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Abstract: The graph G = (V, E) consists of p vertices and ¢ edges. Let

£, piseven

p= 1 .
==, pisodd,

2

and I' = {£1,£2,...,+p}. Consider a function A : V — TI' that allocates unique labels from
I" to the various vertices of V' when p is even and allocates a unique labels in I to p — 1
vertices of V', repeating a label for the remaining one vertex when p is odd. Then the labeling
as mentioned above is called a pair mean cordial labeling (PMC-labeling) if for every edge
uv of G, there is a labeling M if AM(u) + A(v) is even and % if Mu) 4+ A(v) is
odd such that [Sy, — SA§| < 1 where Sy, and SAf are denoted the number of edges labelled
with 1 and the number of edges not labelled with 1, respectively. A graph G that has a pair
mean cordial labeling is called a pair mean cordial graph (PMC-Graph). In this paper we
prove that the subdivision of path, cycle, wheel, crown, helm, fan graph, friendship graph,
coconut tree, double comb graph, jellyfish graph, flower graph, sunflower graph, gear graph
and jewel graph are PMC-labeling.
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crown.
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§1. Introduction

We begin with simple, finite, connected and undirected graph G = (V(G), E(G)). The symbols
V(G) and E(G) will denote the vertex set and edge set of a graph G. The cardinality of the
vertex set is called the order of GG, denoted by p. The cardinality of the edge set is called the
size of G, denoted by ¢q. A graph with p vertices and ¢ edges is called a (p,q) graph. Terms
not defined here are used in the sense of Harary [8]. The first half of the 18th century saw the
introduction of graph Theory, following the solution of the Konigsberg Bridge problem in 1736.

Since then, graph theory has emerged as a powerful tool in the field of mathematical research
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for its ability to represent any physical problem involving the arrangement of objects. A graph
is a collection of vertices and edges between them. FEver since it broke into the mainstream
of mathematical research, graph theory has found application in diverse fields ranging from
biochemistry, architecture, psychology, economics, linguistics, sociology, electrical engineering
and computer science to operations research. Graph labeling is a strong relation between
number theory and graph structures. It is the potential area of research in graph theory. If
the vertices of the graph are assigned values subject to certain conditions then it is known
as graph labeling. The concept of graph labeling is a frontier between number theory and
structure of graphs. A systematic study of various applications of graph labeling is carried
out in Bloom and Golomb [1]. Tt is interesting to note that the labelled graphs serve as useful
models for a minor road range of applications. Labeled graphs are used in numerous areas like
coding theory, X-ray crystallography, the design of good radar type codes, astronomy, circuit
design, communication network addressing, data base management. A detailed study on graph
labelling is reported in [7]. The concept of cordial labeling was introduced by Cahit [6]. The
study of Zumkeller numbers [10] is a part of number theory which is one of the important
branches of mathematics. The concept of k-Zumkeller labeling of graphs has been introduced
and investigated in the literature [2,3,4,5,9]. The idea of PMC-labeling of some simple graphs
has been previously reported in [11,12,13,14]. In this paper we investigate the PMC-labeling of
the subdivision of path, cycle, wheel, crown, helm, fan graph, friendship graph, coconut tree,
double comb graph, jellyfish graph, flower graph, sunflower graph, gear graph and jewel graph.

82. Preliminaries

In this section, we present a few fundamental definitions that are essential for the upcoming

section.

Definition 2.1 A wheel graph W, is the graph Ki + C,,.

Definition 2.2 A crown C,, ® K, is obtained by joining a pendent edge to each vertex of the
cycle C,.

Definition 2.3 A helm graph H, is a graph obtained from a wheel by attaching a pendant

vertezx at each vertex of the cycle C,,.

Definition 2.4 A fan f,, n > 2 is obtained by joining all vertices of P, to a further vertex
called the center.

Definition 2.5 A friendship graph F, is a graph which consists of n triangles with a common

vertex.

