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Abstract: In the present paper, we find a surface family possessing the natural lift of a
given curve as a geodesic. We express necessary and sufficient conditions for the given curve
such that its natural lift is a geodesic on any member of the surface family. We present
a sufficient condition for ruled surfaces with the above property. Finally, we illustrate the

method with some examples.
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§1. Introduction

Curves and surfaces play an important role in differential geometry. In recent years, there is
an ascending interest on finding surfaces possessing a given curve as a common curve instead
of finding and characterizing curves on a given surface. In 2004, Wang et. al. [1] proposed
a method to find surfaces having a given curve as a common geodesic. Kasap et. al. [2]
generalized the marching-scale functions of Wang and obtained a larger family of surfaces. Li
et. al. [3] derived the necessary and sufficient constraint for a line of curvature. Bayram et.
al. [4] studied parametric surfaces which interpolate a given curve as a common asymptotic.
Ergiin et. al. [5] obtained a surface family from a given spacelike or timelike line of curvature
in Minkowski 3-space.

Inspired with the above studies, we find a surface family possessing the natural lift of a
given curve as a common geodesic. We obtain the sufficient condition for the resulting surface
to be a ruled surface.

We start with presenting some background. A parametric curve «(s), L1 < s < Lo,
is a curve on a surface P (s,t) in R® that has a constant s or t-parameter value. In this
paper, o denotes the derivative of o with respect to arc length parameter s and we assume
that « is a regular curve with o’ (s) # 0, L1 < s < La. For every point of a(s), the set
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{T (s),N (s),B(s)} is called the Frenet frame along « (s), where T'(s) = &' (s), N(s) =
Tl

the curve at the point « (s), respectively. Derivative formulas of the Frenet frame is governed

and B (s) = T (s) x N (s) are the unit tangent, principal normal, and binormal vectors of

by the relations

J T (s) 0 K (s) 0 T (s)
s N(s) | =] —kx(s) 0 7 (s) N(s) | (1)
B (s) 0 —7(s) O B (s)
where & (s) = ||&” (s)|| and 7 (s) = — (B’ (s), N (s)) are called the curvature and torsion of the

curve « (s), respectively [6].

Let M be a surface in R? and let o : I — M be a parameterized curve. « is called an

integral curve of X if

—(a(s)) =X (a(s)) (foralltel),

where X is a smooth tangent vector field on M. We have

T™™ = |J TpM = x (M),
PeM

where Tp M is the tangent space of M at P and x (M) is the space of tangent vector fields on
M.

For any parameterized curve a: I — M ,a: I — TM given by ([7])

a(s) = (a(s).a' () = a () lao) (2)

is called the natural lift of o on T'M.

If a rigid body moves along a unit speed curve « (s), then the motion of the body consists
of translation along o and rotation about a.. The rotation is determined by an angular velocity
vector w which satisfies T/ = w x T, N' = w x N and B’ = w x B. The vector w is called the
Darboux vector. In terms of Frenet vectors T, N and B, Darboux vector is given by w = 7T+kB
[8]. Also, we have k = ||w||cosf, T = |lw]||sinf, where 0 is the angle between the Darboux

vector w and binormal vector B (s) of a. Observe that 6 = arctan = (Fig. 1).

Fig.1 Darboux vector w, tangent vector T' and binormal vector B of «

Let a(s), L1 < s < Lo, be an arc length curve and @ (s), L1 < s < Lg, be the natural
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lift of . Then we have

T (s) 0 1 0 T (s)
N(s) | =] —cos® 0 sind N(s) | (3)
B (s) sinf 0 cosf B(s)

where {T'(s), N (s), B (s)} and {T'(s), N (s), B (s)} are the Frenet frames of the curves a and

@, respectively, and 6 is the angle between the Darboux vector and binormal vector of «.

§2. Surface Family with a Common Natural Geodesic Lift

Suppose we are given a 3-dimensional parametric curve « (s), L1 < s < Lo, in which s is the
arc length and ||o” (s)|| #0, L1 < s < La. Let @(s), L1 < s < La, be the involute of a(s).

Surface family that interpolates @ (s) as a common curve is given in the parametric form

as

P(s,t)=a(s) +u(s,t)T(s)+v(s,t)N(s)+w(s,t)B(s), (4)

L1 <8< Ly, Ty <t < Ty, where u(s,t), v(s,t) and w(s,t) are C! functions and are called
marching-scale functions and {T (s),N (s),B (s)} is the Frenet frame of the curve &. Using
Eqn. (3) we can express Eqn. (4) in terms of Frenet frame {7 (s), N (s), B (s)} of the curve «

as

P(s,t) = @(s)+ (w(s,t)sind —wv(s,t)cosh)T (s) (5)
+u (s,t) N (s) + (v (s,t)sinf 4+ w (s,t) cosh) B (s),

where L1 SSSLQ, T1 StSTQ

Remark 1 Observe that choosing different marching-scale functions yields different surfaces

possessing @ (s) as a common curve.

