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Abstract: In this paper, using an identity with integral inequalities Holder, power-mean,
Hélder—igcan and improved power-mean integral inequalities, we get some refinements of the
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§1. Preliminaries and Fundamentals

Throughout the paper I is a non-empty interval in R. A function f : I — R is said to be convex
if the inequality
fltz+ (1 —=t)y) <tf(x)+(1-1t)f(y)

is valid for all z,y € I and t € [0,1]. If this inequality reverses, then f is said to be concave on
interval I # ().

Convexity theory has appeared as a powerful technique to study a wide class of unrelated
problems in pure and applied sciences. One of the most famous inequality for the class of convex
functions is so called Hermite-Hadamard inequality, which states that: For a convex mapping
f: I CR — R be a convex mapping defined on the interval I of real numbers and a,b € I with
a < b. Then the following inequality

(") < bia/abf(x)dx<f(a)2+f(b)
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is known as the Hermite-Hadamard integral inequality (for more information, see [5]). Since
then, some refinements of the Hermite-Hadamard inequality for convex functions have been
obtained [2, 3, 4, 11].

Definition 1.1([10]) Let h: J — R be a non-negative function, h # 0. We say that f : I — R
is an h-convex function, or that [ belongs to the class SX (h,I), if f is non-negative and for
all x,y € I, a € (0,1) we have

floz+ (1 —a)y) <h(a)f (z) +h(1—a)f (y).
If this inequality is reversed, then f is said to be h-concave, i.e. f € SV (h,I).
Definition 1.2([7]) A non-negative function f : I — R is called trigonometrically convex
function on interval [a,b], if for each x,y € [a,b] and t € [0, 1],

Tt

flt+ (1= t)y) < (n”;) J@) + (2) 7).

We will denote by T'C' (I) the class of all trigonometrically convex functions on interval I.

For h(t) = sin%t, every trigonometrically convex function is also h-convex function.

Theorem 1.1(Hélder Inequality for Integrals, [9]) Letp > 1 and %—I—% =1. If f and g are real

functions defined on interval [a,b] and if |f|?, |g|® are integrable functions on interval [a,b],

q > 1 then ) )
b b P b q
/ F(@)g(x)] da < < / If(m)l”dz> ( / |g<x>|"dx>

with equality holding if and only if A|f(x)|” = B|g(z)|?, almost everywhere, where A and B
are constants.

Theorem 1.2(Power-mean Integral Inequality) Let ¢ > 1. If f and g are real functions defined

on interval [a,b] and if |f|, |f]|g|? are integrable functions on interval [a,b], then
b b 1-2 b I
[ 1#@g@)ds < ( [ s dx) ( [ 15 g<:c>|qu> .

In [6], Iscan achieved the following integral inequality which gives better approach than
the classical Holder integral inequality:

Theorem 1.3(H61der—1§can Inequality for Integrals) Let p > 1 and % + % =1. If fandg

are real functions defined on interval [a,b] and |f|and |g|? are integrable functions on interval
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[a,b], then

b b % b %
[ i@t < = (/ (b—w)lf(:v)lpdx> (/ <b—x>|g<x>|wx)
b 1
+< / (wa)lf(w)l”daf>

In [8], a different representation of the Hélder—Ecan inequality is given as follows:

=

b q
( / (z— a) |g<x>|qd:c>

Theorem 1.4(Improved power-Mean Integral Inequality) Let p > 1 and % + % =1. If f and
g are real functions defined on interval [a,b] and |f| and |f||g|? are integrable functions on

interval [a,b], then

b 1-3 b 3
[ 1w < (/ <b—w>|f<x>dx> (/ (b—x>f<x>||g<x>|wx>

b q b é
+< / <x—a>|f<x>dx) ( / <x—a>|f<x>|g<x>|qclx>

82. Some Integral Inequalities for Trigonometrically p-Convexity

The main purpose of this section is to establish new estimates that refine Hermite-Hadamard
type integral inequalities for functions whose first derivative in absolute value, raised to a
certain power which is greater than one, respectively at least one, is trigonometrically p-convex.
Alomari and Darus [1] used the following lemma.

