International J.Math. Combin. Vol.1(2023), 21-38

Some New Ramanujan Type Series for 1/7

Vijaya Shankar A. L.

Department of Studies in Mathematics, University of Mysore

Manasagangotri, Mysuru - 570 006, Karnataka, India

E-mail: vijayshankarai3@gmail.com

Abstract: In this paper, we derive some new Ramanujan-type series for 1/m as well
as proved existing series, using Eisenstein series representations of the form —P(q) +

nP(q") and P(q) + nP(q"), along with Clausen’s formulas.
Key Words: Eisenstein series, theta-functions, modular equations.

AMS(2010): 33C05, 33E05, 11F20, 11M36.

§1. Introduction

Ramanujan [43] recorded 17 hypergeometric series like representations for 1/7 in which he gave
the brief proof of first three series which are belong to the classical theory of elliptic functions.
J. M. Borwein and P. B. Borwein were first proved all the 17 identities in 1987 [17]. Further they
derived more series for 1/7 [18], [19], [22]. Also many authors derived several new Ramanujan
type series for 1/m as well as proved the existing identities in the subsequent years.

B. C. Berndt and H. H. Chan used Eisenstein series identities to prove Ramanujan type
series for 1/7 in their papers [12] and [13, where the latter one is coauthored with Wen-Chin
Liaw. On the basis of the idea of above two papers and with the guidance of Chan, Baruah
and Berndt used Eisenstein series identities of the form

—P(¢%) + nP(¢*") and P(¢°) + nP(¢*")

forn=2, 3,4, 5,6, 7,9, 10, 13, 14, 15, 17, 18, 22 and 25, to prove series of Ramanujan type
series for 1/7 in [3] and [4], by invoking the hints of Ramanujan. Further, Baruah and N. Nayak
worked on Ramanujan type series for 1/7 using Eisenstein series identities of the form —P(—q)+
nP(—q¢™) and P(—q)+nP(—q") forn =3, 5, 7, 9, and 25. Motivated by this, using Clausen’s
formulas and Eisenstein series representations of the form —P(q) +nP(q") and P(q) +nP(q")
forn=2, 3, 4,5, 6, 7, 8 9 and 10, we proved 9 series out of 17 series that are recorded by
Ramanujan in his famous paper [43] and some other existing series. Besides, we have recorded

some new Ramanujan type series for 1/m. A brief details of the existing identities which are
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proved in the Sections 3-11 is given in the below table.

18\11('). Authors Equations
) (3.2), (4.3), (5.4), (6.1), (6.5), (8.4), (9.1),
1. S. Ramanujan [43], [41] (9.6),(10.4)
2. G. Bauer [7] (3.2)
3. J. Guillera [306] (7.2)
4. | G.H. Hardy [39], [45] (3.2)
5. W. N. Bailey [2] (3.2)
J. M. Borwein and P. B. Bor-
O | wein (17], 18] (34), (7.5)
. B. C. Berndt, H. H. Chan and 7 4). (95
W. -C. Liaw [13] (7.4), (9.5)
(3.1), (3.2), (3.3), (3.4), (4.1), (4.2), (4.4), (5.3),
g N.D.Baruah and B.C.Berndt | (5.4), (6.1), (6.2), (6.3), (6.4), (6.5), (7.1), (7.2),
' 3] (7.4), (7.5), (8.3), (8.4), (9.1), (9.2), (9.3), (9.4),
(9.5), (9.6), (10.2), (10.4)

The Section 2 contains preliminary definitions and results, in which (2.10) and (2.18) plays an

important role in proving our results in the Sections 3-11, where (2.18) seems to be new.

§82. Preliminaries

Throughout the sequel, we use the following notation:

(oo}

(@; @)oo := ] (1 —ag™),

n=0

where a and ¢ are complex numbers with |¢| < 1. For |ab] < 1, Ramanujan’s general theta

function is defined by
s n(nt+l)  n(n—1)
fla,b) = Z a2 b 2z =(—a;ab)so(—b;ab)s(ab;ab)eo.

