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Abstract: Let G1 and G2 be two simple connected graphs with disjoint vertex sets V(G1)
and V(G2), respectively. For given vertices a1 € V(G1) and a2 € V(G2), a splice of G1 and
G2 by vertices a1 and as is defined by identifying the vertices a1 and a2 in the union of G1
and G2 and a link of G and G2 by vertices a1 and a2 is obtained by joining a; and a2 by an
edge in the union of these graphs. The modified Schultz index of a simple connected graph
G is defined as the sum of the terms d(u|G)d(v|G)d(u,v|G) over all unordered pairs {u, v}
of vertices in G, where d(u|G) and d(u,v|G) denote the degree of the vertex u of G and the
distance between the vertices u and v of G, respectively. In this paper, explicit formulas
for computing the vertex and edge-modified Schultz indices of splice and link of graphs are

presented.
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§1. Introduction

In this paper, we consider connected finite graphs without any loops or multiple edges. A
topological index Top(G) of a graph G is a real number with the property that for every
graph H isomorphic to G, Top(H) = Top(G). There are numerous topological indices that
have been found to be useful in chemical documentation, isomer discrimination, quantitative
structure-property relationships (QSPR), quantitative structure-activity relationships (QSAR),
and pharmaceutical drug design [7, 10]. The Wiener index is the first reported distance-based
topological index which was introduced in 1947 by Wiener [19, 20] who used it for modeling
the shape of organic molecules and for calculating several of their physico-chemical properties.
The Wiener index of a graph G is defined as the sum of distances between all pairs of vertices
of G,
WG =Y duv|G),

{uv}CV(G)

where d(u,v|G) denotes the distance between the vertices u and v of G which is defined as the
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length of any shortest path in G connecting them.
The molecular topological index or Schultz index [17] was introduced by Harry Schultz in
1989. The Schultz index of a graph G is defined as

SG) = > [dw|G)+dw|G)]d(u,v|q),
{u,v}CV(G)

where d(u |G) denotes the degree of the vertex u of G.

The vertex version of the modified Schultz index [9]of a graph G was introduced by Ivan
Gutman in 1994 as

S*G) = > dw|G)d(v|G)du,v|G).
{uw}CV(G)

The modified Schultz index is also known as Gutman indez.

The edge versions of the modified Schultz index [15] were introduced by Khormali et al.
in 2010. Two possible distances between the edges e = uv and f = zt of a graph G can be
considered. The first distance is denoted by dy(e, f |G) and defined as

die, fIG)+1 e#f,

do(e, f1G) =
ole, f1G) 0 o= f

where di(e, f|G) = min{d(u, z|G),d(u,t|G),d(v,z|G),d(v,t|G)}. It is easy to see that,
do(e, f|G) =d(e, f|L(G)), where L(G) is the line graph of G.
The second distance is denoted by d4(e, f |G ) and defined as

dy(e, f1G) e [,

da(e, fIG) = 0 oz f

where dy(e, f|G) = max{d(u,z |G),d(u,t|G),d(v, z |G),d(v,t|G)}.

Related to the distances dg and d4, two edge versions of the modified Schultz index can be
defined. The first and second edge-modified Schultz indices of G are denoted by (W,.),,(G) and
(W)e, (G), respectively and defined as

(We,(G) = > d(e|G)d(f|G)die, fIG),  i€{0,4},

{e,f}CE(G)

where d(e |G) denotes the degree of the edge e in G which is the degree of the vertex e in the
line graph L(G). For more information on the edge-modified Schultz indices, see [14].

In this paper, we compute the vertex version and edge versions of the modified-Schultz
index for splice and link of graphs. Readers interested in more information on computing
topological indices of splice and link of graphs can be referred to [1 C 6, 8, 12, 13, 16, 18].

82. Definitions and Preliminaries

Let G be a graph with vertex set V(G) and edge set E(G). We denote by V(e) the set of two



Some Results on Vertex Version and Edge Versions of Modified Schultz Index 67

end-vertices of the edge e of G. For u € V(G) and e = ab € E(G), we define
Dy (u,e|G) = min{d(u,a|G),d(u,b|G)},  Dz(u,e|G)=max{d(u,a|G),d(u,b|G)}.

Note that, D;(u,e|G) is a nonnegative integer and Dj(u,e|G) = 0 if and only if u € V(e).
Also, Dy(u,e|G) is a positive integer and Da(u,e|G) =1 if and only if u € V(e) or u and the
end vertices of e form a 3-cycle in G.