Lemma 2.1([1]) Let f : I C R — R be a differentiable mapping on I° where a,b € I with
a<b. If f' € L|a,b], then the following equality holds:

f<a+b>
el (t”

Note that we will use the followings in this section:

! 4
/ |t] bln—dt / [t — 1] COb—dt o
4
/ [t — 1] sm—dt / |t] cos—dt
/ [t|Pdt = / |t71|pdt:—
0 0

(1-— t)a) dt + /Ol(t— 1)f (tb+ (1 —t)a;b) dt} .
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1 1
/ sinw—tdt = / cosw—tdt = 2
0 2 0 2 U
1 1 1
[t|dt = [t —1|dt = =
0 0 2

ut+v .
A = A(u,v) = 5 arithmetic mean

Theorem 2.1 Let f: I — R be a continuously differentiable function, let a < b in I and

assume that ' € Lla,b]. If |f'| is trigonometrically p-convex function on interval [a,b], then
the following inequality

|f(a+b>
b<4

/<a;b)’+ (27;) (@170

holds for t € [0,1].

Proof Using Lemma 2.1 and the inequalities

b b
P+ - d sl (50 [+ o )
and b " ot b
f’(tb+(1—t)(a; >'<sin7;f()+c =\ (a; )‘
we have

P<a+b> _a/“f
S‘b;auj tf’(t“;bJr(l—t) )dt+/1(t—1)f<
Sb;a[Al jVGa;b (1t )
gb;“/1|t|[an7;tf(“;")‘mb|f<>|]

o o ()]
{ C””N/|mmﬁ+wmméﬁmmg@
Pt (o [ - asnTa | (S| [ aeosal
b4a f(a+b)‘+wf ”<2W >++f(”(2:;4)+tﬂ<a;b>

)
)]

dt +

<w+41—ﬂ

T2



Some Hermite-Hadamard Type Inequalities for Trigonometrically p-Convex Functions via by an Identity 25

b—a (4|, a+b 2r — 4\ |f'(a)| + /()]
< (e ()] () )
b—al 4 a+b 21 — 4
St ()] ¢ () A iron]
This completes the proof of theorem. O

Theorem 2.2 Let f: I — R be a continuously differentiable function, let a < b in I assume

that ¢ > 1. If the mapping |f'|? is trigonometrically p-convex function on interval [a,b], then
the following inequality

a+b
(5) ke
b—a
b 1 27 ¢ .
10—aQ P q
< 24 [ = / q
<5 (51) (7) {(Af wr))
1b—a 1 g 2 v a+b\|? 0
P - “ / q (4T 0
25t () Q) ol (52))]
holds for t € [0,1], where % + % =1.
Proof Using Lemma 2.1, Holder’s integral inequality and inequalities
,(a+b\]|?
()
t

mt
< sin— 'bq —
<sing | (D) +cos

Q

a+b a .ot
< sin—

e ;

+(1—-t)a

t
+cos T |f (@)’

L (a+Db\|?
(%)

and

b+ (1 —1¢) <a;b) '

which is the trigonometrically p-convexity of |f/|?, we get
‘f(a+b>
S‘b;a UO o (a+b 1-ta )dt+/1(t—1)f (
an f’(ta;—b (1-1) )dt+/
J;a(/uﬂpdt)i(/; P (o))’
(/ |t1|pdt> (/Olf (tb+(1t) ;rb>
)
+b;“(pi1>;</ol(sm7;t| )" + cosy

)
)]

bh—
4

<%+%1—ﬂ

<

)’ |
Tir@r)a)’
()
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f (“;b) q/olsingtdt+f’(a)|q/01 cosgtdtr
+b;a (pil)i [|f’(b)|q/01sin7;tdt+ ’(a;b> ! O mdt}l
ot (L () [(alr () )]
() ) (o (5]

This completes the proof of theorem. O

Q

Theorem 2.3 Let f: I C R — R be a continuously differentiable function, let a < b in I
such that 0 < p(b—a) < m and assume that ¢ > 1. If the mapping |f'|? is trigonometrically

p-convex function on interval [a,b], then the following inequality
a+b
()5
b—a (1\'7% a+b\|? 4 or — 4\ ¥
< + / = / q
= (3) ( ( 2 ) )

boa (N[, a2m—4 |, fa+b\|T 4\7
20 (5) (ror =2 () 2)"

holds fort € [0,1].