Further, Ramanujan [9, p36] considers following three special cases of f(a,b):

. _ = 2 (367 (d% )
Pla)=Jwa) =1 2,;q (G075 P se
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o0 - 2.2
b@) = fla ) = 3 "5 = (L)

23

-2
v (45 4%) 0
and
> (3n-1)
(=)= f(—¢,—*) = D (-1)"q
After Ramanujan, we define
. .2
X(@) = (=4 ¢ ) -
The generalized hypergeometric functions ,F,_1, p > 1, are defined by
- (a1)n(az)n -~ (ap)n
Fpilar, az,---, ap; by, ba, -+, byy; 2] =
pr P ? ; (bl)n(b2)n"'(bp—1)n
where |z| < 1, (a)p, :=ala+1)---(a+n—1) and (a)o := 1. Ramanujan recorded the

following identities in his Second Notebook [44] which give the relationship between hyperge-

ometric series and theta functions. Moreover these identities are frequently used to derive our

results. A proof of the below identities can be seen in [9, pp 120-124].

Lemma 2.1 If

g=e Y, y=—m

then

1 1
d z= oF1 |=, =; 1;
an z 2 1|:27 27 ,:L’:|,
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oz e 1/24
f(=a) = 517@(1 — ) q ) (2.7)
1/12
oy E (sl=2)
1/24
oy —ol/6q _ a1/12 (4
x(—q) = 2/5(1 )12 (1), (2.9)
and
dy 1
- = - —. 2.10
dx (1 —x)z? (2.10)
Let P(q) denote Ramanujan’s Eisenstein series defined by
P(g)=1-24)" = lg| < 1. (2.11)
k=1

Further, Ramanujan [9, p.129] gave the representation for P(q) in terms of z, y and z:

P(q) := P(e7¥) = (1 — 5x)2? + 12z(1 — m)zj—z (2.12)

In the sequel, set
gi=eV g = a(e”™") and z, := z(e”™V"). (2.13)
From (2.2), (2.3), (2.5), (2.13) and [44, Entry 27, Chapter 16|, we obtain that

Ty = z(e”™/Vr)y =1 -z, and 2 /n = 2(e7™VY = Vnz,. (2.14)

The number z,, is called classical singular modulus. We often used the values of these
numbers recorded by Ramanujan in [44]. For sometimes we borrow from [11] and [42]. Now
employing (2.13) and (2.14) in (2.12) to obtain the following identities:

le/n

P(q) == P(e™™V") = (1 = 5a1/0) 21y, + 1221 /(1 = 21 /0) 21 /m do (2.15)
n
and
dzp,
P(q") := P(e™™) = (1 — 52,,)22 + 1225 (1 — xn)znﬁ. (2.16)

The following theorem seems to be new and it produces the representations of the form
P(q) + nP(¢™), and with the help of Eisenstein series identities of the form —P(q) + nP(q")
[44, 47], we are able to derive some new Ramanujan-type series for 1/7 as well as an alternate
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proof for the existing identities.

Theorem 2.2 we have

d n d n
“1/ Nz, — + vin

dxy o "dr, T, (1 —24)

Z1/n

and

12
P(e” ™V £ nP(e” V) = 12vn _ 3nz2

T n

Proof of (2.17) From (2.14), we have

2 .2
2]/ = N2y

Differentiating (2.19) with respect to 1/, and using chain rule, we deduce that

dzy/n, s dzn dzn szj dy
dxl/n "da, dxl/n "dy dxl/n.

From (2.14), we obtain that

dan
T,
dxl/n
From (2.1) and (2.13), we easily seen that
-
Differentiating (2.22) with respect to n, we find that
dn — —2nyn
dy  w
Employing (2.14) in (2.10) to obtain
dy 1
dri,  wn(l—ap)nz?’