For u € V(G), let N(u|G) denote the set of all first neighbors of w in G. We denote by
d(u|G), the sum of degrees of all neighbors of u in G, i.e.,

SulG)y=" > d|qG).

vEN(u|G)
We denote by M;(G), the first Zagreb index [11] of G which is defined as
M(G)= Y dulG)*.
ueV(G)
The first Zagreb index can also be expressed as a sum over edges of G,

MGy = > [du|G)+d(v|G)].
uwveE(G)

Let e be an edge of G with V(e) = {a,b}. It is easy to see that, d(e|G) = d(a|G) +
d(b|G) — 2. Therefore,
S del6) = M)~ 2 E(G).

e€E(Q)

Also for u € V(G), we have

o de]G) =d(u|G)(d(u]G) —2) +6(u|G),

e€E(G);ueV(e)

> [d(e|G) +d(f|G)] = (d(u|G) — 1) [d(u|G)(d(u|G) - 2) + (u|G)].
{e.fYCE(G);ueV (e)NV (f)

§3. Results and Discussion

In this section, we compute the vertex version and edge versions of the modified Schultz index

for splice and link of graphs.

3.1 Splice

Let G; and G2 be two graphs with disjoint vertex sets V(G1) and V(G2) and edge sets E(G1)
and E(G2), respectively. For given vertices a; € V(G1) and as € V(G2), a splice [8] of G1 and
G2 by vertices a1 and ag is denoted by (G1.G2)(a1, az2) and defined by identifying the vertices
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a1 and ao in the union of G; and G2. We denote by n;, m; and «;, the order and size of
the graph G; and the degree of a; in G;, respectively, where ¢ € {1,2}. Tt is easy to see that,
’V((Gl.Gz)(al, CLQ))‘ =n1 +ng — 1 and ‘E((Gl.GQ)(al, CLQ))‘ =my + mas.

In the following lemmas, the degree of an arbitrary vertex of (G1.G2)(a1,as) and the
distance between two arbitrary vertices of this graph are computed. The results follow easily

from the definition of the splice of graphs, so their proofs are omitted.

Lemma 3.1 Let u € V((G1.G2)(a1,a2)). Then

d(u|Gy) u € V(G1) \{ar},
d(u |(G1G2 )((Il, ag)) = d(u |G2) (IS V(GQ) \ {ag},
a1 + ao U =a; or u = as.

Lemma 3.2 Let u,v € V((G1.G2)(a1,az)). Then

d(u,v|Gr) u,v € V(Gh),
d(u,v[(G1.G2)(a1,a2)) = ¢ d(u,v|G) u,v € V(Ga),
d(u,a1|G1) + d(az,v|G2) u€V(Gy),v € V(Gs).

In the following theorem, the modified Schultz index of (G1.G2)(a1, az2) is computed.

Theorem 3.3 The modified Schultz index of G = (G1.G2)(a1,az2) is given by

S*(G) =5*(G1) + 8*(G2) +2ma > d(u|Gy)d(u,a1|Gy)
u€V(G1)\{a1}

+ 2m1 Z d(u |G2)d(u,ag |G2)
u€V(G2)\{az2}

Proof We partition the sum in the formula of S*(G) into three sums as follows.

The first sum S; consists of contributions to S*(G) of pairs of vertices from G;. Using
Lemmas 3.1 and 3.2, we obtain

S1= Z d(u|Gr)d(v[G1)d(u,v|Gr)
{u,v}EV(G1)\{a1}
Flata) Y dwlG)dwailGr)
weV(G1)\{a1}
:S*(Gl)—FOéQ Z d(u|G1 )d(u,al |G1)
weV(G1)\{a1}

The second sum S consists of contributions to S*(G) of pairs of vertices from G5. Similar
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to the previous case, we obtain

Sp=8*(Ga)+ar > d(u|G2)d(u,ay|Ga).
u€V(G2)\{az}

The third sum S3 is taken over all pairs {u, v} of vertices in G such that u € V(G1) \ {a1}
and v € V(G2) \ {az}. Using Lemmas 3.1 and 3.2, we obtain

53 = Z Z d(u |G1 )d(’U |G2 ) [d(u, al |G1 ) + d(ag, v |G2 )}
weV (G1)\{a1} veV(G2)\{az2}
:(2m2 — 042) Z d(u |G1 )d(u, a1 |G1 )
weV(G1)\{a1r}
+ (2m1 —al) Z d(u|G2)d(u,ag |G2)
u€V(G2)\{az}

The formula of S*(G) is obtained by adding S7, Sz and S5 and simplifying the resulting

expression. O

In the following lemmas, the degree of an arbitrary edge of (G1.G2)(a1, a2) and the distances
dop and d4 between two arbitrary edges of this graph are computed. The results are direct

consequences of Lemmas 3.1 and 3.2, respectively, so their proofs are omitted.

