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Abstract: In this work, a generalization of a new class of fractional order optimal control
problems with Caputo-Katugampola derivative of order «, 8 € (0,1) and p > 0 was studied
and considers the final time t; is free. The necessary optimality conditions with Lagrange
multipliers A(t) € R of fractional order optimal control problems were derived in case t €
[A,ts] and a < A. The formula for the integral by parts has been proven for the left Caputo-
Katugampola fractional derivative that contributes to the finding and deriving the necessary

optimality conditions.
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§1. Introduction

Fractional calculus contributes to many important aspects and fields of life such as science,
engineering and physical applications, since the fractional order models gives an accurate de-
scription of non-linear and complex natural systems than integer order models , which prompted
researchers to interest in studying these systems in advanced methods and in more than one
way.

We mention some of its applications with optimal fractional control (FOCP) that are sub-
ject to dynamic constraints with the objective function problems, chaotic systems [1], bioscience
[2], conformable to the FOCP [3], aecrospace [4], economic [5] and so on [6-8]. The reader can
refer to the books [9-12] for more details on fractional calculus.

Agrawal O. P. [13] is using Riemann-Liouville (R-LFD) to provide a general formulation
and find an approximate solution for a class of (FOCPs).

Study of the necessary and sufficient optimality conditions for fractional optimal control
problems for one-dimensional with Caputo fractional derivative by Pooseh S., et al. [14] and
for system with JiHuan He’s fractional derivative by Sayevand K., et al. [15] and for composi-
tion(FOCPs) by QasimHasan S., and Abbas Holel M. [16].

New types of fractional operators were introduced by U. Katugampola [17], These are

done by generalizing the (R-L) and Hadamard fractional integrals, same author, introduce a
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new fractional derivative [18], and see [19]. Almeida R., et al. [20] proves the existence and
uniqueness theorem by using the Caputo-Katugampola derivative for a fractional Cauchy type
problem.A definition has been given with some properties of generalized fractional derivatives
by Jarad F., et al. [21].

This paper aims to study a generalization of a new class of (FOCPs) with left (C-KD) of
order a, 3 € (0,1) and p > 0,let F, g are two differentiable functions with domain [a, +00) x R?
and ¥ : [a,+00) X R — R is a differentiable function. And considering (R1, R2) # (0,0), x4 is
a fixed real number ¢ € [A,tf] and a < A, as follows:

ty
minimize J(z,u,ty) = / F (z(t), u(t), t)dt + ¥ (tr,xz(ty)), (1)
A
subject to dynamic control system
Ri & DY a(t) + ReE DY a(t) = g ((t), u(t), ) (2)

z(A) =z4. (3)

This paper contains four sections: in Section 2, preliminaries and prove integration by parts
formula for (C-KFD). The necessary optimality conditions are studied for a generalization class

of (C-K FOCPs) in details in Section 3. The conclusions are introduced in Section 4.

§2. Preliminaries

The basic definitions of (FDs) and (FIs) are presented with proof of theorems are used in work.

Definition 2.1([18, 20]) Let a > 0, p > 0 and an interval [a,b] of R, where 0 < a < b The left
and right (R-KFI) and (R-KFD) of a function f € L*([a,b]) are defined by

D) = s | (tp;”flfmjf,,, 0
R )
o) = s (105 [ e i ©)
D10 = s (1705 [ gy ™

Definition 2.2([18, 20]) Let a € (0,1), p > 0 and an interval [a,b] of R, where 0 < a <b. The
left and right (C-KFD) are defined by

D S0) = R DR - F0)] = i (7705 ) [ e ) - Sl
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PRt b Fr—1
DR S6) = KD ~ 10 = e (07 5) | el )~ 0. 9)

Theorem 2.1 Let o € (0,1), p > 0, then left and right (C-KFD) of a function f € C'{a,b] is
given by

(0%

CEDYI0) = iy | =) (10)

(e%

b
CK o, p _ _p P p)— !
D t) = ———— —1 dr. 11
K10 = e [ =) 1 )
Proof We are proving the left (C-KFD) in (10) using Definition 2.2 in Eq. (8) and let

CK povp f(p) — r(1p7ia) <t1—pjt> /t udv. (12)

Now, using integration by part, derive relative to and substitute the result of Eq. (12), to get