Substituting (2.21), (2.23) and (2.24) into (2.20), we arrive at (2.17).
Proof of (2.18) By employing (2.14) and (2.17) in (2.15), we find that

dz, 12
P(e™™/V7) = (=4 +5x,)2% — 122, (1 — xn)znﬁ + 7\/6
n T

Then (2.18) follows from (2.16) and (2.25).

25

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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Now our task is to obtain the relationship between Eisenstein series and 3 F5 hypergeometric

series. To achieve this let us recall Clausen’s formulas and Borwein’s proofs [17, pp. 180-181].

Throughout the sequel, set

(3} (Dr(3)e(F)r ($)r(3)k(2)k
A = ER By = RE; and Cj := RE; (2.26)
If
X de(l—g), Y im 4z o a? 4zl —x)
’ (1—x)2’ 41 — 2) (1+x)2 7’
- 2V/X 27X2 Y 27X
_ _ 0 _
1-X t—x)3 (1—4X)3’
then
111 > 1
22 = ,F, [2 3 2,1,1,)(} :ZAka, 0<w<s, (2.27)
! F{lllu ] i DFAYY  0<2<3-2V2 (2.28)
== 3 sy Ly by ™ k - =9 ’ '
1—z 2°2°2 S
! F[lllll } i DFALU*, 0< 2z <2v2 -2, (2.29)
- 2 |5y5y5 L, 45— k x - .
1—x,4 2°2°2 xk:o
1 113 "
= 4P [ - ;1,1;V2} =——) BV 0<z<3-2V2 (2.30)
1+ 4724 1—|—ack:0
1 113 >
=  oFy |- = —1.1:— — BW2k
12z32{4’2’4”’ } 293;
1
O§x§2(1 2l/44/2 \/§> (2.31)
2 115 2 > 1
= 3F2 |:a7a1717L:| :7ZCkLk70SI’S77 (232)
1-x 7626 1-X &~ 2
1 115 1 > 1
_ =211 -M|l=—— —DrFoyMF L 0<z < =, 2.
mi’) 2|:652,6a77 :| mkzo( )Ck ,O_l‘—Q (33)
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Differentiating (2.27) with respect to z, we find that

dz >
22— =3 AkXF1.4(1 - 22). 2.34
i = kZ:;) Kk ( ) (2.34)

Substituting (2.34) into (2.12) and using (2.27), we deduce that

o

P(g) = _{6k(1 —2x) + (1 —52)} Ap X" (2.35)
k=0

Setting ¢ = e~™V™ in (2.35), we obtain that

> (6k(1+ n
Pl =3 {(1*_“””;” (- m)} Axk, (2.36)
k=0 "

where X,, = 4x,,(1 — x,,). Similarly, differentiating each of (2.28)-(2.33) with respect to x, and

proceeding as above, we deduce that

1 oo
P(e _ﬂf =1 tin Z (6k+1) Akyk (2.37)
" k=0
Z {6k(2 — z,) + 1 — 22, } (—1)F AL UF, (2.38)
VI, k=0
1 o0
Ttz > {6k(x} — 6z, + 1) + 2 — 10z, + 1} (-1)* BV, (2.39)
(1+z,) prs
= ﬁ > {6k(4al — 4z, — 1) + 222 — bz, — 1} (-1 ByW2F, (2.40)
n ]{1:0

o

{2(1 — 52p) n 3k(4a? — 622 — 6z, +4) + 623 — 922 + 3z, } CLLE (2.41)

Vi — X, (1 -z, +22)3

~
Il

0

Mg

{ 1— 5z, 6/{3(643@% — 922 + 30w, + 1) + 962> — 14422 + 48z, }
— | V1-4X, (1— 16, + 1622)*
x (=)o MF,  (2.42)

A AV ¢ Sk )

h Xy = dx,(1 - na}/n = oo U, = s =
whnere X ( xr ) (1 _wn)2 4(1 _xn) (1 +xn)2

, Wy =
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2/ X 27X2 277X,
L,=—2—and M, = ————
1 X, T @ x,) T 1 ax,)8
.. 6 3
P(e ) = ; - 52%7

Employing (2.27), we find that

6 —P(e_”)+§§:A
T 2k:0 ks

. Put n =1 in (2.18), we obtain that

(2.43)

where 21 = £ and X; = 1. The series (2.43) seems to be new and this is similar to the series

2
recorded by Ramanujan in [8, p. 256].