Lemma 3.4 Let e € E((G1.G2)(a1,az)). Then

d(e|Gh) e € E(Gh),a1 ¢ V(e),

B d(e|G1) + as e € E(Gy),a1 € V(e),

d(e](G1.G2)(a1,az2)) = de|Ga) o € B(G) a0 ¢ V(e),
d(6|G2)+041 GEE(GQ),CLQ GV(G).

Lemma 3.5 Let G = (G1.G2)(a1,a2) and e, f € E(G). Then

do(e, f1G1) e, f € E(G),

(i) do(e, fIG) = { do(e, f|G2) e, f € E(G2),
Di(a1,e|G1) + Di(az, f|G2) +1 e € E(Gh), f € E(Ga),
da(e, f|G1) e, f € E(G),

(i) dale, fIG) = ¢ du(e, f|G2) e, f € E(G2),
Ds(ay,e|Gr1) + Da(asg, f|G2) e € E(Gh), f € E(G2).

In the following theorem, the first and second edge-modified Schultz indices of (G .G2)(a1, az)

are computed.

Theorem 3.6 The first and second edge-modified Schultz indices of G = (G1.G2)(a1,a2) are
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given by

(Z) (W*)eo (G) = (W*)eo (Gl) + (W*)eo (G2)

+ as Z d(f|G1)do(e, f1G1)
e,fEE(G1);a1€V (e)\V (f)
+a Z d(f|G2)do(e, f1G2)

e,fEE(G2);a2€V (e)\V(f)

+ (Ml(Gg) —2m2+a1a2) Z d(6|G1 )Dl(a1,€|G1)
e€E(G1)

+ (Ml(Gl) —2m + 041042) Z d(f|G2)D1(az, f|G2)
FEE(G2)

=+ (Ml(Gl) — 2m1) (Ml(GQ) — 2m2) =+ 042(041 — 1)5(&1 |G1) + 041(042 — 1)5((12 |G2)
+ arag [M1(G1) + M1 (G2) + (a1 + a2)2 - ;(al + az) — 2(mq + mg — 2)].
(1) Wi)es(G) = (Wi)es(G1) + (Wi)e, (G2)

+ s Z d(f|G1)da(e, f1G1)
e,fEE(G1);a1€V (e)\V (f)
+ o > d(f |Gz )da(e, f|G2)

e,fEE(G2);a2€V (e)\V (f)
+ (Ml(GQ) —2m2+a1a2) Z d(€|G1 )DQ(a1,6|G1)
e€E(G1)

+ (M1(G1) — 2m1 + anag) Z d(f|G2)Da2(az, f|G2)
fEE(G2)
+ > [d(u|G1) + d(v|G1)]d(u,v |G1)
{u,v}CN(a1|G1)
+o Z [d(u|G2) + d(v|Gs)]d(u,v|G2)
{u,v}CN(az2|G2)

+a2(a2+2a1 —4) Z d(u,v|Gy)
{u,v}CN(a1|G1)

+ aq (al + 209 —4) Z d(u,v|Ge)
{u,v}CN(az2|G2)

+ a1 [Ml(Gl) + Ml(GQ) — 2(m1 + mo — 041042)}.

Proof We prove the first part of the theorem. The second part can be proved by a similar

method. At first, we partition the sum in the formula of (W,),, (G) into three sums as follows.

The first sum S consists of contributions to (W), (G) of pairs of edges from G;. In order

to compute S1, we partition it into three sums Sy1, S12 and Si3 as follows.

The sum S7; is equal to

S = > d(e|G)d(f|G)do(e, f|G).

{e,f}CE(G1);a1 ¢V (e)UV ()
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Using Lemmas 3.4 and 3.5, we obtain

S = > d(e|G1)d(f |G1)do(e, f|G).
{e.f}CE(G1);a:1¢V (e)UV (f)

The sum Sps is equal to

S12 = > d(e|G)d(f|G)do(e, f|G).

{e,f}CE(G1);a1EV (e)NV ()

Note that, for every pairs {e, f} of edges in G such that a; € V(e)NV(f), do(e, f|G1) = 1.