Proof Firstly, let ¢ > 1. From Lemma 2.1, well known Power-mean integral inequality and

the following inequalities

q

q
f’(ta+b+(1—t)a < sin ™ f’(a+b) —i—cosﬂ-—t|f’(a)\q
2 2 2
a q
-0 (50 < sirorwed]r (0]

()
<2l /01| "
() ()
a(/01|t—1|dt) (

t| f’<ta;b+(lt)a> dt+/01 I <tb+(1t) ;b)‘dt}
f (t_2|—b+(1—t)a> th)q
dt>q

(tb+ (1—1) ;rb)

IN
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L )
(/ t—1dt) (/ =11 (s 17O +cosTy
K
)

+ Cos%t |f’(a)|q> dt> !
()
/m sin i + | o /t|cosdt>

I (a—i—b)

e
+b;a< It —1|dt < l\t—l\sm—dH
:b—a<) ( (“‘2”’) (O 7;4);
; (2) (ot (‘2”’):)

1
For ¢ = 1 we use the estimates from the proof of Theorem 2.1, which also follow step by

1
[t — 1] cosdt>

step the above estimates. This completes the proof of theorem. O
Corollary 2.1 Under the assumption of Theorem 2.3 with ¢ = 1, we have the following
inequality:

‘f(‘”b) (G ()] @)

This inequality coincides with inequality in Theorem 2.1.

Theorem 2.4 Let f : I — R be a continuously differentiable function, let a < b in I assume
that ¢ > 1. If the mapping |f'|? is trigonometrically p-convex function on interval [a,b], then
the following inequality

‘f (“50) -5 /| s
- b;a {((p+1)1(p+2)) (27;;4
' <p‘1”) <7f 4 (;b> q* . f’(a)q)j
i (pi2)p (27;;? |f/(b)|* ;12 /(a—2|—b> Q)q
' (W)p <7:12 [F O + 2’:;4 I (a;b)

holds fort € [0,1], where % + % =1.

1
q

@)

=

,(a+b
(%)
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Proof Using Lemma 2.1, Holder-Iscan integral inequality and inequalities

q

f/(ta;_b“v‘(l—t)a < sin%t f’(a;_b> %t|f/(a)|q
fltb+ (=) (a;b> q S Sin%t|f/(b)|q+cos%t I (a;—b) !

|7, we obtain

|f “+b>bia/bf<x>dx
([l ()

dt+/ | (tb+ 1_t)a—2|—b>‘dt}
bza{</;<1—t>w> (ool (o) w)
() ([ et o))
+< (1-1t) t—1|Pdt>‘1’</01(1_t) ’(tb+(1_t)<a;—b)
( t“l'pdt) (/Oltf’(tb+(1t)(a;b)thy}
<5 {(/01(1 Y 't'pdt>p (/01(1 -1 (Smgt f (ﬁ) oot |f’<a>|"> dt>q
y t't'pdt> ( JRIC: f’(agb)q+cos7;t|f’<a>Q)dt)‘l’
( (1—-1) |t—1|Pdt>’1’ </01(1—t) (Sing|f’(b)|q+cos7;t f,<a—2kb>
+</0 t|t1|Pdt>'1](/01t<sin7;tf’(b)|‘1+COS7T2t f,<a42rb> 4>dt>é}
= {(erires) (5 (57 o)
() (F () 2”7;4|f’<a>|Q)1
1)?(2#—4f,(b)q+;12f,<a—2|—b> q>q

