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§1. Introduction

Zadeh [19] was the first to develop the idea of a fuzzy set in 1965. The theory of fuzzy sets has
since been extensively expanded by other authors. Fuzzy metric spaces were first introduced
by Osmo Kaleva [10], Kramosil and Michalek [14], Georage and Veeramani [9], et al. in various
ways. On the other hand, the concept of fuzzy normed linear spaces has been provided in
several ways by Katsaras [11], Felbin [6], Cheng and Mordeson [4] and Bag and Samanta [1].

Different generalised metric and norm types, such as the 2-metric [7], b-metric [5], strong-
b-metric [13], G-metric [15], 2-norm [13], G-norm [12], etc., as well as generalised fuzzy metric
and fuzzy norm types, such as the fuzzy b-metric [16], strong-fuzzy b-metric [18], fuzzy cone
metric [17], fuzzy cone norm [2], G-fuzzy norm [3], etc.

Oner proposed fuzzy strong b-metric spaces and produced some topological findings on

these spaces in [18].

82. Preliminaries

In this section, some definitions and results are collected which are used in this paper.

Definition 2.1 A binary operation * : [0,1] x [0,1] — [0,1] 4s called a t-norm if it satisfies the

following conditions:
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a) * is commutative and associative;
b) * is continuous;
c) ax1l=a forall a €10,1];
) ax b<cx*d whenever a < ¢ and b < d for each a,b,c,d € [0,1].

(
(
(
(d

If * is continuous, then it is called continuous t-norm.

The following are examples of some t-norms.

(7) Standard intersection: a * b = min{a, b}.

(#i) Algebraic product: a * b = ab.

(#i1) Bounded difference: a * b = max{0,a + b — 1}.

Definition 2.2 A binary operation o : [0,1] x [0,1] — [0,1] is a continuous tconorm if it

satisfies the following conditions:

(a) is commutative and associative;

(b) is continuous;

(c) o= a foralla €[0,1];

(d) aob < cod whenever a < c¢ and b < d for each of a,b,c,d € [0, 1].

If % is continuous, then it is called continuous t-norm.

The following are examples of some t-norms.

(i) Standard intersection: abb = max{a,b}.
(i) Algebraic product: a | b = ab.
(791) Bounded difference: a ¢ b = min{0,a + b — 1}.

Definition 2.3 A three tuple (X, M, %) is said to be a fuzzy metric space, a case of neutrosophic

set if X is an arbitrary set, x a continuous t-norm and M a fuzzy set on X2 x [0, 00) satisfying

the following condition, for all x,y,z € X and t,s >0 :

(a) M(z,y,0) = 0;

(b) M(z,y,t) =1 forallt >0 iff z =y;

(€) M(z,y,t) = My, 1);

(d) M(z,y,t)* M(y,z,s) < M(x,z,t+s);

(e) M(z,y,):.[0,00) = [0,1] is left continuous;
(f) 1m M(z,y,t) =1.

Definition 2.4 A 5-tuple (X, M, N, 0 )issaidtobeanintuitionistic fuzzymetric space (shortly

IFM-Space) if X is an arbitrary set, * is a continuous t-norm, ¥V is a continuous t-conorm and

M, N are fuzzy sets on X2 x [0,00) satisfying the following conditions:

a) M(z,y,t) + N(z,y,t) <1 for allx,y € X and t > 0;

b) M(z,y,0) =0 for all x,y € X;

¢) M(xz,y,t) =1 for allz,y € X and t > 0 if and only if x = y;
M(z,y,t) = M(y,x,t) for all z,y € X and t > 0;

e) M(x,y,t)« M(y,z,8) < M(x,z,t+s) for all z,y,z € X and s,t > 0;

M(z,y,) :.[0,00) = [0,1] is left continuous for all x,y € X;
lim M(z,y,t) =1;
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(h) N(z,y,0) =1 for all x,y € X;

(i) N(z,y,t) =0 for allz,y € X and t > 0 if and only if v = y;

(j) N(z,y,t) = N(y,x,t) for all z,y € X and t > 0;

(k) N(z,y,t) o N(y,z,5) > N(z,z,t + s) for all z,y,z € X and s,t > 0;

() M(z,y,) :.[0,00) = [0,1] is right continuous for all x,y € X;

(m) hm N(z,y,t) =0 for all z,y € X,

then, (M, N) is called an intuitionistic fuzzy metric on X. The functions M(z,y,t) and
N(z,y,t) denote the degree of nearness and degree of non nearness between x and y with respect

to t, respectively.

