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Abstract: For a graph G, the M-polynomial is defined as

M(Gimy) = > my(@a'y’,
§<i<j<A
where m;j, (i, 7 > 1), is the number of edges uv of G such that dege (u) = ¢ and dege(v) = 7;
and 6 and A are the minimum and maximum degree of G, respectively. The topological
indices play an important role in determining physio-chemical properties of chemical graphs,
among them the degree-based topological indices can be driven from an algebraic formula
corresponding to the chemical graphs called M-polynomial. In this paper, we compute the
closed forms of M-polynomial for cycle-star graph and the line graph of cycle-star graph.
Further, we give the graphical representation of M-polynomial and derive some degree-based

topological indices from M-polynomial.
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§1. Introduction

For all terms and definitions, not defined specifically in this paper, we refer to [5]. Throughout
this paper, by a graph G = (V| E), we mean a simple, undirected, finite graph of order n and
size m. Let V(G) and E(G) denote the vertex set and edge set of G, respectively. A chemical
graph (or, molecular graph) is a labeled graph whose vertices and edges correspond to the atoms
and chemical bonds of the compound, respectively. The numerical parameters of a graph which
describe its topology are said to be the topological indices or graph invariants. The topological
indices of a chemical or molecular graph helps us to investigate the physio-chemical properties
and boiling activities.

The study of topological indices was first initiated by H. Wiener [13] in the year 1947. He

introduced Weiner index in order to understand the correlation of the measured properties of
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molecules in a compound with their structural properties. In the year 1972, the Weiner index
was interpreted by Hosoya [6] using distances between vertices in a graph. Over the last decade,

various topological indices were introduced and studied by different authors [1,3, 4].

There are many algebraic polynomials such as Hosoya polynomial (or, Weiner polynomial),
which plays an important role in determining distance-based topological indices. Among many
other algebraic polynomials, M-polynomial [2] introduced in 2015 plays an important role in
determining the closed form of many degree-based topological indices. Related papers on finding
topological indices using M-polynomials can be found in [7,8,9,10,11].

Sedlar [12] introduced the concept of cycle-star graph while studying additively weighted
Harary index for extremal unicyclic graphs.

Definition 1.1 A cycle-star graph, written CSk n—, s a graph with n vertices consisting of
the cycle graph of length k and n — k leafs appended to the same vertex of the cycle.

Clearly, cycle-star graphs are the unicyclic graphs (i.e., connected graphs containing exactly
one cycle). Recently, the topological indices of unicyclic graphs attracted much attention.
Studies along this line include general multiplicative Zagreb indices of unicyclic graphs, Zagreb
eccentricity indices of unicyclic graphs, Maximal hyper-Zagreb index of unicyclic graphs with
a given order, and matching number. However, the studies on the topological indices of the
intersection graph on the vertex set of cycle-star graph was not attempted. In this paper we
have made an attempt to fill this gap and study the topological indices of the cycle-star graph
and line graph of the cycle-star graph through a polynomial approach.

The cycle-star graphs CS3 4 and C'Sy 3 are shown in Figure 1.

-

Figure 1

82. Methodology

We first divide the edge set of cycle-star graph and the line graph of cycle-star graph into
different classes based on the degree of end vertices. With the help of this edge division, we
compute the M-polynomial of cycle-star graph and the line graph of cycle-star graph. Further,
by using M-polynomial, we compute the degree-based topological indices as listed in Table 1.
The 3-D graph of M-polynomials are sketched by using MATLAB.
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83. Preliminaries

Definition 3.1 For a graph G, the M-polynomial is defined as

M(Gsz,y) = ), miy(G)'y’,

§<i<j<A

where m;j, (1,7 > 1), is the number of edges uv of G such that dega(u) = i and degg(v) = j;

and 0 and A are the minimum and mazimum degree of G, respectively.

