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81. Introduction

Let G be a simple and undirected graph with vertex set V and edge set E. The crossing
number cr(G) of the graph G is the minimum number of pairwise intersections of edges in all
drawings of GG in a plane, which are related with parallel bundles in planar map geometries, i.e.,
Smarandache spherical geometries (see [6]-[7] for details). It is well known that the crossing
number of a graph is attained only in good drawings , means that no edge crosses itself, no two
edges cross more than once, no two edges incident with the same vertex cross, no more than
two edges cross at a point of the plane, and no edge meets a vertex which is not one of its
endpoints. It is easy to see that a drawing with the minimum number of crossings (an optimal
drawing) is always a good drawing. Let D be a good drawing of the graph G, we denote the
number of crossings in D by ¢rp(G). Let A and B be disjoint edge subsets of G. We denote
by ¢rp(A, B) the number of crossings between edges of A and B, and by ¢rp(A) the number
of crossings whose two crossed edges are both in A. Let H be a subgraph of G, the restricted
drawing D|py is said to be a subdrawing of H. As for more on the theory of crossing number, we
refer readers to [1] and [2]. In this paper, we also use the term region in non-planar drawings.
In this case, crossings are considered to be vertices of the map.

Let G; and G2 be two disjoint graphs. The union of G; and G5, denoted by G + G», has
vertex set V(G1) UV (G2) and edge set E(G1) U E(G2), and the join of G; and G5 is obtained
by adjoining every vertex of GG; to every vertex of G5 in G 4+ G5 which is denoted by G V G»
(see [3]).

Let K,, , denote the complete bipartite graph on sets of m and n vertices, P, the path of

length n and C,, the cycle with m vertices.

From these definitions, following results are well-known.
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Proposition 1.1 Let Gy be a graph homeomorphic to Gy. Then cr(Gy) = cr(Gs).
Proposition 1.2 If Gy is a subgraph of Ga, then cr(G1) < cr(Ga).

Proposition 1.3 Let D be a good drawing of a graph G. If A, B and C are three mutually
disjoint edge subsets of G, then we have

(1) erp(AUB) =crp(A) 4+ crp(4, B) + crp(B);

(2) erp(AUB,C) =crp(A,C) + erp(B,C).

Proposition 1.4([4]) If G has n vertices and m edges with n > 3, then cr(G) > m — 3n + 6.

Computing the crossing number of graphs is a classical problem , and yet it is also an
elusive one. In fact, Garey and Johnson in [5] have proved that to determine the crossing
number of graphs is NP-complete in general. At present, the classes of graphs whose crossing
numbers have been determined are very scarce.

On the crossing number of the complete bipartite graphs K, ,,, Zarankiewicz gave a draw-
ing of K,, , in [8] which demonstrates that

er(Konn) < Zm,m) = 21 5]

and conjectured cr(K,, ) = Z(m,n), Which is called the Zarankiewicz conjecture. More pre-

cisely, Kleitman proved in [9] that if m <6 and m < n, cr(Kp.n) = Z(m,n).

As we known, results for the join of graphs are fewer, particularly, Bogdan Oporowski
proved ¢r(C5 V C5) = 6 in [4]. Based on this, we begin to consider the crossing numbers of the
join of P,, and P,, C,, and P,, C,, and C,, and get the following theorems which consist of
these main results in this paper.

Theorem A Ifm > 1,n>1 and min{m,n} <5, then

er(Po v P = [ 212,

Ifm>3,n>1 and min{m,n+ 1} <6, then

er(Cn v P = [T P21 4

and if m > 3,n >3, min{m,n} <6, then

m m—1 n n-—1

cr(Cm\/Cn):LEH 3 JLEH B)

1+2.

Theorem B If the Zarankiewicz conjecture is held for m > 7 and m < n, then if m > 1,n >
1, min{m,n} > 6,

m, m+1 n n+1

e AR

cr(Pn, VP, =| 1|

ifm>3,n>1 min{mn+1}>7,

m m-—1 n n+1

er(Con v P) = LI =S +1
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and if m >3,n >3, min{m,n} >7,

er(Cn v o) = T B 2

82. Some Lemmas

Lemma 2.1 (1) There exists a good drawing Dy of P,V P, for given integers m > 1 andn > 1
such that

m, m+1 n n+1
T}

(2) There exists a good drawing Do of Cy, V P, for given integers m > 3 and n > 1 such
that

erp, (P V Pp) = |

m m—1 n n+1

crpy(Cm V o) = |5l 15— 1l51l—

(3) There exists a good drawing Ds of Cp, V C,, for given integers m > 3 and n > 3 such
that

I+ 1

ey (Cn v C) = I | P 21N e,

Proof By Fig.2.1-Fig.2.3, the conclusions are immediately held. O
Lemma 2.2 cr(Cs v Cs) = 3.