D I0) = gt [ =)o) [0

(0%

R tprpfa/TT
i [ -

This completes the proof. O
Theorem 2.2 Let f(t) € Cla,b] and g(t) € C*a,b] be two functions and o € (0,1), p > 0.
Then

b b t=b
| rarg<pregar = [ (ot EDy - so)ie (o0 Dy (0)

t=a
Proof By using Theorem 2.1 to obtain:

b «

[ so-csperga= [ g0 [cs [ o L a )

By using the Dirichlet’s formula for Eq. (13), to get

b

b « b =P f(r
[ 5w cxpprgwa= [ Lo [F(”) [ f”d] a(4)

11—«

Using definition of the right (R-KFI) of (t'7#f(t)) with order (1 — «, p) in Eq. (14) to get

b Ca by . - by
[ - eKDr0Agar = [ LoDy o= [ Lo,

where h(t) = R{(Db_(l_a’p) (t=rf(t)).
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Now, using integration by parts of above equation to obtain:

t=b

g(t). b B lja HL=pdy
~ | rx —(1—067(/))) 1— _/ (g(t)tl p) (=1) b o (—a 'rlih;zc(f) dt.
t Db (t Pf(t)) —a a ft (Tp — tp) 7_li_K,dT
(15)

Using definition of right (R-KFD) of (¢'=7f(t)) with order (1 — a, p) in Eq. (7) to get

b b t=b
[ roepprgae = [ (gn-) KDy (0 5(0) div [ 900" Dy O (0 10|

t=a

83. Studying the Necessary Optimality Conditions of the Generalization a Class
of (C-K)FOCPs

We study and derive the necessary optimality conditions the left (C-KFD) of order «, 5 € (0, 1),
p > 0 in the following theorem.

Theorem 3.1 If (z,u,ty) is a minimizer of (1) under the sum of two (C-K) FD of dynamic
constraint (2), and the condition (3), then a function A(t) € R, for (z,u,\) satisfies:

1.Hamiltonian system

10 [RAPE DR (1A (1) + Ra DL (1PA(1) ] = 92 (a(t), u(), A1), ).

(16)
RIBE DI Pa(t) + Rngfo’px(t) = %—&I (x(t), u(t), N(t),t), forallt € [A, tf],
and
FEDEP ($17PA () — FEDYP ($17P (1) = 0,
t tﬂf ( (£) — 2 ( ®) for all t € [a, 4]
FEDP (EPA() = FRDRP (1P M) =0,
2.The stationary condition
% (x(t),u(t),A(t),t) =0, forallte|[Aty]. (17)

3.The transversality conditions

H (2(t), ut), A(t), £) + Rz’ (t) B D U= o\ (2)
~Roa! ()R Dy TPPH0N () — RINEOE DY P a(t) = 0. (18)

“RaABCK D x(t) + B (1, 2(1) -

ov

RyMED TN + R DA ) — S

(tvx(t)) =0, (19)

R{Z{D;f(l*avp)al—p)\(a) _ Ri(Dz(l*awP)al—pA(a) -0,

R{L(D;f(lfﬂﬁp)al—p)\(a) _ R{l(DX(l*B,P)al—p)\m) 0.
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Proof Constructing the problem as minimizing and by define the Hamiltonian function
H (z(t), u(t), \(t)), as follows:

H((t), ult), A(t), ) = F (2(t), u(t)t) + A(t)g (x(t), u(t), 1), (20)

I (2t ) = /

A

ts [ H (x(t), u(t), A1), 1)

M) {RiCE D} (t) + RO D] Par(t) | } dt + ¥ (tr, 2 (ty)). (21)

Using variations « + 0z, A+ 6 Au+ du, ,ty + 6ty and (6J* = 0), we conclude that

OH (x(t), u( t),t)

tf
0 = R CKD“P (1) dt
A —OA(t
+R20KD5P ( )

H (z(t) t),t)
5t RchDW (t) W (7,2 (t)) (22)
_|_R2CKD/3 P ( ) .

Thus,

¢ a?cHt) oz (t) + u,}(-i Su(t) + a?\Ht) IA(t)
=/ —5A(){R105D” (t) + RoCE D Pa(t ()} dt
A
—RAAHCE DX PSa(t) — RoA(t)CEDPPo(t)
st H (@(t), u(t), A(t), t)
Y {RlefD;‘%(t) —I—Rgchf’pm(t)} .

