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Abstract: Let G = (V, E) be a (p,q) graph. Define

£, if piseven

%71, if p is odd

p=

and L = {£1,42,43, .-, £p} called the set of labels. Consider a mapping f : V — L
by assigning different labels in L to the different elements of V when p is even and different
labels in L to p-1 elements of V and repeating a label for the remaining one vertex when
p is odd.The labeling as defined above is said to be a pair difference cordial labeling if for
each edge uv of G there exists a labeling |f(u) — f(v)| such that |Ay, — Age| < 1, where
Ay and Aje respectively denote the number of edges labeled with 1 and number of edges

not labeled with 1. A graph G for which there exists a pair difference cordial labeling is
called a pair difference cordial graph. In this paper we investigate the pair difference cordial
labeling behavior of Pair Difference Cordial Labeling of Franklin graph, Heawood graph,
Tietze graph and Durer graph.
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§1. Introduction

In this paper we consider only finite, undirected and simple graphs. Cordial labeling was
introduced in [2] by Cahit. Also cordial related labeling was studied in [15,16]. In [7] the notion
of pair difference cordial labeling of a graph was introduced and also the pair difference cordial
labeling behaviour of path, cycle, star, ladder have been studied. In [8,9,10,11,12,13,14], the
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pair difference cordial labeling behaviour of snake related graph and butterfly graph have been
investigated. In this paper we have study about the pair difference cordiality of some named
graphs like Franklin graph, Heawood graph, Tietze graph and Durer graph.

82. Preliminaries

Definition 2.1([3]) The corona graph G1 ® Gy is the graph obtained by taking one copy of Gy
and n copies of Go and joining the it" vertex of G1 with an edge to every vertex in the it" copy

G2, where G is graph of order n.

Definition 2.2([4]) Let C,, be the cycle aiasas - - - anay where n = 0(mod12). Then FG,, is the
graph with the vertex set V(FG,) = V(C,) and E(FG,) = E(Cy,) U{asi+1a4i44: 0 < i < 274}
U{a4i+3a4i+10 : 0 < i < ”T_S}U{agan_g,,an_la@}. FG,, has n vertices and 37" edges. Note that
FG1g is called the Franklin graph.

Definition 2.3([3]) Let C,, be the cycle aiazas - - - anay where n = 0(modl4). Then HG),, is the
graph with the vertez set V(HG,) = V(Cy,) and E(HG,,) = E(Cy,) U{azi11a2i46 : 0 < i < 254}
U{azan—3,an-1a4}. HG, has n vertices and 37" edges. The graph HG14 is called the Heawood
graph which is given in Figure 1.
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Figure 1

Definition 2.4([3]) Let C, be the cycle vivavs - - -v,v1 where n = 0(mod9). Then TG, is
the graph with the vertex set V(TG,) = V(Cp) Wugi—2 : 1 <i < 2} and BE(TG,) = E(Cy)
U{uszi—2vsi—2 0 1 <i < ZHU{ugi1uzipz 1 1 <0 < "T_?’} U{up—1us}. TG, has %" vertices and
2n edges. Note that TGy is called the Tietze graph.

Definition 2.5([3]) Let C,, be the cycle vivavs - --vyv1 where n = 0(mod6). Then DG, is
the graph with the vertex set V(DG,) = V(Cy) UW{g; : 1 < i < n} and E(DG,) = E(C,)
U{givi : 1 <@ < n}U{gigit2 : 1 <i <n—2} UWgng2,gn-191}.- DG, has 2n vertices and 3n
edges. The graph DGy is called the Durer graph.
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83. Main Results

Theorem 3.1 FG,, is pair difference cordial for all values of n = 0(modl12).

Proof Take the vertex set and edge set from definition 2.2.
Assign the labels 1,2,3,---, 3 to the vertices a1,a2,as3, -+ ,az respectively and assign

2
labels —4, —6, —5, —7 respectively to the vertices Ants,Ant10,Ant12,0ni1s and assign the labels

the labels —1,—-2,—-3,,--- , —2 respectively to the vertices Ant2,0nta,Anie. Next assign the

—8,—10,—9, —11 respectively to the vertices Ant16,0 418,020 ,Ani22 . Proceeding like this

until we reach the vertex a,. Here Aye = Ay = ‘%”. O

Theorem 3.2 HG,, is pair difference cordial for all values of n = 0(modl14).

Proof Take the vertex set and edge set from Definition 2.3.

Assign the labels 1,2,3,---, % to the vertices ai,az,as, - ;az respectively and assign

2
labels —4, —6, —5, —7 respectively to the vertices an+s,@n+10,an+12,an+14 and assign the labels
2 2 2 2

the labels —1,—-2,—-3,,---, —2 respectively to the vertices Ung2,Gnts A . Next assign the

—8,—10,—9, —11 respectively to the vertices An416,0 nt18 A 420 ,0 ng22 . Proceeding like this
until we reach the vertex a,,.