§3. Example: n =2

Theorem 3.1 We have

oo

Z{s 5V2)k+3 - 2v2} 4,(2v2 - 2)

k=0

% (—1)k(4k + 1) Ay,

NE

k=0

2Vv2-1 i{4\f—2k+¢§—1}( )’“Ak<\/§_1

2

k=0

5\/5 00 3 3k
—_— 2 .
- kZ:O 8k:+30k<5)

(3.1)

(3.2)

(3.4)

Proof From Entry 13(viii) in Chapter 17 of Ramanujan’s second notebook [44] (Also [9,

p.127]), we see that

—P(q) +2P(¢%) = (1 + z)2°

(3.5)

Setting ¢ = e ™/V2 in (3.5), then using (2.14) and the value of the singular modulus

zy = (/2 —1)% [11, p. 281], we find that

—P(e™V2) 4 2P(e"™V2) = 2(—1 + 2v/2) 22

(3.6)
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Setting n = 2 in (2.18), we obtain that

124/2
P(e™/V?) 4 2P(e"™V?) = 12v2 623. (3.7)
™
Adding (3.6) and (3.7), we immediately deduce that
3v2
Ple ™?) = Tf —(2-V2)22. (3.8)

By employing (2.27) in (3.8), one can rewrite (3.8) as

P(e™™?) = 3V2 (2-2) iAkX,f, (3.9)
k=0

™

where X, = (2v/2 — 2). Now, setting n = 2 in (2.36), then with the aid of (2.27) and the value
of the singular modulus zp = (v/2 — 1)? [44, p. 214], [11, p. 281], we easily obtain that

Ple=™V2) = i(fm +104/(2) + (—30 + 24/(2))k) A X5, (3.10)
k=0

From (3.9) and (3.10), we arrive at (3.1). Similarly the proofs of (3.2), (3.3) and (3.4) are
follows, by employing (2.28), (2.29) and (2.32) in (3.8) and setting n = 2 in (2.37), (2.38) and
(2.41), respectively. O

84. Example: n=6

Theorem 4.1 We have
241 &
%ZZ{(ﬁ\/g+3\/6—6)k+2\/§+\/6—3—\/§}<—1)k14k
k=0

x (8(\/§+ DA(V3 - Vv2)3(2 - \/§)3)k . (41)

- :i(—l)’“{(12\/5—12)k+4\/41—5}Ak(\/§—1)4’“, (4.2)
k=0
? = i(sk + 1)Bk9ik. (4.3)

b
Il
<]
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Proof From [47], we have

—P(q) +6P(¢°) = f1faf3fs <5§§ LI

This is

9(_ _ 3 2.6 5 6(_ .3 6(__ 4
raon - LREALE (D) 0 s

Ifqg= e*“/‘/é, then we obtain from [6, Theorem 4.1] that

) (W2
F2(e —21/V6) V3

(4.6)

Setting ¢ = e~™/V6 in (4.5), using (2.9), (4.6), (2.14) and the values of the singular moduli
2 2 2 2
T30 =2(-3-2v2+2V3+V6) (V2-1)" (V3+v2)" [42] and 26 = (2 v3)" (V3 - V2)

[11, p. 282], we deduce that
P(e™/V6) 4 6P(e"™V0) = 6(15 + 12v/2 — 8V/3 — 61/6)22. (4.7)

Setting n = 2 in (2.18), we see that

P(e V0 4 6P(e™V0) = 127%/6 — 1822 (4.8)
It follows from (4.7) and (4.8) that
P(e™™V0) = (6 + 6v2 — 4v/3 — 66)22. (4.9)

