬁ“)gu(ﬁ_l)?’"r,

where (6), (8) , (9) and (10) are used to derive the last two steps.

Theorem 3.5 For the spanning trees of Ch2, with three jumps 1,3n,4n , we have:

7(Ci2n(1,3n,4n)) = % (\/g+\/§>4n+<\/g—\/§>4n—l 2
[ ]
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[y 8-

x (\/§+ 1)n+ (\/5— 1)”]2

[y

Proof Let e = elsn . Applying Lemma 3.1, we have

12n—1
1 . , o 4
7(C12n/(1, 3n,4n)) — I I (6 —e T T g g 8 64"7)

12n -
j=1

12n—1
1 2rj 2
= — 6 2c0s 2 _2c0s T _ ¢
12n 71;[1 ( “Ton 2 3 )

12n-1

1 21y ]
= — 6 2c0s 20 _9¢
o 11 ( “Ton 3)

J=1,2tj

12n—1 . . .
2

X H | (6—2cos% —2COS7T—?;] —2cos%)

Jj=1,2|j

12n—1
1 21y 7Tj

= — 6—2 — —2c¢

12n 1;[1 ( o8 12n °73 )

Gﬁl 6 — 2cos 2L — 2cosmj — 2 cos
X

6 — 2 cos 26” — 2cos 4’;7

1 12n—1 27‘(] 12n—1 27‘(]
N 7 — 2cos 2 4—92cos L
12n 11 < Cosl2n> 11 < Cosl2n>

J=1,3tj Jj=13lj

amj
3

6n—1 ) ;
17 8 —2cos 2” —2cosmj — 2cos? 251
Tl .

3

6n—1 9 o

= 2mj 2 2mj
j=1 H 8 —2cos T2 —2cos? 2

Thus,

12n—1 4n—1 27\—

1 2 4 —2cos 72
7(012”(17 3n7 4”)) = — <7 2 cos ﬂ) H 72727”
j=1 j=1 COS 7,

. 6n—1 . .
11 (10 2cosz7” 40052273”).11_[2‘.(6—200526%7—400522%7)
J
—1

6 ,
[T (7—2cos2Z) (4 — 2cos 22)

. P . . P . 6
J=1,31j j=1,3]j
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We therefore get that

12n—1 4n—1 2mj
1 2mj 4—2cos L
Ci2n(1,3n,4 = — 7—2cos —= T
7(Cr2n(1,3n,4n)) 1on 31;[1 ( “OS Ton ) 71;[1 7 — 2cos 24’”
6n—1 . . 3n—1 27r] 2 27rj
2 2 6—2 —4
Hl (10 — 2 cos T2 — 4cos® %2) .Hl 10— 2C:oss oo I5 7
j= J=
X 6n—1 2mj 2021y 9o 210
2n
I (7—2cos G 11 75072
_]71 ]71 2n
ie.,
12n—1 .\ 4n—1 2m
1 271'] 4 — 2 cos 4J
m(Craa(1,3n,4m) = o ] <7—2‘3°Sm) FHl 7—2c0s 22
T (90— 2cos258) T[] (6~ 2cos 22
_ (- cosﬁ—n).H‘( — 2cos )
j=1,3tj J=1,3|j
6n—1 2n—1 2mj
2 4—2cos T2
il (7~ 2cos F2) jljl T 2o0s 22
i (5 — 2 cos 2 " (-2 2
_ (5= 2cos 3 ) H ( CO8 )
J=1,3tj =1 |
6n—1 . 6n— ,
[T (9—2cos2) H (6 —2cos 22)
7=1,3tj 7=1,3j
which implies that
12n—1 .\ 4n— 27j
1 o] Y4 —2cos T
Cion(1,3n,4n)) = — 7-2 Y
T( 1277,( ) O, TL)) 12n ;l;]]; ( cos 12n ) H 7 — 2cos 27”
6n—1 6n—1 2mj
_ 27 6—2cos F-
. jl;ll (9 2cos 6n ) jl;Il 9—2cos 227:5
67ﬁ1 (7 9 2mj 2n-1 4—2 cos 22%
[T (7—2cos ) T1 7502
ol j=1 2n
3n—1 3n—1 2mi
2] 7—2cos
I (5-2e053) 11 55003
X = .
37ﬁ1 (9 92 cos 27"]) nﬁl 6—2cos 27
1 3 =1 9—2(:0527%

Thus,

s (VE) s (3)
R 7t (v3)
o (V) <t (3)

U2

7(012n(1,3n,4n)) =
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X

Un_ 1(\f)><U3n 1(%)
(7

We have

T(Olzn(l, 3n, 4n))

(V8 ) ()]
[ ()
(53 (-]

x [(\/5+ 1)n+ (\/5— 1)”}2

[ ]

where (6), (8) , (9) and (10) are used to derive the last two steps.