Jr%(tfa (t ))&fﬂLaa\Il (tf, (tf))(x/(tf)(sthr(;x(tf)), (23)

Now, integration by part the relation in Eq. (23) by using Theorem 2.2 in the form

ty
:/ M) SE DM s (t)dt

A
tf A
- / AOCE DO S(t)dt — / NOCE DO st dt

ty
= Sz(t)tP~ HEDEP (H17PA(E)) dit + [M(t)RfD;_“’a’”)tl—/’)\(t)}

a

t=ty

t=a

t=A
- /5m(t)tp_1fKD2"p (t'=PAt) dt — [&c(t)RfD;“‘a*’))tl—P)\(t)}

t=a

A ty
:/ Sx(t)tr EDRP (#17PA(1)) dt+/A Sx(t)tr~ EDYP (#17PA(t)) dt
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t=t
+[ax(t)R{(D;(l—a’p)tlfﬂA(t)} !

t=a
t=A

t=a

A
—/ Sx(t)tP T EE DG (#17PA (1)) dit — {&c(t)Rf{D;(l_a”’)tl’p)\(t)}
A
:/ Sz(t)tr! [Rfof"’ (t'=PA(t)) — *EDG” (tl_p/\(t))} dt

ty
+/A Sx(t)tr~ D ($17PA(t)) dt

t=ts t=A

+ [se@ ™D eaw] T = [ee)RE DL A

t=a t=a

A
:/ st [FEDE (177A®) = REDY? (1PAW)) | e
ty
+/A Sx(t)tr~ TEDP ($17PA () dt

+ [se@ ™D eaw] = [ee)RE Dy A

t=ty

= [se@®E DO oA = [er)RE DL A

t=A

Since (dz(A) = 0), we get
A
_ / S ()t [RfD;“;P (t-PA(t)) — BE DY” (tl—PA(t))} dt

ty
+/A Sz()tr~ FEDRP (£ 7PA()) dt + da(ty) [RfD;(l‘o"”tl*P/\(t)}

t=ty

—dz(a) [RfD;(lfa’p)al_px\(a) — RfDZ(lfa’p)al_p/\(a)} . (24)

Also, in the same way we have

= [ satop (KDY (20w ~ DG (1-0Aw)

tf
+/, Sa(t)t~ P DI (£PA(t)) dt + ba(ty) [RfD;“*ﬁ”’)tl—pA(t)}

— du(a) M DTl A (@) - BE DOl A a). (25)

t=ty

Substitute the results of Eq. (24) and Eq. (25), into Eq. (23) as follows

73% sx(t) + 73% dul(t) + —af;ﬁ) SA(t)

ty
- / —OA(t) {Rlcff Dy Pr(t) + RO Df*’x(t)} dt
A
—dx(t)tP~t {RlR{(D?J;" (tPA@)) + RzRfof”’ (tlﬂ(t))}

A
—Rl/ S ()P [RfD,?f’” (tPA(1)) — BE DY? (tl_p)\(t))} dt

A
~ Ry / sa(t)tr=t [REDLP (170A®) = REDL? (#177Aw) | de
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— 8z (t5) {Rl D]+ R [FED )| J

t=ty
+ R1dz(a) [RfD;(lfa’p)al_”)\(a) - RfDZ(lfa’p)al_p)\(a)}
+ Rada(a) [ Dyl A(@) = FE DLl a)]

+ ot H (a(t), u(t), A1), t)
f A {Rlchta’px(t) + R2C§Dtﬁ’p$(t)} t=t

+%(tf7 (¢ ))5tf+‘2‘1’ (tr,a (tp)) (& (t7) Sty + 6z (ty)),

Thus,

-/ [ su(t) (825 — =t [RaPE DR (P=0M0) + RoPE DL (1-0N0)]) } "
A | )2 + oA (5% — RO DI a(t) - RaCK D a(t))

—Rl/ Sx(t)tP~! RKD""’(tl PA(t)) — DG’ (tl’p)\(t))} dt
—RQ/ S ()t [R{(DE;P (tPA(t)) — BE DB (tl_”)\(t))} dt

