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Abstract: Let G be a graph and f: V(G) — {1,2,3,...,p+ ¢} be an injection. For each
edge e = uwv and an integer m > 2, the induced Smarandachely edge m-labeling f3 is defined
by

m

fre) — W(u) +f(v)1 |

Then f is called a Smarandachely super m-mean labeling if f(V(G))U{f*(e):e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

@ f(u);rf(v) if f(u) + f(v) is even;
(& =
w if f(u) + f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph. In this paper, we prove
that the H-graph, corona of a H-graph, G ® S2 where G is a H-graph, the cycle Cs, for
n > 3, corona of the cycle C,, for n > 3, mCy-snake for m > 1,n > 3 and n # 4, the
dragon P, (Cy,) for m > 3 and m # 4 and Cy, X P, for m = 3,5 are super mean graphs, i.e.,

Smarandachely super 2-mean graphs.
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§1. Introduction

Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be
a graph with p vertices and ¢ edges. For notations and terminology we follow [1].

Let G1 and G5 be any two graphs with p; and ps vertices respectively. Then the Cartesian
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product G1 x G has pyps vertices which are {(u,v)/u € G1,v € G2}. The edges are obtained
as follows: (u1,v1) and (ug,vs2) are adjacent in G7 X Gag if either uy = us and vy and vy are
adjacent in G2 or u; and ug are adjacent in Gy and v; = vs.

The corona of a graph G on p vertices v1, va, . . ., vp is the graph obtained from G by adding
p new vertices uy,ug, ..., up and the new edges u;v; for 1 < i < p, denoted by G © K;. For a
graph G, the 2-corona of G is the graph obtained from G by identifying the center vertex of
the star So at each vertex of G, denoted by G ® S2. The baloon of a graph G, P,(G) is the
graph obtained from G by identifying an end vertex of P, at a vertex of G. P, (Cy,) is called
a dragon. The join of two graphs G and H is the graph obtained from G U H by joining each
vertex of G with each vertex of H by means of an edge and it is denoted by G + H.

A path of n vertices is denoted by P, and a cycle on n vertices is denoted by C,,. K, is
called a star, denoted by S,,. The bistar B, , is the graph obtained from K, by identifying
the center vertices of K1 ,, and K1, at the end vertices of K5 respectively, denoted by B(m).
A triangular snake T;, is obtained from a path v1vs ... v, by joining v; and v; 41 to a new vertex
w; for 1 <4 <mn—1, that is, every edge of a path is replaced by a triangle Cs.

We define the H-graph of a path P, to be the graph obtained from two copies of P, with
vertices v1,vs,...,v, and uy,usg, ..., u, by joining the vertices Unt1 and Unt1 if n is odd and
the vertices vz 11 and uz if n is even and a cyclic snake mC, the graph obtained from m copies
of Cp, by identifying the vertex v(x2), in the jth copy at a vertex v1,,, in the (j + 1)t copy if
n = 2k + 1 and identifying the vertex vy, in the j copy at a vertex vy, in the (j + 1)
copy if n = 2k.

A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p + g} be an injection.
For a vertex labeling f, the induced Smarandachely edge m-labeling f& for an edge e = uv, an
integer m > 2 is defined by

m

50 = |

Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) : e € E(G)} =
{1,2,3,...,p+ q}. Particularly, in the case of m = 2, we know that

0+ 60],

fle) = 2 ) if f(u)+ f(v) is even;
JEIHSQIEL3f f(u) + f(v) is odd.

Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean
graph if m = 2. A super mean labeling of the graph P? is shown in Fig.1.1.
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The concept of mean labeling was first introduced by S. Somasundaram and R. Ponraj [7].

They have studied in [4,5,7,8] the mean labeling of some standard graphs.

The concept of super mean labeling was first introduced by R. Ponraj and D. Ramya [2].
They have studied in [2,3] the super mean labeling of some standard graphs like P,,, Copy1,n >
1, Kp(n <3), Kin(n <3), T, Cp, UP,(m > 3,n > 1), Bpn(m =n,n+1) etc. They have
proved that the union of two super mean graph is super mean graph and Cy is not a super
mean graph. Also they determined all super mean graph of order < 5.