Theorem 3.6 For the spanning trees of Cho, with three jumps 1,2n,3n,6n , we have

s = §{(E) (-]
() ()
[
(5™
<[(vE+1)"+ (va-) T
(5

R ()




On the Complexity of Some Classes of Circulant Graphs and Chebyshev Polynomials 41

2mi

Proof Let e = eizn. Applying Lemma 3.1, we get the required result. O

Theorem 3.7 For the spanning trees of Cho, with four jumps 1,2n,3n,4n, we have

BB (D)
WD (D)

x :(\/§+1)n+(\/§—1) }

27i

Proof Let € = eT2n. Applying Lemma 3.1, we have

7(C12n/(1,2n,3n,4n))

12n—1
_ | | (8 —eI 6—211] _ E—Sn] _ 6—471_] S 6271_] _ 83 84117)
12n oty
12n—1 . .
1 2min 6mjn 87Tjn
= — — =2 —— =2
12n H ( 120 P T12n T T 10,

m
,_.

12n—1 27r'
(8 2COS?—2COS7—2 j)

j=1 3
12n—1 .
1 271’]
zm H (8 2COS?—2C087—2 3 )
J=1,24j
12n—1 ) . o
X H( —2cos?—2c057j—2c STJ)
Jj=1,2|j
12n—1 . .
1 2
—m 1;[1 (8 2COS?—2COS7]—2C s%j)
6n—1 27mj
H 8 —2cos XL 3 2cos7—2cos 33
27mj 27j 47y
=1 8 — 2 cos 63 2 cos 33 2 cos 37

Thus,

12n— . .
1 27mj
7(Ci2n(1,2n,3n,4n)) = — H ( —2005% —2c ﬂ)

=13
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12n—1

7Tj
X H (6 2cos— —2c >

Jj=1,3|j 12n 3

6n—1 .

1:[1 (10 — 2 cos 2” — 2cos 2’3” 4(30522% — 2cosmj)

x = 6n—1 ’
_Hl (10—2(305 275 _ 9 cos 2;” 4 cos? 2%)
J:
ie.,
1 At orj T
7(Ci2n(1,2n,3n,4n)) = Ton H (9—2(305%—2(305?)
=
4ﬁ16 2cosm 2COS%j
ol 9 — 2cos 24” 2 cos 7;]
6n—1 .
1:[1 (10 - 20052” 2(30527;3 460822%—2cos7rj)
X = 6n—1
Hl (10 2 cos 2” — 2cos 2;” 4 cos? 2%)
j=
We get that
1 et 27 i
Chon(1,2n,3n,4n)) = —— 9—2cos 2 _9¢os
7(C12n/(1,2n,3n,4n)) Ton 31;[1 ( €08 1o cos 3>

4n—1 i i
Y6 —2cos ZEL — 2cos L

X II 4n 3
9 — 2cos 2% — 9 cos &L

4n 3

=1
6n—1 9 9 o
[T (12—2cos 3 2% _ 2 cos 73” 4cos? 232)
J=1,24j
X
6n—1 o
[T (10 —2cos32)
n
J=13tj
Bt 2 2 2
[T (8—2cosZ —2cos 3L —4cos? 222)
‘ 6n 3 3
XJ:L?\J
6n—1 5 ’
2mj
H (4 —2cos )
J=1,3lj

which implies that

12n—1

. 12n—1 .
1 2 2
7(Cian(1,20,30,40)) = — ][] (8—2c0s ﬂ) T (7-2cos ﬂ)

12n - 12n ) - 12n
J=1,217,3{j Jj=1,215,3|j
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43
12n—1 27 12n—1 27
X H <11—2cos—> H <10—2cos—>
12 12
J=1,217,315 " =128 "
4n—1 o 4n—1 omi
_ 11 .(8—2(305 2 _ 11 .(4—20054—;)
Jj=1,2{j J=1,2|j
4n—1 4n—1
[T (11—2cos22) ] (7—2cos2™)
J=1,2tj j=1,2[j
6n—1 9 9 o
Hl ( 2 — 2 cos 67;7 — 2cos gJ — 4 cos? %)
j=
X 6n—1 9
Hl (10 2 cos 6’”)
Jj=
6n—1 8—2cos 2Fn 2cos—74cos 273
1;[1 12—2cos 2 —2co s—'—4c s2 270
X
Gﬁl 4—2cos 26’;]'
j 10=2cos 2n
Thus,
| 1201 27
7'(01271(172”,37%4”)) = Ton Jl;[l (8 — 2cos m)
12n—1

