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Some Results on a-graceful Graphs
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Abstract: In this paper we have proved that the graph obtained by merging ¢ consecutive
vertices of two cycles Csr and Cius is a-graceful graph. We also proved that Gi1 be an a-
graceful graph and G2 be a graceful graph joining by path P, is graceful in addition we
proved G1 and G2 be a-graceful graphs joining by path P, is an a-graceful graph too.
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81. Introduction

A.Rosa [1] defined a-labeling or (a-valuation) as a graceful labeling with the additional property
that there is an integer k (0 < k < E(G)) such that for every e = (z,y) € E(G), either
flx) <k < f(y)or f(y) <k < f(z). If follows that such a k must be the smaller of the two
vertex labels that yield the edge labeled 1.

In [4] Kaneria et al. proved that the a-labeling of double path union of some a-graceful
graph like cycle, complete bipartite graph and path. We will consider a simple finite and
undirected graph G = (V, E) on |V| = p vertices and |E| = ¢ edges. For a comprehensive
bibliography of papers on graph labeling we have refereed Gallian [3]. Here we recall some
definitions which are used in this paper.

Definition 1.1 A function f is called graceful labeling of a graph G = (V,E) if f : V —
{0,1,--- ,q} is injective and the induced function f*: E — {1,2,--- ,q} defined as f*(e) =
|f(uw) — f(v)] is bijective for every edge e = (u,v) € E. A graph G is called graceful graph if it
admits a graceful labeling.

Definition 1.2 A function f is called o-labeling of a graph G = (V, E) if [ is a graceful
labeling for G and there exist an integer k (0 < k < g — 1) such that for every e = (x,y) €
E(G), either f(z) <k < f(y) or f(y) <k < f(z). A graph G with an a-labeling is necessarily
bipartite graph. A graph which admits a-labeling, we call here a-graceful graph.
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82. Main Results

Theorem 2.1 The graph obtained by merging t consecutive vertices of two cycle Cy. and Cys

is a-graceful, where t < 2[min{r,s}] and r,s,t € N.

Proof Let w;(i < ¢ < 4r) be consecutive vertices of the cycle Cy,. and vi = ugr—¢41,

Vo = Uhp—t42, "y Ut = U4, Vtt1,V442, -+, Ugs be consecutive vertices of the second cycle
Cys, among the consecutive vertices vy, va, -+, v; of the second cycle are merged with the
consecutive vertices Ugy—¢41, Usr—t42, - -+, Ugy Of the first cycle Cy, respectively.

Let G be the graph obtained by merging ¢ consecutive vertices stated above of the cycle
Cyr and Cys, where t < 2[min{r, s}] and r,s,t € N.
The vertex labeling function f: V(Cs.) — {0,1,--- ,4r} is defined by

dr — 5L Vi=1,3,-- 4r — 1,
f(ui): %,V’L:2,4, 72T7
L Vi = 2r +2,2r + 4, 4r

N

is an a-graceful labeling for the cycle Cy,., where k1 = 2r.
Also the vertex labeling function g; : V(Cys) — {0,1,--- ,4s} (i = 1,2) is defined by

ds — LA Vi =1,3,-- 4s — 1,
gl(vj) = %,V]:2,4, 7287
1.Vj=25+2,2s 44, ,4s.

A Vj=1,3,-,2s 1,
g2(vj) = L Vi =2s+1,25+3,- -+ ,4s — 1,
.
4s — 152 Vj =2,4,--- ,4s.
are a-graceful labeling for the cycle Cys, where ko = 2s.

To define a vertex labeling function h : V(G) — {0,1,--- ,q}, where ¢ = 4(r +s) —t+1,
we take following two cases.

Case 1. tis odd.

Define h(u) = f(u) if f(u) < 2r and f(u) + 4s — ¢t + 1if f(u) > 2r for Yu € V(Cy),
h(v) = ga(v) + 2r — 5L for V v € V(Cys) — V(Cyr).

Case 2. tiseven.