Now, using Lemmas 3.4 and 3.5, we obtain

Spo = > (d(e|G1) + az2) (d(f|G1) + a2)
{e,f}CE(G1);a1€V(e)NV(f)
= > d(e|Gr)d(f |Gr)

{e,f}CE(G1);a1€V(e)NV (f)

+as(ar — D[ar(ar — 2) +6(ar |Gh )] + az® (‘3;1) :

The sum Si3 is equal to

Si3 = Z d(e|G)d(f |G )dole, f |G).

e,fEE(G1);a1€V(e)\V(f)
Using Lemmas 3.4 and 3.5, we obtain

Sig = 3 (d(e|Gy) + a2)d(f |G1)do(e, f1G1)
e,fEE(G1);a1€V(e)\V(f)

= > d(e|G1)d(f |G )dole, f|G1)
e,fEE(G1);a1€V(e)\V(f)

+ a2 Z d(flGl)dO(evflGl)

e,fEE(G1);a1€V (e)\V (f)

By addlng Sll; 812 and Slg, we obtain

S1 =(W.)eo (C1) + a22(6“21> T an(on — Das( —2) + 6(ar |G1)]
+ > d(f|G1)do(e, f|G1).

e,fEE(G1);a1€V (e)\V (f)

The second sum Ss consists of contributions to (W), (G) of pairs of edges from Gs.
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Using the same argument as in the computation of S7, we obtain

Sa :(W*)eo (GQ) + 0412 <OZ22> + 041(042 — 1) [042(042 — 2) + 5((12 |G2 )]

+ aq Z d(f|G2)d0(67f|G2)

e, fEE(G2);a2€V (e)\V(f)

The third sum Ss is taken over all pairs {e, f} of edges in G such that e € E(G;) and
f € E(G2). In order to compute S3, we partition it into four sums Ss;, S32, S35 and S34 as
follows.

The sum S3; is equal to

Ssi= > > delG)d(f|G)do(e, fG).

e€FE(G1);a1¢V (e) fFEE(G2);a2¢V (f)

Using Lemmas 3.4 and 3.5, we obtain

S31 = Z Z d(€|G1 )d(f|G2)[D1(a1,e|G1)+D1(a2,f|G2)—|—1]
e€E(G1);a1¢V (e) FEE(G2);a2¢V (f)

[My(Ga) — 2mg — ag(ag — 2) — (a2 |G2)] > d(e|G1)Di(a,e|Gy)
e€E(G1)
+ [My(G1) = 2m1 — aa(ar = 2) = 8(ar [G1)] D d(f|G2)Di(az, f|Ga)
fEE(G2)
=+ [Ml(Gl) —2mq — al(al — 2) — 6((11 |G1 )]
X [Ml(Gg) — 2m2 — Oég(ag — 2) — 6((12 |G2 )]

The sum Sss is equal to

S= > > delG)d(f|G)do(e, fG).

e€E(G1);a1¢V (e) fEE(G2);a2€V (f)

Using Lemmas 3.4 and 3.5, we obtain

Sm= > S de]G)(d(f|Ga) +ar) [Diar,e|Gr) +1]

e€E(G1);a12V (e) fEE(G2);a2€V (f)

2[042(042 - 2) + 6((12 |G2) + alag] [ Z d(e |G1 )Dl(al,e |G1)
e€E(G1)

+ Ml(Gl) —2mq — 041(041 — 2) — 5(a1 |G1 )]
The sum S33 is equal to

S33 = > > d(e|G)d(f|G)do(e, f|G).

e€E(G1);a1€V (e) fEE(G2);a2¢V (f)
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Using the same argument as in the computation of S32, we obtain

S33 :[al(al — 2) + 5(@1 |G1 ) + 041042} [ Z d(f |G2)D1(a’27 f |G2)
fEE(G2)

+ M1 (Gg) - 2m2 - 042(042 - 2) — 5(@2 |G2 )}
The sum Ss4 is equal to

Ssa= > > delG)d(f|G)do(e, fG).

e€FE(G1);a1€V(e) fEE(G2);a2€V ()

Using Lemmas 3.4 and 3.5, we obtain

S34 = Z Z (d(e|Gr) + az) (d(f|G2) + oa)

e€E(G1);a1€V (e) FEE(G2);a2€V (f)

:[al(al — 2) + 5((11 |G1) + 041042} [042(042 — 2) + 5((12 |G2) + 041042}.