Definition 2.6 A coconut tree CTy, ,, is a graph obtained by connecting the center vertex of

K, with a pendant vertex of the path Py,.

Definition 2.7 A double comb graph P, ® 2K is obtained by joining the two pendant edge to
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each vertices of the path P,.

Definition 2.8 A jelly fish graphs J(m,n) obtained from a cycle Cy : uyususuguy by joining

uy and uz with an edge and appending m pendent edges to us and n pendent edges to uy.

Definition 2.9 A flower graph Fl,, is the graph obtained from a helm H, by joining each

pendant vertex to the apex of the helm.

Definition 2.10 A sunflower graph S, is obtained by taking a wheel with central vertex u

and the cycle Cy, : ujusg...u,u1 and new vertices vivs ...v, where v; is joined by vertices

Uiy Ujt1 (modn)-

Definition 2.11 A gear graph G, is obtained from the wheel W, by adding a vertex between

every pair of adjacent vertices of the cycle C,,.

Definition 2.12 A jewel graph J, is the graph with vertex set V(J,) = {u,v,z,y,u; | 1 <i < n}
and edge set E(J,) = {ux,uy, xy, zv, yv, uu;, vu; | 1 <i < n}.

Definition 2.13 A subdivision graph S(G) of a graph G is obtained from G by inserting a new
vertex of degree 2 on each edge of G.

Definition 2.14 Let G = (V, E) be a graph consisting of p vertices, q edges,

p 1S even

5=, psodd,

and T' = {£1,£2,--- ,+p}. Consider a function X\ : V — T that allocates unique labels from
T' to the wvarious vertices of V. when p is even and allocates a unique labels in T to p — 1
vertices of V', repeating a label for the remaining one vertex when p is odd. Then the labeling
as mentioned above is called a pair mean cordial labeling (PMC-labeling) if for every edge uv
of G, there is a labeling w if Mu) + A(v) is even and M if Mu) + A(v) is odd
such that [Sx, —Sxe
the number of edges not labelled with 1, respectively. A graph G that has a pair mean cordial

< 1 where S)\l and S)\§ are denoted the number of edges labelled with 1 and

labeling is called a pair mean cordial graph (PMC-graph,).

Otherwise, if there are |Sy, — S,\ﬂ <1 for a graph G, it is called a Smarandachely PMC-
graph.

An example of PMC-graph is shown in Figure 1.

Figure 1. An example of PMC-graph
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83. Main Results

In this section, we investigate the PMC-labeling behavior of the subdivision of path, cycle,
wheel, crown, helm, fan graph, friendship graph, coconut tree, double comb graph, jellyfish
graph, flower graph, sunflower graph, gear graph and jewel graph.

Theorem 3.1 The subdivision of path P,,, S(P,) is a PMC-graph for alln > 1.
Proof We have S(P,) =~ Py,_1 and Py, is a PMC-graph [11]. O
Theorem 3.2 The subdivision of cycle Cy,, S(Cy,) is a PMC-graph for all n > 3.

Proof We obtain S(C,,) ~ Cs,, and Cs,, is a PMC-graph [11]. O

Theorem 3.3 The subdivision of wheel graph W,,, S(W,,) is a PMC-graph for all n > 3.

Proof Consider the subdivision of wheel graph S(W,,), n > 3. Denote by V(S(W,)) =
{vo,vi, ui,w; | 1 <i < n}and E(S(W,,)) = {vous, wv, v;w; | 1 <i < n}U{wivirr, wpor | 1<
i <mn—1} the vertex set and edge set of S(WW,,) respectively. Then the order and size of S(W,,)
respectively are 3n 4+ 1 and 4n. The theorem is established by discussing two cases.

Case 1. n is odd.

Define the injective function A : V(S(W,)) — {+1,42,--- £33} Take A(vg) =

n + 2. Then assign the labels —1,—2,--- ,—n and 2,3, -+ ,n + 1 respectively to the vertices
Wy, Wo, - , Wy, and v1, V9, -+ ,V,. Further assign the labels —n —1,—n — 2,--- | ’3’2“1 and
n+3,n+4,---, 3"2"’1 to the vertices uq,uq, - - - s Untt and Ungs, Ungs, @ o 5 Up—1 respectively.