Define h(u) = f(u) if f(u) < 2r and f(u) +4s —t+ 1if f(u) > 2r for V u € V(C4q),
h(v) = g1(v) + 2r — 152 for V v € V(Cys) — V(Cyy).
Above defined labeling pattern give the vertex labels 0,1,---, r—1,r+1,r+2,--- 2r, q,

qg—1,---,q+1—2r to the vertices of Cy, and the vertex labels 2r +1,2r+2,---, 2r 4 LQSQ_tJ,
2r + L%J, 2r + L%J, -+ ,q — 2r to the vertices of Css which are not common vertices

of Cy, and Clys,.
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So f is an injective map. Moreover it produces the edge labels ¢,¢ — 1,---, ¢ —4r + 1 to
the edges of Cy4,- and the edge labels 1,2, -, ¢ — 4r to the edges of Cys, which are not common
edges of Cy, and Cys. Thus f*: E(G) — {0,1,---,q} defined by absolute difference of end
vertices labels is a bijective map.

It is observed that h(vss) = 2(r +s) + 1 — 52, h(vgs—1) = 2(r +s) — 552 in Case 1
and h(vgs) = 2(r +5) — 52, h(vas—1) = 2(r +s) + 1 — 52 in the Case 2. These produce
h*(e = (v4s—1,v45)) = 1. Take k = [Z]. Now,

ﬁ(r—i—s)—t—i—lw

2
2(r+s) — {%J

2(r +s) — 51 when ¢ is odd

—

N[

1
|

2(r +s) — 52 when t is even

min{h(vas), h(vas—1)}-

Therefore, k = [1] is non-negative integer (0 < k < ¢), which satisfied for every e = (x,y)
€ E(G), min{h(z),h(y)} < k < max{h(x),h(y)}. Hence, G admits an a-graceful labeling h
and so, it is an a-graceful graph. m|

Illustration 2.2 Graph obtained by merging 7 consecutive vertices of Cig, Cy and its a-

graceful labeling are shown in Figure 1.
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Figure 1 Ci6 U Cy with seven consecutive common vertices and its a-labeling, here k = 15.

Theorem 2.3 Let Gy be an a-graceful graph, G2 be a graceful graph and ¢1 = |E(G1)|, g2 =
|E(G2)|. Let f1 be an a-graceful labeling for G1 and fa be a graceful labeling for Go. Let k (0 <
k < q1) be a non-negative integer such that for every e1 = (z,y) € E(G1), min{ f1(z), f1(y)} <
k< maz{fi(x), f1(y)}. Let v € V(G1) with fi(v) =k and w = V(G2) with fo(w) = 0. Then
the graph obtained by joining v with w by a path P, is graceful.

Proof Take Vi = {u € V(G1)/fi(v) < k} and Vo = V(G1) — V4. Let ug = v,
U2, U3, - ,U, = w be the vertices of path P,. Let G be the graph obtained by joining v
with w by a path P,.
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The vertex labeling function g : V(P,) — {0,1,--- ,n — 1} defined by

() %ifiisodd,
gl\u;) = )
q—%ifiiseven,Vi:1,2,-~~,n

is an a-graceful for the path P,, where ky = |%51]. Let V3 = {u € V(P,)/f(u) < k1} and
Vi = V(P,) — V5. To define a vertex labeling function h : V(G) — {0,1,...,q}, where

q=q1+ g2 +n — 1, we take following two cases.
Case 1. n is odd.

Let h|V1 = f1|V17 h|V2 = f1|V2 +q@ +n—1, h|V3 = g|V3 + k, h|V4 = g|V4 + k + g2 and
hlv(Gs) = falvas) + &+ 25+

Case 2. nis even.

Let hlv, = filw,, hlw, = fil, + @@ +n —1, hlv, = glw, + k, hlv, = glv, + k + g2 and
hlvic,) = @2 +k+ 5 = faolvic,)-

It is observe that h(v) = f1(v) = g(u1) + k = k, which is common vertex of G; and P,.
Also

h(w) g(w) +k=k+ 5], where n is odd as w € V3
w =
g(w) +k+q=k+q+ 5], where nisevenasw eV

kE+15] + fo(w), where n is odd as fa(w) =0
k+q+ 5] — fa(w), wheren is even as fa(w) =0 ’

which is common vertex of P, and G2. Above defined labeling pattern give the vertex labels
from {0,1, -+ ,k,g2+k+mn,---,q} to the vertices of G1, the vertex labels k+1,k+2,--- [ k+
L"T_QJ Jk+qo+ L"T”J, ..., q2 +k+n—1 to the vertices of P, except terminal vertices v, w and
the vertex labels from {k + %], k+ [§] +1,---, g2 + k4 | 5]} to the vertices of Go.