Table 1. Operations to derive degree-based topological indices from M-polynomial

Notation Topological Index Derivation from M(G;z,y)
Mi(G) First Zagreb index (Dg + Dy)(M(G; 2,Y))|z=y=1
M>(G) Second Zagreb index (DyDy)(M(G; 2, y)) | p=y=1

™ My (G) Second modified Zagreb index (S2Sy)(M(Gs 2, y)) |le=y=1
R.(G) Randi¢ index (D Dy )(M(G; 2, y)) |l w=y=1

RR.(G) Inverse Randié¢ index (Sg S (M(G;2,y))|e=y=1

SSD(G) Symmetric division index (D3 Sy + DySy)(M(G; 2, y)) |a=y=1
H(G) Harmonic index 28, J(M(G;2,y))|z=1

I1(G) Inverse sum index Sz Dy Dy(M(G; x,y))|z=1
A(G) Augmented Zagreb index S3Q 2 JDIDYM(G;2,y))|o=1
Here,
of (x, af (x,
M(Giay) = faw), Dalfa) =L Dy (7)) =y 2L,
or y
Y f(x,t

st = [ La s, (@ = [ 15

i) = fione) and Quflon) =5 o).

are the operators.

As discussed in [2], each of these topological indices can be found using M-polynomials as

given in Table 1.

§4. M-Polynomial of Cycle-Star Graph CSj, ,,_;

In this section, we find the M-polynomial of cycle-star graph CSy ,—.

Theorem 4.1 Let G = CSy, ,,—j; be the cycle-star graph. Then the M-polynomial of G is

M(Gs,y) = (k— 2)a2y? + 222" 2 4 (n = k)ay" 2,
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Proof Let G = CSj n—i be the cycle-star graph. It is easy to see from Figure 1 that
|[V(G)| =n and |E(G)| = k+n — k = n. Since each of the vertices of G is of degree either 1 or
2 or n — k + 2, the vertex set of G has three partitions with respect to degree:

V1(G) = {u e V(G) : dege(u
Vo(G) = {u e V(G) : dega(u
V3(G) = {u € V(G) : dege(u) = n — k + 2}.

Clearly, [V1(G)| = n — k; [Va(G)| = k — 1; [V3(G)| = 1.

Further, the edge set of G has three partitions based on the degree of end vertices.

E1(G) ={e=w € E(Q) : dege(u) = 2,dega(v) = 2};

Ey(G) ={e=uv € E(Q) : degg(u) = 2,dega(v) = n —k + 2};

E3(G) ={e=wv € E(Q) : dege(u) = 1,degg(v) =n — k+ 2}.

Clearly, |E1(G)| = k — 2;|E2(G)| = 2;|E3(G)] = n — k. Now, from the definition of
M-polynomial,

M(G;z,y) = Z mi; (G)x'y?
0<i<j<A
= moa(G)2*Y? + Ma(n—112)(G)2°Y" 2 + My (g (G)ay"H T2
= (k—2)2%y* + 222y R 2 4 (n — k)xy"_k+2.
This completes the proof. O

We now compute some degree-based topological indices of the cycle-star graph using this
M-polynomial.

Theorem 4.2 Let G = CSy, ,,—i, be the cycle-star graph. Then,

M(G) = n?+(5—2kn+k —k,
My(G) = n®+(6—2k)n+k? — 2k,
(k+2)n — k2
mM — N -
2(6) An — 4k +8
Ro(G) = 4°n—k+2)+(n—k)(n—k+2)+4%k —2),
1
= —— 4+4%n—-4 —Dn—k*>+4k—4
RR,(G) n7k+2+ (n—4)+ (k—2)n — k* + 4k — 4,
3 — 3k)n? + (3k? — 8k — k3 3k —k
ssp@) = " + (5 — 3k)n? + (3k? — 8k + 5)n +3 ’
n—k+2
HG) - 2 ((k +2)n* + (—2k? + 11k — 14)n + (16 — 8k)n + 8n + k> — 5k? + 2k)
B 4n? + (28 — 8k)n + 4k2 — 28k + 48 ’
16) - n3 + (8 — 2k)n? + (k? — 9k + 14)n + k? — 2k
N n2 + (7 —2k)n + k2 — 7k + 12 ’
AG) = n* + (4k + 6)n3 + (—18k? + 6k + 12)n? + (20k> — 30k? + 8)n — Tk* + 18k3 — 12k2

n® + (3 —3k)n2 + (3k2 — 6k + 3)n — k3 + 3k2 — 3k + 1
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Proof From Theorem 4.1, we have
M(Gsz,y) = f(z,y) = (k — 2)a”y® + 22%y" " 4 (n — k)ay" 2.