In this paper, we establish the super meanness of the graph Cs, for n > 3, the H-graph,
Corona of a H- graph, 2-corona of a H-graph, corona of cycle C,, for n > 3, mC),-snake for
m > 1,n >3 and n # 4, the dragon P,(C,,) for m > 3 and m # 4 and C,,, x P, for m = 3,5.

82. Results

Theorem 2.1 The H-graph G is a super mean graph.

Proof Let vy,va,...,v, and uy,us,...,u, be the vertices of the graph G. We define a
labeling f : V(G) — {1,2,...,p+ ¢} as follows:
flv)) =2i-1, 1<i<n
flu) =2n+2i—1, 1<i<n
For the vertex labeling f, the induced edge labeling f* is defined as follows:

[ (vivigr) = 24, 1<i<n-1
S (uwiwiy1) =2 +2, 1<i<n-1
[*(Wntiuni) =2n if n is odd

2 2
frvzpue)  =2n if n is even

Then clearly it can be verified that the H-graph G is a super mean graph. For example the

super mean labelings of H-graphs G; and G2 are shown in Fig.2.1.
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Theorem 2.2 If a H-graph G
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s a super mean graph, then G ©® Ky is a super mean graph.
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Proof Let f be a super mean labeling of G with vertices vy, v, ..

Let v}, vh,...,v), and uf,ub, ..

Fig.2.2

,p+ q} as follows:

g(vi) = f(vi)+ 2, 1<i<n
g(ui) = f(us) +2n + 2i, 1<i<n
g(vy) = f(v1)

g(v)) = f(vi)+2i—3, 2<i<n
g(u)) = flu)+2n+2i—3, 1<i<n

., Un and u, us, . ..
.,u,, be the corresponding new vertices in G ©® Kj.
We define a labeling g : V(G ® K1) — {1,2,...

For the vertex labeling g, the induced edge labeling g* is defined as follows:

s Unp,-
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g*(vvi41) = f*(vivig1) +2i + 1, 1<i<n-1
g (wiuig1) = f*(uuip1) +2n+2i+1, 1<i<n-1
g*(viv)) = f(vi)+2i—1, 1<i<n

g* (uul) = fu;) +2n+2i — 1, 1<i<n

g (Vn+1 g1 ’U,nTH) :2f*((U%Un+l)+1 if n is odd

g (e piun)  =2f*((vap1uz) +1 if n is even

It can be easily verified that g is a super mean labeling and hence G ® K7 is a super mean
graph. For example the super mean labeling of H-graphs G1,G2, G1 ® K71 and G2 ® K; are
shown in Fig.2.2. g

Theorem 2.3 If a H-graph G is a super mean graph, then G ® Sy is a super mean graph.

Proof Let f be a super mean labeling of G with vertices v1,vs,...,v, and uy, ug, ..., Up.
Let vf,vh, ... 00, o vl ..o vl i ub, . o ul, and wf uf, ... ull be the corresponding new

vertices in G ® Ss.

We define g : V(G ® S2) — {1,2,...,p+ q} as follows:

g(vi) = f(vi)+4i—2, 1<i<n
g(v) = flv) +4i—4, 1<i<n
g() = flv) + 4, 1<i<n
gu;)) = flu))+4n+4i—-2, 1<i<n
g(u}) = flu;) +4n+4i—4, 1<i<n
g(u) = f(ui) + 4n + 4, 1<i<n

For the vertex labeling g, the induced edge labeling ¢g* is defined as follows:

g*(UEUE) = 3f*('Un+1 U,n+1) if n is odd
2 2 2 2

g*(vnprun)  =3f*(vnqun) if n is even

9" (vivig1) = [r(vivigr) + 44, 1<i<n-1
g* (v;v}) = f(v;) +4i =3, 1<i<n

g (wivy) = f(vi) +4i—1, 1<i<n

g (wuir1) = [ (ujuipr) +4n + 4i 1<i<n-1
g (uul) = f(u;) +4n+ 4i — 3, 1<i<n

g (wiu) = flu) +4n+4i —1, 1<i<n

It can be easily verified that g is a super mean labeling and hence G® S5 is a super mean graph.