Finally assign the label 1 to the vertex wu,,.
Case 2. n is even.

Define the injective function A : V(S(W,)) — {£1,+2,---,£32} Apply the Case 1
—3n
2

and n+3,n+4,--- ,37” to the vertices ui,ug, -+ ,un and Untz,Un+a, -+, up_2 respectively.
2 2

labeling to the vertices vy, v;, w;, 1 < i < n. Next assign the labels —-n —1,—n —2,---,

Finally assign the labels 1,1 to the vertices u,_1,u, respectively. Hence the labeling in both
cases results in 2n edges assigned the label 1 and 2n edges without the label 1. Therefore vertex
labeling A is a PMC-labeling of the subdivision of wheel graph S(W,,). O

Example 3.4 A PMC-labeling of the subdivision of wheel graph S(Wj) is shown in Figure 2.

Figure 2. A PMC-labeling of the subdivision of wheel graph S(Wj)
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Theorem 3.5 The subdivision of crown graph C, ® K1, S(C,, ® K1) is a PMC-graph for all
n > 3.

Proof Let us consider the subdivision of crown graph S(C, ® Ki), n > 3. Denote by
V(S(Cn ® Ky)) = {us,vi, 2,y | 1 <i <n}and E(S(C,, © K1)) = {uvs, wiys, yiw; | 1 <4 <
n}U{vitit1,vpu1 | 1 < i < n—1} the vertex set and edge set of S(C,, ® K1) respectively. Then
the order and size of S(C,, ® K1) respectively are 4n and 4n. Define the injective function A :
V(S(CrLOKy)) — {£1,£2,--- ,+2n}. First assign the labels —1,-2,--- ,—nand 2,3, -+ ,;n+1
respectively to the vertices y1,y2, -+ ,yn and x1,22, - ,x,. Further assign the labels —n —
1,—n—2and n+4,n+5,---,2n to the vertices uy,us and us, uq, - - ,u,—1 respectively. Fix
the label n + 2 to the vertex u,. Next assign the labels n +3 and —n —3,-n —4,---,—2n
to the vertices vy and vg,vs3,- - ,v,_1 respectively. Finally assign the label 1 to the vertex
v,. From the above labeling technique, we obtain 2n edges labelled with 1 and 2n edges not
labelled with 1. Therefore, the vertex labeling A is a PMC-labeling of the subdivision of crown
graph S(C,, ® Ky). d

Theorem 3.6 The subdivision of helm graph H,, S(H,) is a PMC-graph for all n > 3.

Proof Consider the subdivision of helm graph S(H,), n > 3. Denote by V(S(H,)) =
{vo, vi, us, wi, 2i,y; | 1 < i < n} and E(S(H,)) = {vous, wivi, viyi, yizi,viw; | 1 < i < n}p U
{wivig1,wpvy | 1 <4 < n— 1} the vertex set and edge set of S(H,,) respectively. Then the
order and size of S(H,,) respectively are 5n+1 and 6n. This theorem is analyzed by considering

two cases.
Case 1. n is odd.

Define the injective function X : V(S(H,)) — {£1,£2,---, £33} Take A(vg) =
2n + 2. Then assign the labels —1,—2,---  —n and 2,3,...,n + 1 respectively to the ver-
tices x1, T2, -+ ,x, and y1,¥Y2, - , Yn. Moreover assign the labels —n—1,—n—2,--- , —2n and
n+2,n+3,...,2n+1 to the vertices wy, ws, -+ ,w, and vy, va, - - - , v, respectively. Thereafter
assign the labels —2n — 1, —2n —2,---, =52=L and 2n +3,2n +4,- - - , 2L respectively to the
vertices uy, Uz, - - - s Ungr and Ungs , Unigs, - 5 Up—1. Finally, fix the label 1 to vertex u,,.