— 8z (ty) {RlRf D TP RN () + R D, T A ) —

o [ H (2(t), u(t), A1), 1) = A1) { Ry CE DI 7n(t) + RaCE D] () } ]
+9L (t,2(t) + Z2 (¢, (1) 2/ (1) .,
+ Rada(a) [FE D, 1Pl =0 A(a) — BE DLl A a)
+ Rodz(a) [Pf D, 0 P\ (a) — BE D;“*B’P)al—px(a)} . (26)

Now, we rewrite the transversality conditions in Eq. (26) by using the Taylor series for
f = (z + 0x) about the point z =ty can be given as

(x4 6x) (tg + 0ty) = = + 0x) (tg) + 2’ (ty) 6ty + O (5t7)
(x4 6x) (tg + 0tg) — x (tf) —bx (tg) = o’ (tf) 5ty + O (6tF)

x(ty) —bx(ty) = a' (tf) oty + O (6t%),

Sz (tg) — 6y, = —a’ (ty) Oty + O (6t7), (27)
8 (tg) = Oy, — ' (ty) 6ty + O (6t2) (28)

where 6x;, = (z + 0x) (ty + 0ty) —  (ty) and lim, o0 ﬁ is finite.
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Substitute the Eq. (27) and Eq. (28), into Eq. (26), we have

dt

/tf Sx(t) (887(3) — 1 [RlRKDW’ (t1=P (1)) +R2R§fo’” (tlfp)\(t))})
4 +ou(t) 224 + SA(1) (W) RaCE D (1) — RCK va%(t))

A
- Rl/ S ()t [Rfo‘f”’ (t-PA(t)) — BE DY? (tl_”)\(t))} dt

[ antapet [FEDE (2ox0) REDY (0w e

~Ry (62 — 2’ (t)3t) BE D, 1P e (1)

—Ry (6, — 2/ (t)5t) BE Dy a- BP)pi=p \(t)

(t, (1)) + otH(z(t), u(t), A(t), t)

KD a(t) — RaStA(t) K D) Pa(t)
9

)-
| HOtBHEa0) + St a(0) Go - da®) ],

+ R1dz(a) [RfD;(lfa’p)al_p)\(a) — RfDZ(lfa’p)al_p/\(a)}

+ Radz(a) [RfD;(lfﬁ’p)al_pA(a) — RffD;l(l*ﬁ’p)al_”)\(a)} +0 (6t?) =0,

) / da(t) (4 — =" [RaE DG (0M0) + RoBEDE? (A@)]) |
A +3u(t) 1225 + OA(E) (B2 — RaCK D} Pa(t) — RaCK DY *a(t) )
A
le/ Sx(t)tr—! [R;KD?J;P (t'PA@)) — DY (tl’p)\(t))} dt
aA
—RQ/ Sz(t)tr! [R{‘fo’" (B=PA(t)) — BE DG (tl_p/\(t))} dt

H(w(t), u(t), A(t), 1) + Raa! ()R Dy =P g1=rA(1)
+0ty | +Roa! (£)RE Dy PP = N (1) — Rl)\( )CE D (1)
~RoAB)CE D] a(t) + DL (8, x(t))

e B ov
—64, [RlthKth(l Pyl P/\(t)+R2R{(th(1 B:p)y1 p)\(t)ax(t’x(t))]
t=ty
+Rida(a) [ D Pl 0N(a) - PR DLl A )]
+R26(a) [RfD;(l_B’p)al’P/\( ) — REp0=80)g1=p)(q )] +0 (5t2) = 0. (29)

Since the variation functions were chosen arbitrarily, we get the necessary optimality con-
ditions from Eq. (29) for sum two C-KFOCPs. O
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Conclusion

In this paper, a new system for the generalization a class of (FOCPs) with Caputo-Katugampola

derivativesin the case where the lower bound of the integral of J is greater than of a of
CKD*Py(t) + OK DEPx(t) has been studied and derived. We are assuming that the end time

ty free. The necessary optimality conditions for the system are obtained when «, 8 € (0,1)

and p > 0 and a € R and consist of a Hamiltonian system, stationary condition and transver-

sality conditions,which contributes to solving non-linear dynamical control systems with FDs

to obtain approximate solutions for state and control variables with the help of the proposed

numerical methods.
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