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§1. Introduction

We consider only finite, undirected and simple graphs. The notion of pair difference cordial

labeling of a graph was introduced in [4]. Also we have investigated pair difference cordial

labeling behavior of several graphs like path, cycle, star, wheel, some snake and butterfly graphs,

graphs derived from ladder graph, degree splitting graph of some graphs have been investigated

in [4,5,6,7,8,9,10]. Recently pair difference cordial number of a graph was introduced in [14]. In

this paper we determine the pair difference cordial number of degree splitting graph of bistar,

complete bipartite, ladder, wheel.

§2. Preliminaries

Definition 2.1([4]) Let G = (V,E) be a (p, q) graph. Define

ρ =

p
2 , if p is even

p−1
2 , if p is odd

and L = {±1,±2,±3, · · · ,±ρ} called the set of labels. Consider a mapping f : V −→ L by

assigning different labels in L to the different elements of V when p is even and different labels

in L to p-1 elements of V and repeating a label for the remaining one vertex when p is odd.The

labeling as defined above is said to be a pair difference cordial labeling if for each edge uv of G

there exists a labeling |f(u)− f(v)| such that
∣∣∆f1 −∆fc

1

∣∣ ≤ 1, where ∆f1 and ∆fc
1

respectively

denote the number of edges labeled with 1 and number of edges not labeled with 1. Otherwise, if
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∣∣∆f1 −∆fc
1

∣∣ ≥ 2, such a labeling f is said to be a Smarandachely pair difference cordial labeling

and a graph G for which there exists a pair difference cordial labeling or a Smarandache pair

difference cordial labeling is called a pair difference cordial labeling graph or Smarandachely pair

difference cordial graph.

Definition 2.2([5]) Let G = (V,E) be a graph with V = S1 ∪ S2 ∪ · · · ∪ St ∪ T where each Si

is a set of vertices having at least two vertices and having the same degree and T = V −
t⋃
i=1

Si.

The degree splitting graph degree splitting graph of G denoted by DS (G) is obtained from G by

adding vertices w1, w2 . . . , wt and joining wi to each vertex of Si (1 ≤ i ≤ t).

Theorem 2.3([13]) DS(Kn,n) is pair difference cordial if and only if n = 2, where Kn,n is

complete bipartite graph.

Theorem 2.4([13]) DS(Ln) is pair difference cordial if and only if n ≤ 3, where Ln is the

ladder.

Theorem 2.5([13]) DS(Bn,n) is pair difference cordial if and only if n ≤ 2 , where Bn,n is the

bistar.

Theorem 2.6([13]) DS(B1,n) is pair difference cordial if and only if n ≤ 4.

Theorem 2.7([13]) DS(Wn) is not pair difference cordial for all n ≥ 3, where Wn is the wheel.

Theorem 2.8([4]) The cycle Cn is pair difference cordial if and only if n > 3.

§3. Pair Difference Cordial Number of a Graph

Definition 3.1 Let G be a (p, q) graph. Pair difference cordial number of a graph G is the least

positive integer m such that G ∪K2 is pair difference cordial. It is denoted by PDCη(G).

Remark 3.2 If G is pair difference cordial graph then PDCη(G) = 0.

Theorem 3.3 For any integer n ≥ 1,

PDCη(B1,n) =

 0 if n ≤ 4,

2n− 6 if n ≥ 5.

Proof Let V (B1,n ∪ mK2) = {x, v, w, u, ui : 1 ≤ i ≤ n} ∪ {vi, wi : 1 ≤ i ≤ m} and

E(B1,n ∪mK2) = {vw,wu, xun} ∪ {uui : 1 ≤ i ≤ n} ∪ {viwi : 1 ≤ i ≤ m}. Clearly B1,n ∪mK2

has n+ 2m+ 4 vertices and 2n+m+ 3 edges. There are two cases arises.

Case 1. n ≤ 4.

The proof follows from Theorem 2.6.

Case 2. n ≥ 5.
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Subcase 2.1 n is odd.

