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Abstract: In this paper, the results introduced in [4] are extended. We define a non trivial
automorphism 6, over R, = Falu1, -+ ,uaq]/ <u,2 = U, UjU; = ujui>, where 4,7 = 1,2,--- ,a
and a generalized Gray map over R, which preserves DNA reversibility. The reversibility
problem for DNA codes over a family of the finite rings R, is solved, by using the skew cyclic

codes over R,. 2%-mers are matched with the elements of the finite ring R,.
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§1. Introduction

The reversibility problem is very important in DNA computing. Let (a1, as) € R? be a code-
word corresponding to ATGC. The reverse of (ay,az) is (ag,a1). The vector (az,a;) corre-
sponding to GCAT. It is not reverse of ATGC'. The reverse of ATGC is CGT A.

Some authors use the different approachers in order to solve this problem [1-11].

In [4], by defining a nontrivial automorphism, the skew cyclic codes over the finite ring
Ry were introduced DNA 4-bases were matched with the elements 256 of the finite Ry. The
reversible DNA codes were obtained.

In this paper, motivated by the previous work [4], we study the reversibility problem for
DNA 2%-bases, by using the skew cyclic codes over the finite ring R,.

82. Preliminaries

A family of the finite rings R, = Fyluy,- -+, uq]/ <u22 = u;, U = ujui>, wherei,7=1,2,--- ,a
contains the commutative the finite rings with characteristic 2 and cardinality 4". The finite

rings of the family are written as recursively

Ry =Rj—1+uRj
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where j =1,2,--+ ,a and Ry = Fy + ui Fy,u? = uy, where Ry = Fy = {0,1,w,w? = w + 1}.
We defined the Gray map as follows,

¢1' : Rl — Rz?—l

Tio1 +uilYio1 — (Ti—1 + Yio1, Tio1)
where i =1,2,--- ,a and

¢1 : R — RZ

ro+uryo +— (2o + Yo, To)

where Ry = F}.

In [4], by using the matching the elements of Ry and Sp, = {4, T, C, G} which is given as
£(0) = A, &(1) = T, & (w) = C, & (w?) = G by using the Gray map from Ry = Fy + uy Fy to
F2, it is defined a & correspondence between the elements of the finite ring Ry = Fy + u1 F}y
and DNA double pairs as follows

elements « DNA double pairs &; («)
0 AA
1 T
w cc
14w GG
Uy TA
14w AT
uy +w GC
14w +w CG
UL W CA
14+ uww GT
w + U w AC
14w+ uww TG
U]+ urw GA
14+u +uw cT
W+ U + uw TC

1+w+u +uviw  AG

83. Skew Cyclic Codes over R,

Definition 3.1 Let B be a finite ring and 6 be a non trivial automorphism on B. A subset C
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of B™ is called a skew cyclic code of length n if C' satisfies the following conditions:

(1) C is a submodule of B™;
(2) if c = (co,c1, "+ yen—1) € C, then og(c) = (0(cn-1),0(co), - ,0(cn-2)) € C, where oy
is the skew cyclic shift operator.

By defining a non trivial automorphism on R, as follows, we can define the skew cyclic

codes over R,.

9i : RZ‘ — Rz
Tic1 FuiYior — Oici(Tio1 Hyio1) Huibic1(Yio1)

and

01 : R1 — R1
ro+uryo > (To+yo) +uryo

where 4 = 2,3,--- ,a. The order of 6; is 2, where 1 =1,2,--- ,a.

The rings
R;[z, 0] :{bé—&—bix—&—...%—b;_lx"_l:b; €R,neN,i=1,---,a,j=0,--- ,n—1}

are called skew polynomial rings with the usual polynomial addition and the multiplication as

follows
(02®)(nz') = 065 (n)a*"*

where i = 1,--- ,a. They are non commutative rings.

In polynomial representation, a skew cyclic code of length n over R; is defined as a left
ideal of the quotient ring Ry, , = R;[z,6;]/ (™ — 1), if the order of 6; divides n, that is n is
even. If the order of 6; does not divides n, a skew cyclic code of length n over R; is defined as a
left R;[z,6;]-submodule of Ry, ., since the set Ry, ,, = R;[x,0;]/ (z™ — 1) = {fi(z) + (& — 1) :
fi(x) € Ri[x, 0;]} is a left R;[x,0;]-module with the multiplication from left defined by

ri(@)(fi(x) + (2" = 1)) = ri(2) fi(x) + (" = 1)

where for any r;(z) € R;[z,0;], fori=1,--- a.

In both case, the following is hold.

Theorem 3.2 Let C; be a skew cyclic code over R; and let f;(x) be a polynomial in C; of minimal
degree, i = 1,--- ,a. If the leading coefficient of fi(x) is a unit in R;, then C; = (f;(x)), where
fi(x) is a right divisor of ™ — 1.

Definition 3.3 Forx = (mé,x’i, e ,xfhl) € R}, the vector (mfhl,xihg, st :1:6) 1s called
the reverse of x and is denoted by x". A linear code C; of length n over R; is called reversible

if x" € C; for every x € C;, wherei=1,--- ,a.
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We can express the matching the elements Ry and Sp,, = {AA,TT,--- ,GG} by means of
the automorphism 6, as follows.