Then, we have the following:
Dy (f(z,y)) = 4c2y"F+2 4 (n — k)ay"F+2 4 2(k — 2)2%y?,
Dy ((f(z,y)) =2(n —k +2)2%y"*+2 + (n — k)(n — k + 2)ay" F2 + 2(k — 2)22y?,
(DyD.)(f(x,y)) = 4(n — k+ 2)a®y" F+2 4 (n — k)(n — k 4 2)zy" "2 + 4(k — 2)2°y?,
Su(f(x,y)) = 2y F 2 4 (n — k)ay"F 12 4 5(k — 2)2”y?,
Sy(f(z,y)) = m (4x2y”7k+2 +(2n — 2k)2y" R 2 4 ((k — 2)n — k2% + 4k — 4)x2y2),
S2Sy(f(z,y)) = m (4x2yn_k+2 + (4n — 4k) 2y~ F 2 4 ((k — 2)n — k2 + 4k — 4)ac2y2)7
SyD.(f(z,y)) = n%m ((4x +n—k)ay k2 4 ((k —2)n — k? + 4k — 4)%23/2)7
SeDy(f(z,y) = (n—k+ 2)x2ynh+2 4 (n2 + (2 —2k)n + k% — 2k) oy R 4 (k- 2)22y?,

2((k — 2)n? + (—2k% + 11k — 14)n + k> — 9k? + 26k — 24)z*
4n? + (28 — 8k)n + 4k? — 28k + 48
8n — 8k + 24)x" 4=k 4 (4n? + (16 — 8k)n + 4k? — 16k)an 3+
4n? + (28 — 8k)n + 4k2 — 28k + 48 ’

N

((k —2)n? + (—2k? + 11k — 14)n + k% — 9k? + 26k — 24) 2*
n? 4+ (7T—2kn+k?—7k+12
(4n? + (20 — 8k)n + 4k? — 20k + 24) z" T4+
n? 4+ (7—2k)n+k? — Tk +12
(n® 4 (6 — 3k)n* + (3k* — 12k + 8)n — k® + 6k* — 8k) 2" T37F
i n? 4+ (7T—2kn+k?—7k+12 ’

SmJDmDy(f(xvy)) =

((8k — 16)n® + (—24k” + 72k — 48)n” + (24k® — 96k + 120k — 48)n) 2°
n3 + (3 —3k)n? 4+ (3k2 — 6k +3)n — k3 + 3k% — 3k +1
(—8k* 4 40k® — 72k* 4 56k — 16) 2

n3 + (3 — 3k)n? 4+ (3k2 — 6k +3)n — k3 + 3k% — 3k + 1

(16n° + (48 — 48k)n” + (48K — 96k + 48)n) 2™+ 12
n3 4+ (3 —3k)n2 + (3k2 — 6k +3)n — k3 +3k2 -3k + 1
N (—16k® 4 48k* — 48k + 16) ™~ *+2

n3 + (3 — 3k)n? + (3k2 — 6k +3)n — k3 +3k2 — 3k + 1
N (n* + (6 — 4k)n® + (6k> — 18k + 12)n* + (—4k> + 18k* — 24k + 8)n) 2™ 1+

S3Q-2JDiD;(f(z,y) =

+

n3 + (3 — 3k)n? + (3k2 — 6k + 3)n — k3 + 3k% — 3k + 1
(k* — 6Kk + 12k* — 8k) o™~ F+1
+ (3 —3k)n2 + (3k2 — 6k +3)n — k3 + 3k2 — 3k + 1’

+n3

Now, we have the following from Table 1:
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1. First Zagreb index

Mi(G) = (D + Dy)(f(2,9))[o=y=1 = n* + (5 — 2k)n + k* — k.
2. Second Zagreb index

M5(G) = (D3 Dy)(f(2,9))|e=y=1 = n*> + (6 — 2k)n + k* — 2k.

3. Second modified Zagreb index

(k+2)n — k?

4. Randi¢ index
Ro(G) = (D7 Dy)(f(2,y)o=y=1 =4%(n —k +2) + (n — k)(n — k +2) + 4%(k — 2).
5. Inverse Randi¢ index

RR.(G) = (S7S))(f(z,y))a=y=1
- 7n—k+2+4 (n—4)+ (k—2)n — k% + 4k — 4.

