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§1. Introduction

Let X, be the class of functions f of the form

1 o)
f(z):Z_p+ ann, (pEN:152735"')5 (1)

n=1-—p

which are analytic in the open disc E* = {z: 2z € C and 0 < |z| < 1}. Let S be the subclass of
functions in X, which are univalent in . Let P be the class of functions p given by

p(z) =1+ pn 2" (z€E), (2)
n=1
which are analytic in the open disc £ and satisfy the condition:
Ri{p(z)} >0 (z € E). (3)

If f € ¥, and satisfies

e

f(z)

then we say that f is meromorphic p-valent starlike of order 5 (0 < 3 < p) and we denote this
class by YMS(p, 5).

}>5(26E,0§6<p), (4)
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If f € 3, and satisfies

- 2f"(2) .
3%{1+ 70 }>ﬁ( € E,0< B <p), (5)

then we say that f is meromorphic p-valent convex of order [ and we denote this class by

feXMC(p,B).
A function f € ¥, is said to be A-spirallike of order 3 in the unit disk E if

—ére{e“zf/(z)} > (z€ B 0<B<p A < D)

f(2)
In [8] Jackson introduced and studied the concept of the g-derivative operator 9, as
follows 1) - F(g2)
z) — f(gqz
&If(z):z(li—q)’ (z#0, 0<g<1, 09.f(0)=f(0)). (6)

Equivalently (6) may be written as

0f () =143 [nly an 2", 20, (7)
n=2

where [n], = 1= q:. Note that as ¢ — 17, [n]y — n.

1—
Definition 1.1 A function f € ¥, is said to be meromorphic p-valent A-q-spirallike functions

of order (3 if it satisfies the following:

—%{eiAM} SB(z€E, |\< g 0<fB>peosh 0<q<1), (8)

f(2)

we denote this class by XMS(p, A, B, q).

Definition 1.2 A function f € ¥, is said to be meromorphic p-valent conver \-q-spirallike
functions of order B if it satisfies the following

N O\ 94(20,4f(2))
%{ 5] (2)

we denote this class by XMC(p, \, 5, q).

}>ﬁ(zeE,0§ﬁ<1), 9)

Remark 1.1 f e MS(p,\, 3,q) iff

() pe = (28— pe )

f(2) 1—2 ’ .
and f e MC(p,\ B,q) iff
o (0a(0uF () pe — (28— pe )z
( 0af () ) B -2 | (H)
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82. Main Results

Theorem 2.1 If the sequence {Ap 1}, defined by

Ap _ 2(B—pcosA) m = O,

p+lplg
2 0s A m—1
Apim = S (14 505 lapeel ). e,

and p € N. Then

2(8 — pcos ) H26+ [k +plg +p—2pcos A
28+ [m+plg+p—2pcosA p+[p+ kg

Apym =

)

where m € No = N \ {0}.

Proof By virtue of (12), we have

p+p+m+1Apime1 =2(8 —pcos ) <1 + ZAP+k> ,

and )
p+[p+mlgApim = 2(3 — pcos\) (1 + Z Ap+k> .
k=0
From (14) and (15), we have

Apymir 204 [m+plg+p—2pcos A

= € Ny.
Aerm p+[p+m+1]q 0
A A _ A
A = p+m ] p+m—1 p+1.A
o Ap-i-m—l Ap+m—2 Ap !
_ 28+ [m+p—1]g+p—2pcosA 28+ [plg +p—2pcosA 28 —2pcos A
p+Ip+mlg p+p+1 - p+ [Pl
_ 2(8 —pcos)) H26+ [k + pl, +p—2pcos/\( ).

28+ [m+pl, +p—2pcosA p+[p+ kg

The proof of Theorem 2.1 is completed.

As g — 17, we get the following result proved by Shi.et al. [13].

Corollary 2.1 If {Apym}, defined by

_ B—pcos A
A, = Bopeesd

Apim = % (1 + ZZ:Ol |ap+k|) , méEN,

m =0,

21

(17)

(18)
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and p € N. Then

2(8 —pcos)) H25+k—|—2p 2p cos A

Apim <
pt — 204+ m+2p— 2pcos)\ 2p+ k

)

where, m € Ng = N \ {0}.

Theorem 2.2 Let f(z) = % + 307 apim2zP™™ € MS(p,\, 3,q). Then

(o] < 2(8 —pcos)) H2ﬁ+ [k +plg+p—2pcos A
P = 98+ Im+plg+p — 2pcos A p+[p+klg

Proof Let

B+ eir 22l 4y gin A
L(z) = ON

B —pcosh (z € B, f € MS(p, ) B,4)).

We know that L € P. It follows that

e 20,f(z) = (B —pcos\) f(z)L(z) — (B — ipsin \) f(z).

