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§81. Introduction

We consider only finite, undirected and simple graphs. The notion of pair difference cordial
labeling of graphs was introduced in [4]. Pair difference cordial labeling behaviour of several
graphs like path, cycle, star, Mirror graph, Shadow graph,double fan, mangolian tent, grid
etc have been investigated in [4-10]. In this we investigate the pair difference cordial labeling
behaviour of subdivision of wheel and comb graphs. Terms not defined here follow from Harary
[2,3].

§2. Preliminaries
Definition 2.1([7]) A subdivision graph S(G) of a graph G is obtained by replacing each edge
wv by a path uvw.

Definition 2.2([4]) Let G = (V, E) be a (p,q) graph. Define

g, if p is even
P

P=9 01 ., .
5=, ifpis odd

and L = {£1,4+2,43,--- ,+£p} called the set of labels. Consider a mapping f : V — L
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by assigning different labels in L to the different elements of V when p is even and different
labels in L to p-1 elements of V and repeating a label for the remaining one vertex when p
is odd. The labeling as defined above is said to be a pair difference cordial labeling if for each
edge wv of G there exists a labeling |f(u) — f(v)| such that |Ay, — Aye| < 1. Otherwise, it is
> 2, where Ay, and Age

respectively denote the number of edges labeled with 1 and number of edges not labeled with 1.

called a Smarandachely pair difference cordial labeling if ‘Afl — Age

A graph G for which there exists a pair difference cordial labeling or Smarandachely pair
difference cordial labeling is called a pair difference cordial graph or Smarandachely pair differ-

ence cordial graph.

Theorem 2.3([7]) A wheel W, is pair difference cordial if and only if n is even.

83. Main Results

Theorem 3.1 A subdivision of the wheel W,,, S(W,,) is pair difference cordial for all values of
n > 3.

Proof Let us take the vertex set and edge set of S(W,,) as follows: V(S(W,,)) = {a, a;, b;, u; :
1 <i<n}and E(SW,)) = {aa;, a;ib;,bju; : 1 < i <np{ubipq 11 <i<n—1}U{byus}.
This graph has 3n + 1 vertices and 4n edges.

Case 1. n is even.

Assign the labels 1,4,7,--- | 3”2_4 respectively to the vertices a1, az,as, -+ ,az and assign
the labels 2,5,8,--- | 3”2_2 to the vertices by, ba, b3, -+, bz respectively. Next assign the la-
bels —1,—4,—7,--- ,—(%) to the vertices Ung2,@ngs, Ange, -, A respectively and assign
the labels —2,—5,-8,--- ’7(%) to the vertices bnTH,bnTM,bnTM,"' ,bn, . Now we assign
the labels 3,6,9,--- ,37” respectively to the vertices ui,uz2,us, -+ ,uz and assign the labels
-3,—6,-9,---, —(37") to the vertices Ung2, Ungs, Ungs, = 5 Un respectively. Finally assign the

label 1 to the vertex a. Clearly in this case Age = Ay, = 2n.

Case 2. nis odd.

Assign the labels 1,4,7, - | 3"2_7 respectively to the vertices a1, as, as, - - - sAn_1 and assign
the labels 2,5, 8, - -, 3"2_5 to the vertices by, ba, bs, - - - ,bnT—l respectively. Next assign the labels
—-1,—4,-7,---, —(3"7_7) to the vertices Antl,Gngs, Qngs, o 5 An1 respectively and assign the
labels —2, -5, —8,--- ,—(3"7*5) to the vertices b%,b%z,b%s, -++,by_1 . Now we assign the
labels 3,6,9, - ,# respectively to the vertices wy,us,us, - - sUn_i and assign the labels
-3,—6,—9,---, —(%) to the vertices U, Unis, Ungs, = 5 Un—1 respectively. Finally assign
the label 3”2_1 , —(3";1 ), —(3"2_1 ), 3";1 to the vertices a, a,, by, u, . Clearly in this case Aye =
Afl =2n. O

Theorem 3.2 A subdivision of the spokes of wheel W, is pair difference cordial for all values
of n > 3.