6. Symmetric division index
SSD(G) = (DaSy + DySe)(f(2,9))la=y=1

n® + (5 — 3k)n? + (3k% — 8k +5)n — k> + 3k* — k
n—k-+2 '

7. Harmonic index

H(G) QSwJ(f(xa y))|w:1
2 ((k+2)n* + (—2k? + 11k — 14)n + (16 — 8k)n + 8n + k> — 5k? + 2k)

4n? + (28 — 8k)n + 4k — 28k + 48

8. Inverse sum index

8 — 2k)n? + (k* — 9k + 14)n + k* — 2k
n2 4+ (7—2k)n+ k2 — 7k + 12 ’

n3 +
I(G) = SmJDny(f(x»y))‘mzl = (
9. Augmented Zagreb index

AG) = S3Q2JDID}(f(x,y))|e=1
n* 4+ (4k + 6)n3 + (—18k2 + 6k + 12)n2 + (20k® — 30k2 + 8)n — Tk* + 18k3 — 12k2
n3 + (3 — 3k)n? + (3k2 — 6k + 3)n — k3 + 3k2 — 3k + 1 '

This completes the proof. O
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Figure 2. Plot of M-polynomial of the cycle-star graph C'S7 7

§5. M-Polynomial of Line Graph of Cycle-Star Graph CSj, ,_;

There are many graph operators with which one can construct a new graph from a given graph,

such as the line graphs, total graphs, middle graphs, and their generalizations.

Definition 5.1 A line graph of a graph G, written L(G), is the graph whose vertices are the
edges of G, with two vertices of L(G) adjacent whenever the corresponding edges of G have a

verter in common.

In the next Theorem, we find the M-polynomial of the line graph of cycle-star graph.

Theorem 5.1 Let G = CSy n—k be the cycle-star graph. Then the M-polynomial of L(G) is

M(L(G);z,y) = (k- 3)x2y2 + 2x2yn_k+2 + x"—k+2yn—k+2 +2(n— k)mn—k+1yn—k+2

n—k
+< ) )xn—k-‘rlyn—k-i-l‘

Proof Let G = C'Sy i be the cycle-star graph. Then, |V(L(G))| = n and |E(L(G))| =
1 (n* 4+ k* — 2nk 4 3n — k). Since each of the vertices of L(G) is of degree either 2 or n—k+1
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or n — k + 2, the vertex set of L(G) has three partitions with respect to degree:

Vi(L(G)) = {ueV(L(G)): degr)(uv) = 2};
V2(L(G)) = {ueV(L(G)): degr)(u) =n—k+1}
V3(L(G)) = {ueV(L(G)):degra)(u) =n—k+2}.

Clearly, [Vi(L(G))| = k = 2; [Va(L(G))| = n — k; [V3(L(G))| = 2.

Furthermore, the edge set of L(G) has five partitions based on the degree of the end
vertices.

EL(@) = {e=uve E(L(G)): degrc(u) = 2, degpa(v) = 2}

Ey(L(G)) = {e=uve B(L(G)): degrc(u) = 2 degpcy(v) = n— k +2);
Bs(L(G)) = {e=wuve E(L(G)): degrc(u) =n —k+2,degrcy(v) =n — k + 2};
Ey(L(G)) = {e=muve E(LG)): degrc(u) =n—k+1,degrc)(v) =n — k+2};
Bs(L(G)) = {e=muve E(L(G)): degrc(u) =n—k+1,degrc(v) =n — k+1}.
Clearly,

|EV(L(G))| = k=3, |E2(L(G))| = 2, |E5(L(G))] =1,
BAEG)] =200 - 1) and Bs(2(@) = ()
Now, from the definition of M-polynomial,

M(L(G);z,y) = Z mi; (G)z'y’ = maa(L(G))x?y?
d<i<j<A

Fma(n—kt2) (LG22 Y™ 2 + Mgy (noko) (L(G))z"FH2yn—h2
FMN (o 1) (n—o2) (G)a"FH Ly k2
Mkt 1) (-t 1) (L(G))a" R Hyn =kt

— (k _ 3)x2y2 + 2x2yn7k+2 + xn7k+2yn7k+2
n—=k
+2(n _ k)xn—k+1yn—k+2 + ( ) )mn—k—klyn—k-i-l
This completes the proof. O

We now compute some degree-based topological indices of the line graph of cycle-star graph
using this M-polynomial.
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Theorem 5.2 Let G = CSy, ,,—i, be the cycle-star graph. Then,