As in the previous Section, by employing (2.27), (2.28) and (2.30) in (4.9) and setting n = 6
n (2.36), (2.37) and (2.39), we easily deduce the identities (4.1), (4.2) and (4.3), respectively.r]

85. Example: n=9

Theorem 5.1 We have

o0

(3{ 5 I;J(lzk+3—\/§) Ay (2—\/5)4k, (5.1)

1+ (6v3—10)a _ i(fl)k Hg + (30— 18\/§)a} k434 (6—4v3)a
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Qk(\/g_ 1)4k(a —1— \/g)zk

x Ay 165 10aF (5.2)
24/2 4 (12¢/3 — 20 oo
\/ * Wf Ja =3 (-1 [{18+(36\/3—60)a}k+3+(10\/§—18)a}
k=0
_ al/4\3 2k
i ((x/§+1)({ ) )  5.3)
16, & 1
—%= kz:o( 1" (28k + 3) By 1o (5.4)
where a = /3 + 2/3.
Proof On page 475 and page 345 of [9], we have
—P(q) +9P(°) = f - S {19+ 90313 + 27215} (5.5)
1
and
13 12471/3
1+9¢% {1+27q312} . (5.6)
I 1

The above identity can be written as

£ = /i 14 9g9 —1 - (5.7)
5T AT qf1 ' ‘

Setting ¢ = e~"/3 in (5.5), then using (2.7), ( 7), (2.14) and the value of the singular
4
ﬁfj) (\/4+2f7¢3+2\/§) [11, p. 290], we find that

—P(e™™/3) + 9P(e7") = 18@ V3 -1)73. (5.8)

Setting n = 9 in (2.18), we see that

modulus xg = % (

36
P(e™™3) 4+ 9P(e3™) = = — 2722 (5.9)
Y

From (5.8) and (5.9), we obtain that

P(e™3m) = % {\/3+2\/§(\/§— 1) — ‘;}zg (5.10)

Now, employing (2.27), (2.28), (2.29) and (2.31) in (5.10) and setting n = 9 in (2.36),
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(2.37), (2.38) and (2.40), we arrive at (5.1), (5.2), (5.3) and (5.4), respectively. O

The proofs of the Sections 6-11 follow along the similar lines as those in previous sections,
so we do not record the proofs.

86. Example: n =3

Theorem 6.1 We have

4 (oo}
—=> (6k+1) Ak (6.1)
T k=0

%: go(—nk {(15\/:5—24)k+6\/§— 10}Ak2k(\/§— 1)6k, (6.2)
4‘?_2( D {(30-6v3)k+7-3v3} 4 # (6.3)
87\/5 = i {(85v3 - 135)k + 8v3 — 12} B, (%)Ml : (6.4)

=
;\g g;)(llk +1)C, (1‘2‘5>k. (6.5)

We note that —P(e™™/V3) 4+ 3P(e~™3) = 24222 and x5 = 25/5.

87. Example: n =4

Theorem 7.1 We have

== i {(48v2 — 66)k + 20v/2 — 28} A, (1584v2 — 2240)", (7.1)
k=0

2v2 _

™

Mg

6k +1 Ak
k:O

(7.2)
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16v2

00 k
Qirﬁ =3 (-1 {(24\/5— 30)k + 8v/2 — ll}Ak <(ﬂ_ 1>6> ,

0o 3k+1
V33 _ > (126k + 10)Cy ( ) .
T 11

We note that —P(e™™/2) +3P(e™2") = 1222 and 24 = (V2 — 1)*.

§8. Example: n =5

Theorem 8.1 We have

o0

Z{ 5+\fk+1}Ak(\f—2)

k=0

Mx

~
Il
o

k
x(l)kAkSk{617+276\/5 (485+217f)\[} ,

8 _ i[{(15+5\[)b—7\ﬁ 5\/§}k+(9+3\f5)b—7\/§_5\/ﬁ}(_1)k
k=0
V-1 o b2 b\
><Ak<4> (2_\/5> :
J— . 1
;zZ(—l) (20k +3) By ..