Proof Let G4 be the subdivision of the spokes of the wheel W, with the vertex set V(Gy) =
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{a,a;,b; : 1 < i < n} and edge set E(Gs) = {aa;,a;b; : 1 < i < npU{bbiy1 : 1 <i <
n — 1} U {bya1}. Here the graph G has 2n + 1 vertices and 3n edges.

Case 1. n = 0(mod4).

Assign the labels 2,6,10,--- ,n — 2 respectively to the vertices aq,as,as,--- ;An_2 and
assign the labels 5,9,13,--- ,n — 3 to the vertices asg, aq4, ag, - - - »@n_s respectively. Next assign
the labels —1,—5,-9,--- ,—(n — 3) to the vertices Ung2,Qngs, Gngio, - 5 An—1 respectively
and assign the labels —4, -8, —12,--- | —n to the vertices Anga, Gngs, Angiz, - On. Now we
assign the labels 3,7,11,--- ,n — 1 respectively to the vertices by, bs, b5, - ,bnT—2 and assign
the labels 4,8,12,--- ,n to the vertices bo, by, bg, - - - ,bn;4 respectively. Next assign the labels
—2,-6,—10,--- ,—(n — 2) to the vertices bnTu,bnTw,b#, -+ ,b,_1 respectively and assign
the labels —3,—7,—11,--- ,—(n — 1) to the vertices bnTH,bnTJréé,b#,"' ,b,. Finally assign

the labels 1,7 — 1,n to the vertices a,az,bz.

Case 2. n = 1(mod4).

Assign the labels 2,6,10,--- ,n — 3 respectively to the vertices ay,as,as, - - san_s and
assign the labels 5,9,13,--- ,n to the vertices as,aq,ag, - - ;an_1 respectively. Next assign
the labels —1,—5,—9,---  —(n —4) to the vertices Ungt, Qngs, o, - 5 Gn—2 respectively and
assign the labels —4, —8,—12,--- , —(n—1) to the vertices Ungs,Qngt, Gnian, 5 An1. Now we
assign the labels 3,7,11,--- ,n—2 respectively to the vertices by, bs, bs, - - - ,bnT—il and assign the
labels 4,8,12,--- ,n — 1 to the vertices by, by, bg, - - - 7bnT—1 respectively. Next assign the labels
—2,—6,—10,--- ,—(n—3) to the vertices b%,b#,b#, -++, by_o respectively and assign the
labels —3,—7,—11,--- , —(n — 2) to the vertices b#,b#,b%, -+ ,by_1. Finally assign the

labels 1, —(n — 1), —n to the vertices a, a,, by,.
Case 3. n = 2(mod4).

Assign the labels 2,6,10,--- ,n — 4 respectively to the vertices ay,as,as,--- »An_a and
assign the labels 5,9,13,--- ;n — 1 to the vertices aq, a4, ag, - - - 1an_2 respectively. Next assign
the labels —1,—5,—9,--- ,—(n — 1) to the vertices Angz, Gngo,Ansi0, - Ay respectively and
assign the labels —4, —8,—12,--- | —(n—2) to the vertices Unga,Gngs, Gniaz, 5 An1. Now we
assign the labels 3,7,11,--- ,n— 3 respectively to the vertices by, bs, bs, - - - ,bnT—AL and assign the
labels 4,8,12,--- ,n — 2 to the vertices by, by, bg, - - - 7bnT72 respectively. Next assign the labels
—2,—6,—10,--- , —n to the vertices b#,b#,b#, -+« by, respectively and assign the labels
-3,-7,—11,--- ,—(n — 3) to the vertices b#,b#,b%, -+ ,b,_1. Finally assign the labels

1,n —1,n to the vertices a,az,bz.

Case 4. n = 3(mod4).