Proof From Lemma 2.1(3), c¢r(C5V C3) < 3. We know C5V (5 has 6 vertices and 15 edges,
then cr(Cs V C3) > 15 — 3 x 6 + 6 = 3. Therefore the conclusion is held. O

In the following Lemmas, let G be a connected graph with V(G) = {z1, z2,..., 2, (n > 3)}
and C,, a cycle with V(Cy,) = {y1, 92, - .-, Ym - Then we know that V(C,,VG) = V(C,, )UV(G)
and E(Cp, VG) = E(C,,) UE(G)U E*, here E* = {z;y;li =1,2,...,n; j =1,2,...,m}.

Lemma 2.3 For any good drawing D of Cy, V G,
cr(Cm VG) > crp(E*) > er(Kmn)-

Proof Since the edge-induced subgraph of E* is K, ,, the conclusion is evident. O

Lemma 2.4 Let ¢ be an optimal drawing of Cp, V G. Then cry(E(Cy,)) = 0.

Proof We assume there exists an optimal drawing ¢ of Cy,, V G such that cry(E(Cp,)) # 0.
Then m > 4 and there exist two crossed edges e, f € E(C,,). We assume that e = y;v;, f = yryi,
where i, j, k, [ are distinct. For convenience, we denote the crossing between e and f by v. Since
Cp, is 2-connected, there exist two paths Py and P, connected y; and vy, y; and y;, respectively
and P;(i = 1,2) does not pass v. In the following, we shall produce a new good drawing ¢’ of
Cm V G (see Fig.2.2 below).
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Fig.2.3

At first, we connect y; to y; sufficiently close to the section between y; and v of e and
the section between y; and v of f, then we get a new edge ¢’ = y;;. Analogously, we can get
another new edge f’ = y;yx. Secondly, we delete two original edges e and f. In this way, we
produce a new good drawing ¢’ of C,, V G such that the crossing v in ¢ is deleted in ¢', the
other crossings in ¢ are not changed in ¢’ and there is no new crossing occurring in ¢’, then we
get that cry (Ch, V G) = cry(Cy V G) — 1, contradicts to that ¢ is an optimal drawing. O

Fig.2.2

Lemma 2.5 Let ¢ be a good drawing of C, VG such that cry(E(Cyn)) =0, cre(E(Ch), E(G)) =
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0 and cry(E(Cp,), E*) < 1.

(1) If erg(E(Cr), E*) = 0, then crg(Cr, V G) > in(n —1)| 2] 252 |;

(2) If crg(E(C), E*) =1, then crg(Cr, VG) > 2(n—1)(n — 2)[ 2| [ 251 ] + 1.

Proof Since cry(E(Cy,)) = 0, the subdrawing ¢|c,, divides the plane into two regions.
As cry (E(Ch,), E(G)) = 0 and G is connected, any vertex z; of G lies in the same region, say
the finite region. For convenience, let E' = {z;y;]j = 1,2,...,m} for i = 1,2,...,n. Then
cry(E') = 0. Since E* = U E', we find that crg(E*) = Y1 i pen crg(EY E).

(¢) Since cry(E(Cp), E*) =0, then for any i = 1,2,...,n, x;y; does not cross any edge in
E(C,,). For any integers i,k, 1 <i < k < n, x; must be connected to each y; (j = 1,2,...,m),
these m edges connecting z; to all y; € V/(C),) which divide the finite region into m subregions,
we know that x; lies in one of these subregions. Thus the m edges connecting xj, to y; must
cross the edges adjacent to z; at least [ 2| 1 | times (see Fig.2.3 below). Then cry(E*, E*) >
2[5 ). S0 erg(Cn V' G) > erg(E") = Yocycpn oro(EY, E¥) > dnfn — 1) 2 ][ 252 ]. Our
conclusion (1) is held.
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Fig.2.3

(1) Since cry(E(Cp,), E*) = 1, there exists only one k € {1,2,...,n}. Without loss of
generality, we assume that k& = n such that for some j € {1,2,...,m}, x,y; crosses exactly one
edge in E(C,,). For any integer ¢ = 1,2,...,n — 1, ;y; does not cross any edge in E(C,).
Similar to (i), for 1 < i < k < n—1, crg(E, E*¥) > [2][2]. Then crg(Cp V G) >
ro(E*)+1> 3 ipeng cre(BLER) +1 > 2(n—1)(n —2)[ 2 ][ 251 ] + 1. Our conclusion
(2) is held too. - O