M (L(G)) = 4n*+ (—=8k +2a+10)n + 4k* + (—2a — 6)k + 2a,
My(L(G)) = 20+ (=6k+a+7)n? + (6k* + (—2a — 14)k + 2a + 12)n — 2k*
+(a+ 7)k* + (—2a — 8)k +a,
Ay Ay
mM — -1 Ta
2(G) B1 B27
Ry(G) = 4*n—k+2)+(n—k)(n—k+2)+4%k —2),
1
= —— 4+4%n—-4 —Dn—k*+4k—4
RR.(G) n_k+2+ (n—4)+ (k—2)n — k* + 4k — 4,
J— Cl
SSD(G) = Dy’
B B
H(G) = 5t e
Gi Gy
I = =4+ =
(@) 7t

where, Ay = (k — 3)n* + (—4k? + 18k — 6)n> + (6k> — 36k? + 31k + 4a + 5)n?, By = 4n* + (24 —
16k)n3 + (24k% — 72k +52)n? + (—16k3 + 72k% — 104k + 48)n + 4k* — 24k3 + 52k — 48k + 16, Ay =
(—4k*+30k> —44Kk% + (2—8a)k+16a+8)n+k° —9k* +19k3+ (4a—T7)k%* +(—16a—4)k+16a, By =
4nt+(24—16k)n3+ (2452 — 72k +52)n2 +(—16k3+72k* — 104k +48)n+4k* —24k3+52k* — 48k+16,
C1 = 5n3+(—13k+2a+13)n+(11k%*+(—4a—20)k+6a+10)n—3k3+(2a+7)k*+ (—6a—6) k+4a,
Dy =n?+ (3 —2kn+k*—3k+2, By = (2k +2)n* + (—8k? + 9k + 4a + 25)n3 + (12K —
39k% + (—12a — 26)k + 30a + 63)n?, F| = 4n* 4 (34 — 16k)n> + (24k* — 102k +98)n? + (—16k> +
102k% — 196k + 116)n + 4k* — 34k> + 98k? — 116k + 48, Ey = (—8k* + 43k3 + (12a — 23)k% +
(—60a — 68)k + 68a + 40)n + 2k° — 15k* + (24 — 4a)k® + (30a + 5)k? + (—68a — 16)k + 48a,
Fy = 4n* + (34 — 16k)n> + (24k% — 102k + 98)n? + (—16k> + 102k% — 196k + 116)n + 4k* —
34K3 4 98k? — 116k + 48, G = 4n* + (—16k + 2a + 30)n> + (24k2 + (—6a — 86)k + 13a + 75)n?,
Hy = 4n%+(22—8k)n+4k%>—22k+24, Gy = (—16k3+ (6a+82)k?*+ (—26a—128)k+23a+56)n+
4k* + (—2a—26)k® + (13a+53)k? + (—23a — 32)k +12a, Hy = 4n? + (22— 8k)n +4k? — 22k +24.

Proof From Theorem 5.1, we have

M(L(G);z,y) = (k= 3)a’y” + 227y HH2 ygnhi2ynoi

+2(n — k)g" Ry TR t2 g ggnehtlyn—kel
where a = (" k) Then, we have the following:

(n —k+ 2)xn—k+2yn—k+2 + 2(n _ k)(n —k+ 1)xn—k+1yn—k+2

S
8
~
—
&
<
~—
~—

Il

+4x2yn—k+2 T a(n —k 4 1)xn—k+1yn—k+1 4 2(]{; _ 3)332]]2;

(n —k+ 2)$n—k+2yn—k+2 + 2(’11 _ k;)(n k4t 2)$n_k+1yn_k+2

>
<
—~
~
—~
&
<
~—
~—

I

+2(n — k4 2)2%y" 2 4a(n — k4 1) yn = Lok — 3)a?y?;
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(DyDy)(f(2,y)) = (n—k+2)%a" 2yn=h+?
+2(n —k)(n — k4 1)(n — k 4 2)gn - FHiyn—kt2
+4(n —k + 2) 2 n k+2 _|_a( —k + 1)2xn—k+1yn—k+l +4(l€ _ 3)$2y2;