Case 2. n is even.

Define the injective function A : V(S(H,)) — {£1,£2,--- ,:I:%”}. Apply the Case 1 label-

—5n
2

and 2n+3,2n+4, - - -, 57" respectively to the vertices up, ug, -+ ,uz and wnt2, Unta, -+, Up_2.
2 2

ing to the vertices vg, v;, w;, x;, ;1 < i < n. Then assign the labels —2n — 1, —2n —2,--- |

Finally assign the labels 1,1 to the vertices u,_1,u, respectively. Hence the labeling in both
cases results in 3n edges assigned the label 1 and 3n edges without the label 1. Therefore, the
vertex labeling A is a PMC-labeling of the subdivision of helm graph S(H,,). d

Theorem 3.7 The subdivision of fan graph f., S(fn) is a PMC-graph for all n > 3.

Proof Let us consider the subdivision of fan graph S(f,), n > 3. Denote by V(S(f,)) =
{vo,vi,u,wj | 1 <4 < mandl < j < n—1} and E(S(fn)) = {vows,uv; | 1 < i < n}U



PMC-Labeling of Subdivision of Path and Cycle Related Graphs 137

{viw;, wivit1 | 1 <4 < n—1} the vertex set and edge set of S(f,) respectively. Then the order
and size of S(f,) respectively are 3n and 4n — 2. This theorem is analyzed by considering two

cases.
Case 1. n is odd.

Define the injective function A : V/(S(f,)) — {£1,£2,---,+32=1} Let A(vo) = 1 and

A(u1) = 2. Then assign the labels —1, —2,--- , —n and 3,4, - -+ ,n+1 respectively to the vertices
V1,02, , U, and wy, wa, - -+ ,Wy_1. Moreover assign the labels —n —1, —n—2,-. , =32+ and
n+2,n+3,-, 3"2_1 to the vertices ug,ug, - - - s Unt and Unts, Ungs, o 5 Up—1 respectively.

Finally, fix the label # to the vertex wu,.
Case 2. n is even.

Define the injective function A : V(S(f,,)) — {£1,£2,-- -, i%”} Apply the Case 1 labeling
to the vertices vy, v;, w;, u1,1 < i < n. Then assign the labels —n —1,—n —2,--- ,’73” and
n+2,n+3,---, 37" respectively to the vertices uy, ug, - - - s Unt2 and Ungs, Unigs, = U, Hence
the labeling in both cases results in 2n — 1 edges assigned the label 1 and 2n — 1 edges without
the label 1. Therefore, the vertex labeling A is a PMC-labeling of the subdivision of fan graph

S(fn)- O
Theorem 3.8 The subdivision of friendship graph F,, S(F,) is a PMC-graph for alln > 1.

Proof Let us consider the subdivision of friendship graph S(F,), n > 1. Denote by
V(S(Fn)) = {vo, vi, us, wi, y; | 1 < i <n} and E(S(F,)) = {voxi, voyi, Tivi, Yitli, vizi, ziui | 1 <
i < n} the vertex set and edge set of S(F),) respectively. Then the order and size of S(F,)

respectively are 5n + 1 and 6n. This theorem is analyzed by considering two cases.
Case 1. n is odd.
Define the injective function

1
A V(S(F,)) — {il,i27...,i5n2+ 3.

Let A(vp) = 1. Then assign the labels —1,—3,--- | —2n+1 and —2, —4, - - - , —2n respective-
ly to the vertices v1,va, - ,v, and uy,usg, - ,u,. Moreover assign the labels 3,5,--- ,2n + 1
and 2,4, --- ,2n to the vertices 21, 22, - - , 2, and x1, X2, -+ , T, respectively. Finally, assign the
labels —2n — 1,—-2n — 2,--- | *52‘*1 and 2n +2,2n+3,-- -, 5”2—“ respectively to the vertices
Y1, Y3, Y and Yo, Ya, s Yno1.