Definition 2.5 Let (X, M, N, x,0) be an intuitionistic fuzzy metric space. Then,

(a) A sequence {x,} is said to be convergent x in X if for each € > 0 and t > 0, there exist
ng € N such that M (x,,x,t) > 1—¢€ and N (zy,2,t) <0 —¢€ for all n > ng;

(b) A sequence {x,} is said to be Cauchy if for each € > 0 and t > 0, there exist ng € N
such that M (Xn,Xm,t) > 1 —€ and N (Xp,Xm,t) < 0 —€ for all n,m > ny;

(¢) An intuitionistic fuzzy metric space in which every Cauchy sequence is convergent is

said to be complete.

Definition 2.6 A sequence {Si} of self maps on a complete intuitionistic fuzzy metric space
(X, M, N,x,0) is said to be intuitionistic mutually contractive if for t > 0 and ieN

M(Slxvsjy’t) Z M <$ay7 t) and N(Sl'ra‘gjyat) S N (Iay7 t) )
p p

where z,y € X,p € (0,1),i # j and x # y.

Definition 2.7 Let (X, M, N, x,0) be an intuitionistic fuzzy normed linear space.

(i) A sequence {x,} is said to be convergent if there exists x € X such that

lim M (z,, —z,t) =1 and lim N (z, —=z,t)=0

n— oo n— oo
for allt > 0. Then x is called the limit of the sequence {x,} and denoted by lim z,;
n—oo
(i1) A sequence {x,} in an intuitionistic fuzzy normed linear space (X, N) is said to be

Cauchy if
lim M(zp4p —@p,t) =1 and lim N (zp4p —2p,t) =0

n—oo n—oo
forallt >0 andp=1,2,---;
(7i1) A C X is said to be closed if for any sequence {x,} in A converges to x € A;
(iv) A C X is said to be the closure of A, denoted by A if for any x € A, if there is a
sequence {x,} C A such that {x,} converges to x. (v) A C X is said to be compact if any

sequence {x,} C A has a subsequence converging to an element of A.

Lemma 2.6 Let (X, M, N, *,0) be an intuitionistic fuzzy normed linear space and let M (x,.),
N(z,-) be with x #0). If the set A= {x: M(z,1) >0 and N(x,1) < 0} is compact, then X is

finite dimensional.
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83. Intuitionistic Fuzzy Strong ¢-b-Normed Linear Space

In this section, we give the definition of intuitionistic fuzzy normed linear space in a new
approach.

Definition 3.1 Let ¢ be a function defined on R to Rt with the following properties

o(— ) ()foralltER
¢(1) =

18 strzctly increasing and continuous on (0,00);

)
)
) ¢
®4) hm d(B) =0 and lim,_, o ¢(B) = 0.

The followings are examples of such functions.

(i) $(8)= |8 for all p € R
(it) ¢(B) = |BIF for all B € R,p € RT.

_op

for all 5 € R,n € N.

Definition 3.2 Let X be a linear space over the field R and b > 1 be a given real number. A
fuzzy subset N of X X R is called intuitionistic fuzzy strong ¢-b-norm on X if for all x,y € X
the following conditions hold:

(1) Vt e R witht <0, M(z,t) =0;

(5) (VteR,t>0,M(z,t)=1) iff v =0;

(¢73) Vt € R, t > 0, M (cx,t) = M (9:, M) if p(c) #0;

(iv) Vs,t e R, M(xz+y,s+0bt) > M(z,s)*N(y,t);

(v) M(z,-) is a non-decreasing function of t and lim_, oo M(x,t) = 1;

(vi) Vt € R with t > 0, N(z,t) = 0;

(vii) (Vt € R,t =0, N(z,t) =0) zﬂ'x-

(viii) Vt € R,t < 0, N(cz,t) = N( 7¢( ) if (c) #0;

(iz) Vs,t e R,N(z +y,s+0bt) < N(x,s) o N(y,t);
(z

) N(z,-) is a non-increasing function of t and lims_, o, N(x,t) = 0.

Then (X, M, N, ¢,b, ) is called intuitionistic fuzzy strong ¢-b-normed linear space.

84. Finite Dimensional Intuitionistic Fuzzy Strong ¢-b-Normed Linear Spaces

In this section, some basic results on finite dimensional intuitionistic fuzzy strong ¢-b-normed

linear spaces are established.