Take m = 2n−6. Define f : V (B1,n∪(2n−6)K2)→ {±1,±2, · · · ,±
⌊
n+2m+3

2

⌋
} as follows:

Assign the labels 1, 2, 3, 4, 4 to the vertices v, w, u, u1, u2 and assign the labels−1,−2,−3,−4

to the vertices x, un, u3, u4. Next, assign the labels 5, 7, 9, · · · , (n+2) to vertices v1, v2, v3, · · · , vm
2

and assign the labels 6, 8, 10, · · · , (n + 3) to the vertices w1, w2, w3, · · · , wm
2

. Next, assign the

label −5,−7,−9, · · · ,−(n + 2) to the vertices vm
2 +1,vm

2 +1,vm
2 +1, · · · vm and assign the label

−6,−8,−10, · · · ,−(n+3) to the vertices wm
2 +1,wm

2 +1,wm
2 +1, · · · wm. Finally assign the distinct

labels to the vertices u5, u6, u7, · · · , un−1 from ±(n+ 1),±(n− 1), · · · ,±(n+2m+3
2 ).

Therefore, f is pair difference cordial labeling of B1,n∪ (2n−6)K2. The maximum number

of edges with labels 1 from the DS(B1,n) is, ∆f1 = 5, if n is odd.But the size of the DS(B1,n)

is 2n+3. Hence 2n−6 is the least integer such that B1,n∪ (2n−6)K2 is pair difference cordial.

Subcase 2.2 n is even.

Take m = 2n−6. Define f : V (B1,n∪(2n−6)K2)→ {±1,±2, · · · ,±
⌊
n+2m+4

2

⌋
} as follows:

Assign the labels 1, 2, 3, 4 to the vertices v, w, u, u1 and assign the labels −1,−2,−3,−4 to

the vertices x, un, u2, u3. Next assign the labels 5, 7, 9, · · · , (n+2) to the vertices v1, v2, v3, · · · , vm
2

and assign the labels 6, 8, 10, · · · , (n + 3) to the vertices w1, w2, w3, · · · , wm
2

. Next assign the

label −5,−7,−9, · · · ,−(n + 2) to the vertices vm
2 +1,vm

2 +1,vm
2 +1, · · · vm and assign the label

−6,−8,−10, · · · ,−(n+3) to the vertices wm
2 +1,wm

2 +1,wm
2 +1, · · · wm. Finally assign the distinct

labels to the vertices u4, u5, u6, · · · , un−1 from ±(n+ 1),±(n− 1), · · · ,±(n+2m+3
2 ).

Therefore, f is pair difference cordial labeling of B1,n∪ (2n−6)K2. The maximum number

of edges with labels 1 from the DS(B1,n) is, ∆f1 = 4, if n is even.But the size of the DS(B1,n)

is 2n+3. Hence 2n−6 is the least integer such that B1,n∪ (2n−6)K2 is pair difference cordial.

�

Theorem 3.4 For any integer n ≥ 1,

PDCη(DS(Ln)) =


0 if n ≤ 3

n− 1 if n ≥ 5 and n is odd,

n− 2 if n ≥ 4 and n is even.

Proof Let V (DS(Ln) ∪ mK2) = {x, xi, y, yi : 1 ≤ i ≤ n} ∪ {vi, wi : 1 ≤ i ≤ m} and

E(DS(Ln) ∪mK2) = {xx1, xxn, xy1, xyn} ∪ {yyi, yxi : 2 ≤ i ≤ n − 1} ∪ {viwi : 1 ≤ i ≤ m}.
Clearly DS(Ln) ∪mK2 has 2n+ 2m+ 2 vertices and 5n+m− 2 edges. There are three cases

arises.

Case 1. n ≤ 3.

The proof follows from Theorem 2.4.

Case 2. n ≥ 5 and n is odd.

Take m = n−1. Define f : V (DS(Ln)∪(n−1)K2)→ {±1,±2, · · · ,±n+m+1} as follows:

Assign the labels 1, 2, 3,−1,−2,−3 to the vertices x1, x, xn, y1, y2, y and assign the la-
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bels 4, 5, 6, · · · , (n + 1) to the vertices xn−1, xn−2, xn−3, · · · , u3, u2. Next assign the labels

−4,−5,−6, · · · ,−(n+1) to the vertices y3, y4, y5, · · · , yn. Next assign the labels (n+2), (n+4),

(n+6), · · · , (n+m) to the vertices v1, v2, v3, · · · , vn−1
2

and assign the labels (n+3),(n+5), (n+

7), · · · , (n+m+1) to the vertices w1, w2, w3, · · · , wn−1
2

. Now we assign the labels −(n+2),−(n+

4), −(n+6), · · · ,−(n+m) to the vertices vn−1
2 +1, vn−1

2 +2, vn−1
2 +3, · · · , vn−1 and assign the labels

−(n+3),−(n+5),−(n+7), · · · ,−(n+m+1) to the vertices wn−1
2 +1, wn−1

2 +2, wn−1
2 +3, · · · , wn−1.