By addlng 831, 832, 833 and S34, we obtain

Sy =(My(Ga) — 2ma + aras) Y d(e|G1)Di(ar,e|Gh)
e€E(G1)

+ (Ml(G1) —2my + 041042) Z d(f |G2)D1(az, f|G2)
fEE(G2)

+ (Ml(Gl) — 2m1)(M1(G2) — 2m2)

+ ajae [Ml(Gl) —2mq + M,y (Gg) —2mo + 041042}.

The formula of (W), (G) is obtained by adding 51, S2 and S5 and simplifying the resulting
expression. a

3.2 Link

Let G; and G2 be two graphs with disjoint vertex sets V' (G1) and V(G2) and edge sets E(G1)
and E(G2), respectively. For vertices a; € V(G1) and as € V(G2), a link [8] of G; and Gs
by vertices a; and as is denoted by (G ~ G2)(a1,a2) and obtained by joining a1 and as by
an edge in the union of these graphs. We denote by n;, m; and «;, the order and size of the
graph G; and the degree of a; in G;, respectively, where ¢ € {1,2}. It is easy to see that,
[V ((G1 ~ G2)(a1,a2))| = n1 +n2 and |[E((G1 ~ G2)(a1,a2))| = m1 +ma + 1.

In the following lemmas, the degree of an arbitrary vertex of (G; ~ G2)(a1,a2) and the
distance between two arbitrary vertices of this graph are computed. The results follow easily

from the definition of the link of graphs, so their proofs are omitted.
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Lemma 3.7 Let u € V((G1 ~ G2)(a1,az)). Then

d(ulGy) we V(G \ {ai},

d(u GQ u V GQ as},

d(u|(G1 ~ G2 )(a1,a2)) = a(ll ) ue_ a( )\ {az2}
o+ 1 U= as.

Lemma 3.8 Let u,v € V((Gy ~ G2)(ay,a2)). Then

d(u,v|Gr)

u,v € V(Gy),
d(u,v|(Gy ~ G2)(a1,a2)) = d(u,v|Gs)

u,v € V(Ga),

d(u,a1|Gr) +d(az,v|G2) +1 uweV(Gi),v e V(Ga).

In the following theorem, the modified Schultz index of (G ~ G2)(a1,az2) is computed.
Theorem 3.9 The modified Schultz index of G = (G1 ~ Ga)(a1,az2) is given by

S*(G) =5%(G1) + 5%(G2) +2(ma +1) >
u€V(G1)\{a1}

+2(my + 1) Z d(u|G2)d(u, a2 |G ) + 2(mq + ma + 2myms) + 1.
ueV(G2)\{az2}

d(u |G1 )d(u, a1 |G1 )

Proof We partition the sum in the formula of S*(G) into three sums as follows.

The first sum S} consists of contributions to S*(G) of pairs of vertices from G;. By Lemmas
3.7 and 3.8, we obtain

S1 = Z d(u|G1)d(v |Gy )d(u,v[Gr)
{u,v}CV(G1)\{a1}

+la+1) > dw|Gr)d(u,ar|Gy)
ueV(G1)\{a1}

=S*(G))+ Y. du|Gy)d(u,a1|Gh).
u€V(G1)\{a1}

The second sum S consists of contributions to S*(G) of pairs of vertices from G5. Similar
to the previous case, we obtain

Sp=S5%(Ga)+ Y d(u|G2)d(u,az|Gs).
uweV (G2)\{az2}

The third sum Ss is taken over all pairs {u, v} of vertices in G such that v € V(G1) and
v € V(G2). In order to compute S3, we partition it into four sums Ss;, Ss2, S33 and S34 as
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follows.

The sum Ss; is taken over all pairs {u, v} of vertices in G such that v € V(G1) \ {a1} and

v = ag. Using Lemmas 3.7 and 3.8, we obtain

Spu=(az+1) Y d(u|Gi)[d(u,a1|Gy) +1]
ueV (G1)\{a1}

=(az+1) Z d(u|Gy)d(u, a1 |G1) +2my — oq].
ueV(Gi)\{ar}

The sum Ss is taken over all pairs {u, v} of vertices in G such that u € V(G2) \ {a2} and
v = ap. Similar to the previous case, we obtain

Ssp=(on+1)[ > d(u|G2)d(u,az2|Gz) +2ms — ).
weV (G2)\{az2}

The sum Ss3 is taken over all pairs {u, v} of vertices in G such that v € V(G1) \ {a1} and
v € V(G2) \ {az}. By Lemmas 3.7 and 3.8, we obtain