Case 2. n is even.
Define the injective function

A:V(S(F,)) — {£1,£2, - ,i%”}.

Apply the Case 1 labeling to the vertices v;,u;, z;, ;1 < ¢ < n. Then assign the labels
—2n—1,-2n—2,--- | ’T‘r’” and 2n+2,2n+3,-- -, 57” respectively to the vertices y1, Y3, , Yn—1
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and Yo, Y4, ,Yn—2. Hence the labeling in both cases results in 3n edges assigned the label 1
and 3n edges without the label 1. Therefore, the vertex labeling A is a PMC-labeling of the
subdivision of friendship graph S(F),). O

Example 3.9 A PMC-labeling of the subdivision of friendship graph S(F}) is shown in Figure
3.

Figure 3. A PMC-labeling of the subdivision of friendship graph S(Fj)

Theorem 3.10 The subdivision of coconut tree CTy, ., S(CT, m) is a PMC-graph for all

n,m > 1.

Proof Let us consider the subdivision of coconut tree S(CT,, ), n,m > 1. Denote by
V(S(CThm)) ={ui, v,y | 1 <i<nandl < j<m}U{z; |1 <i<n—1}and E(S(CT,m)) =
{unyj,yjv; | 1 <i <m}PU{uz;, xui1 | 1 < i <n—1} the vertex set and edge set of S(CT,,
respectively. Then the order and size of S(CT,,) respectively are 2n+ 2m — 1 and 2n + 2m — 2.
Define the injective function A : V(S(CT,.m)) — {£1,£2,---,£(n+m — 1)}. First assign
the labels —1,—2,--- ,—m and 2,3,--- ,m + 1 respectively to the vertices y1,y2, - ,ym and
V1,02, - ,Um. Then assign the labels —m —1,—m —2,--- ,—m —n + 1 and 1 to the vertices
U1, U, -, Up—1 and u, respectively. Finally assign the labels m+2,m+3,--- ,;m+n—1 and
1 to the vertices x1, s, -+ ,T,_2 and x,_; respectively. Hence the number of edges labeled
with 1 is n +m — 1 while the number of the edges not labeled with 1 is n + m — 1. Therefore
the vertex labeling A is a PMC-labeling of the subdivision of coconut tree S(CT), m)- O

Theorem 3.11 The subdivision of double comb graph DC,,, S(DC,) is a PMC-graph for all
n > 2.

Proof Counsider the subdivision of double comb graph S(DC,), n > 2. Denote by
V(S(DCyp)) = {uws,vi,wi, 5,92 | 1 < ¢ < nandl < j < n— 1} and E(S(DC,)) =
{wiyi, yivi, wizi, ziwi, | 1 < i < n} U {wx;, ziuiq | 1 <4 < n— 1} the vertex set and edge
set of S(DC,,) respectively. Then the order and size of S(DC,,) respectively are 6n — 1 and
6n — 2. Define the injective function A : V(S(DC,)) — {£1,£2,--- ,£(3n — 1)}. First as-
sign the labels —1,—2,--- , —n and 2,3, --- ,n+ 1 respectively to the vertices y1,y2,- - ,y, and
V1, Vg, ,Uy. Then assign the labels —n—1,—n—2,--- ,—2nand n+2,n+3,--- ,2n+1 to
the vertices 21,22, -- , 2, and wi,ws, - ,w, respectively. Moreover assign the labels —2n —
1,-2n —2,--- ,—3n + 1 and 1 respectively to the vertices ui,us, - ,up—1 and u,. Finally
assign the labels 2n 4+ 2,2n + 3,--- ;3n — 1 and 1 to the vertices x1,x2, - ,zn_2 and z,_1
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respectively. Hence the number of edges labeled with 1 is 3n — 1 while the number of the
edges not labeled with 1 is 3n — 1. Therefore the vertex labeling A is a PMC-labeling of the
subdivision of double comb graph S(DC,). O

Theorem 3.12 The subdivision of jelly fish graph Jnm, S(Jnm) is a PMC-graph for all

n,m > 1.