Let
L(z) =141z + 12+ .

Then

(m e

No).

Zﬁ ( 2[:]9] + [p]qapzp + [P + 1](1(11)-i-12'pJr R [p + m]qap-i-mZerm + - >

1
= (8 —pcos]) (;—l—apzp—i—apﬂzpﬂ—i—---) x (1+lhiz+122+---)

o 1
— (6 — ipsin ) (Z—p b ape? + ap 127t 2T > .

We have from sides (24)

erMp+mlyapim = (B8—pcosA) (laprm + aplm + @pymlm—1
+- Faprm) — (B + ipsin N)apim.

Moreover, we know that
[l,] <2 (n € N).

From (25) and(26) we have
2(B — pcos A
lap| < ( )
p+[plg

(20)
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and
2(8 — pcos )
ap+m| < m 1+ Z |ap-+x|
with supposing p € N. We define {Apm} .o b

_ 2(B—pcos})
Ap ptlple

m = 0;
2 cos A m—1
Apm = ﬁ@%m]q) (1 + 2k—o |ap+k|) ;o m=1

Now by the mathematical induction principle we will prove that
|ptm| < Appm(m € No).

We can easily verify that

2(8 — pcosA)
lap| < Ap =
D+ [p]q
Thus, assuming that
|a’17+j| < Ap+j(j =0,1,--- ,mme NO)?

from (28)) and (32) we have
2(8 —pcosA)
lap+m1| < R PE——— T 1+ Z |aptk|

2(8 —pcosA)
<— 14 A
“ptHlp+m+1] Zl p+#
=Aptm+1 (m € No).
Therefore, by the principle of mathematical induction, we have

|aptm| < Apsm (m < No).

By means of Theorem 2.1 and (29), we know that

A B 2(8 — pcos ) H2ﬁ+ [k + plg +p—2pcos)\(m€n)
PE T 08+ [m+plg +p — 2pcos A - p+[p+ kg 0
So, from (34) and (35) we get proof of the Theorem 2.2.
As g — 17 we get the following result proved by Shi.et al. [13].
Corollary 2.2 Let f(z) = & 4+ > 0 aprm2zP ™™ € MS(p, A, 3). Then
B —pcos) 28+ k+2p —2pcos A
Ay = 2 H (m € no).

26+m+2p—2pcos)\ 2p+k

23

(28)
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From Theorem 2.2 we get the following result.

Corollary 2.3 Let f(z) = L 4+ Y07 apemzP™™ € MC(p, A, B,q). Then

m

Apn =
P [p+m](28 + [m+plg +p — 2pcosA) 11 p+[p+ K],

Theorem 2.3 Let f(z) = 4 + 307 apim2z?™™ € MS(p, A, B,q). Then

2p(8 — pcos ) H25+[k+p]q+p—2pcos/\

pcosA —2(3 — pcosA\)r <% <_emzaqf(z)) < pcos A+ 2(8 — pcos A\)r

f(2) 1+7r

1—1r

for|z|=r < L.

Proof Suppose the function ¢ defined by

peik _ (26 _ pe—i)\z)

o(z) = o

(z € E).

Let z = re"* (0 <7 < 1). We have

(8 —pcos A)r(cosd —r)
1472 —2rcosd '

R {6(2)} = peos A — 2

Let 2(8 —pcosN)r(t —r)

1472 =277

©(T) =pcos A — (1 = cos ).

Then
 =2r(B—pcosA)[(1 + 72 = 27r) — r[2r]o(T — 7)] )

Dup(r) = (1472 —2¢r7)(1 472 — 2r7)

This means that

2(8 —pcosA)r <
1-7r -

2(8 —pcosA)r

R(p(2)) <pcosA+ T

PCOSA —

which is equivalent to

pcos A —2(8 —pcosA\)r

<R{p(2)} <

1—r 1+7r

We know that
oA 204 f(2)

f(z)
and ¢(z) is univalent in F, this is prove the inequality (38).

=< #(2)

As g — 17 we get the following result proved by Shi.et al. [13].

pcos A+ 2(8 — pcos A)r

(37)
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Corollary 2.4 Let f(z) = & 4+ >0 aprm2zP ™™ € MS(p, A, 3). Then

— — . / —
pcos A — 2(8 — pcos A)r <q (e z2f'(2) < pcos A+ 2(8 pcos)\)r, (45)
1—r f(2) 1+
for|z|=r < L.
Corollary 2.5 Let f(z) = & 4+ > 07 aprm2zP ™™ € MC(p, A, B,q). Then
pcos A —2(3 — pcos \)r <% <—eM (?q(zaqf(z))> < pcos A+ 2(3 — pcos\)r (46)
1—r g f(2) 1+

for|z|=r < L.