The Table 1 given below establish that this vertex labeling f is a pair difference cordial of
HG,, for n = 0(modl4).

Nature of n = 14k Age Ay,
n = 14k, k is odd % ?mff
n = 14k, k is even 3; ST”
Table 1
This completes the proof. O

Theorem 3.3 TG, is pair difference cordial for all values of n = 0(mod9).

Proof Take the vertex set and edge set from Definition 2.4.

Assign the labels 1,2,3,--- ,%" respectively to the vertices vy, vq,vs, - - - CE and assign
the labels —1,-2,-3,--- , =% to the vertices Vzngs, Vznts, Uznto, ~* -, Up respectively. Next

assign the labels to the vertices u;, 1 < i < n. There are two cases arises.

Case 1. n is even.

Assign the labels f”T'H)’,f"T'H), 7%15,. o ,7(%" — 3) respectively to the vertices uq, us, us,
yUns and assign the labels —%‘6,—%12, —%,- . ,—(2?” — 2) to the vertices ux=, Ungs,
Unie, -+ ,Un—2 Tespectively. Finally assign the labels —(&* — 1),— (%) respectively to the
3
vertices Uy, _1, Up.
Case 2. n is odd.
Assign the labels —%‘67— "'*:'312, —%18,- o ,—(%" —3) respectively to the vertices uy, us, us,
i Unos and assign the labels _%_3’_,%9, —%15,- .- 7—(2?" — 2) to the vertices Unigs, Unis,
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Ungo, - 5 Un—3 respectively. Lastly assign the labels — (2 — 1),—(2%) respectively to the

vertices u,_1,Un. In both cases, we get Aff = Ay =n. O

Theorem 3.4 DG,, is pair difference cordial for all values of n = 0(mod6).

Proof Take the vertex set and edge set from Definition 2.5.

Assign the labels 1,2,3, - ,n to the vertices vy, va,v3, - , v, respectively and assign the
labels —1, -2, -3, -+, —§ respectively to the vertices g1,93, g5, - - ,gn—1. Now assign the labels
—"7%,—”7”,—%12, -+« ,—(n — 3) respectively to the vertices g2,94, g5, - - - s and assign the
labels —”T“,—”T%,—”ng, -+« ,—(n — 2) respectively to the vertices gn2,gniz,guie, - s Gno2-

Finally assign the labels —(n — 1), —n respectively to the vertices g,—_1, gn.

Clearly Afe = Ay, = 37” A pair difference cordial labeling of DGg is given in Figure 2.

Figure 2

Theorem 3.5 FG,, © K is pair difference cordial for all values of n = 0(modl12).

Proof Let V(FG,0K;) = V(FG,)U{x; : 1 <i<n}and E(FG,0K,) = E(FG,)U{a;x; :
1 <4 <n}. Note that FG,, ® K; has 2n vertices and 57" edges.

Assign the labels 1,5,9,--- ,n — 3 respectively to the vertices x1,z3, 25, -+ , 2,1 and
assign the labels 4,8,12,--- . n to the vertices zs, x4, xg, - , T, respectively. Next assign the
labels 2,6,10,--- ,n — 2 respectively to the vertices a1, as,as, -+ ,a,—1 and assign the labels
3,7,11,--- ,n — 1 to the vertices as, a4, ag, - - - , a, respectively.

Now assign the labels —1,—3, —5,--- , —(n — 1) respectively to the vertices x1, xa, 23,

-, &, and assign the labels —2, —4, —6,--- , —(n) to the vertices a1, as,as, - - , a, respectively.

Clearly Aye = Ay, = 5n O

Theorem 3.6 HG, ® K is pair difference cordial for all values of n = 0(mod14).

Proof Let V(HG, ® K1) =V(HG,)U{z;:1<i<n}and E(HG, ®© K,) = E(HG,)U
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{a;z; : 1 <i < n}. Note that HG,, ©® K has 2n vertices and 57" edges.

There are two cases arises.

Case 1. n = 14k where k is odd.

Assign the labels 1,5,9, - - - , n—>5 respectively to the vertices x1, z3, x5, - - - s Tn_a and assign
the labels 4,8,12,--- ,n — 2 to the vertices xa, x4, g, - s Tn_z respectively. Next assign the
labels —1, —3, =5, - - - , —(n— 3) respectively to the vertices T, Tng2,Tnta, o, Tnog and assign
the labels —2, —4,—6,--- , —(n — 2) to the vertices an, Ang2,Qng, - an_2 respectively.