Proof Let us consider the subdivision of jelly fish graph S(J,.m), n,m > Denote

1.
by V(S(Jnm)) = {a,b,c,d,w,a,V, ¢, d' u;,z;,v5,y; | 1 < i < nandl < j < m} and
E(S(Jn,m)) = {ad,ad’b,bb" V¢, cc,dd,dd’, d'a, aw,we, dz;, x;u;,by;,y;v5,] 1 < @ < nand1 <
j < m} the vertex set and edge set of S(.J, ., ) respectively. Then the order and size of S(J,, )
respectively are 2n+2m+9 and 2n + 2m + 10. Define the injective function A : V(S(Jy,m)) —

{£1,£2,...,£(n+m + 4)}. First assign the labels —3, —4,—2,—1,4 and 6, 5, 2, 3 respective-

ly to the vertices a,b,c,d,w and a/,b’,c’,d’. Then assign the labels —5,—6,---,—n — 4 and
6,7,--- ,n+ 5 to the vertices x1,x2,--- ,z, and ui,us, - ,u, respectively. Moreover assign
the labels —n —5,—n —6,---,—n—m —4 and n+ 6,n 4+ 7,--- ,n + m + 4 respectively to
the vertices y1,y2, -+ ,ym and vy, v, -+ ,v;,_1. Finally assign the label 1 to the vertex v,

respectively. Hence the number of edges labeled with 1 is n + m + 5 while the number of the
edges not labeled with 1 is n+m + 5. Therefore the vertex labeling A is a PMC-labeling of the
subdivision of jelly fish graph S(Jy, m)- O

Example 3.13 A PMC-labeling of the subdivision of jelly fish graph S(J34) is shown in Figure
4.

Figure 4. A PMC-labeling of the subdivision of jelly fish graph S(J3.4)

Theorem 3.14 The subdivision of flower graph fl,, S(fl,) is a PMC-graph for all n > 3.

Proof Consider the subdivision of flower graph S(fl,), n > 3. Denote by V(S(fl,)) =
{v0, Vi, Ui, Tiy Uiy ziyw; | 1 <4 < n} and E(S(fl,)) = {voxs, Tivi, viYi, Yitts, Vozi, 2, viw; | 1 <
i < npU{wvirr,wpvr | 1 <4 < n— 1} the vertex set and edge set of S(fI,) respectively.
Then the order and size of S(fl,,) respectively are 6n 4 1 and 8n. This theorem is analyzed by

considering two cases.
Case 1. n is even.

Define the injective function A : V/(S(fl,)) — {£1,£2,--- ,£3n}. Let A(vg) = 1. First as-

sign the labels -1, —4,--- | # and 4,7,---, 3";2 respectively to the vertices w1, us, - -+ , Un—_1
and ug,uyq, - ,u,. Moreover assign the labels 2,5, -- ,% and —2,-5,--- ,# to the

vertices y1,Ys3, -+ ,Yn—1 and Yo, yg, - , Y, respectively. Now assign the labels 3,6, - ,37"
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and —3,—6,--- ,*TS" respectively to the vertices z1,z23, -+ ,2zp—1 and 22,24, ,2,. Assign

the labels 2ntd 3nt6 ..

7

,BnE2 and =30=2 =8n=d .. S50 o the vertices vy, v, -+, v, and
Sn+4 5n+6 | —5n—2 —5n—4
2 02 2 2

wy, Wa, - -+ , Wy respectively. Further assign the labels -+ ,3nand

, o,
—3n to the vertices x1,x3, -+ ,T,_3 and X2, x4, - , T, respectively. Finally fix the label 1 to

the vertex x,_1.
Case 2. n is odd.