Assign the labels 2,6,10,--- ,n — 5 respectively to the vertices ay,as,as, - yAns and
assign the labels 5,9,13,--- ,n — 2 to the vertices as, a4, ag, - - - sans respectively. Next assign
the labels —1,—5,—-9,--- | —(n — 2) to the vertices Angl; Qngs, Gngo, 5 A1 respectively and
assign the labels —4, —8,—12,--- , —(n—3) to the vertices Ungs, Qngt, Gnian, 5 Gn2. Now we
assign the labels 3,7,11,--- ,n—4 respectively to the vertices by, b3, b5, - - - ,bnT—ES and assign the

labels 4,8,12,--- ,n — 3 to the vertices by, by, bg, - - - ,banaz respectively. Next assign the labels
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—2,—6,-10,--- ,—(n—1) to the vertices b%,b#,b#, -++, b,_1 respectively and assign the
labels —3,—7,—11,--- , —(n — 4) to the vertices bnTH7bnT+77bn«;ll ,*+* ,bn_o. Finally assign the
labels 1, —n,, —(n — 1) respectively to the vertices a, a,, b, and assign the labels n,n — 1 to the
vertices a n1, banl respectively.

Table 1 given below establishes that this vertex labeling gives subdivision of spoke of the

wheel is pair difference cordial.

Nature of n Age Ay
n=0 (mod 4) 3n 3n
n=1 (mod 4) Sn-l sntl
n =2 (mod 4) % %
n =3 (mod 4) dn-l sntl
Table 1
This completes the proof. O

Theorem 3.3 A subdivision of the rim edges of the wheel W, is pair difference cordial for all

values of n > 3.

Proof Let G, be the subdivision of rim edges of the wheel graph with the vertex set
V(Gr) ={a,a:,b; : 1 <i<n} and edge set

E(G,) ={aa; : 1 <i<n}U{ab;,a;41b; : 1 <i<n-—1}U{byai}.
Certainly, the graph G, has 2n + 1 vertices and 3n edges.

Case 1. 3 <n <11.

Tables 2 and 3 shows that subdivision of rim edges of the wheel is pair difference cordial
for all values of 3 < n < 11. Assign the label 1 to the vertex a.

n al as as a4 as ae ar as ag aio aii a
3 2 4 | =2 1
4 2 4 1 -1 -3 1
5 2 4 | -1 |-3]-5 1
6 2 4 6 2| 4] -5 1
7 2 4 6 -1|-3]-5]-6 1
8 2 4 6 8 | -2 | -4 -7|-8 1
9 2 4 6 8 | -1|-3]-5]-8]-9 1
10 | 2 4 6 8§ |10| -2 |-4)|-6|-10]| -7 1
11 | 2 4 6 g |10|-1 (-3 |-5]|-7T|-11] -8 |1




120 R. Ponraj, A. Gayathri and M. Sivakumar

=
[y
=
»
S
w

b4 b5 b6 b7 b8 bg bl 0 b 11

|
—

|
w

Ol ||l |o s~ |w |3

—_
o

W W | W W | W |w|w|w|w
QU O | Ot O | Ot | O Ot | i

—_
—

Table 3
Case 2. n=0(mod4),n > 12.

Assign the labels 2,4,6, - - ,n respectively to the vertices ay,az,as, -+ ,az and assign the

labels —2,—4,—6,-- -, —(%) to the vertices ani02,@nt1,Ants, -+ ,a3n+a Tespectively and as-
2 2 4

sign the labels — (2£8), —(248) —(2410) ... —(3241) respectively to the vertices Q308 , Gansiz,

Asngie, -, Gn. Now we assign the labels 3,5,7,--- ,n — 1 respectively to the vertices by, ba, b3,

,b%. Next assign the labels —1, -3, =5, - - - ,—(’%2) to the vertices bng,bnTH,bnTH,"' ,b%

3n1—12 )’7(3n1-16 )’ .

tices b3n4+4, b3n4+8, b3n1—12 ;- ,bn_1. Next assign the labels 1,n respectively to the vertices

respectively and assign the labels 7(3"1 8),—( -, —n respectively to the ver-

a,by.
Case 3. n = 1(modd),n > 13.

