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81. Introduction

Throughout this paper, let X’ be a real Banach space with the norm ||.||. Let N denotes the set
of all positive integers and let F/(7) denotes the set of all fixed points of the mapping 7.

Let K be a subset of X. A subset K is called proximal if for each z € X, there exists
an element k € K such that d(z,k) = inf{|jlz — y|| : y € £} = d(z,K). It is well known that
a weakly compact convex subset of a Banach space and closed convex subsets of a uniformly
convex Banach space are Proximal.

We shall denote CB(K), C(K) and P(K) by the families of all nonempty closed and
bounded subsets, nonempty compact subsets and nonempty proximal subsets of K, respec-
tively. Let H denote the Hausdorff metric induced by the metric d of X, that is,

H(A, B) = max{sup d(z, B),sup d(y, A)}
€A yeB

for every A, B € CB(X), where d(z, B) = inf{||Jz — y|| : y € B}.

A multivalued mapping 7 : K — C'B(K) is said to be a contraction if there exists a constant
b € [0,1) such that for any z,y € K,

H(Tz,Ty) <bllx—yl,
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and 7 is said to be nonexpansive if
H(Tz,Ty) < ||z —yl|,

for all z,y € K. A point z € K is called a fixed point of 7 if x € Tx.

Later, an interesting and rich fixed point theory for such maps was developed which has
applications in control theory, convex optimization, differential inclusion and economics (see
[5] and references cited therein). Moreover, the existence of fixed points for multivalued non-
expansive mappings in uniformly convex Banach spaces was proved by Lim [7]. Many authors
have studied the fixed point for multivalued mappings (e.g., see [4, 6, 8, 10, 15, 16, 19]).

In 2005, Sastry and Babu [11] obtained the convergence results from single valued mappings
to multivalued mappings by defining Ishikawa and Mann iterates for multivalued mappings with

a fixed point. They considered the following:

Let K be a nonempty convex subset of X, 7: K — P(K) is a multivalued mapping with
p € F(T).

(i) The Mann iteration is defined by
r1 =z €k,
(1.1)
Tn+1 = (1 —ap)xn + ansp, n €N,
where {ay,} is a real sequence in (0,1) and s, € Tz, such that ||s, — p|| = d(p, Txn).

(i) The Ishikawa iteration is defined by

r1 =zxz€Kk,
Tpp1 = (1 — Qp)Tpn + Qnra, (1.2)
Yn = (1 - 6n)xn + 6115717 ne N,
where {a,} and {0,} are real sequences in (0,1), ||sp, — || = d(Txn, Tyy) and ||r, — p|| =
d(T yn,Tp) for s, € Tx, and 1, € Ty,. They established some strong and weak convergence

results of the above iterates for multivalued nonexpansive mappings 7 under some appropriate

conditions.

In 2007, Panyanak [10] extended the results of Sastry and Babu [11] to a uniformly convex
Banach space and also modified the above Ishikawa iterative scheme as follows:

Let 7: K — P(K) be a multi-valued mapping.

=z €L,
(1.3)
Yn = (1 - ﬁn)xn + ﬁnznu n €N,

where {8,} is a real sequence in [0,1], z, € Tx, and u, € Tz, are such that ||z, — u,| =
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d(tn, Txy) and ||z, — uy|| = d(zn, F(T)), respectively, and

{ r1 =€ IC,
(1.4)

Tnt1 = (1 — )Ty + anzl, n €N,

where {a,} is a real sequence in [0,1], 2/, € Tz, and v, € Tx, are such that ||z}, — v,|| =
d(Vn, Txy) and ||yn — vn|| = d(yn, F(T)), respectively and proved a convergence theorem of
Mann iterates for a mapping defined on a noncompact domain. Later in 2008, Song and
Wang [14] proved strong convergence theorems of Mann and Ishikawa iterates for multivalued
nonexpansive mappings under some appropriate control conditions. Furthermore, they also
gave an affirmative answer to Panyanak’s open question in [10].

Recently, Abbas and Nazir [1] introduced and studied the following iteration scheme: let
K be a nonempty subset of a Banach space X and 7 be a nonlinear mapping of K into itself.
Then the sequence {z,} in K is defined by

1=z €K,
Tnp1 = (1 —an)Tyn + anT zp,
Yn = (1= Bn)Txn + BT 2,
zn =1 —v)xn + 7T xn, n €N,

where {a, }, {6} and {7, } are real sequences in (0, 1). They showed that this process converges
faster than both Picard and the Agarwal et al. ([3]) and in support gave analytic proof by a
numerical example (for more details, see [1]).