Our goal is to find the necessary and sufficient conditions for which the curve @(s) is
isoparametric and geodesic on the surface P (s,t). Firstly, as & (s) is an isoparametric curve on
the surface P (s,t), there exists a parameter ¢y € [T1, T»] such that

u(s,to) =v(s,tg) =w(s,tg) =0, L1 < s < Lo, Ty <ty < To. (6)

Secondly the curve @ is geodesic on the surface P (s,t) if and only if along the curve the
surface normal vector field n (s, to) is parallel to the principal normal vector field N of the curve

&. The normal vector of P (s,t) can be written as

OP (s,t) " OP (s,t)
Js ot

n(s,t) =
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By Eqns. (3) and (5), the normal vector along the curve @ can be expressed as

n (s, 10) = |~ (s, 10) N (5) + 2 (5,10) B (5)|. @

where « is the curvature of the curve a.. Since k (s) # 0, Ly < s < Lo, the curve & is a geodesic

on the surface P (s,t) if and only if

So, we can present:

Theorem 2 Let a(s), L1 < s < Lo, be a unit speed curve with nonvanishing curvature and
a(s), L1 < s < Loy, be its natural lift. & (s) is a geodesic on the surface (4) if and only if

u(s,to) = v (s,to) = w(s,tg) =0,
%_1: (S’ to) 3& 07 % (S,to) = Oa

(8)

where [h < s< Ly, Ty <t, tg <Ts (ty fized).

Corollary 3 Let a(s), L1 < s < Lo, be a unit speed curve with nonvanishing curvature and
a(s), L1 < s < Lo, be its natural lift. If

u(s,t) =w(s,t)=(t—tgy), v(s,t)=0, 9)
where L1 < s < La, Ty < t,tg <Ts (to fized) then (4) is a ruled surface and & is a geodesic on

it.

§3. Examples

Example 1 Let a(s) = (% cos s, 1 —sin s, —g cos s) be a unit speed curve. Then, it is easy to
show that

4 3
T(s) = (—g sins,—coss,gsins),
4 .
N(s) = —gcoss,sms,gcoss ,
3 4
B(S) = <_5705_5>7
k = 1, 7=0,0=

We have
A (s) = 4 . co 3 .
a(s) = 5s1ns, ss,5sms
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as the natural lift of o with Frenet vectors

_ 4 3
T(s) = (—5 cos s, sin s, 5 €08 s) ,
_ 4 3
N(s) = (3 sin s, coS s, — sin s> ,
_ 3 4
B(s) = [-2,0,—2).

© = (-o-3)

If we choose u (s,t) = w(s,t) =t, v(s,t) =0, then Eqn. (9) is satisfied and we get the
ruled surface

Py (s,t) = (s)+t [T (s)+ B (5)}

E

4
(sins+tcoss) — =t |,
5 5

QU > ~—

. 3, .
(sins +tcoss) — —t,tsins — cos s,

—2<s<2, —1<t<1, possessing & as a geodesic such as those shown in Fig.2.

Ll

Fig.2 Ruled surface P;(s;t) as a member of the surface family and

its common natural geodesic lift @

For the same curve, if we choose u (s,t) = e* — 1, v(s,t) =0, w(s,t) = t, then Eqn. (8)
is satisfied and we obtain the surface

Py(s,t) = a(s)+ (e* —1)T(s)+tB(s)

)
3 4
5

((€** = 1) coss +sins) — gt’ (e*' —1)sins — coss,

ol —/—~ R

((e* —1) coss +sins) — %t) ,
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where —3 < s < 3, —1 <t < 1 interpolating & as the natural geodesic lift (Fig. 3).

Fig.3 P»(s;t) as a member of the surface family and

its common natural geodesic lift @

Example 2 Let «(s) = (\/Tg sins, 3, @ cos s) be an arc length helix. One can show that

We obtain

T(s) = (—sins,0,—coss),
N(s) = (—coss,0,sins),
B(s) = (0,1,0).

39

Choosing marching scale functions as u (s,t) = s%t, v(s,t) = 0, w(s,t) = sint we get the
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surface
Ps(s,t) = a(s)+ s*T (s)+sintB(s)

3 1 3
= (7 cos s — s’tsins, 3 + sint, —% sins — s%coss)

satisfying Eqn. (8) possessing @ as a common natural geodesic lift (Fig. 4).

Fig.4 Ps(s;t) as a member of the surface family and

its common natural geodesic lift @

If we let u(s,t) = stant, v (s,t) = (cost) — 1, w(s,t) = ssint, then Eqn. (8) is satisfied
and we have

Py(s,t) = a(s)+stantT (s) + (cost — 1) N (s) + ssintB (s)
3 1
= (%coss—s(tant)sins+coss(1—cost),§~|—ssint,

3
—% sins — s (tant) cos s + sin s (cost — 1)) ,

0<s<3,0<t<1,asamember of the surface family possessing & as a common natural

geodesic lift shown in Fig.5.
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Fig.5 P4(s,t) as a member of the surface family and

its common natural geodesic lift &.
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