(k—3)x2y® 5 . ., atTRTZynoki2

SJ; 3 = ~ 7 < n —+ Yy
(f(z,v)) 5 + 2%y R

2(n — k)gnktlyn—k+2 gk lyn—k+1

N n—Fk+1 ta n—k+1

(k _ 3)x2y2 szy’ﬂ*kJrQ xn7k+2yn7k+2

S(fay) = T T T
_ n—k+1, n—k+2 n—k+1, n—k+1
L2n—k)z y +a” y ;
B (k _ 3)1‘2y2 Z,Zyn k+2 n7k+2yn7k+2
S8,(fy) = T T e
2(n — k)gn—ktlyn—k+2 N axn—k+1yn—k+1 .
n—k+1)(n—k+2) (n—k+1)2"
S,D.(f(,y) = —
((k = 3)n — k? + 4k — 3)ahT2y? J
zD 5 = ;
Sa Dy (f(2,y)) TR L ey sy

where, I = 2'7*(((k — 3)n — k? + 5k — 6)2F 1y +2 4 yn ((4a* L + 2" ((n — k +2)z + 202 + (2 —
4k)n+2k% —2k))y? + (an — ak +2a)x™y)), J = y*((n® + (3 — 2k)n+ k% — 3k +2)z* 2 + 2" ((n —
k+1)2? 4+ (2n? + (4 — 4k)n + 2k? — 4k)z ))y + (cm —ak + a)x"t),

28 J(f(z,y)) = —+ 7+ 7+ 7+,

where, K7 = 2((16n3 + (72 — 48k)n? + (48k% — 144k + 104)n — 16k + 72k? — 104k + 48)z"Hr+4,
Ly = (8n* +an® + Bn? + yn + 8k* — 68k> + 196k% — 232k +96)2%*, Ky = ((2k — 6)n* + (—8Kk% +
41k — 51)n3 + (12k3 — 87k% 4 202k — 147)n?) 22 T4 Ly = (8n* + an® + Bn? + yn + 8k* — 68k +
196k2 — 232k + 96)2%F, K3 = ((—8k* + 75k3 — 251k% + 352k — 174)n + 2k° — 23k* + 100k> —
205k? + 198k — 72)z?*+4)| Ly = (8n* + an® + Bn? + yn + 8k* — 68k3 + 196k2 — 232k + 96) 2
Ky = 22"((4n3 + (26 — 12k)n? + (12k2 — 52k +46)n — 4k3 + 26k2 — 46k +24)x*, Ly = (8n* +an3+
Bn2+yn+8k* —68k3+196k2 —232k+96)x* | K5 = (8n*+ (56 —32k)n3+ (48k% — 168k +112)n%+
(—32k3+168k? —224k+64)n)a3, Ly = (8n*+an3+Bn2+yn+8k* —68k>+196k2 — 232k +96)x2*
Ko = (8k* —56k> + 112k — 64k)a3, Le = (an®+ Bn? +yn+8k* — 68k3 + 196k> — 232k + 96) 22~
K7 = (4an® + (30a — 12ak)n? + (12ak? — 60ak + 68a)n — 4ak® + 30ak?® — 68ak + 48a)z?),
L; = (8n* + an® + Bn? + yn + 8k* — 68k> + 196k? — 232k + 96)2%F, o = 68 — 32k, 3 =
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48k% — 204k + 196,y = —32k3 + 204k? — 392k + 232.

(16n2 + (56 — 32k)n + 16k? — 56k + 48)x"Hh+4
(4n? + (22 — 8k)n + 4k? — 22k 4 24)x2k

SzJDny(f(xa y)) =

where, My = ((4k — 12)n? + (—8k? + 46k — 66)n + 4k> — 34k? + 90k — 72)22k+4 Ny = (4n? +
(22 — 8k)n +4k? — 22k +24)2%F | My = 227 ((2n3 + (15 — 6k)n? + (6k% — 30k + 34)n — 2k> + 15k% —
34k + 24)z*, Ny = (4n® + (22 — 8k)n + 4k? — 22k + 24)2?* | M3 = 4n* + (28 — 16k)n + (24k% —
84k +56)n? 4 (—16k3 4 84k — 112k +32)n, N3 = (4n? + (22 — 8k)n + 4k? — 22k +24)z?* M, =
4k* —28K3+56k2—32k, Ny = (4n%+(22—8k)n+4k? —22k+24) 2% M5 = (2an3+(13a—6ak)n?+
(6ak? —26ak+23a)n—2ak®+13ak? —23ak+12a)x?), N5 = (4n?+(22—8k)n+4k? —22k+24)x2.