Motivated by Sastry and Babu [11], Panyanak [10] and Song and Wang [14], we first give
a multivalued version of the iteration scheme (1.5) of Abbas and Nazir [1] and then study its

convergence analysis in the setting of Banach spaces. We define our iteration scheme as follows:

r1 =z €k,
Tnt1 = (1 — an)vy + apwy,
Yn = (1 = Bn)tn + Bnwn,
zn = (1 = vn)xn + Ynltin, n €N,

(1.6)

where {a,}, {6} and {v,} are real sequences in (0,1), up € Txp, vy, € Ty, and w, € Tz,
such that ||wy, — upl| = d(T zn, Txn), ||vn — wnll = d(Tyn, T 2n), |[n — unll = d(TYn, Txp),
[unt1 — vnll = AT Xnt1, Tyn) and |Jupt1 — wnl|| = d(Txpi1, T 2n), respectively.

Now, we recall the following definitions.

Definition 1.1 A Banach space X is said to satisfy Opial condition [9] if for any sequence

{z,} in X, x,, converges to x weakly it follows that

limsup ||z, — || <limsup ||z, -y,
n—oo

n—oo

for ally € X with y # .



Some Fixed Point Results for Multivalued Nonexpansive Mappings in Banach Spaces 51

Examples of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces
IP(1 < p < 00). On the other hand, LP[0, 27| with 1 < p # 2 fail to satisfy Opial condition.

Definition 1.2 A multivalued mapping T : K — P(X) is called demiclosed at y € K if for any
sequence {x,} in K weakly convergent to an element x and y, € Tx,, strongly convergent to y,
we have y € Tx.

The following is the multivalued version of condition (I) of Senter and Dotson [13].

Definition 1.3 A multivalued nonexpansive mapping T : K — CB(K) where K a subset of X
is said to satisfy condition (I) if there exists a nondecreasing function f: [0,00) — [0,00) with
f(0) =0, f(t) > 0 for all t € (0,00) such that d(xz,Txz) > f(d(z, F(T))) for all x € K, where
F(T) # 0 is the fized point set of the multivalued mapping T .

We need the following Lemmas to prove our main results.

Lemma 1.4 ([18]) Let {pn}, {gn}, {rn} be three sequences of nonnegative real numbers satis-

fying the following conditions:
oo oo
P41 < (L4 gn)pn + 10, n 20, an<oo, Zm<oo.
n=0 n=0

Then,

(1) lim p, exists;

n—oo

(2) In addition, if liminf p, = 0, then lim p, = 0.

Lemma 1.5 ([12]) Let E be a uniformly conver Banach space and 0 < o < t,, < 3 < 1 for
all n € N. Suppose further that {x,} and {yn} are sequences of E such that limsup ||z,| < a,
limsup ||yn|| < a and lim ||t,zn+(1—t,)yn|| = a hold for some a > 0. Then lim ||a,—yx|= 0.
Lemma 1.6 ([16]) Let T: K — P(K) be a multivalued mapping and Pr(z) = {y € Tx :
|z —y|| = d(z,Tx)}. Then the following are equivalent:

(1) = € F(T);

(2) Pr(z) = {z};

(3) T e F(PT).

Moreover, F(T) = F(Pr).

82. Main Results

In this section we prove some strong and a weak convergence theorems using iteration scheme

(1.6). First, we need the following lemmas to prove main results.

Lemma 2.1 Let X be a real Banach space and I be a nonempty closed and convex subset of
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X. Let T: K — P(K) be a multivalued mapping such that F(T) # (0 and Pr is a nonexpansive
mapping. Let {x,} be the sequence defined by (1.6), where {a,}, {Bn} and {v,} are real
sequences in (0,1). Then lim ||z, — p|| exists for all p € F(T).

Proof Let p € F(T). Then p € Pr(p) = {p} by Lemma 1.6. It follows from (1.6) that

lzn =2l < (L=7)l#n —pll + Ynllun — pl
< (I =v)llzn = pll + v H(Pr(zn), Pr(p))
< (1 - 'Yn)”zn —p|| + ”Yonn _pH

[ #n — pl|. (2.1)

Again using (1.6) and (2.1), we obtain

lyn —pll < (1= Bn)llun = pll + Bullwn — p|
< (1=Bu)H(Pr(2y), Pr(p)) + BnH(Pr(20), Pr(p))
< (1 =Bullzn = pll + Ballzn — pll
< (A =B)llzn —pll + Bullzn — pll

= len ol 2.2)