83. Proofs

Proof of Theorem A

(1) If n =1, P, V Py is a planar graph, the conclusion is held.
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If n > 2, from Lemma 2.1(1) we know cr(Pp, V P,) < [ %] ]| 2] |2 ], Since P, is
connected, combining with Lemma 2.3, ¢r(P,, V P,) > cr(Km+1
> |

or(Kmrin1) = [5]175H[5]1%5H]. Then er(Py v P)

+1). For min{m,n} < 5,

%J L—“J [3]1%5H]. So the

2 2 2 2 2

conclusion is held.

(2) From Lemma 2.1(2), we know that cr(Cp, V P,) < |2 ][ 2L | [ 2] | 2] + 1.

Ifn=1,c(Cy,V P) <1, and Cp V P, has a subgraph which is homeomorphic to K5,
then the conclusion is held.

If n > 2, since P, is connected, combining with Lemma 2.3 and min{m,n + 1} < 6,
cr(Co V Py) > [ 2] |2 [ 2][ 2L ]. We assume there exists an optimal drawing ¢ such that
ry(Cnm V Pp) = | 2] 22|22 ]. By Lemma 2.3 and min{m,n + 1} < 6, cry(E*) >

BRI While

cre(Co, V Py) = crg(BE(Cp)) + crg(E(P,)) + crge(E™)
+  rg(E(Cm), E(Py)) + crg(E(Cn), ET) + crg(E(F,), EY),

we get crg (E(Ch,)) = 0, cry(E(Cp), E(Py)) = 0 and cry(E(Cy), E*) = 0, combining with
Lemma 2.5(1), crg(Cr VP,) > sn(n+1)[ % ][ 25 |. It is easy to check that $n(n-+1)[ 2] | = |
> |22 [ 2] [ 2] for integers m > 3 and n > 2, a contradiction. Thus the conclusion is
held.

(3) By Lemma 2.2, we have determined the crossing number of C5 Vv C3. Without loss of
generality, we can assume n > 4 in the following arguments.

From Lemma 2.1(3) we know that cr(Cy, V Cy) < [ %]
connected, by Lemma 2.3 and min{m,n} <6, er(C,, VCy) > L%J | ==
there exists an optimal drawing ¢ such that

n-l) 4+ 2. Since G, is

| L%J | %5 2=l | We assume

m ., m— m m—1 n n-—1

L2H JSCTga(Cm\/On)SLEJLTHgH 5

By Lemma 2.3 and min{m,n} <6, crp(B) > [ 2] 221 2] [ 22 ).
By Lemma 2.4, c¢ry(E(Cp,)) = 0 and cry(E(Cp)) = 0. As cry(Cr, V Cy) = cry(E(Cp)) +
cro(E(Cp)) 4+ cro(E*) 4+ cry (E(Crm), E(Cp)) + cryo(E(Cp ), E*) 4+ cryo (E(Cy), E*), we get that

1+ 1

o (B(Cp), E(Cr)) <1, cry(E(Cy), E*) < 1.

If cry(E(Cp), E(Cy)) = 1, since Cy, and C,, are vertex-disjoint cycles, then they cross at least
twice, also a contradiction. So cr,(E(Cp,), E(Cy)) = 0.

If cry, (E(Cpy), E*) = 0, by Lemma 2.5(1), crg(Cr, VCy) = in(n—1)[ 2] | 2. Tt is easy
to check that sn(n — 1) 2 ][ 251 ] > [2 ][ 21| 2] | 252 ] + 1 for integers m > 3 and n >4, a
contradiction.

If cr,(E(Cp), E*) = 1, by Lemma 2.5(2), cry(Cp, V Cp) > 5(n —
it is also easy to check that 2(n—1)(n—2)[ 2 |[ 21 +1 > [ 2] |22 [ 2] 252
and n > 4, a contradiction too. So the conclusion is held.

This completes the proof of Theorem A. O
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Proof of Theorem B

If the Zarankiewicz conjecture is held for integers m > 7 and m < n, then the crossing number
of Ky is Z(m,n) for m > 7 and m < n, so the proof of Theorem B is analogous to the proof
of Theorem A. O

Notice that these drawings D1, Do and D3 in Fig.2.1—2.3 are optimal drawings of P, V P,
for integers m > 1 and n > 1, C,, V P, for integers m > 3 and C,, V C,, for integers m > 3 and
n > 3, respectively.
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