H (8 2 cos 2”) (7 2 cos 27”)

45 (11— 2cos 222 (10 — 2 cos 251
12"1_[_110—2cosm] 12"1_[_111_2COSm

_ 2nj 27j
o1 8- 2cosqy, o1 8- 2cosqgy
An—1 4An—1 275

_ 27 4—2cos
H (8 2 cos 4an ) H 8—2cos 271
j=1 = 4
4n—1 4n—1 27
. 27 7—2cos T~
.H (11 2 c0s 7, ) H 11-2 cos 272
J=1 = "
6n—1 9 9 o
[T (12—2cos ” — 2cos ;” 4 cos? %)
Jj=1
X 6n—1 i
_ uwi
Hl (10 2 cos Gn)
J=
Gﬁl 8—2cos 2” —2cos 2T 4 cos? 2%
: 12—2 cos 2’” —2cos m_4 cos? 271
x 2= -
6n—1

. 2mj
1—[ 4—2cos GTZLJ
J

, 27
—1 10—2 cos F2

We get that
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| 12ne o
T(CIQn(172n73n74n)) = m Jl;[l (8 — 2cos m)
><12ﬁ1 (8 2 cos 2”) (7 2 cos f;”)
ol (11 — 2cos fgfl) (10 2 cos fgfl)
12n—1

10— 2¢ 27 12n— 1

2mj
OS
% | | - v 12n

H — 2cos 90
'8 —2cos 2T
j=1

— 2mj
Ton 1 8 — 2cos 155

4n—1 4n—1 2mj

_ 2mj 4—2cos -

H (8 2COS 4an ) H 8—2cos 27

j=1 j=1 4an
4n—1

4n—1 2mj
27 7T—2cos L
[1 (11-2cos2¥) [] ———tar
— ]
=1 j=1 11—2cos
6n—1 9 9 5
[T (12— 2cos X 2m3 2 cos gﬂ 4 cos? gj)
Jj=1

X 6n—1 9
2mj
H (10 2 cos )
j=1
2n—1 8—2cos ¥72cos m74c082 2%
k 12—2cos 2” —2cos 2” —4 cos2 27J
X =1 ’
- . b
3n—1 4—2cos 2%2]
=1 10—2 cos ;2
ie.,
7(Ci2n(1,2n,3n,4n)) = Ton
2 11 2 11 2 7 2 7 2 13
U12n—1( T) X Uzn—l(\/ I) X U2n—1(\/;) X U4n—l(\/;) X UGn—l(\/ T)
X
2 7 2 13 2 11 2 11
U2n71( 5) X U2n71( T) X U4n71( I) X Uﬁnfl( I)

) <V (49) < Ui (D) <0 ) <0 (V)
A ()~ 50 <O ) > 2 (99 <0 )

1 Y

So, we have

7(Cian(1,2n,3n,4n)) = % (\/§+\/g>6”+<\/§_\/g>an
(e ) ()]
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(i) - (505)
() s (20T,

where (6), (8), (9) and (10) are used to derive the last two steps. O

Theorem 3.8 For the spanning trees of Cg, with four jumps 1,3n,4n,6n, we have

H(Cran(1.3n.4n,6)) = = (Ewg) (ﬁ_f> o
[0 ()
LRy

e
[

Proof Let e = el Apply Lemma 3.1, we get the required result. O

Theorem 3.9 For the spanning trees of Cg, with four jumps 1,2n,3n,4n, 6n, we have

7(Ci2n(1,2n,3n,4n,6n)) = 3 [(\/—+1) (\/5—1)”}2

<[(vEevB) s (ve-ve) ]

[0 )
IR
[ 5-5]

—_

1\9\]
%

l\D\]
ﬁ




46

§4.

S. N. Daoud and Muhammad Kamran Siddiqui

[5 ]

Proof Let € = e12n. Applying Lemma 3.1, We get the required result. |

Conclusions

The number of spanning trees in graphs (networks) is an important invariant. The evaluation

of this number is not only interesting from a mathematical (computational) perspective, but

also, it is an important measure of reliability of a network and designing electrical circuits.

Some computationally hard problems such as the travelling salesman problem can be solved

approximately by using spanning trees. Due to the high dependence of the network design and

reliability on the graph theory we prove our results in Section 3.
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