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Abstract: For a given connected graph G = (V, E), a hub set S of G is a set of vertices
with the property that for any pair of vertices outside of S, there is a path between them
with all intermediate vertices in S. The hub number h(G) is then defined to be the size of
a smallest hub set of G. A set S is a doubly connected hub set if both (S) and (V(G) — S)
are connected. The cardinality of the minimum doubly connected hub set in G is the doubly
connected hub number and is denoted by hc.(G). In this paper, the doubly connected hub
number for several classes of graphs is computed, bounds in terms of other graph parameters

are also determined.
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§81. Introduction

In this paper we are concerned with simple graphs, that have no loops and no multiple or
directed edges. Let G be such a graph, and let p and g be the number of its vertices and edges,
respectively. Then we say that G is an (p, ¢)-graph. For graph theoretic terminology, we refer
to [2].

Let G = (V, E) be a graph and let v € V. The open neighborhood and the closed neigh-
borhood of v are denoted by N(v) = {u € V : uwv € E} and N[v] = N(v) U {v}, respectively. If
S CV then N(S) = UyesN(v) and N[S] = N(S)US.

Consider the graphs that represent transportation networks, that is the vertices can be
taken to be locations or destinations, and an edge exists between two vertices precisely when
there is an “easy passage” between the corresponding locations. For example, a city’s network
of streets, with vertices representing intersections or other points of intersect, and edges road
segments. We are connected with a certain kind of connectivity, specifically we want a set S
such that any traffic between disparate points in our network passes solely through vertices in
this set.

Suppose that S C V(@) and let u,v € V(G). An S-path between v and v is a path where

all intermediate vertices are from S. (This includes the degenerate cases where the path consists
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of the single edge uv or a single vertex u if u = v, call such an S-path trivial.) A set S C V(G)
is a hub set of G if it has the property that, for any u,v € V(G) — S, there is an S-path in
G between v and v. The smallest size of a hub set in G is called a hub number of G, and is
denoted by h(G). A hub set S of a connected graph G is called a connected hub set if the
induced subgraph (S} is connected. The minimum cardinality of a connected hub set of G is
called the connected hub number of G and is denoted by h.(G) [9].

A subset S of a graph G is called a dominating set if each vertex of V' — S is adjacent to at
least one vertex of S. The domination number of a graph G denoted as (G) is the minimum
cardinality of a dominating set in G. A dominating set S of a connected graph G is called a
doubly connected dominating set if the induced subgraphs (S) and (V — S) are connected. The
minimum cardinality of a doubly connected dominating set of G is called the doubly connected
domination number of G and is denoted by v..(G) [3].

A graph is acyclic if it has no cycles. A tree is a connected acyclic graph. A (p,q) graph
is called unicyclic if it is connected and p = q.

A double star is the tree obtained from two disjoint stars K , and K ,, by connecting
their centers.

For disjoint graphs G; and G, the join G = G + Gs is the graph G with V(G) =
V(G1)UV(Gsy) and E(G) = E(G1)UE(G)U{uv : u € V(G1) and v € V(G3)}. Let us denote
by G — v the graph obtained from G by removing the vertex v € V(G) and all edges incident
to v.

A connected subgraph B of G is called a block if B has no cut-vertex and every subgraph
B’ C G with B C B’ has at least one cut-vertex. A connected graph G is called a block graph
if every block in G is complete. A vertex v of a graph G is called a simplicial vertex if every
two vertices of Ng(v) are adjacent in G.

We need the following to prove main results.

Theorem 1.1([1]) For any connected graph G, v..(G) =p —t, p > 3, where t is the mazimal

number of simplicial vertices in a block with largest number of vertices.

§2. The Doubly Connected Hub Number of Graph

Definition 2.1 Let G be a connected graph. A doubly connected hub set S of G is a subset of
V(G) such that any pair of vertices of V. — S are connected by a path, whose all intermediate
vertices are in S and both (S) and (V(G) — S) are connected. The cardinality of the minimum

doubly connected hub set in G is the doubly connected hub number and is denoted by he.(G).