1 )>é (4|f/(b)|q+27rﬂ-24 f,<a42rb>

IA

+

a N\
dt>

+

+

+

q> dt)é

b

q

=




Some Hermite-Hadamard Type Inequalities for Trigonometrically p-Convex Functions via by an Identity

where

1 1
1
1—t)[tPdt = /tt—lpdt:77
/o‘ )l , tE (p+1)(p+2)

1 1
/ t|t|” dt /(1—t)|t—1|pdt:
0 0

1 1
t t 2 —4
/ (lft)sinw—dt / teos—dt = “&
0 2 0 2

w2
1 1
t t 4
/ (1- t)cosﬂ-—dt / tsin—dt = —-

+2’

This completes the proof.
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Theorem 2.5 Let f: I — R be a continuously differentiable function, let a < b in I assume

that ¢ > 1. If the mapping |f'|? is trigonometrically p-convex function on interval |a,b], then

the following inequality
‘f<a+b)
_b-af(1 =3 /16— dn
- 4 6 3

Q=

,(a+b
f<2>

f L f’(a)q)

3

N7 /8T —16,, (a+b)|? 2n? 716
() (Rl () )
NI 20216, 8116 |, (a+b
(3) 7 (e = (1))
N7 (16—4n . 16—4 +b
() (o (1))

holds for t € [0,1], where % + % =1.

Proof Using Lemma 2.1, Improved power-mean integral inequality and inequalities

q

retva-od < el lr (S0 s i
frtb+ (1 1) (a;b>q < sin%t|f’(b)|q+008%t f,<a;b)q

which is the trigonometrically p-convexity of |f’|?, we obtain

|f<a+b>
Sb;a[A

f (ta;—b—l—(l—t)a)’dt—i—

I (tb+(1—t) ;b)’dt]
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b—a -

<
- 4

{(/Oluw )
(L)L
o)
() ([
{(/01(1 1t> |t|dt)1_q
(fee)
([
([r-1e

1—

b—a
<
!

1—

a+b
2

(f o (sin

1
q 1
g t t
(/ (1-t)|t—1] <sm” 1/ (B)]? + cos—
0 2 2
: 1
(/ t|t—1] (sin
0
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(fo-s
(e
(fo-s

1
q 1
)

f <taz+b +(1- t)a>
)| a)’

ftb+(1—t) (a;rb> '
Fltb+(1—1) (a;b) th);}
()

7t

2 @)

7t

+ cos

)4

L (a+b\|?
(%)

t t
PO + cos

,(a+b\]|?
(%)

Q=

:b;a{((15>1_<11<16;347r f,<a-2u)>q 16 — 4wf<)|)
. (;)13 <8wﬂ—316 o <a42rb> "o2m?—16 —16 )
. (;)1—2 (27#7; 16 iy 87r7r—316 (a+b) )
+<é>1—é (16;347r O+ 167T347r (a+b> ) }
where

1
/(1—t)\t|dt _
0
1
/ tildt =
0
1
t
/(1—t)|t|sm1dt _
O 2
1
t
/t|t—1|sin7r—dt -
0 2
1
t
/t|t|sin1dt =
O 2
1
t
/t|t|cos7r—dt =
0 2

1
/ tlt—1]dt = =
0

/1(1—t)|t—1|dt:
0

1
Tt 16 — 4m
1—1¢t)|t —dt =
| a=oeos -2
1
t 16 — 4
/t|t71|cos7r—dt: 37r
0 2 T
1
mt 8m — 16
1— 1)t —1|cos —dt = ———
| a=om-1jcs >
1 2
mt 2me — 16
1—t)|t—1|sin —dt = ———.
JREIE T

q 7
+ Cos%t |f’(a)|q> dt>
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This completes the proof. O

Corollary 2.2 If we choose ¢ =1 in Theorem 2.5, we get the following inequality:

|f (“5) -5t [ rwa] <25 (S (50| () aasariron).

2 \n2
This inequality coincides with the inequality in Theorem 2.1.
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