Assign the labels 2,4,6,--- ,n — 1 respectively to the vertices ai,as,as, - ;@n1 and

. 5 .
assign the labels —1,—3,—5,---, —(2£2) to the vertices a,412,anss,ants5, - ,asnis TESPEC-
2 2 4
7

tively and assign the labels —(247),—(242) — (2t ... —(22ED) respectively to the ver-

tices asn+9, @3n+13, Qsnti7, -+ ,a, . Now we assign the labels 3,5,7,--- ,n respectively to
4 4 4

the vertices by, bo, b3, - - - ,banl. Next assign the labels —2, -4, —6, - - - ’_(HT%) to the vertices
3n+9 3n+13 3n+17

( n4+ )’_( nil )7_( njlrl )7
—n respectively to the vertices ban4+5, bSn4+97 b3n4+13 ;o ,bp—1. Next assign the labels 1,n re-

brnt12,bn43,bnes, -+, bsnt1 respectively and assign the labels —
2 2 4

9

spectively to the vertices a, b,,.
Case 4. n =2(mod4),n > 14.

Assign the labels 2,4,6, - -, n respectively to the vertices a1, az,as, -+ ,az and assign the

labels —2, -4, —6,- - -, —(’%2) to the vertices a,422,@n+4,an46,--- ,asn+2 respectively and as-
2 2 4

sign the labels — (%), —(2£8) —(2£8) ... —(3%E2) regpectively to the vertices A3nt6, A3ntio,
Aangia, -, Ay - Now we assign the labels 3,5,7,--- ,n — 1 respectively to the vertices by, by, b3,
e ,b%. Next assign the labels —1, -3, =5, -+ | —(”T“) to the vertices bng,bnéj,b%ﬁ, e ,b%

respectively and assign the labels — (252, —(22k0) (304103 ... p respectively to the ver-

tices b3'n.4+2, b3n4+a, b3n4+10,~-~ ,bn—1. Next assign the labels 1,1 respectively to the vertices

a,b,.
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Case 5. n = 3(mod4),n > 15.

Assign the labels 2,4,6,--- ,n — 1 respectively to the vertices a1, as,a3, -+ ,an-1 and

2
assign the labels —1,—-3,—5,--- ,7(%"3 to the vertices Ant12,@ngs, Angs, "+, Gangs TeSpec-
tively and assign the labels —(242),—(247) —(2£2) ...  —(323) respectively to the vertices
A3ntt, Gsniil, Asntis, - ,0p - Now we assign the labels 3,5,7,--- ,n respectively to the

vertices by, bo, b3, - - ,b%. Next assign the labels —2,—4, —6, - - ,—(”7“) to the vertices

3711_11)’7(3”1_15)7 e

—n respectively to the vertices b3n4+3, b3n4+7, bSnIll ;o ,bn_1. Next assign the labels 1,n re-

bpy12, b% , bnT%, - bsn;l respectively and assign the labels — (3%£0) —(

spectively to the vertices a, b,,.
Table 4 given below establishes that this vertex labeling gives subdivision of rim edges of

the wheel is pair difference cordial.

Nature of n Age Ay
n=0 (mod 4) 3n 3n
n=1 (mod 4) e ntl
n =2 (mod 4) 37” %n
n =3 (mod 4) % 3”—;1

Table 4

A pair difference cordial labeling on subdivision of rim edges of the wheel Wj is shown in

Figure 1.

=
3

(V]

Figure 1

This completes the proof. O

Theorem 3.4 A subdivision of comb P, ® K is pair difference cordial for all values of n > 2.

Proof Let the vertex set and edge set be V(P, ® K1) = {ai,b;,¢; : 1 <i<n}U{d;:1<
i<n—1}and E(P, ® K1) = {a;b;,b;c; : 1 <i <n}U{a;d;,dja;41 : 1 <i<n—1}. There are
4n — 1 vertices and 4n — 2 edges.

There are four cases arises.
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Case 1. n is even.

Assign the labels 3,6,9,--- ,37" to the vertices a1, az,as, -+ ,az respectively and assign
the labels 2,5,8,--- | 3"2_2 respectively to the vertices b, b2, b3, -+ ,ba. Next assign the labels
1,4,7,---, 3"2_4 to the vertices ¢1, ¢z, ¢3,- -+, ca respectively and assign the labels —3, -6, -9,

. ,—(3”2’6) respectively to the vertices Ung2,@nga, Gngo, 5 An1. Now we assign the la-
bels —2,—5,-8,--- ,f(#) to the vertices b%ﬁ,bnTM7bnT+67"‘ ,bn_1 and assign the label-
s —1,—4, —7,--- ,—(%) to the vertices Cni2,Cngs, Cngo, o Cn. Next assign the labels
#,3";4 , 3”24'6, -+, 2n—1 respectively to the vertices dy, ds, ds, - - - , danz and assign the labels
—(3";2),—(3”;4), —(3";6), -++,—(2n—1) to the vertices d%,d# ,d#, -+, dp_s respectively.
Finally assign the labels —(37"), —(3"2’2)7 1 respectively to the vertices by, @y, tp_1-

Case 2. n=3.