Let us define the injective function A : V(S(fl,)) — {£1,£2,---,+3n}. Let A(vg) =

1. First assign the labels —1,—4,--- | ’372‘“ and 4,7,---, 3”;1 respectively to the vertices
UL, U3, - , Uy and usg, uyg, -+, Uy—1. Moreover, assign the labels 2,5, --- | 3"2—“ and —2,—5,---,
# to the vertices y1,ys, -+, Yn and Yo, Ys, - - - , Yn—1, respectively. Assign the labels 3,6,--- ,
% and —3,—6, - -, % respectively to the vertices z1, 23, -+ ,2, and 22,24, + ,2n_1. As-
sign the labels 3”;5, 3";7, S 5";3 and *3’2“1, *3721*3, S *5’2”1 to the vertices wy, wa, - - - , Wy,
and v1, v, -+ , v, respectively. Further assign the labels 22 BT .. 3 and =52=1 =5n=3,
-+, —3n to the vertices xg, 24, -+ ,T,_3 and x1, 23, - ,x, respectively. Finally fix the label

1 to the vertex x,_1. Hence the labeling in both cases results in 4n edges assigned the label
1 and 4n edges without the label 1. Therefore the vertex labeling A is a PMC-labeling of the
subdivision of flower graph S(fl,). O

Example 3.15 A PMC-labeling of the subdivision of flower graph S(fl4) is shown in Figure
5.

Figure 5. A PMC-labeling of the subdivision of flower graph S(fl4)

Theorem 3.16 The subdivision of sun flower graph SF,,, S(SF,) is a PMC-graph for alln > 3.

Proof Consider the subdivision of sun flower graph S(SF,,), n > 3. The vertex set and
edge set of S(SF,) are denoted by V(S(SF,)) = {vo,vi, us, i, yi, zi,w; | 1 < i < n} and
E(S(SF,)) = {voxs, Tivs, viw;i, vy, Yiv, ziw; | 1 < 4 < n} U {wvip1, wpv1, 2041, 2001 | 1 <
i < n — 1} respectively. Then the order and size of S(SF),) respectively are 6n + 1 and
8n. This theorem is analyzed by considering two cases.Let us define the injective function
X:V(S(SF,)) — {#1,£2,--- ,£3n}. Let A(vy) = —3n.
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Case 1. n is even.

In this case, apply the Case 1 of Theorem 3.14 labeling to the vertices wu;, y;, 2;, v;, w;1 <@ <

n. After that assign the labels #, %, -+, —3n and %, 5"2—+6, --+,3n to the vertices

T1,%3, * ,Tp—1 and xa, T4, -+ ,T,_o respectively. Finally fix the label 1 to the vertex z,,.
Case 2. n is odd.

Apply the Case 2 of Theorem 3.14 labeling to the vertices w;,y;, zi, v, w;l < i < n.

Thereafter assign the labels _5’21_1, _53_37 ---,—3n and %, 5";7, ---,3n to the vertices
T1,%3, - , Ty and To, T4, - ,Typ_3 respectively. Finally fix the label 1 to the vertex x,_;.

Hence the labeling in both cases results in 4n edges assigned the label 1 and 4n edges without
the label 1. Therefore the vertex labeling A is a PMC-labeling of the subdivision of sun flower
graph S(SF,). O

Example 3.17 A PMC-labeling of the subdivision of sun flower graph S(SFj) is shown in
Figure 6.

Figure 6. A PMC-labeling of the subdivision of sun flower graph S(SFy)

Theorem 3.18 The subdivision gear graph G, S(G,) is a PMC-graph for all n > 3.

Proof Consider the subdivision of gear graph S(G,), n > 3. Denote by V(S(G,)) =
{vo, Vi, ui, iy ¥iy 2 | 1 < i < n} and E(S(G,)) = {voxs, ;vi, viys, yitts, ziu; | 1 < i < n} U
{zivi11,2nv1 | 1 <14 < m—1} the vertex set and edge set of S(G,,) respectively. Then the order
and size of S(G,,) respectively are 5n + 1 and 6n. This theorem is analyzed by considering two

cases.

Case 1. n is odd.