Now assign the labels 2,6, 10, - - - , n—4 respectively to the vertices a1, a3, as, - - s Qs and
assign the labels 3,7,11, - ,n—3 to the vertices as, aq, ag, - - ;@n_2 respectively. Lastly assign

the labels n — 1,n, —(n — 1), —n respectively to the vertices a,—1, an, Tn—1,Tn.
Case 2. n = 14k where k is even.

Assign the labels 1,5,9, - - - , n—3 respectively to the vertices x1, x3, x5, - - s Loz and assign
the labels 4,8,12,--- ,n to the vertices 2,4, s, - , Tz respectively. Next assign the labels
—1,-3,-5,--+,—(n — 1) respectively to the vertices Tz, Tnga,Tnto, -, In and assign the
labels —2,—4, —6,--- , —(n) to the vertices Ung2, Gngs,Gnge, - 5 An respectively.

Now assign the labels 2, 6, 10, - - - , n— 2 respectively to the vertices aq, as, as, - - y@n_2 and
assign the labels 3,7,11,--- ,n — 1 to the vertices ag, a4, ag, -+ ,az respectively. Lastly assign
the labels n — 1,n, —(n — 1), —n respectively to the vertices an—_1, an, Tn_1, Tn.

The Table 2 given below establish that this vertex labeling f is a pair difference cordial of
HG, © Ky, n =0(modl4).

Nature of n Age Ay,
n = 14k, k is odd % #
n = 14k, k is even 5n bn
Table 2
This completes the proof. O

Theorem 3.7 DG, ® K is pair difference cordial for all values of n = 0(mod6).

Proof Let V(DG,, ®© K1) = V(DG,)U{z;y;: 1 <i<n}and (DG, ®K;) = E(DG,)U
{gizi,v;y; : 1 <i < n}. Note that HG,, ® K7 has 4n vertices and 5n edges.

Assign the labels 1,5,9,---,2n — 3 respectively to the vertices y1,ys3,¥s5, - ,Yn—1 and
assign the labels 4,8,12,--- 2n to the vertices y2,v4,¥s, " - - , Yn respectively. Next assign the
labels 2,6,10,--- ,2n — 2 respectively to the vertices v, vs,vs, - ,v,—1 and assign the labels
3,7,11,--- ,2n — 1 to the vertices vs, vy4,vg, - - - , Uy, respectively.

Now assign the labels —1, —3, =5, - - , —(2n—1) respectively to the vertices x1, xa, T3, , Ty
and assign the labels —2, —4, —6,--- , —(2n) to the vertices g1, g2, g3,

-+, gn respectively.
Obviously Age = Ay, = 5n O

Theorem 3.8 TG,, ® K is pair difference cordial for all values of n = 0(mod9).
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Proof Let V(TG, © K1) =V(TG,)U{zsy;:1<i<n,1<j<2}and E(TG, © K;) =
E(TG,)U{viz;,ujy; 1 <i<n,1<j< ”} Note that T'G,, ©® K; has 8—" vertices and 107"

edges. Our proof is divided into three cases.
Case 1. n = 0(mod36).

Assign the labels 1,5,9,--- ,n — 3 respectively to the vertices x1,xs, x5, - - yTn2 and
assign the labels 4,8,12,--- ,n to the vertices x2,z4, %6, -+ ,xz respectively. Next assign the
labels 2,6,10,--- ,n — 2 respectively to the vertices vy, vs, vs, - - s Un_2 and assign the labels
3,7,11,- -+ ,n —1 to the vertices vz, vy, vs, -+ , vz respectively.

Assign the labels —1,—5,—9,--- , —(n — 3) respectively to the vertices Tng2, Tnts,

Tnt10, -0, Ty and assign the labels —4, —8, —12,--- , —n to the vertices Tngs, Tnis,
Tngiz, -, Tp respectively. Next assign the labels —2, —6, —10, - - - , —(n —2) respectively to the
vertices Ung2, Ungs, Untlo, "« Up—1 and assign the labels —3, -7, —11
— (n —1) to the vertices Ungd, Ungs, Ungiz, -+, Un respectively.
Now we assign the labels (n + 1), (n + 3), (n + 5),--- , 223 respectively to the vertices

3
u1,ug,ug, -+ ,un and assign the labels (n+2), (n+4), (n+6), -, %" to the vertices y1, y2, y3,

,y= respectively. Next assign the labels —(n+1), —(n+5), —(n+9), - - - , —(#22) respectively

to the vertices Unto,Untiz, Untis, -, Usy and assign the labels —(n + 3),—(n+7),—(n+

11),-- -, 7(4”373) respectively to the vertices Ynio,Yniiz, Ynsis, o, Ysn. Now assign the labels

—(n+2), —(n+6), —(n+10), - - -, —(429) respectlvely to the vertlces Usng12, Usngad, Usnise, -

u,, and assign the labels —(n +4), —(n + 8), —(n + 12),--- , —(4*) respectlvely to the vertices

y3n1<;l2 5 y3n1§24 5 y3n14536 syt s Yn-

Case 2. n = 9(mod36).