Assign the labels 1,2, 3, —1, -2, —3, 4, —4, —4 respectively to the vertices c1, b1, a1, ¢2, ba, as,
cs3, b3, as and assign the labels 5, —5 to the vertices dy, ds respectively.

Case 3. n=25.

Assign the labels 1,2, 3,4, 5,6 respectively to the vertices ¢y, b1, a1, ca, bo, as and assign the
labels —1, -2, -3, —4,—5,—6 to the vertices cs, b3, as, c4, b4, ay respectively. Next assign the
labels 7, —7,8, —8 respectively to the vertices d1, d2, ds, ds and assign the labels —9, —9,9 to the

vertices as, bs, c5 respectively.

Case 4. nisoddn > 7.

Assign the labels 3,6,9,--- , % to the vertices aq,as,as, - - 1an_1 respectively and as-
sign the labels 2,5,8,--- | 3”2_9 respectively to the vertices by, bo, bs, - - - ,bnT—l. Next assign
the labels 1,4,7,---, 3"2_4 to the vertices ¢1,cg,c3,- -+, ca respectively and assign the labels
-3,—6,-9,--- ,—(%) respectively to the vertices Antz,@nta,Gngs, 5 Gn1- Now we as-
sign the labels —2, —5, —8, - - | —(3”2—’8) to the vertices bnTH,bnTH,bnTM, -+, by_1 and assign the
labels —1,—4,—7,--- ,7(3”2_4) to the vertices Cng2,Cngs Crge, , Cn. Next assign the labels
%,%,3"%6, --+,2n —1 respectively to the vertices dy, ds, ds, - - - ,d"n,2;2 and assign the labels
—(3";2), —(3";4),—(3";6), -++,—(2n—1) to the vertices d%,dnTH,dnTH, -+, d,_o respectively.

Finally assign the labels —(37"), —(3”2’2)7 1 respectively to the vertices by, an, Uy _1.

In all the cases, we have Ay, = Age = 2n — 1. O

Theorem 3.5 A subdivision of the edges of the path P, in the comb P, ® Ky is pair difference

cordial for all values of n > 2.

Proof Let G be subdivision of the edges of the path P, in the comb graph P, ® K;.
Let the vertex set and edge set be V(G) = {a;,b; : 1 <i<n}U{¢:1<i<n-1} and
E(G) ={ab; : 1 <i<n}U{aci,cair1 2 1 <i <n—1}, which has 3n — 1 vertices and 3n — 2

edges. There are two cases arises.
Case 1. n is even.

Subcase 1.1 n = 2.
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Assign the labels 1,2,1, -2, —1 respectively to the vertices by, ay, c1, as, by respectively.

Subcase 1.2 n > 4.

Assign the labels 3,6,9,--- ,% to the vertices bg, b3, by, -+, bz respectively and as-
sign the labels 1,4,7,---, 3”2_4 respectively to the vertices ai,az,as, -+ ,az. Next assign the
labels 5,8, 11,--- ,% to the vertices c¢q,co,c3,- - s Cn_2 respectively and assign the label-
s —1,-3,-5,--- ,—n + 1 respectively to the vertices Antz,Gnia,Gnte, ", Ap. Now we as-
sign the labels —2, -4, —6,--- , —n to the vertices bnTH,bnTH,bnTM, .-+, b, and assign the labels
—(n+1),—(n+2),—(n+3) -+, —(2%2) to the vertices Ca,Cng2,Cnga, -+, Cyg. Finally assign

the labels 2, —(3”2_2) respectively to the vertices by, cp—1.

Case 2. n is odd.
Subcase 2.1 n = 3.
Assign the labels 1,2, —1, —2, 3, —3, 4, —4 respectively to the vertices by, a1, ba, as, b3, as, c1, .