Therefore, f is pair difference cordial labeling of DS(Ln) ∪ (n − 1)K2. The maximum

number of edges with labels 1 from the DS(Ln) is, ∆f1 = 2n.But the size of the DS(Ln) is

5n− 2. Hence n− 1 is the least integer such that DS(Ln)∪ (n− 1)K2 is pair difference cordial.

Case 3. n ≥ 4 and n is even.

Take m = n− 2. Define f : V (Ln ∪ (n− 2)K2)→ {±1,±2, · · · ,±n+m+ 1} as follows:

Assign the labels 1, 2, 3,−1,−2,−3 to the vertices x1, x, xn, y1, y2, y and assign the la-

bels 4, 5, 6, · · · , (n + 1) to the vertices xn−1, xn−2, xn−3, · · · , u3, u2. Next assign the labels

−4,−5,−6, · · · ,−(n + 1) to the vertices y3, y4, y5, · · · , yn. Next assign the labels (n + 2),(n +

4),(n+6), · · · ,(n+m) to the vertices v1, v2, v3, · · · , vn−2
2

and assign the labels (n+3),(n+5),(n+

7), · · · ,(n+m+1) to the vertices w1, w2, w3, · · · , wn−2
2

. Now we assign the labels −(n+2),−(n+

4),−(n+6), · · · ,−(n+m) to the vertices vn−2
2 +1, vn−2

2 +2, vn−2
2 +3, · · · , vn−2 and assign the labels

−(n+3),−(n+5),−(n+7), · · · ,−(n+m+1) to the vertices wn−2
2 +1, wn−2

2 +2, wn−2
2 +3, · · · , wn−2.

Therefore, f is pair difference cordial labeling of DS(Ln) ∪ (n − 2)K2 and the maximum

number of edges with labels 1 from the DS(Ln) is ∆f1 = 2n. But the size of the DS(Ln) is

5n−2. Hence n−2 is the least integer such that DS(Ln)∪ (n−2)K2 is a pair difference cordial

graph. �

A pair difference cordial labeling on DS(L6) ∪ 4K2 is shown in Figure 1.

Figure 1
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Theorem 3.5 If n ≥ 3, then

PDCη(DS(Wn)) =

 n− 1 if n is odd,

n− 2 if n is even.

Proof Let V (DS(Wn) ∪ mK2) = {x, xi, y : 1 ≤ i ≤ n} ∪ {vi, wi : 1 ≤ i ≤ m} and

E(DS(Wn)∪mK2) = {x1xn, xixi+1 : 1 ≤ i ≤ n−1}∪{xxi, yxi : 1 ≤ i ≤ n}∪{viwi : 1 ≤ i ≤ m}.

Clearly, DS(Wn) ∪mK2 has n + 2m + 2 vertices and 3n + m edges. There are two cases

arises.

Case 1. n is odd.

Take m = n− 1. Define

f : V (DS(Wn) ∪ (n− 1)K2)→ {±1,±2, · · · ,±n+ 2m+ 2

2
}

as follows:

The maximum possible number of 1 occurs only when we assign the labels 3, 4, 5, · · · , n+1

to the vertices x3, x4, x5 · · · , xn and assign the labels 1, 2, n + 2 to the vertices x1, x2, x. Next

assign the labels −1,−3,−5, · · · ,−n to the vertices v1, v2, v3, · · · , vn+1
2

and assign the labels

−2,−4,−6, · · · ,−(n + 1) to the vertices w1, w2, w3, · · · , wn+1
2

and assign the labels −(n +

2),−(n+1) to the vertices vn+3
2

,wn+3
2

. Finally assign the labels (n+3),(n+4),−(n+3),−(n+4)

to the vertices vn+5
2

,wn+5
2

,vn+7
2

,wn+7
2

and assign the labels (n+ 5),(n+ 6),−(n+ 5),−(n+ 6) to

the vertices vn+9
2

,wn+9
2

,vn+11
2

,wn+11
2

. Proceeding like this until we reach vn−1, wn−1.