For example the super mean labelings of G; ® S2 and G2 ® S are shown in Fig.2.3. O
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Theorem 2.4 Cycle Cs, is a super mean graph for n > 3.

Proof Let Cy, be a cycle with vertices uj,us, ..

f:V(Ca) — {1,2,...,p+ ¢} as follows:

21
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., u2, and edges e, eoq, ...
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, €an. Define

f(u1) =1

fui) =4i -5, 2<i<n
fluny;)  =4n—=3j+3, 1<j<2
fUunyjq2) =4n—4j—2, 1<j<n-2

For the vertex labeling f, the induced edge labeling f* is defined as follows:
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f(e1) =

f*(ei) =4i—3, 2<i<n-—1
flew)  =dn-2.

f*(ent1) =4n —1,

fr(en+jt1) =4n—4j, 1<j<n-1

It can be easily verified that f is a super mean labeling and hence C5,, is a super mean graph.

For example the super mean labeling of Cy¢ is shown in Fig.2.4. O

20

ClO
Fig.2.4

Remark 2.5 In [2], it was proved that Ca,41,n > 1 is a super mean graph and Cy is not a
super mean graph and hence the cycle C), is a super mean graph for n > 3 and n # 4.

Theorem 2.6 Corona of a cycle Cy, is a super mean graph for n > 3.

Proof Let C,, be a cycle with vertices u, uo, ..., u, and edges e, €2, ..., e,. Let v1,v2,..., v,
be the corresponding new vertices in C,, ® K; and F; be the edges joining u;v;,7 = 1 to n.
Define f: V(C, ® K1) — {1,2,...,p+ q} as follows:

Casei Whennisodd,n=2m+1,m=1,2,3,...

flur) =3

5+ 8(i — 2) 2<i<m+1
flui) = _ :

12+ 8(2m+1—1) m+2<i<2m-+1
flor) =1

7+8(i—2) 2<i<m+1
fvi) = _ .

10+8(2m+1—1) m+2<i<2m+1

For the vertex labeling f, the induced edge labeling f* is defined as follows:

fr(e1) =4
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e 9+8(i—2) 2<i<m+1
€;) =
8+8(2m+1—1) m+2<i<2m-+1
fr(Er) =2
6+ 8(i — 2) 2<i<m+1
[ (E;) =

11+82m+1—i) m+2<i<2m+1

Case ii When n iseven, n =2m,m = 2,3,...

flu) =3

f(ui) =5+8(i —2), 2<i<m
f(uerl) =8m — 2,

fw) =12+ 8(2m — 1), m+2<i<2m
flo) =

f(v) =7+4+8(i—2), 2<i<m
f(vm+1) :8ma

f(omy2) =8m -1,

flv)  =10+8@2m—i), m+3<i<2m

f*(e) =

f*(es) =9+8(: —2), 2<i<m-—1
frlem) — =8m—6,

frems1)  =8m =3,

f*(es) =8+ 8(2m — 1), m+2<i<2m
[ (E1) =2

*(E;) =6+ 8(i — 2), 2<i<m
F(Buyt) =8m—1

f(E) =11+802m—1i), m+2<i<?2m

It can be easily verified that f is a super mean labeling and hence C),, ® K7 is a super mean

graph. For example the super mean labelings of C7 ® K7 and Cs ® K7 are shown in Fig.2.5.00
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Cs®K;

Fig.2.5

Remark 2.7 C} is not a super mean graph, but Cy ® K7 is a super mean graph.

Theorem 2.8 The graph mC,,- snake, m > 1,n > 3 and n # 4 has a super mean labeling.