It is clear that h..(G) is well-defined for any connected graph G, since V(G) —v is a doubly
connected hub set. In all situations of interest, we will assume G to be connected.

It is obvious that any doubly connected hub set in a graph G is also a connected hub set
and any connected hub set is also a hub set, and thus we obtain the obvious bound h(G) <
he(G) < hee(G).

It is obvious that the difference h..(G) — h.(G) can be arbitrarily large in a graph G. It
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can be easily checked that h.(K; ,) =1, while heo(K1,) =n, n > 3.

We now proceed to compute h..(G) for some standard graphs.

Remark 2.2 Notice that

1) For any complete graph Ky, heo(Kp) = he(Kp) = 0;
2) For any double star Sy, m, hee(Sn,m) =n+m+1;

3) For any cycle Cp, hee(Cp) = he(Cp) = p — 3;
4) For any complete bipartite graph K, p,

(
(
(
(

0, ifm=n=1;
hee Knm)=14 1, ifm=1landn=2orm=2andn >2;
2, if n,m > 3.

(5) For the wheel Wy ,,, n > 3, hee(Wh ) = 1.

Observation 2.3 Let G = K, m,,...,m, be the complete k-partite graph, k > 3 with m; <
mg < -+ < my. Then,

0,ifmi=1,1<i<k;
hee(G) =< 1, ifm; <2and m; >2,1<i<j<k;
2, if my > 3.

Observation 2.4 If G; and G5 are disjoint connected graphs, then

0, lf hcc(Gl) = 0 cmd hCC(GQ) = O ;
hee(G1+Ga) = 1, if heo(G1) =1 01 hee(Go) =1 ;

2, otherwise.

Proposition 2.5 Let S be a minimum doubly connected hub set of a graph G. Then,

(1) there is at most one support vertez in V(G) — S;
(2) there is at most one cut- vertex in V(G) — S;
(3) there is at most one pendant vertex in V(G) — S.

Theorem 2.6 For any connected graph G, hee(G) < Yee(G). The bound sharp for G = K p,
n > 3.

Proof Let S be a minimum doubly connected dominating set of G. Then both (S) and
(V(G@) — S) are connected and for any v € V' — S, there exists u € S such that v € N(u). Since
(S) is connected, it follows that for any v,w € V — S, there is a path between them with all
intermediate vertices in .S. Thus, S is doubly connected hub set. Thus, hee(G) < Vee(G). O

We observe that he.(G) = Ve..(G) =p—1, p > 4 only for a tree with all supports adjacent
to at least two pendant vertices, otherwise v..(G) — he(G) = 1.
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Theorem 2.7 If G is a block graph, then h..(G) < p—t, p > 3, where t is the mazimal number

of simplicial vertices in a block with largest number of vertices.

Proof The proof follows from Theorem 1.1 and Theorem 2.6. g

Proposition 2.8 If he.(G) = he(G), then he(G) < p — 2.

Proof For any connected graph G with p > 3 we have h.(G) < p—2. Since hc(G) < heo(G)
and by hypothesis, h.(G) = heo(G), we have h..(G) < p — 2. O

Theorem 2.9 For any unicyclic graph G, he(G) — he(G) = k — 1, k > 1, where k is the

number of pendant vertices of G.

Proof Let G be a unicyclic graph of order p and let u be the only common vertex between a
cycle C,, and a tree T of G. Let D be the set of all pendant vertices of G such that |D| = k and
let S be a minimum connected hub set of G. Then V' — S is the set of all pendant vertices and
any two adjacent vertices v and w of a cycle Cy, of G, v # u and w # w. That is, |S| = p—(k+2).
Let S’ be a minimum doubly connected hub set of G. Then S’ = V(G) — {v, w,w’}, where
(vww') = P3, v # u, w # u and w’ # u. That is, || = p — 3. Thus,

hcc(G)*hC(G):p*37[p7(k+2)]:kfl' U
Corollary 2.10 For any unicyclic graph G, ho(G) = he.(G) if and only if G is contain at most
one pendant verter.