Subcase 2.2 n > 5.

Assign the labels 3,6,9, - -, % to the vertices ¢1, ¢, c3, -+, Cns respectively and assign
the labels 1,4,7,--- ,3”;7 respectively to the vertices by, bo, b3, - - ,b%. Next assign the
labels 2,5,8,-- ,% to the vertices ay,as,as, - san_t respectively and assign the labels
—1,-3,—5,---, —n respectively to the vertices Angl,Ans, Anis, -, An. Now we assign the
labels —2, —4, —6,--- , —n—1 to the vertices bnT-%—l7bnT+37bnT+5, .-+, b, and assign the labels —(n-+
2),—(n+3),—(n+4),---,—(¥51) to the vertices Cufl,Cngs,Cats, o+, Cno1. Finally assign
the labels 3"%11 to the vertex Cni.

Table 5 given below establishes that this vertex labeling gives subdivision of the edges of
the path P, in the comb graph is pair difference cordial.

Nature of n Age Ay
n is odd 3”{ = 37”
n is even # #
Table 5
This completes the proof. O

Theorem 3.6 A subdivision of the pendant edges of the comb P, ® Ki in the comb is pair

difference cordial for all values of n > 2.

Proof Let G be subdivision of the pendant edges of the path P, in the comb P, ® K;. Let
the vertex set and edge set be V(G) = {a;,b;,¢; : 1 <i<n}and E(G) = {a;b;,bic; : 1 <i<n},

which has 3n — 1 vertices and 3n — 2 edges.
Case 1. n is even.
Subcase 1.1 n =2.

Assign the labels 1,2,1, -2, —1 respectively to the vertices by, ay, c1, as, by respectively.
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Subcase 1.2 n > 4.

Assign the labels 3,6,9,--- ,3";6 to the vertices by, bs, by, -, bz respectively and as-
sign the labels 1,4,7,--- | 3”2’4 respectively to the vertices ai,as, a3, -+ ,az. Next assign the
labels 5,8,11,--- ,% to the vertices cy,ca,c3," - sCn_2 respectively and assign the label-
s —1,—3,—-5,---,—n + 1 respectively to the vertices Unt2,Gnta,nte, ", An. Now we as-
sign the labels —2, -4, —6,--- , —n to the vertices bnTﬁ,bnTM,bnTM7 -+, b, and assign the labels
—(n+1),—=(n+2), = (n+3) -, —(3%2) to the vertices Cg,Cng2,Cata, -, Cng. Finally assign

the labels 2, 7(3"2*2) respectively to the vertices by, c,_1.
Case 2. nis odd.
Subcase 2.1 n = 3.

Assign the labels 1,2, —1, —2, 3, —3, 4, —4 respectively to the vertices by, a1, bo, as, b3, as, c1, ca.

Subcase 2.2 n > 5.

Assign the labels 3,6,9, - | # to the vertices c1, co,c3,- - -, Cns respectively and assign
the labels 1,4,7,--- ,3"2_7 respectively to the vertices b1, bs, b3, - 7banl. Next assign the
labels 2,5,8, - ,% to the vertices ay,as,as,- - »Ant respectively and assign the labels
—1,-3,-5, -+, —n respectively to the vertices an+1,an+3, @nts, -+ ,a,. Now we assign the
labels —2, -4, —6,--- , —n—1 to the vertices b%,b%,b%, .- ~2, by, and assign the labels —(n+
2),—(n+3),—(n+4), -, —(%) to the vertices Cnf1; Crgs Crgs, o, Cn 1. Finally assign

the labels % to the vertex Cn1.
Table 6 given below establishes that this vertex labeling gives subdivision of the edges of

the path P, in the comb graph is pair difference cordial.

Nature of n Age Ay,
n is odd % 37”
n is even % %

Table 6

A subdivision of the pendant edges of the comb P; ® K7 is pair difference cordial is shown

in Figure 2.
1 4 i -1 -4 -7 10
° 2
2¢ 5 2 e 3¢ 6 9 -10¢
3 ¢ 6 9 2¢ 5 8 L
Figure 2

This completes the proof. 0
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