So, h is an injective map. Moreover it produced the edge labels ¢, ¢ — 1,--- , g2 + n to the
graph G, the edge labels g2 +1,¢2 +2,--- ,q2 + n — 1 to the graph P, and the edge labels
1,2, , g2 to the graph Go. Thus f*: E(G) — {0,1,--- , ¢} defined by absolute difference of
end vertices labels is a bijective map. Therefore G admits a graceful labeling i and so, it is a

graceful graph. O

Illustration 2.4 The graphs obtained by joining a vertex of an a-graceful graph K4 3 and a
vertex of a graceful graph C7 by a path P, with their require labeling are shown in Figures 2
and 3.
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Figure 2 a-graceful labeling for K43 and Ps,where k = 9,1 respectively and graceful labeling for C.
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Figure 3 A graceful labeling for the graph obtained by joining K3, C7 by a path Pi.

Theorem 2.5 Let G1,Ga be a-graceful graphs and 1 = |E(G1)|, ¢2 = |E(G2)|. Let fi, fo
be a-graceful labeling for G1 and Go respectively. Let ki1 (0 < k1 < q1), k2 (0 < ko < ¢2) be
two non-negative integers such that for every e; = (x;,y;) € E(G;), min{ f;(x;), fi(y:)} < k; <
maz{ fi(z:), fi(y:)}, Vi=1,2. Let v € V(G1) with f1(v) = k1 and w € V(G2) with fa(w) = 0.
Then the graph obtained by joining v with w by a path P, is a-graceful graph.

Proof TakeVy ={u € V(G1)/f1(u) <ki}and Vo = V(G1)—V1. Let ug = v, ug,uz, - ,uy =
w be the vertices of path P,. Let G be the graph obtained by joining v with w by a path P,.
The vertex labeling function g on P, defined in Theorem 2.3 is an a-graceful labeling for the
path P,, where ks = [251]. Let V3 = {u € V(P,)/f(u) < ks} and V4 = V(P,) — V3.

We define a vertex labeling function h: V(G) — {0,1,--- ,q}, where g =q¢1 + g2 +n—1
as it defined in Theorem 2.3.

It is observed that h(v) = f1(v) = g(u1) + k = k, which is common vertex of Gy and P,.
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Also
glw) + k, where n is odd as w € V3
g(w) + k + g2, where n is even as w € Vj

E+ %]+ fo(w), where n is odd

kE+ g+ 3] — fo(w), where n is even

which is common vertex of P, and G3. Above defined labeling pattern give rise a graceful
labeling h to the graph G, as discussed in Theorem 2.3.

Since f2 is an a-graceful labeling for Gg, Therefor e = (u,v) € E(G) such that f3(e )
| =

| f2(u) = f2(v)[ = 1. Science min{ fa(u), fa(v)} < k2 < max{fa(u), f2(v)} and | fa(u) = fa(v)
we must say min{ fa(u), f2(v)} = k2 and max{fa(u), fa(v)} = k2 + 1.

Now

h*(e) = [h(u) = h(v)| = |fa(u) = f2(v)]

Take

k= min{h(u),h(v)}
min{ fo(u) + k1 + [ 5], fa(v) + k1 + | 5]}, where n is odd
min{gs + k1 + | 5] — fa(u),q2 + k1 + | 5] — fo(v)}, where n is even

k4 [ 5] + min{ fo(u), f2(v)}, where n is odd
q2 + k1 + | 5] —max{fa(u), f2(v)}, where n is even
ki + ka4 5], where n is odd
g2+ ki — (k2 +1)+ | 5], where n is even

ki + ko + "T_l, where n is odd

q2 — ko + k1 + an, where n is even

Then it is observed that for any e = (z,y) € E(G), min{f(x), f(y)} < k < maz{f(x), f(y)}

and so, h is an a-graceful labeling for G. Hence G is an a-graceful graph. |

Illustration 2.6 The graphs obtained by joining a vertex of an a-graceful graph Ps x P, and
a vertex of another a-graceful graph Cg by a path Ps and their related labelings are shown in
Figures 4 and 5.
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Figure 4 a-graceful labeling for Ps x Py ,P; and Cs, where k = 8,3, 4 respectively.
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Figure 5 a-graceful labeling for a graph obtained by joining P3 x Py and Cs by a path P.
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