Now using (1.6), (2.1) and (2.2), we obtain

[znt1 —pll < (1 —an)llvon —pll + anllw, —p
< (1= an)H(Pr(yn), Pr(p)) + anH(Pr(z,), Pr(p))
< (I =an)llyn —pll + anllzn — 1|
< (1 —an)|zn = pll + anllzn —pll

[[2n — pl|. (2.3)

It follows from Lemma 1.4 that lim ||z, — p|| exists for each p € F(7). This completes the
proof. a

Lemma 2.2 Let X be a uniformly convexr Banach space and K be a nonempty closed and
convex subset of X. Let T: K — P(K) be a multivalued mapping such that F(T) # 0 and
Pr is a nonexpansive mapping. Let {x,} be the sequence defined by (1.6), where {an}, {Bn}
and {y,} are real sequences in (0,1). Then lim d(xp, Txy) = 0, lim d(zn, Tyn) = 0 and
nhﬂn;o d(xpn, T zn) = 0. . e

Proof From Lemma 2.1, lim |z, — p| exists for each p € F(7). We suppose that
lim |lx, — p|| =1 for some [ > 0.
Since lim sup ||u, — p|| < limsup H(Pr(zy,), Pr(p)) < limsup

n—oo n—oo

lxn, — p|l =1, so
lim sup |Ju, — p|| < L. (2.4)

n—oo
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Again, since limsup ||v, — p|| < limsup H(Pr(yn), Pr(p)) < limsup ||y, — p|| < limsup ||x, —
n—oo

pll=1,s0
limsup ||v, — p|| < 1. (2.5)
Similarly,
lim sup ||wy, — p|| < 1. (2.6)
Applying Lemma 1.5, we get
lim |lu, —v,| =0 (2.7)
lm ||w, —us|| =0 (2.8)
and
lim |lv, —wy| = 0. (2.9)
Taking lim sup on both sides of (2.1) and (2.2), we obtain
limsup ||z, — p|| <1 (2.10)
and
limsup |y, —p|| < L. (2.11)
Also,
[Znt1 —pll = (1= an)vn + anw, —pl|

”(Un - p) + an(wn - 'Un)H

< low = pll + anllwn — vnl|
< lon = pll + lwn — |
implies that
I <liminf ||v, — p||. (2.12)
n—oo

Combining (2.5) and (2.12), we obtain

lim [[v, —pl| = 1. (2.13)
Thus,
lon =pll < llvn —wnll + [[wn = pll
< lon —wall + H(Pr(z0), Pr(p))
< lon —wnll + [z = pll
gives

I <liminf |z, — p|| (2.14)
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and by virtue of (2.10), we obtain

lim |z, —p|| =1 (2.15)
Similarly,
lwn =pll - < llwn = onll + [lon = pll
< Nlwn = vnll + H(Pr(yn), Pr(p))
< lwn = vnll + [lyn — 2
gives
I < liminf ||y, — p|| (2.16)
and by virtue of (2.11), we obtain
Jimly, —pll = 1. (2.17)

Applying Lemma 1.5 once again, we obtain
nhﬂn;() |zn — un|| = 0. (2.18)
Notice that
||$n - Un” < ”xn - un” + ||un - Un”
Using (2.7) and (2.18), we obtain
nh_)rrgo |xn — vn]| =0 (2.19)
and
||33n - wn” < ”fEn - un” + ||un - wn”
Using (2.8) and (2.19), we obtain
nhﬂn;o ||zn — wn] = 0. (2.20)
Since d(zy, Txy) < ||zn — un|, we have
nh_}rrgo d(zp, Txy,) =0. (2.21)

Again since d(zn, Tyn) < ||Tn — vs||, we have

lim d(xn, Ty,) = 0. (2.22)

n—oo
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Similarly, since d(zn,7 z5) < ||2n — wy||, we have
lim d(x,,7Tz,) =0. (2.23)

n—oo

This completes the proof. O

Now we shall prove some strong convergence theorems using iteration scheme (1.6) in real

Banach spaces.

Theorem 2.3 Let X be a real Banach space and IKC be a nonempty closed and convexr subset
of X. Let T: K — P(K) be a multivalued mapping such that F(T) # (0 and Pr is a non-
expansive mapping. Let {x,} be the sequence defined by (?7), where {an}, {Bn} and {yn}
are real sequences in (0,1). Then {x,} converges strongly to a fixed point of T if and only if
lim inf d(z,,, F(T)) = 0.

n—oo

Proof The necessity is obvious. Conversely, suppose that liminfd(z,, F(7)) = 0. As

n—oo

proved in Lemma 1.6, we have
[2n1 —pll < [lzn = pll
which gives
d(@nt1, F(T)) < d(zn, F(T)).