Lemma 4.1 Let (X,M, N, ¢, b, *,0) be a Intuitionistic fuzzy strong ¢-b-normed linear space with
the underlying t-norm x continuous and t-co norm at (1,1) and {x1,x2, - x,} be a linearly
independent set of vectors in X. Then there exists ¢ > 0 and 6 € (0,1) such that for any set of
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scalars {B1, B2, -+, Bn} with Y1, |Bi| # 0

b
M ﬂ1x1+ﬁgx2+-~-+5nxn,7cl <1-4. (4.1)
(srm)
and
be
N | Brzr+ Poxr + -+ Ppitn, ————— | >0-4. (4.2)
(Zl;l\ﬁi\)
Proof Notice that the equations
be
M B1x1+52x2+"'+5nxn371 <1*5
(E?:llﬂil)
and

b
N 511‘1+52$2+“-+ﬁnxn,701 >0—4.
(271\6\)

are equivalent to the relations

M (a1 + aoza + -+ - + apy,be) <1 —146

and

N (aqx1 + asxa + -+ + @y, be) > 0— 4§
for some ¢ > 0, 6 € (0,1) and for all set of scalars {ay, 0, -+, } with > | || = 1 If
possible, suppose that (4.1) does not hold. Thus, for each ¢ > 0 and 6 € (0,1), there exists a
set of scalars {aq, a2, -, o} with > |a;| = 1 for which

M (a1 + agxo + -+ - + apy,be) > 1—46
and

N (a1x1 + agre + -+ - + apxy, be) <0 — 6.
Then, for ¢ = § = %,m = 1,2,..., there exists a set of scalars { (m), ...,a%m)} with

Z?:l az

and

where y,, = aﬁgm)xl + Bzm)xz +- 4 @(Lm)zn Since > <1

for i =1,2,...,n. So for each fixed i, the sequence {a( )} is bounded and hence { (m)} has

=1, we have 0 < ’ (m)

3 Z
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a convergent subsequence. Let o denotes the limit of that subsequence and let {y1,,} denotes
the corresponding subsequence of {y,,}. By the same argument {y;,,} has a subsequence
{y2,m } for which the corresponding subsequence of scalars {agm)} converges to as. Continuing

in this way, after n steps we obtain a subsequence {y, ., } where

Yn,;m = vam)xi with Z A =1
i=1 i=1
and %-(m) — a; as m — oo for each i =1,2,--- ,n.
Let y = oy + oo + -+ - + oy, Now,
n
Mnm=pt) = M (73(‘m) B O‘J) Tj,t

j=1

m n t

= M (’)é )_Ozl)xl-f—Z(ryj( )_a])a?], +b<n_1)nb

Y
S
TN TN

v
N
=

2
|
Q
=
N—
8
oy
\
~——
*
N
/
)
N~
2
I
Q
[\
N—
8
v
S
~

vV
7 N
/N
2
——
|
Q
=
N—
&
oy
3|
N———
*
N
/N
)
oo~
k)
|
Q
o
N—
=
w2
&=
N————

and
N Ynm —y,t) = N i (’Y](-m) — Ozj) Tj,t
j=1
= N (Wim) - Oél) r1 + i (’yj( ) Oéj) xj, —+b(n — 1)%
j=2
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o (7w o ()

Now taking limit as m — oo on both sides, we have

lm M (ynm —y,t) > 1xlx---x1, VE>0

m—o0
n}gnooN(ynm y,t) <0>00---V0, Vt>0
i M (g —y,t) =1, V>0
%E)TlooN(ynm y,t) =0, Vt>0

Now, for r > 0, choose m such that % < 3z- We have

1 (v ) =30 (0.2 40 (5= 1)

m
> (yn,m,:l>*M(9,l;—;) > (1_:;)*1

r b r 1
N(y"mvg) N<yn,m+97m+b(b2m)>
m b m m

IN

95
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which implies

lim M (yn . f) >1 ie, lim M (ynm, f) —1
m—oo ? b m—oo ’ b
and
. r . . T
lim N (ynAm, 7) <0 ie, lim N (ynm7f) =0.
m—o0 ’ b m—00 ’ b
Again,
r
M(y,2r)=M (y — Yn.m + Yn,m,T + b E)
r
2 M (y - yn,m,r) -N (yn,ma E)
and r
N(y:2r) = N (y = Ynn + Yom: 7 +b- )
S N (y - yn,m7r) ¢ N (yn,ma %) .
Thus,
M(y,2r) > lim M (y — Yn.m,r)* lim M (ynm, i)
m—oo ’ m—oo ? b
= M(y,2r)>1-1=1= M(y,2r)=1
and ,
N(y,2r) < lim N (y—ynm,r)o lim N ynm,f)
m—o0 ’ m—oo ’ b
= N(y,2r) <000=0= N(y,2r) =0.
Since r > 0 is arbitrary, so y = 6. Again since >, ‘agm)‘ =1 and {z1,29,...,2,} is a