Proof We prove this result by induction on m.
Let v1;,v2;,...,vs,; be the vertices and ey;, ez, ..., en; be the edges of mC,, for 1 < j < m.

Let f be a super mean labeling of the cycle C,,.
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When m = 1, by Remark 1.5, C,, is a super mean graph, n > 3,n # 4. Hence the result is
true when m = 1.

Let m = 2. The cyclic snake 2C), is the graph obtained from 2 copies of C,, by identifying
the vertex v(yy9), in the first copy of C,, at a vertex vy, in the second copy of €, when n = 2k+1

and identifying the vertex v(y1), in the first copy of Cy, at a vertex vy, in the second copy of
C,, when n = 2k.

3 5 16

20

28
41

4Cs-snake

4Cs-snake
Fig.2.6

Define a super mean labeling g of 2C,, as follows:

For 1 <i<n,

9(vi,) = f(viy)
9(vi) = f(viy) +2n — 1
9" (eiy) = f"(eir)
9" (eir) = f*(es,) +2n — 1

Thus, 2C,-snake is a super mean graph.
Assume that mC,,-snake is a super mean graph for any m > 1. We will prove that (m+1)C,,-

snake is a super mean graph. Super mean labeling g of (m + 1)C,, is defined as follows:

gvi))  =flu)+(G-1)2n-1), 1
g(vim+1) = f(vil) + m(2n - 1)7 1

IN
IN

1<n,2<j<m
1 <n

IN
IN
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For the vertex labeling g, the induced edge labeling ¢g* is defined as follows:

IN
IN

g*(eij) :f*(ei1)+(j_1)(2n_1)v 1 n,2<j<m
g*(eim+1) = f*(eil) + m(2n - 1)a 1

Then it is easy to check the resultant labeling g is a super mean labeling of (m + 1)C,,-snake.

]
1

IN
IN

n

For example the super mean labelings of 4Cg-snake and 4Cs- snake are shown in Fig.2.6. [

Theorem 2.9 If G is a super mean graph then P,(G) is also a super mean graph.

Proof Let f be a super mean labeling of G. Let vy, va, ..., v, be the vertices and eq, ez, . .., €4
be the edges of G and let uy,us,...,u, and E1, Fs, ..., E,_1 be the vertices and edge of P,
respectively.

We define g on P, (G) as follows:

g(vi) = f(vi), 1<i<
gu;) =p+aq+2j-2, 1<j<n
For the vertex labeling g, the induced edge labeling ¢g* is defined as follows:
g (e:;) = fles) 1<i<p.
9" (Ej) =p+q+2j-1, 1<j<n-L

Then ¢ is a super mean labeling of P, (G). O

Corollary 1.10 Dragon P,(C,,) is a super mean graph for m > 3 and m # 4.

Proof Since C,, is a super mean graph for m > 3 and m # 4, by using the above theorem,

P, (Cy,) for m > 3 and m # 4 is also a super mean graph. For example, the super mean labeling

of P5(Cs) is shown in Fig.2.7. O
5
3 7
14 16 18 20
13 . 15 . 17 . 19 .
6 . °
Fig.2.7

Remark 2.11 The converse of the above theorem need not be true. For example consider the
graph Cy. P,(Cy) for n > 3 is a super mean graph but Cj is not a super mean graph. The
super mean labeling of the graph P;(Cjy) is shown in Fig.2.8
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Theorem 2.12 C,, x P, forn >1,m = 3,5 are super mean graphs.

93

Proof Let V(Cpy x Pp) = {vi; : 1 < i <m,1<j <n}and E(Cy, x P,) = {eg; : ei; =

J

vijv(i+1)j,1§j§n,1§i§m}U{Eij C By =vv,,,1 <j<n—1,1<i<m} where i+ 1

is taken modulo m.
Casei m=3

First we label the vertices of C3 and C% as follows:

flv,) =1
f(vi,) =3i-3, 2<i<3
flui,) =12+33G—-1), 1<i<?2
fvs,) =10

For the vertex labeling f, the induced edge labeling f* is defined as follows:

[ei,) =2+433-1), 1<i<?2
fles,) =

frle,) =14

fles,) =13-2(i—2), 2<1<3
A (Ey) =7+23i-1), 1<i<2
[r(Bs) =
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C3x Ps

If the vertices and edges of ng ! and ng are labeled then the vertices and edges of ng +

and C37%2 are labeled as follows:
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fin;n) = fwiy,_,) +18, <i<3,1<j< 21 ifnisodd and
Sjg%ifniseven
fisyn) = f(viy;) +18, <i<3,1<j< 22 ifnisodd and

f*(ei2j+1) = f*(ei2j—1) + 18,
f*(ejzgurz) = f*(ei2j) + 13,

f*(Ei2j+1) = f*(E'Léj—l) + 18,

[ (Eiyyn) = f(Eiy) + 18, <i<3,1<j <252 ifnis odd and

gjgﬂifniseven
Caseii m=2>5.

First we Label the vertices of C} and C2 as follows:
f(Ull) =1

. oy
flui) = o

25-3(i—2), 2<i<3

f(Uiz) = . .
164+2(—4) 4<i<5

For the vertex labeling f, the induced edge labeling f* is defined as follows:

fr(ei) =2+3(i—1), 1<i<2
f*(€31):9
f*(6i1)=8—4(i—4), 4§1§5
23+ (1 —1), 1< <
ey =] BT
19 —2(i — 3), 3<i<4
f*(€52)—207
fr(En) =11
[ (Ey) = 14+(Z:_2)7 =r=d

If the vertices and edges of C52j ! and C52j are labeled then the vertices and edges of
and C27*2 are labeled as follows:

95

2j+1
Cs
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fin; ) = Uviy,_,) +30,1 < <5, 1<j<22ifniseven and
1§j§"7711fnisodd

J(Wig, ) =1(viy;) +30,1 <0 <5, 1<j<22ifniseven and
1<j <23 if nis odd.

[ (Bisyey) = ["(Biy_,)+30,1<i<5, 1<j<22ifnisoddand
1§j§"7_21fniseven

[ (Bisyen) = ["(Ei,y)+30,1<i<5, 1<j<22ifnisoddand
1<j <24 ifniseven

(€)= f*(eiy; 1) +30,1<i<5, 1< <272 ifnis even and
1<j<2lifnisodd

J* (i) = [*(€iy,;) +30,1 <0 <5, 1<j <22 ifnis even and
1<j <233 ifnis odd.

Then it is easy to check that the labeling f is a super mean labeling of C3 x P, and Cs X P,.
For example the super mean labeling of C3 x Ps and C5 x P, are shown in Fig.2.9. O

83. Open Problems
We present the following open problem for further research.

Open Problem. For what values of m (except 3,5) the graph C,, X P, is super mean graph.

References

[1] R. Balakrishnan and N. Renganathan, A Text Book on Graph Theory, Springer Verlag,
2000.

[2] R. Ponraj and D. Ramya, Super Mean labeling of graphs, Preprint.

[3] R. Ponrajand D. Ramya, On super mean graphs of order < 5, Bulletin of Pure and Applied
Sciences, (Section E Maths and Statistics) 25E(2006), 143-148.

[4] R. Ponraj and S. Somasundaram, Further results on mean graphs, Proceedings of Sacoef-
erence, August 2005. 443 - 448.

[5] R. Ponraj and S. Somasundaram, Mean graphs obtained from mean graphs, Journal of
Discrete Mathematical Sciences & Cryptography, 11(2)(2008), 239-252.

[6] Selvam Avadayappan and R. Vasuki, Some results on mean graphs, Ultra Scientist of
Physical Sciences, 21(1)M (2009), 273-284.

[7] S. Somasundaram and R. Ponraj, Mean labelings of graphs, National Academy Science
letter, 26 (2003), 210 - 213.

[8] S. Somasundaram and R. Ponraj, On Mean graphs of order < 5, Journal of Decision and
Mathematical Sciences 9(1-3) (2004), 48-58.