Now, we have the following from Table 1:

1. First Zagreb index
Mi(L(G)) = (Dy + Dy)(f(2,9))|amy=1 = 4n* + (—8k + 2a + 10)n + 4k* + (—2a — 6)k + 2a.

2. Second Zagreb index

My(L(G)) = (DaDy)(f(x,9)|e=y=1 = 2n° + (=6k + a + 7)n*

+(6k% 4+ (—2a — 14)k + 2a + 12)n — 2k> + (a + T)k* 4+ (—2a — 8)k + a.

3. Second modified Zagreb index

ML(L(G) = (S8, @ ) mger = P2
1 2

where, O = (k —3)n* + (—4k? 4+ 18k — 6)n® + (6k> — 36k + 31k +4a + 5)n?, P, = 4n* + (24 —

16k)n® + (24k% — 72k 4 52)n? + (—16k® 4+ 72k% — 104k + 48)n + 4k* — 24k3 + 52k — 48k + 16,

Os = (—4k*+30k3 —44k? +(2—8a)k+16a+8)n+k® —9k* + 19k + (4a—T)k? + (—16a—4)k+16a,

Py = 4n* + (24 — 16k)n> + (24k* — 72k + 52)n? + (—16k3 + 72k* — 104k + 48)n + 4k* — 24k3 +

52k? — 48k + 16.

4. Randi¢ index

Ro(L(G)) = (DgDg)(f(@,9)la=y=1 = (n =k +2)* +2%(n = k)(n =k + 1)(n — k +2)
+4%n —k+2) +a(n — k+1)* +4%(k — 3).

5. Inverse Randi¢ index

RRL(LG) = (S5 (w0 lommt = o+ o + g

20 (n — k) 1
-kt Dm—k+2) k1P

+
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6. Symmetric division index

SSD(L(G)) = (DaSy+ DySz)(f(2,9))]a=y=1
Q
n2+ (3 —2kn+k2—-3k+2’

where Q = 5n® + (—13k + 2a + 13)n? + (11k% + (—4a — 20)k + 6a + 10)n — 3k> + (2a + 7)k? +
(—6a — 6)k + 4a.

7. Harmonic index

HLG) = 25.J(f(ry)lemr = 2+ 2,
1 2

where, Ry = (2k +2)n* + (—8k% + 9k + 4a + 25)n3 + (12k3 — 39k2 + (—12a — 26)k + 30a + 63)n?,

S1 = 4n* + (34 — 16k)n® + (24k% — 102k + 98)n? + (—16k> + 102k> — 196k + 116)n + 4k* —

34k3 + 98k? — 116k + 48, Ry = (—8k™* + 43k3 + (12a — 23)k? + (—60a — 68)k + 68a + 40)n +

2k — 15k* + (24 — 4a)k® + (30a + 5)k2 + (—68a — 16)k +48a, Sy = 4n* + (34 — 16k)n> + (24k2 —

102k + 98)n? + (—16k® + 102k? — 196k + 116)n + 4k* — 34k3 + 98k? — 116k + 48.

8. Inverse sum index

U |, U
I(L(G)) = S;JDyDy(f(x,9))|emt = — + 2,
ViV,
where, Uy = 4n* + (=16k + 2a + 30)n° + (24k> + (—6a — 86)k + 13a + 75)n?, Vi = 4n® + (22 —
8k)n + 4k? — 22k + 24, Uy = (—16k> + (6a + 82)k? + (—26a — 128)k +23a + 56)n + 4k* + (—2a —
26)k3 + (130 + 53)k2 + (—23a — 32)k + 124, Va = 4n? + (22 — 8k)n + 4k% — 22k + 24.

This completes the proof. O

Figure 3. Plot of M-polynomial of the line graph of cycle-star graph C'S7 7
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Conclusion

Topological indices play an important role in understanding many physical and chemical prop-

erties of a chemical compound. Some of the degree-based topological indices can be found by

means of the M-polynomial of the corresponding chemical graph. In this paper, we have deter-

mined some of these topological indices using the closed form of the M-polynomial of cycle-star

graph and the line graph of cycle-star graph. The study on M-polynomials with respect to

different types of graph operators seem to be much promising.
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