Therefore, f is pair difference cordial labeling of DS(Wn) ∪ (n − 1)K2. The maximum

number of edges with labels 1 from the DS(Wn) is, ∆f1 = n + 1.But the size of the DS(Wn)

is 3n. Hence n− 1 is the least integer such that DS(Wn)∪ (n− 1)K2 is pair difference cordial.

Case 2. n is even.

Take m = n−2. Define f : V (DS(Wn)∪ (n−2)K2)→ {±1,±2, · · · ,±n+2m+2
2 } as follows:

The maximum possible number of 1 occurs only when we assign the labels 3, 4, 5, · · · , n+1

to the vertices x3, x4, x5 · · · , xn and assign the labels 1, 2, n + 2 to the vertices x1, x2, x. Next

assign the labels −1,−3,−5, · · · ,−(n + 1) to the vertices v1, v2, v3, · · · , vn+2
2

and assign the

labels −2,−4,−6, · · · ,−(n + 2) to the vertices w1, w2, w3, · · · , wn+2
2

. Finally assign the labels

(n + 3),(n + 4),−(n + 3),−(n + 4) to the vertices vn+4
2

,wn+4
2

,vn+6
2

,wn+6
2

and assign the labels

(n+ 5),(n+ 6),−(n+ 5),−(n+ 6) to the vertices vn+8
2

,wn+8
2

,vn+10
2

,wn+10
2

. Proceeding like this

until we reach vn−2, wn−2.

Therefore, f is pair difference cordial labeling of DS(Wn) ∪ (n − 2)K2. The maximum

number of edges with labels 1 from the DS(Wn) is ∆f1 = n + 1. But the size of the DS(Wn)

is 3n. Hence n− 2 is the least integer such that DS(Wn)∪ (n− 2)K2 is pair difference cordial.

This completes the proof. �
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Theorem 3.6 For any integer n ≥ 1,

PDCη(DS(Kn,n)) =


1 if n = 1,

0 if n = 2,

5 if n = 3,

n2 − 2n− 2 if n ≥ 4.

Proof Let V (DS(Kn,n) ∪ mK2) = {xi, yi, x : 1 ≤ i ≤ n} ∪ {vi, wi : 1 ≤ i ≤ m} and

E(DS(Kn,n) ∪ mK2) = E(Kn,n) ∪ {xxi, xyi : 1 ≤ i ≤ n} ∪ {viwi : 1 ≤ i ≤ m}. Clearly,

DS(Kn,n) ∪mK2 has 2n+ 2m+ 1 vertices and n2 + 2n+m edges.

Case 1. n = 1.

In this case, Kn,n
∼= C3. Assign the labels 1, 1, 2,−1,−2 to the vertices x, x1, y1, v1, w1.

Case 2. n = 2 .

The proof follows from Theorem 2.3.

Case 3. n = 3.

In this case, A pair difference cordial labeling on DS(K3,3) ∪ 5K2 is shown in Figure 2.

Figure 2

Case 4. n ≥ 4.

Takem = n2−2n−2. Define f : V (DS(Kn,n)∪(n2−2n−2)K2)→ {±1,±2, · · · ,±
⌊
n+2m+4

2

⌋
}

as follows:

Assign the labels 1, 3, 5, · · · , 2n− 1 to the vertices x1, x2, x3, · · · , xn and assign the labels

2, 4, 6, · · · , 2n to the vertices y1, y2, y3, · · · , yn. Next assign the labels −1,−3,−5, · · · ,−(2n −
1) to the vertices v1, v2, v3, · · · , vn and assign the labels −2,−4,−6, · · · ,−2n to the vertices

w1, w2, w3, · · · , wm. Next assign the labels (2n+1),(2n+2),−(2n+1),−(2n+2) to the vertices

vn+1,wn+1,vn+2,wn+2 and assign the labels (2n+3),(2n+4),−(2n+3),−(2n+4) to the vertices

vn+3,wn+3,vn+4,wn+4. Proceeding like this until we reach vn2−2n−2, wn2−2n−2.
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Therefore, f is pair difference cordial labeling of Kn,n ∪ (n2 − 2n − 2)K2. The maximum

number of edges with labels 1 from the DS(Kn,n) is, ∆f1 = 2n+1.But the size of the DS(Kn,n)

is n2 + 2n. Hence n2 − 2n − 2 is the least integer such that Kn,n ∪ (n2 − 2n − 2)K2 is pair

difference cordial. �

Theorem 3.7 For any integer n ≥ 1,

PDCη(DS(Kn,n+1)) =

 0 if n = 1,2,

n2 − n− 2 if n ≥ 3.