Each element oy = 29 + uiyo € Ry and 6;(«y) are mapped to DNA 2-mers which are
reverse of each other. Let & be a correspondence the elements of the finite ring R; and DNA
2-mers. For example

&1(up) =TA, while & (01 (u1)) = AT

This can be extended to a map 7; from RZ ; to 2‘-mers as follows,
Yi(siz1,tic1) = (§i1(si-1),&im1(ti1))
where s;_1,t;_1 € Ri_1,fori=1,---  a.
By using a map ¥; = ~; o ¢;, we can explain a relationship between skew cyclic codes and
DNA codes. U;(r;) and ¥, (6;(r;)) are DNA reverse of each other, where r; = a;—1 + u;b;—1,
a;_1,b;_1 € R;_1, where i =1,--- ,a.

For r; = a;_1 + u;b;_1 € R;, we have

Ui(ri) = 7i(di(ai—1 +uibi—1)) = vi(@i—1 +bi—1,0;—1)
= (&-1(aim1 +bi21),&-1(aiz1))

On the other hand,

Ui (0i(ri)) = Wi(0i—1(ai—1 +bi—1) +uii—1(bi—1))
= 7 (¢ (Oi-1(ai—1+bi—1) +uili—1(bi-1)))
= vi(0i-1(ai-1),0i-1(ai—1 +bi—1))
= (&i-1(0i—1(ai-1)),&i—1 (0i1(ai—1 +bi—1)))

where 4 = 1,--- ,a. This map can be extended as follows.

For any r; = (rf, -+ ,r%_;) € R?, where i = 1,2,--- | a.

Example 3.4 If r3 = ug ((w + u1) + u2 (1 + uyw)) € R3, then we have

W3(rs) = 73(¢3(r3)) =3 (w+uy +uz (1 +uw),0)
(52 (’LU + u1 + u2 (1 + U1’LU)) ,52 (0)) = (AGGC, AAAA)
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On the other hand,

U3 (03(r3)) = Vs (f2(w+us +ue (1 +uiw)) 4+ usba(w + ug + us (1 + ugw)))
= 3 (62(0), 02(w + u1 + uz (1 + uqw)))
= (&(62(0)),& (f2(w +ur + uz (1 +ww))))
= (AAAA,CGGA)

Definition 3.5 Let C; be a code of length n over R;, fori=1,--- ,a. If U;(c)" € U,;(C;) for
all ¢ € C;, then C; or equivalently U;(C;) is called a reversible DNA code.

Definition 3.6 Let g;(z) = b} +bix+bia? +- - +blx® be a polynomial of degree s over R;, for
i=1,---,a. g;(x) is called a palindromic polynomial ifbi =bi_ j forallj € {0,1,--- s}, gi(w)
is called a 0;-palindromic polynomial if bZ =0;(b_;) for all j € {07 1,---,8}, fori=1,---,a

As the order of 6; is 2, a skew cyclic code of odd length n over R, with respect to 6; is an

ordinary cyclic code. So we will take the length n to be even.

Theorem 3.7 Let C; = (f; (x)) be a skew cyclic code of length n over R;, fori=1,--- a,
where fi(x) is a right divisor of ™ — 1 and deg(fi(x)) is odd. If f;(x) is a 0;-palindromic
polynomial then V,;(C;) is a reversible DNA code.

Proof Let fi(x) be a 6;-palindromic polynomial and f;(z) = a}) + aiz + -+ + ab, 2%~ L.
So a¥, = 0;(a}, | ,), foralld =0,1,---,5 — 1. Let h;(z) = hi + hlz + -+ hb, 2?71 Let
b} be the coefficient of 2! in h;(x)f;(z) where I = 1,--- ,n — 1. For any ¢ < n/2, the coefficient
of zt in h;(z)fi(x) is

thaﬂ aj_;)

and the coefficient of 2"t is b%_, = Z; o1 JGZ% "“ai, | ()"

The polynomial h;(z) f;(x) = 212)’:01 hia? fi(x) corresponds a vector b = (bf, b, -+ , b, ;) €
Cifori=1,---,a

The vector W; (b) " = ((¥; (0)), %, (b1),---,W; (b%_,)))" is equal to the vector ¥; (2),
where the vector z corresponds the polynomial szo Qi(h;) p?k=1=pf(x)fori=1,--- a.

Since z = (2%, ,2%) € C;, then U;(C;) is a reversible DNA code, for i = 1,--- ,a. O
Theorem 3.8 Let C; = (f; (x)) be a skew cyclic code of length n over R;, fori=1,--- ,a, where
fi(x) is a right divisor of ™ — 1 and deg(f;(x)) is even. If fi;(x) is a palindromic polynomial

then U,;(C;) is a reversible DNA code.

Proof Let f;(x) be a palindromic polynomial with even degree. fz( ) =ah+alz+- -+
ab,x? and ay = ab,_,, for all d = 0,1,--- ,s. Let h;(x) = hj) + hiz + - + hi, 2?*. Let b be

the coefficient of z! in h;(z)f;(x) where I = 1,--- ,n — 1. For any t < n/2, the coefficient of x?
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in hi(x)fi(z) is
Zhlﬁj (ai_;)

and the coefficient of z"~ % is b}, = Z; o P 191% ](GQS (t j)).

The polynomial h;(z) f;(x) = Zik o hix? fi(x) corresponds a vector b = (bj, b, -+ , b, ;) €
Cifori=1,---,a

The vector W; (b) " = ((¥; (6)), %, (), ,W; (b%_,)))" is equal to the vector ¥; (2),
where the vector z corresponds the polynomial szo l(h;) 2k*pfi(ac),for i=1,---,a.

Since z = (2%, ,2%) € C;, then ¥,;(C;) is a reversible DNA code, for i = 1,--- ,a. O

84. Conclusion

We have shown that skew cyclic codes over the ring R, can be used to construct the
reversible DNA codes.
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