This implies that lim d(z,, F'(7)) exists by Lemma 1.4 and so by hypothesis, lim inf d(z,,, F(7T))
0. Therefore, we must have lim d(z,, F(7)) = 0.

Next, we have to show that {z,} is a Cauchy sequence in K. Let € > 0 be arbitrary chosen.

Since lim d(z,, F (7)) = 0, there exists a constant ny such that for all n > n; we have
n—oo

d(an, F(T)) < Z

In particular, inf{[|x,, —p| : p € F(T)} < §. There must exists a ¢ € F(7) such that

Now for m,n > ny, we have

[Zn+m —Tull < NZogm — all + |20 — gl
< 2w, — 4|l
g
< 2(—) =e.
2 g

Hence {z,} is a Cauchy sequence in a closed subset K of a Banach space X', and so it must
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converge in K. Let lim z, = ¢;. Now

n—oo

d(q1,Pr(q1)) < |lzn — @1l +d(zn, Pr(z,)) + H(Pr(2zn), Pr(q))
< 2z —all + [lzn — unll
— Qasn — oo

which gives that d(¢1,7¢1) = 0. But Pr is a nonexpansive mapping and so F(7) is closed.
Therefore, 1 € F(Pr) = F(T). This shows that {z,} converges strongly to a point of F(T).
This completes the proof. O

Theorem 2.4 Let X be a real Banach space and IC be a nonempty compact convexr subset of
X. Let T: K — P(K) be a multivalued mapping such that F(T) # (0 and Pr is a nonexpansive
mapping. Let {x,} be the sequence defined by (?77), where {an}, {Bn} and {vn} are real
sequences in (0,1). Then {x,}, {yn} and {z,} converges strongly to a fized point of T .

Proof By Lemma 2.2, we have lim d(x,,7xz,) = 0. Since by hypothesis K be a nonempty
n—oo
compact convex subset of X, so there exists a subsequence {z,, } of {z,} such that klim |, —
— 00

ul| = 0 for some u € K. Thus

d(u, Pr(u)) < lzn, —ull + d(@n,, Pr(zn,)) + H(Pr(zn,), Pr(u))
< 2Hxnk - u” + Hxnk - unk”
— QOask — oo.
This shows that u is a fixed of 7. From Lemma 2.1, we get that lim |z, —u| = 0. Again

from Lemma 2.2, we get that

yn = xull = 11 = Brn)un + Bawn — oy
< un = 2l + lwn — un|
— 0asn — oo,
and
Hzn_xﬂ” = |‘(1_7n)$n+’7nun_$n|‘
< lun — 2y
— Qasn — oo.
It follows that lim ||y, — u|| = 0 and lim ||z, — u| = 0. Thus the conclusion follows. This
n—oo n—oo
completes the proof. O

Now, we apply Theorem 2.3 to obtain another strong convergence theorem in uniformly
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convex Banach spaces satisfies condition (I) of Senter and Dotson [13].

Theorem 2.5 Let X be a uniformly conver Banach space and KC be a nonempty closed and
convex subset of X. Let T: K — P(K) be a multivalued mapping satisfying condition (I) such
that F(T) # 0 and Pr is a nonexpansive mapping. Let {x,} be the sequence defined by (1.6),
where {an}, {Bn} and {yn} are real sequences in (0,1). Then {x,} converges strongly to a fized
point of T.

Proof By Lemma 2.1, lim |z, — p|| exists for all p € F(7T) and so the sequence {z,} is

bounded . Let lim ||z, — p|| = r for some r > 0.
n—oo

Now from Lemma 2.1, we know that

|Zn41 = pll < llzn — Dl
which implies that

inf

Tn — )
Lt | 2~ pl

_pll < inf
|Zn11 pll_plg(T)I

and also d(xn41,F(T)) < d(zpn, F(T)). And so, lim d(z,, F(7T)) exists. By using condition

n—oo

(I) and Lemma 2.2, we have

lim f(d(z,, F(T))) < lim d(z,,7x,) = 0.

n—oo n—oo

That is,

lim f(d(zn, F(T))) = 0.

n—oo

Since f is a nondecreasing function and f(0) = 0, it follows that lim d(x,, F(T)) = 0. The

n—oo

conclusion follows from Theorem 2.3. This completes the proof. O

Now, we prove the weak convergence theorem of the sequence {x,} defined by (1.6).