Proof Let V (DS(Kn,n+1) ∪mK2) = {xi, yi, x, y : 1 ≤ i ≤ n} ∪ {vi, wi : 1 ≤ i ≤ m} and

E(DS(Kn,n+1) ∪mK2) = E(Kn,n+1) ∪ {xxi, yyi : 1 ≤ i ≤ n} ∪ {viwi : 1 ≤ i ≤ m}. Clearly

DS(Kn,n+1) ∪mK2 has 2n+ 3 vertices and n2 + 3n+ 1 edges.

Case 1. n = 1.

In this case, Kn,n
∼= C4. The proof follows from Theorem 2.8.

Case 2. n = 2.

In this case, a pair difference cordial labeling on DS(K2,3) is shown in Figure 3.

Figure 3

Case 3. n ≥ 3.

Subcase 3.1 n is even.

Take m = n2−n−2. Define f : V (DS(Kn,n+1)∪(n2−n−2)K2)→ {±1,±2, · · · ,±
⌊

2n+3
2

⌋
}

as follows:

Assign the labels 3, 5, 7, · · · , n + 1 to the vertices y1, y2, y3, · · · , yn
2

and assign the labels

2, 4, 6, · · · , n to the vertices x1, x2, x3, · · · , xn
2

. Next assign the labels −3,−5,−7, · · · ,−(n+ 1)

to the vertices xn
2 +1, xn

2 +2, xn
2 +3, · · · , xn and assign the labels −2,−4,−6, · · · ,−n to the ver-

tices yn
2 +1, yn

2 +2, yn
2 +3, · · · , yn. Now assign the labels 1,−1,−(n− 1) to the vertices x, y, xn+1.

Next assign the labels (n+ 2),(n+ 3),−(n+ 2),−(n+ 3) to the vertices v1,w1,v2,w2 and assign
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the labels (n+ 4),(n+ 5),−(n+ 4),−(n+ 5) to the vertices vn+3,w3,v4,w4. Proceeding like this

until we reach vn2−n−2, wn2−n−2.

Therefore, f is pair difference cordial labeling of Kn,n+1 ∪ (n2− 2n− 2)K2. The maximum

number of edges with labels 1 from the DS(Kn,n+1) is, ∆f1 = 2n + 1.But the size of the

DS(Kn,n+1) is n2 + 3n+ 1. Hence n2−n− 2 is the least integer such that DS(Kn,n+1)∪ (n2−
n− 2)K2 is pair difference cordial.

Subcase 3.2 n is odd.

Take m = n2−n−2. Define f : V (DS(Kn,n+1)∪(n2−n−2)K2)→ {±1,±2, · · · ,±
⌊

2n+3
2

⌋
}

as follows:

Assign the labels 3, 5, 7, · · · , n to the vertices y1, y2, y3, · · · , yn−1
2

and assign the labels

2, 4, 6, · · · , n+ 1 to the vertices x1, x2, x3, · · · , xn+1
2

. Next assign the labels −3,−5,−7, · · · ,−n
to the vertices xn+1

2 +1, xn+1
2 +2, xn+1

2 +3, · · · , xn and assign the labels −2,−4,−6, · · · ,−(n+ 1)

to the vertices yn−1
2 +1, yn−1

2 +2, yn−1
2 +3, · · · , yn. Now assign the labels 1,−1,−n to the vertices

x, y, xn+1. Next assign the labels (n+ 2),(n+ 3),−(n+ 2),−(n+ 3) to the vertices v1,w1,v2,w2

and assign the labels (n+4),(n+5),−(n+4),−(n+5) to the vertices vn+3,w3,v4,w4. Proceeding

like this until we reach vn2−n−2, wn2−n−2.

Therefore, f is pair difference cordial labeling of Kn,n+1 ∪ (n2− 2n− 2)K2. The maximum

number of edges with labels 1 from the DS(Kn,n+1) is, ∆f1 = 2n + 1.But the size of the

DS(Kn,n+1) is n2 + 3n+ 1. Hence n2−n− 2 is the least integer such that DS(Kn,n+1)∪ (n2−
n− 2)K2 is pair difference cordial. �
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