S33 = Z Z d(u|G1)d(v |Gz ) [d(u, a1 |G1) + d(az,v|Ga) +1]
u€V (G1)\{a1} veV(G2)\{az2}
=@2my—a2) > du|Gi)d(u,a1|Gy)
weV(G1)\{a1}

+ (2m1 —041) Z d(Ung)d(ag,’U|G2)+ (2m1 —041)(27712 —ag).
vEV(G2)\{az}

The sum S34 is equal to

S34 = d(a1 |G)d(a2 |G)d(a1,a2 |G) = (a1 + 1) (042 + 1)

By adding Ss1, S32, S33 and S34, we obtain

S3 :(2m2 + 1) Z d(u|G1 )d(u,al |G1)
u€V(G1)\{a1}
+ (2m1 + 1) Z d(v|Ge)d(az,v|Gs)
veV(G2)\{a2}

—|— 2(m1 —|— mao —|— 2m1m2) —|— 1

Now, the formula of S*(G) is obtained by adding S, S2 and S5 and simplifying the resulting

expression. O

In the following lemmas, the degree of an arbitrary edge of (G1 ~ G2)(a1,az) and the
distances dy and d4 between two arbitrary edges of this graph are computed. The results are

direct consequences of Lemmas 3.7 and 3.8, respectively, so their proofs are omitted.
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Lemma 3.10 Let e € E((G1 ~ G2)(a1,az2)). Then

d(e|Gy) e€ E(G1),a1 ¢ V(e),
d(6|G1)+1 eEE(Gl),al EV(G),
d(e |(G1 ~ GQ)(CLl,CLQ)) = d(e |G2) e c E(GQ),(IQ ¢ V(e),
d(e|Gz) +1 e € E(Gq), a2 € V(e),

a1 + Qo e =ayas.

Lemma 3.11 Let G = (G1 ~ G2)(a1,a2) and e, f € E(G). Then

do(e, f|G1) e, f € E(Gy),
do(e, f1G2) e, f € E(Ga),

(i) do(e, fIG) = Diar,e|Gi)+1 e € B(G1), [ = aiaz,
Di(az,e|G2) + 1 e € E(Ga), f = aras,
Di(a1,e|Gy) + Di(az, f|G2) +2 e€ E(G1), f € E(G2),
dy(e, f|G1) e, f € E(Gy),
da(e, f1G2) e, f € E(Ga),

) d4(e,f|G)= Dy(a,elGr) +1 e € E(Gh), f = a1aq,
Dy(az,e|G2) +1 e € E(Ga), f = a1as,
Dy(a1,e|G1) + Da(az, f|G2)+1 e € E(Gy), f € E(Ga).

In the following theorem, the first and second edge-modified Schultz indices of (G; ~
G2)(a1,a2) are computed.

Theorem 3.12 The first and second edge-modified Schultz indices of G = (G1 ~ G2)(a1, az)
are given by

(1) (Wa)eo(G) = (Wi)eo (Gr) + (Wi )eo (G2) + > d(f|G1)do(e, f|G1)
e,f€E(G1);a1€V ()\V(f)

+ Z d(f |G2 )dO(evf|G2)

e,fEE(G2);a2€V (e)\V(f)

+ (Ml(Gg) —2m2+2a2+a1) Z d(e|G1 )Dl(a1,6|G1)
e€E(G1)

+ (M1(G1) — 2m1 4 201 + az) Z d(f|G2)D1(az, f|G2)
fEE(G2)

+ 2(M1(G1) - 2m1) (Ml(GQ) - 2m2) + (011 - 1)5(&1 |G1 ) + (042 - 1)5(0,2 |G2)
+ (3042 + 041)(M1 (Gl) — 2m1) + (3041 + ag)(Ml (Gg) — 2m2)

+ 0413 + 0123 + 40&10&2 - 3<Oé21> - 3<0;2> .
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(i) (Wa)ea(G) = (Wi)es (G1) + (Wi )es (G2) + > d(f1G1)da(e, f1G1)
e JEB(G1)ia1EV(O\V(f)