Theorem 2.4 If f € ¥, satisfies

g Y (I[nlge™ + 7]+ [nlge™ + 26 =) lan| < |[plge™ = 208+ ¢7] = [[plee™ — a7 (47)
n=1—p
for some real \, B and v (0 < v < pcos]), then f € MS(p, A, 5,q)
Proof To prove f € MS(p, A, 3,q), it suffices to show that

ix 204 f(2)
e T

. <1(z€ E,0<~v<pcosA). (48)
erZlE) 4 (23— )
From (47), we know that
Plee™ =208+ av| +a > |[nlge™ +28—7]lan|l > |[plee™ — 7]
n=1-—p

+q Y lnlge™ +llan| > 0. (49)

n=1-—p

Now, by the maximum modulus principle, we deduce from (1) and (49) that
— g;g” Ty || e (G ) + YT ane”
ix20qf(z N i —[plq n o0 n
R Oh f() (26 ’Y) 6)\( qzP +En 1- p[ ]qanz )+(26_7) (ZLP_FZn:l—panZ )
(_[p]qev\ +q7) + QZle_p([n]qeiA +7)anz"
(—=[plge™ +2¢8 — qv) + ¢ >0, ([n]ge™ + 28 — y)anz"
Plae™ — vl + 03252, lInlge™ +7llan]
I[Plge™ = 248 + 7] — a 32521, [Inlge™ + 26 — 7llan|
<I.

This completes the proof. O
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As g — 17 we get the following result proved by Shi.et al.[13].
Corollary 2.6 If f € ¥, satisfies the

> (Ine™ + 9]+ Ine™ + 28 — ] |an| < [pe™ — 28+ 7] — |pe™ — 4| (51)
n=1—p

for some real A\, 3 and v (0 <~ <pcos]), then f € MC(p,\, 3).

Corollary 2.7 If f € " @, satisfies the

g Y lnlgl (Il)ge™ + 71+ |[nlge™ + 28 =) lanl < [plq (I[plge™ — 248+ ¢
n=1-—p

— |[plge™ — q7l) (52)

for some real A\, 3 and v (0 <y < pcos)), then f € MC(p,\,3,q).

Lemma 2.1([7]) If |¢| attains its mazimum value on the circle |z] = r < 1 at zo and ¢ is a

nonconstant reqular function in E then

ZQ¢/(20) = k(b(Zo), k>1, k€ R.

Theorem 2.5 If f € ¥, satisfies

flz) | 2f(2)0f(z)  20,f(2)|  B-p
f(gz) " f(qz)0qf(2) f(qz) < 20 (53)

for some real 8 > p, than f € MS(p,0,8,q).

Proof Define the function ¢ by

204 f(2)
2ZqJ %) +p
QO(Z) = O /)

z € L). 54
Gy ) (54

Note that ¢ is analytic in E and ¢(0) = 0. From (54), we have

20,/ (2) _ —p+ (28— p)p(2)
7(2) 1—p(z)

(55)

Taking g-differentiating of (55) logarithmically, we get

f() | HEORE)  200() (1= pE@)E-noelz) | el

f(gz) * F@2)0,f(z)  flaz) — (—p+ (2B —p)p(2))(1 —p(g2)) = (1 - ¢(qz))
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From (53) and (56), we get that

f(z) n 2f(2)03f(2) 20, (2)
flgz) ~ f(g2)0,f(2)  f(qz)

’ 2(8 = p)9gp(2) _B-p
[P+ (28 —p)p(2)](1 — ¢(g2)) 20

Consider zg € E such that

max [p(2)] = [p(20)| = 1.
|21<] o]

By Lemma 2.1, let ¢(20) = €' and 209,¢(z0) = Le® (L > 1). For such a point zy, we have
that

f(20) N 20.f(20)0; f(20) 2004 f (20)
flazo) ~ f(az0)9qf(20) f(qzo)

_ ’ 2(8 —p)Le”
[—p+ (28 — ple](1 — ™) (58)
_ 2(8-p)L
VP2 + (28 — p)? — 2p(28 — p) cos ¥4/2(1 — cos V)
L0
=735

This contradicts our condition (53). Therefore ,there is no zgp € F such that |p(29)| = 1. This
implies that |p(z)| < 1 (z € E*), that is,

20, 1(2)
j& TP

204 f(z
jq(];() L+ (28-p)

<1, (€ E)

thus, we conclude that f € MS(p,0,0,q). ]

As g — 17 we get the following result proved by Shi.et al. [13].

Corollary 2.8 If f € ¥, satisfies

) )| B—p
YR TR | T 28 (59)

for some real 8 > p, than f € MS(p,0,0).
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