Proof The Proof follows from Remark 2.2 and Theorem 2.9. O

Theorem 2.11 The difference hec(G) — hee (G — v) can be arbitrarily large.

Proof Let H = K; j + K; and let G be a graph obtained by adding two pendant edges
and two pendant vertices « and v to the vertices of degree k + 1 of the graph H (see Figure 1).
Then V(G) — {u,w’} is minimum doubly connected hub set of G. Therefore, h..(G) = k + 2.
Also, the set {v,w} is minimum doubly connected hub set of G — u. Hence, h¢.(G — u) = 2.
Thus, hee(G) — hee(G —v) = k. O

Figure 1
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Theorem 2.12 The difference he.(G — v) — hee(G) can be arbitrarily large.

Proof Let G = P, + K; and let v be a vertex of Kj. Then clearly, h..(G) = 1. Since
hee(G —v) = n — 2, it follows that he.(G —v) — hee(G) =n — 3. O

83. Bounds

Theorem 3.1 For any connected (p,q) graph G with p > 3, 0 < heo(G) < p — 1, with equality
of the lower bound for G = K,, and equality of the upper bound for G = K, ,, n > 3.

Proof The inequality of the lower bound is obvious. Now we prove the inequality of the
upper bound. Let S be a minimum doubly connected hub set of a connected graph G. We

consider the following cases.
Case 1. G is a tree.
We consider the following subcases.

Subcase 1.1 Each support vertex of G is adjacent to at least two pendant vertices,
hee(G) =p—1.

Subcase 1.2 There exists at least one support vertex of G is adjacent to one pendant
vertex, he.(G) =p — 2.

Case 2. G is not a tree, h..(G) <p—2.

Thus, from all the above cases, h..(G) < p — 1. O

Theorem 3.2 For any connected graph G, he.(G) < p—3§(G). The bound sharp for G = K ,,
n > 3.

Proof Suppose that P : v1vs...v; be the longest path in a graph G. Assume that H = G —
{v1,ve, - ,v5}. We claim that H is connected. Suppose to the contrary that H is disconnected.
Let C be the component of H such that vsg)41 € C and let ujus - - - u, be the longest path
of C. Suppose S; = vivg---vs and Sy = ujus - - Uy, such that I = d(S7,S2). Then we may
assume v,u; if | = 1 and v,.x1T9---x;_1u; when [ > 2 is the shortest path between S; and
So, where 1 <r < §and 1 < i < m. Assume that j is the largest positive integer such that
uou; € E(G). We consider the following cases.

Case 1. i > j. Then ug---ujvpvpp1---vp if l =1 and wg -+ - wxi—1 -+ - T10Vp41 - - - v, When
I > 2 is a path of G longer than P which is a contradiction.

Case 2. i <j. Thenu;tq - ujug - UVrVpq1 - Vg ifl = land w1 - U1 - - T1VpVpy1 -+ - Uk
when [ > 2 is a path of G longer than P which is a contradiction.

Thus, from all the above cases, H is connected. Since 6(G) > (G[vy, - -+ ,v5]), it follows that
each v;, (1 < i < 0) has at least one neighbor V(G)—{vy,--- ,vs}, and hence V(G)—{vy,--- ,vs}
is a hub set of G. Since Guvy,- - ,vs] is connected, V(G) — {v1,- -+ ,vs} is a doubly connected

hub set of G. O
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Theorem 3.3 For any connected graph G, he.(G) > p — A(G) — 1. The bound sharp for

G =

Cp, p >4

Theorem 3.4 For any (p, q) graph G with both G and G are connected, hee(G)+hee(G) < 2p—1.

Form Theorem 3.2, h..(G) < p — §(G) and h..(G) < p — §(G). We have,

hcc(G) + hcc(G) < 2p-— (5(G) + 5(6))

= 2p—(p—1-A(G)+6(Q))
= p+1+(AG) -46(Q)).
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