Assign the labels 1,5,9, - - - , n—4 respectively to the vertices x1, z3, x5, - - - yTn_s and assign
the labels 4,8,12,--- ,n — 1 to the vertices x5, x4, ¢, - - - Lot respectively. Next assign the
labels 2,6,10,--- ,n — 3 respectively to the vertices vy, vs,vs, - »Un_s and assign the labels
3,7,11,--- ,n — 2 to the vertices vy, v4,vg, - - ,

CESST respectively.

Assign the labels —1, —5, =9, - - - | —(n—4) respectively to the vertices Tngt, Tots, Toto, -+,
Zn—o and assign the labels —4, —8,—12,--- | —(n—1) to the vertices Tongs, Togt, Trgit, oo, Tn)
respectively. Next assign the labels —2,—6,—10,--- ,—(n — 3) respectively to the vertices
Uit Ungs, Vngo,*++ 5 Un—2 and assign the labels —3,—7,—11,---,—(n — 2) to the vertices
Ungs, Ungt, Unigii, © o Un—1 respectively. Assign the labels n, —n respectively to the vertices

Uy Ty

Now we assign the labels (n + 1), (n 4 3),(n + 5),- -+, 255 respectively to the vertices
Uy, Ug, Uz, Unzs and assign the labels (n + 2),(n +4),(n + 6),--- , 4%=2 to the vertices
Y1,Y2,Y3, -+, Yn=s respectively. Next assign the labels —(n+1), —(n+5), —(n+9), - - -, —(42512)
respectively to the vertices Unts, Unto, Untis, -+, Uns and assign the labels —(n + 3), —(n +
7), —(n+11),- -+, —(42512) respectively to the vertices Ynis,Ynso,Yniis, -, Ynos. Now assign
the labels —(n +2), —(n +6), —(n 4 10), - - - , —(42512) respectively to the vertices Un_1,Unts,
Ungz, -, Uns and assign the labels —(n+4), —(n+8), —(n+12),--- , —(*%=2) respectively to

the vertices yn 1, Ynss, Yntr, oo+, Yno. Now assign the labels —(4n53), —(4255), —(4), (&)
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respectively to the vertices Un_s,Yn_s,Un, Yz
Case 3.n = 18(mod36).

Assign the labels 1, 5,9, - -+ ,n—5 respectively to the vertices x1, z3, x5, - - - ) Tnd2 and assign
the labels 4,8,12,--- ;n — 3 to the vertices xa, x4, xg, - s Tn_2 respectively. Next assign the
labels 2,6,10,--- ,n — 4 respectively to the vertices vy, vs,vs, - s Uns and assign the labels
3,7,11,--- ,n — 2 to the vertices vy, v4,vg, - - -,

Un_z respectively.

Assign the labels —1, -5, —9,--- , —(n — 5) respectively to the vertices Lo, Tngs, Tngs,

-, Tp—3 and assign the labels —4, —8 —12,--- . —(n — 3) to the vertices Tugz,Tugs,
Tng10, -, Tpg respectively. Next assign the labels —2, —6, —10,--- , —(n — 4) respectively to
the vertices U, Untd, Ungs, oo, Un—3 and assign the labels —3, -7, —11,

-, —(n—2) to the vertices Unt2,Unt6, Untlo, U3 respectively. Next we assign the labels

n—1,n,—(n — 1), —n respectively to the vertices x,_1,Vn_1,Tn, Up.

Now we assign the labels (n + 1), (n + 3),(n 4+ 5),--- , 223 respectively to the vertices
U1, Uz, u3, -+ ,un and assign the labels (n+2), (n+4), (n+6),-- -, %" to the vertices y1, vz, y3,
-++,yn respectively. Next assign the labels —(n+1), —(n+5), —=(n +9),- - , —(*2512) respec-

tively to the vertices Unto,Untiz, Untis, -, Un=2 and assign the labels —(n+3), —(n+7), —(n+

11),--- 7—(4"3_6) respectively to the vertices Ynio, Ynitz, Ynits, -, Ynz. Now assign the la-

bels —(n+2), —(n+6), —(n+10),- -, —(22515) respectively to the vertices Unt2, Unto, Untio,
Sy Unos and assign the labels —(n+4), —(n + 8), —(n + 12), -+ , —(4%=2) respectively to the

Vertices Ynta,Ynto,Yntio, -, Yn_s. Finally assign the labels 7(4"373), 7(4?”) to the vertices
4 3

Un,Vn.
3773
In all the three cases, Aje = Ay = —1%”. O
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