Define the injective function A : V(S(G,)) — {£1,4£2,--- , £33} Let A(vg) = =52=L.
In this case, apply the Case 2 of Theorem 3.14 labeling to the vertices u;,y;, z;,v;1 < i < n.
After that assign the labels 3";5, 3”24'7, e 5";1 to the vertices x1,xs2, -+ ,T,_1 respectively.

Finally fix the label 1 to the vertex z,.

Case 2. n is even.

Let us define the injective function A : V/(S(Gp)) — {£1,£2,---, +321} Let A(vg) = 1.

Apply the Case 1 of Theorem 3.14 labeling to the vertices u;, v;, z;, v;1 < @ < n. After that

3n+4 3n+6
2

assign the labels *%55=,

S ,57” to the vertices x1,x2, -+ ,x,—1 respectively. Finally fix
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the label 1 to the vertex z,. Hence the labeling in both cases results in 3n edges assigned the
label 1 and 3n edges without the label 1. Therefore the vertex labeling A is a PMC-labeling of
the subdivision of gear graph S(G,,). O

Theorem 3.19 The subdivision of jewel graph JL,, S(JLy) is a PMC-graph for all n > 1.

Proof Consider the subdivision of jewel graph S(JL,), n > 1. The vertex set and edge
set of S(JL,) are denoted by V(S(JL,)) = {a,b,¢,d,xz,a’, V', ¢, d'ju;,v;,w; | 1 <i < n} and
E(S(JL,)) = {ad,a’b, bV’ b c,cc,dd,dd ,d a,ax, xc,dv;, viu;, bw;, wiu; | 1 < i < n} respec-
tively. Then the order and size of S(JL,,) respectively are 3n + 9 and 4n + 10. This theorem
is analyzed by considering two cases.

Case 1. n is odd.

Define the injective function A : V(S(JL,)) — {£1,£2,---,+£329 " First assign the

2
labels 2,4,3, —4, —1 and —3, —2, 5, 6 respectively to the vertices a,b,c,d,z and a’,V’,c,d’. As-
sign the labels 7,10, - ,% and —7,-10,--- ,% to the vertices uy,us, - ,u,_o and
U, Uyg, -+ ,Up_1 Tespectively. Assign the label 1 to the vertex u,. Next assign the labels
-5, =8, , % and 8,11, - -, 3”;'7 respectively to the vertices vy, vs3, -+ ,v, and v, vy, -,
VUp—1. Also assign the labels —6,-9,--- | % and 9,12, .-, ?’”Q—Jrg respectively to the vertices
Wy, W3, , Wy, and wa, Wy, -+ , Wp_1.

Case 2. n is even.

Let us define the injective function A : V(S(JLy)) — {£1,+2, -+, £33} First assign

the labels to the vertices a,b,c,d,z and o’,b’,¢',d’" as in Case (1). Then assign the labels

7,10, - ,3”;8 and —7,—10,--- ,% to the vertices uy,us, - ,Un_1 and us, ug, - - - , Uy Te-

spectively. Next assign the labels —5, =8, -- | ’3’2“4 and 8,11,--- ,3";4 respectively to the

vertices vy, vs3, -+ ,Up_1 and va, V4, - -+ ,Up_o. Then fix the label 1 to the vertex v,,. Also assign

the labels —6,—9,--- | # and 9,12, --- | 3"2"‘6 respectively to the vertices wy,ws, -+ ,wp—1
and wo, wy, -+, Wp_o. Finally fix the label 1 to the vertex w,,. Hence the labeling in both cases
results in 2n + 5 edges assigned the label 1 and 2n + 5 edges without the label 1. Therefore the

vertex labeling A is a PMC-labeling of the subdivision of jewel graph S(JL,,). O

84. Conclusion

In this paper, we have examined the PMC-labeling behavior of the subdivision of path, cycle,
wheel, crown, helm, fan graph, friendship graph, coconut tree, double comb graph, jellyfish
graph, flower graph, sunflower graph, gear graph and jewel graph. The exploration of other
classes of graphs and the investigation of more complex PMC-labeling properties remain open

challenges.
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