+ > d(f|G2)da(e, f|G2)
e,fEE(G2);a2€V (e)\V(f)
+ (Ml(GQ) —2m2+2a2+a1) Z d(e|G1 )Dg(al,e|G1)
e€E(G1)
+ (M1(G1) — 2mq + 201 + az) Z d(f|G2)D2(az, f|G2)
FEE(G2)
+ Z [d(u|Gr) +d(v|Gr)]d(u,v |Gy )
{u,v}CN(a1]|G1)
+ Z [d(u|Go) +d(v|Ga)]d(u,v|G2)
{u,v}CN(az2|Gz2)
+ (201 — 3) > d(u,v|G1) + (202 — 3) > d(u,v|Gy)
{u,w}CN(a1|G1) {u,v}CN(az2|Gz2)
+ (Ml (Gl) - 2m1) (Ml (Gg) - 2m2) + (3042 + 041)(M1 (Gl) — 2m1)

+ (30&1 + OéQ)(Ml(GQ) — ZTI’LQ) + (041 + 042)2 + 3o .

Proof We prove the second part of the theorem. The first part can be proved by a similar
method. At first, we partition the sum in the formula of (W,)., (G) into three sums as follows.

The first sum S consists of contributions to (W), (G) of pairs of edges from G;. In order

to compute S1, we partition it into three sums Si1, S12 and Si3 as follows.

The sum Sp; is equal to

S = > d(e|G)d(f |G)da(e, f|G).

{e,f}CE(G1);a1 ¢V (e)UV ()

Using Lemmas 3.10 and 3.11, we obtain

Su1 = 3 d(e |G )d(f |G )dale. |G,

{e,f}CE(G1);01€V (e)UV (f)
The sum S5 is equal to
Sz = Z d(e|G)d(f |G)da(e, f|G).

{e,f}CE(G1);a1EV (e)NV (f)

Using Lemmas 3.10 and 3.11, we obtain
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S12 = > (d(e]G1) + 1) (d(f]G1) + 1)da(e, f1G1)
{e,f}CE(G1);a1€V(e)NV (f)
= > d(e|G1)d(f |G )da(e, F|Gr)

{e,f}CE(G1);a:1€V(e)NV (f)

+ > [d(u|Gy) +d(v]G1)]d(u,v|Gy)
{u,v}CN(a1|G1)

+ (201 — 3) Z d(u,v|Gy).

{u,v}CN(a1|G1)

The sum Si3 is equal to

Si3 = Z d(e|G)d(f |G )da(e, f|G).

e,fEE(G1);a1€V(e)\V(f)

Using Lemmas 3.10 and 3.11, we obtain

Si3 = > (d(e]G1) + 1)d(f |G1)da(e, f1G1)

e,fEE(G1);a1€V (e)\V (f)

= Z d(e|G1)d(f |G1)da(e, f|G1)

e,fEE(G1);a1€V (e)\V (f)

+ Z d(f|G1)da(e, f|G1).

e,fEE(G1);a1€V(e)\V(f)

By adding S11, S12 and Si3, we obtain

Sy =(Wa)e, (G1) + > [d(u|G1) + d(v|Gy)]d(u,v |Gy )
{u,v}CN(a1|G1)

+ (201 — 3) > d(u,v|Gy) + > d(f |G1)da(e, f|Gy).

{u,v}CN(a1|G1) e,fEE(G1);a1€V(e)\V (f)

The second sum Sy consists of contributions to (W), (G) of pairs of edges from G5. Using

the same argument as in the computation of S7, we obtain

So =(Wi)e, (G2) + > [d(u]Ga) + d(v|G2)]d(u,v|G2)
{u,v}CN(az2|G2)

+ (202 — 3) > d(u,v|Gy) + > d(f1G2)da(e, f|Ga).

{u,v}CN(az|G2) e,f€E(G2);a2€V (e)\V (f)

The third sum Ss is taken over all pairs {e, f} of edges in G such that e € E(G;) and
f = aias. In order to compute S3, we partition it into two sums S3; and S3o as follows.

The sum S3; is equal to

Sz1 = > d(e|G)d(f |G)da(e, f|G).

e€E(G1);a1¢V (e),f=a1az
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Using Lemmas 3.10 and 3.11, we obtain

Sy = 3 d(e|G1)(o1 + az)[D2(ar,e|Gr) + 1]
e€E(G1);a1¢V (e)

:(a1 + ag)[ Z d(e |G1 )Dg(al,e |G1 ) + Ml(Gl) —2mq — 2041((11 - 2) — 25(@1 |G1 )]
e€E(G1)