Theorem 2.6 Let X be a uniformly convexr Banach space satisfying Opial’s condition and K be
a nonempty closed and convez subset of X. Let T: K — P(K) be a multivalued mapping such
that F(T) # 0 and Pr is a nonexpansive mapping. Let {x,} be the sequence defined by (?7),
where {an}, {Bn} and {yn} are real sequences in (0,1). Let I — Pr be demiclosed with respect
to zero. Then {x,} converges weakly to a fixed point of T .

Proof Let z € F(T). From Lemma 2.1, we know that lim |z — z|| exists. Now we
prove that {z,} has a unique weak subsequential limit in F (T).nTgo prove this, let p; and py be
weak limits of the subsequences {x,,} and {z,,} of {z,}, respectively. By (2.18), there exists
u, € Tz, such that nlgrolo ||zn — un|| = 0. Since I — Pr is demiclosed with respect to zero,

therefore we obtain p; € F(T). In the same way, we can prove that ps € F(T).

Next, we prove uniqueness. For this, suppose that p; # ps. Then by Opial’s condition, we
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have

lim [z, —pif| = lim |z, —pi|
n—oo n;—00
< lim [z, —pof
NG —r 00
= lim [lz, —po|
n—oo
= lim [z, —pof
< lim ||z, —p1|
= lim [lz, —pafl,
n—oo
which is a contradiction. Hence {x,} converges weakly to a fixed point of 7. This completes
the proof. O

Remark 2.7 Our results extend, generalize and improve several corresponding results from
the existing literature and iterative schemes discussed by Panyanak [10], Sastry and Babu [11],
Song and Wang [14] and Song and Cho [16] in the sense of faster iterative scheme.

Suzuki [17] introduced a condition on mappings called condition (C) which is weaker than

nonexpansiveness.

Recently, Abkar and Eslamian [2] introduced the definition of condition (C') for multi-
valued mapping. The definition is as follows.

Definition 2.8([2]) A multivalued mapping T: X — CB(X) is said to satisfy condition (C)
provided that

1
Jd@, Ta) < |z —yll = H(Tw, Ty) < |lo —y|, 2,y € X.

The following result can be found in [2].

Lemma 2.9(]2]) Let T: X — CB(X) be a multi-valued mapping. If T is nonexpansive, then
T satisfies the condition (C).

We mention that there exist single-valued and multi-valued mappings satisfying the con-
dition (C') which are not nonexpansive.

Example 2.10([17]) Define a mapping 7 on [0.3] by

0, ifz#3,
1, ifr=3.

T(x) =

Then 7 is a single-valued mapping satisfying condition (C), but 7 is not nonexpansive.
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Example 2.11([2]) Define a mapping 7 : [0,5] — [0, 5] by

07 £ 3 .f 5,

T(z) = [ 5] if v #
{1}, ifz=5.

Then it is easy to show that 7 is a multi-valued mapping satisfying condition (C'), but 7 is not

nonexpansive.

Now, we obtain some strong convergence results using iteration scheme (1.6) and condition

(©).

Theorem 2.12 Let X be a real Banach space and K be a nonempty closed and convex subset of
X. Let T: K — P(K) be a multivalued mapping such that F(T) # 0 and Pr satisfies condition
(C). Let {x,} be the sequence defined by (1.6), where {an}, {Bn} and {yn} are real sequences in
(0,1). Then {z,} converges strongly to a fixed point of T if and only if linrgiolgf d(zn, F(T)) =0.

Proof The proof of Theorem 2.12 immediately follows from Lemma 2.1 and Theorem 2.3.
This completes the proof. O

Theorem 2.13 Let X be a real Banach space and K be a nonempty closed and convex subset of
X. Let T: K — P(K) be a multivalued mapping such that F(T) # 0 and Pr satisfies condition
(C). Let {xn} be the sequence defined by (1.6), where {an}, {Bn} and {vn} are real sequences
n (0,1). If the following condition is satisfied:

(c1) there exists an increasing function 1: [0,00) — [0,00) with (r) > 0, Vr > 0 such
that
d(xp, Txyn) > Y(d(zn, F(T)), (2.24)

then {x,} converges strongly to a fized point of T .

Proof As in the proof of Lemma 2.2, we know that lim d(z,,7z,) = 0. Hence from

(2.21) we obtain lim d(z,,F (7)) = 0. The conclusion of Theorem 2.13 can be obtained from
Theorem 2.12 immediately. This completes the proof. O

§3. Concluding Remarks

In this paper, we study a new three-step iteration scheme for multivalued nonexpansive map-
pings in Banach spaces and establish some strong convergence theorems and a weak convergence
theorem under some appropriate conditions applying on the space. Our results extend and gen-

eralize several results from the current existing literature.
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