=
i
o

2(—-54+4VE)32 & B B
o = %{(142 58v/5)k + 21 9\/S}Ck<

where b= /5 + 1.

[{80+35v5 — (30v2 + 14V10)b } & + 34+ 15v/5 — (13v/2 + 6v/10)0]

27(—9875 + 4420/5)

553

).

33

(8.1)

(8.3)
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15 —
We note that —P(e_”/‘/g) + 5P(e_’”/g) = 5(5\/5‘/5)4% and the singular modulus for
3
nesisay L (VA1) (Y
B 5T 2 2 2/
89. Example: n=7
Theorem 9.1 We have
— = (42k+5)Ap— 2616’ (9.1)
k=0
1 o
= > {(255V7 — 672k + 112V — 296} A (32 — 12v7)F, (9.2)
77
k=0
V2 & s—3v7\”
—== Z(—l)k {(255ﬁ — 672)k + 1127 — 296} Ay < _4 ) , (9.3)
k=0

2k

29241 2(325 4 11

) => { (76160 — 455V/7)k + 6728 — 784ﬁ} By, (8*[(3 259;41 9‘ﬁ)> . (94)
k=0

W7 _ 16
— = > (65k + 8)(—1)" By (63> : 9.5)
k=0
85v/85 ( 4 >3k
(133k + 8)C , 0
1873 kz() )Ci S5 (9.6)
We note that —P(e™™V7) + 7P(e™™7) = 75[27 and z7 = : _1?()5\ﬁ.

§10. Example: n =10

Theorem 10.1 We have

310 >
= 930 + 220k — 50v/2 + 16V/5 — 29v/10
(680 — 480v/2 + 3041/5 — 215v/10)7 Z ( )

k=0
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3k
xAk{(3+\/5)(2+\/5)(3\/§—\/5—2)} . (10.1)

(—1)* {(60 — 24/5)k + 23 — 10\/5} Ap(VB — 2)%, (10.2)

b
Il

EREN
I
M8

0

V10v/102v/10 — 144+/5 + 228v/2 — 322

™

o0
= {(1020@ — 1440V/5 + 2280v/2 — 3210) k 4+ 407v/10 — 576v/5 + 910v/2 — 1285}

=0
k
207v/10 — 2 450v/2 — 64
y (_1)kAk< 07v/10 88\/§+ 50v/2 — 6 7)  (103)
9 i(lOk + 1B~ (10.4)
2V2m = SR '

We note that z1 = 323 — 228v/2 + 144v/5 — 102V/10 and —P(e~™/V10) 4 10P (e "V10) =
(2550 — 1800V/2 + 1152V/5 — 804\/@ 2.

§11. Example: n =38

Theorem 11.1 We have

oo

7
= 560 4+ 392v/2)c — 1575 — 1120V/2 L k + (248 + 174v/2)c — 700 — 4972
v =2 ) fhot( ) |

k
x Ay 16 {(4490 + 3175v/2)c — 12756 — 9020[2} . (11.1)

4 i(—l)k (14k +3— \@) Ay <5‘/;3_ 7) ,

(11.2)

=~
Il
=]

7\/5\/(10 +7V2)c — 28 — 201/2

™

_ i [{(560 + 392v2)c — 1554 — 112012} & + (216 + 152v/2)c — 609 — 4342

k=0
k
‘(1) AL ((320+225\/§)§2— 908 —640\@> L)
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343 > 25k (3251/2 — 457)%
— =) (70k+12-3V2)B 7 11.4
(32 — 13V/2) kzzo( B 74 (11.4)

where ¢ = /1 + 5v/2.

We note that x5 = 113 + 80v/2 — 4¢(7v/2 — 10) and

fP(ef’T/‘/g) + IOP(e*“\/g) = {600 — 416V2 — (W) c} 22.
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