linearly independent set of vectors so y = ayx1 + aoxa + -+ + apx, # 6, thus we arrive at a

contradiction and Lemma is proved. O

Theorem 4.2 FEvery finite dimensional Intuitionistic fuzzy strong ¢-b-normed linear space with
the underlying t-norm * continuous and t-co norm ¢ Continuous at (1,1) is complete.

Proof Let (X, M, N, ¢, b, x, ©) be a Intuitionistic fuzzy strong ¢-b-normed linear space where
b(> 1) is a real constant. Let dim X = r and {e;, ez, -+ ,e,} be a basis for X. Let {z,} be a
Cauchy sequence in X. Then, z,, = >, _; a,(cn)ek for suitable scalars agn)7 aén), e ,aﬁ.”) - So

lim M (2 —xp,t) =1, V>0
m,n—o00
and
lim N (z, —z,,t) =0, Vt>0.

m,n— 00

Now, by Lemma 4.1 it follows that J¢ > 0 and ¢ € (0,1) such that

M Zr: (a(,m) - agn)) e, be <1-6

7
i 1
=1 -+ @
¢ ( ’;:1 O‘gm)_o‘in) ‘ )
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and
~( m)_ () be
N Z(ai - )ei, >0—4. (4.3)
— 1
=1 ¢) < T 04(,7”)704(.’0 )
i=1 k3 i
If .
5o o] -0
i=1
then agm) = aEn) for any integer ¢ implies that {z,} is a constant sequence and hence follows

the theorem. So we may assume

T

>

i=1

O[Em) . agn)

£0.

Again, for 0 < § < 1 from (4-3) it follows that there exists a positive integer ng(d, t) such
that
M <Z (aEm) — agn)> ei,t> >1—-46, Ym,n >mny(d,t) (4.4)
i=1

and

i=1

N (i (az(-m) - az(n)) ei,t> <0-46, VYm,n>mng(d,t). (4.5)

Now, from (4.4) and (4.5), Vm,n > ng(0,t) we have

o]

i

T
=1

| S5 e ol e | < (3 o o)
| o )) ¥

and
(oM _ be (o) _
N (ai - )ei >N Z(ai — oy )ei,t .
— 1 i—
= ¢ <a<m><>|> o
i=1 i i
Thus,
be
<t
1
since M (x,t) is non-decreasing with respect to ¢ and
be
>t

1
¢ ( ::1‘0¢§7n)7a§m’) >
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since N (z,t) is non-increasing with respect to ¢. Hence, since ¢ > 0 is arbitrary, namely

be

lim =0

m,n— oo (b 1
i a(m) _ai'”-)

i=1|""1

then
1
lim ¢ 0.

m,n— 0o Z:=1 ag””) _ Oéz(n)

Thus,
1
¢ : =00
limyy 00 D5y O‘Em) - O‘z('n)
since ¢ is continuous. Then
. (m) (vz) _
3 fo -] =0
since lim ¢(8) = co. Therefore, {agm)} is a Cauchy sequence of scalars for each i = 1,2,--- | r.
a—r00

So each sequence {agm)} converges. Let lim,, az(.") = q; for it = 1,2,...,r. Define x =

> ;1 @e;. Then clearly € X. By similar calculation as in Lemma 4.1 , it can be shown that
limy, 00 M (2, — 2, t) = 1,1imy, 00 N (2, — 2, t) = 0,Vt > 0. Hence X is complete.

85. Conclusion

Recently, various writers have constructed various kinds of generalised fuzzy metric spaces as
well as generalised fuzzy normed linear spaces. The concept of fuzzy strong b-normed linear
spaces was presented after the introduction of fuzzy strong b-metric spaces, and various findings
in finite finite dimensions fuzzy strong b-normed linear spaces were examined. We believe there
is a vast area of research to be done in order to create fuzzy strong b-normed linear spaces. Open

issues in such spaces include results on completeness and compactness, operator standards, etc.
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