The sum Sss is equal to
Szo = Z d(e|G)d(f|G)da(e, f|G).
e€E(G1);a1€V (e), f=a1a2

Using Lemmas 3.10 and 3.11, we obtain

S39 =2 Z (d(6|G1)—|—1)(041—|—042) = 2(0&14—042)[041(041 —2)+5(a1 |G1)+041].
e€E(G1);a1€V (e)

By adding S3;1 and S32, we obtain

S3 = (041 + 042)[ Z d(e |G1 )Dg(al,e |G1) + Ml(Gl) —2my + 2(11}.
e€E(G1)

The fourth sum Sy is taken over all pairs {e, f} of edges in G such that e € E(Gz) and

f = aias. Using the same argument as in the computation of S, we obtain

Sy = (041 + 042)[ Z d(e |G2)D2(a2,6 |G2) + Ml(Gg) —2mo + 2a2}.
e€E(G2)

The fifth sum S5 is taken over all pairs {e, f} of edges in G such that e € E(G1) and
f € E(G3). In order to compute S5, we partition it into four sums Ss1, Ss2, Ss3 and Ssyq as
follows.

The sum Ss; is equal to

Ss1 = Z Z d(e|G)d(f|G)da(e, f|G).

e€E(G1);a1¢V (e) FEE(G2);a2¢V (f)

Using Lemmas 3.10 and 3.11, we obtain

Sy1 = Z Z d(€|G1 )d(f|G2)[D2(a1,e|G1)+D2(a2,f|G2)+1]
e€E(G1);a1¢V (e) FEE(G2);a2¢V (f)

:[Ml(GQ) —2mg — ag(ae — 2) — d(az |G2 )]
[ Y d(e|G1)Da(ar,e|Gr) — aifar —2) — 6(a[G1)]
e€E(G1)
+ [My(Gr) = 2m1 — (a1 —2) = 3(a1 |G )]



80

Mahdieh Azari

x [ Z d(f|G2)D2(az, f|G2) — az(az — 2) — 8(az |G2))]
FEE(Ga)

+ [Ml(Gl) — 2m1 — 041(041 — 2) — 5(a1 |G1 )] X [Ml(GQ) — 2m2 — 042(042 — 2) — 5((12 |G2 )}
The sum S5 is equal to

Sso = > > d(e|G)d(f |G)da(e, f|G).

e€E(G1);a1¢V (e) fEE(G2);a2€V (f)

Using Lemmas 3.10 and 3.11, we obtain

S2= ), S de]Gi)(d(f[G2) +1) [Daar.e|Gr) +2]

e€E(G1);a1¢V (e) fEE(G2);a2€V (f)

:[042(042 — 1) + 5(@2 |G2 )] [ Z d(e |G1 )Dz(al,e |G1) — 041(041 — 2) — 5(a1 |G1)
e€E(G1)

+ 2(M1(G1) - 2m1 - 041(041 - 2) — 6((11 |G1 ))]
The sum Ss3 is equal to

Sss= > > de|G)d(f|G)dale, fG).

e€E(G1);a1€V(e) fFEE(G2);a2¢V (f)
Using the same argument as in the computation of S52, we obtain

Sss =[a1 (a1 — 1)+ 6(ar [G1)][ D d(f|G2)Di(az, f|Ga) — az(az — 2) — 8(a2|G2)
fEE(G2)

+ 2(M1(G2) — 2mo — 042(042 — 2) — 5((12 |G2 ))}
The sum Ss4 is equal to

Ssa= > > delG)d(f|G)dale, fG).

e€E(G1);a1€V (e) fEE(G2);a2€V ()

Using Lemmas 3.10 and 3.11, we obtain

Ssa=3 Y. Y. (delGr) + 1)(d(f|G2) +1)

e€E(G1);a1€V(e) fEE(G2);a2€V (f)
:3[a1(a1 — 1) + 5(a1 |G1 )] [042(042 — 1) + 5(@2 |G2 )]

By addlng 851, 852, 853 and S54, we obtain

Sy :(Ml(Gg)—2m2+a2) Z d(e|G1 )Dg(a1,6|G1)
e€E(G1)

+ (Mi(Gr) —2mi+a1) > d(f|G2)Dafas, f|Ga)
fEE(G2)
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+ (Ml(Gl) — 2m1) (Ml(GQ) — 2m2) + 20&2 (Ml(Gl) — 2m1)
+ 20[1 (Ml(GQ) — 2m2) + 30&10&2.

The formula of (W), (G) is obtained by adding S1, S2, S3, Ss and Ss and simplifying the

resulting expression. a
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