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81. Introduction

An extensive generalized concept of classical ring set forth the notion of a gamma ring theory.
As an emerging field of research, the research work of classical ring theory to the gamma ring
theory has been drawn interest of many algebraists and prominent mathematicians over the
world to determine many basic properties of gamma ring and to enrich the world of algebra.
The different researchers on this field have been doing a significant contributions to this field
from its inception. In recent years, a large number of researchers are engaged to increase the
efficacy of the results of gamma ring theory over the world.

Let M and T' be additive abelian groups. If there exists a mapping (x,a,y) — zay of
M xT'x M — M, which satisfies the conditions

(1) zay € M,
(i1) (x + y)az=zaz+tyaz, x(a + B)z=xaz+xfz, xa(y + z)=ray+raz.
(ii1) (zay)Bz=za(yBz) for all z,y,z € M and «, 8 € T, then M is called a I'-ring.

Every ring M is a I'-ring with M =I". However a I'-ring need not be a ring. Gamma rings,
more general than rings, were introduced by Nobusawa[ll]. Bernes[2] weakened slightly the
conditions in the definition of I'-ring in the sense of Nobusawa.

Let M be a I'-ring. Then an additive subgroup U of M is called a left (right) ideal of M
it MU c U(UTM C U). If U is both a left and a right ideal , then we say U is an ideal of M.
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Suppose again that M is a I'-ring. Then M is said to be a 2-torsion free if 2x=0 implies x=0
for all z € M. An ideal P; of a I'-ring M is said to be prime if for any ideals A and B of M,
AT'B C P; implies A C Py or B C P;. An ideal P, of a I'-ring M is said to be semiprime if for
any ideal U of M, UTU C P, implies U C P,. A I'-ring M is said to be prime if aI’ M Tb=(0)
with a,b € M, implies a=0 or b=0 and semiprime if aI'MTa=(0) with a € M implies a=0.
Furthermore, M is said to be commutative I'-ring if xay=yax for all z,y € M and o € T.
Moreover,the set Z(M) ={z € M : zay = yax for all « € I',y € M} is called the centre of the
I'-ring M.

If M is a T-ring, then [z, ylo=xay — yax is known as the commutator of z and y with

respect to a, where z,y € M and a € I'. We make the basic commutator identities:
[zay, 2]s = [z, 2]pay + zla, .y + xaly, 2]p and [z, yaz]s = [z, y]saz + yla, Blaz + yalz, 2]
for all x,y,z € M and a, 8 € I". We consider the following assumption:
(A)zaypfz = zByaz for all z,y,z € Manda, 8 € T.

According to the assumption (A), the above two identifies reduce to

[ray, 2|s=[z, z]pay + zaly, z]s and [z, yaz]s=[z, y|paz + yalz, 2],
which we extensively used.

An additive mapping T : M — M is a left(right) centralizer if T'(xay)=T(x)ay(T (zay) =
xaT (y)) holds for all x,y € M and o € T'. A centralizer is an additive mapping which is both
a left and a right centralizer. For any fixed a € M and « € T', the mapping T'(z) = aax is a
left centralizer and T'(z) = zaa is a right centralizer. We shall restrict our attention on left
centralizer, since all results of right centralizers are the same as left centralizers. An additive
mapping D : M — M is called a derivation if D(zay) = D(x)ay + xaD(y) holds for all
xz,y € M, and o € T and is called a Jordan derivation if D(zaz) = D(x)ax + zaD(z) for all
r€Mand ael.

An additive mapping 7' : M — M is Jordan left(right) centralizer if

T(zxax) = T(x)ax(T (zazx) = zaT(x))

for all z € M and o € T'. Every left centralizer is a Jordan left centralizer but the converse is
not ingeneral true.

An additive mappings T : M — M is called a Jordan centralizer if T'(zay + yax) =
T(x)ay + yaT'(z) for all z,y € M and o € I'. Every centralizer is a Jordan centralizer but
Jordan centralizer is not in general a centralizer.

Bernes[2], Luh [10] and Kyuno[9] studied the structure of I'-rings and obtained various
generalizations of corresponding parts in ring theory.

Borut Zalar [15] worked on centralizers of semiprime rings and proved that Jordan central-
izers and centralizers of this rings coincide. Joso Vukman[12, 13, 14] developed some remarkable
results using centralizers on prime and semiprime rings.

Y.Ceven [3] worked on Jordan left derivations on completely prime I'-rings. He investigated

the existence of a nonzero Jordan left derivation on a completely prime I'-ring that makes the
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I'-ring commutative with an assumption. With the same assumption, he showed that every
Jordan left derivation on a completely prime I'-ring is a left derivation on it.

In [4], M. F. Hoque and A.C. Paul have proved that every Jordan centralizer of a 2-torsion
free semiprime I'-ring is a centralizer. There they also gave an example of a Jordan centralizer
which is not a centralizer.

In [5], M. F. Hoque and A.C. Paul have proved that if M is a 2-torsion free semiprime
I-ring satisfying the assumption (A) and if T : M — M is an additive mapping such that
T(zayfz) = zaT (y)Bz for all z,y € M and «, 3 € T, then T is a centralizer. Also, they have
proved that 7' is a centralizer if M contains a multiplicative identity 1.

Our research works are inspired by the works of [1], [5], [7] and [8] and we obtain the results

in T-rings with involution by assuming an assumption (A).

§82. The 6-Centralizers of Semiprime Gamma Rings with Involution

Definition 2.1 Let M be a 2-torsion free semiprime I'-ring and let 0 be an endomorphism of M .
An additive mapping T : M — M s a left(right) 0-centralizer if T (zay) = T(x)ab(y)(T(zay) =
0(x)aT (y)) holds for all x,y € M and a € T. If T is a left and a right 0-centralizer, then it is

natural to call T a 0-centralizer.

Definition 2.2 Let M be a I'-ring and let a € M and o € T be fized element. Let 6 : M — M
be an endomorphism. Define a mapping T : M — M by T'(z)acd(z). Then it is clear that T is
a left 0-centralizer. If T'(x) = 0(x)aa is defined, then T is a right 0-centralizer.

Definition 2.3 An additive mapping T : M — M is Jordan left(right) 0-centralizer if T (xax) =
T(z)al(z)(T (zax) = 6(x)aT (x)) holds for allx € M and a € T.

It is obvious that every left 6-centralizer is a Jordan left 6-centralizer but in general Jordan
left f-centralizer is not a left f-centralizer [8, Example-2.1].

Definition 2.4 Let M be a T'-ring and let 6 be an endomorphism on M. An additive mapping
T: M — M is called a Jordan 0-centralizer if T(xay + yazx) = T(z)ab(y) + 0(y)aT (), for all
z,y €M and a €T.

It is clear that every 6-centralizer is a Jordan #-centralizer but the converse is not in general
a 0- centralizer [8, Example-2.2 and 2.3].

Definition 2.5 An additive mapping D : M — M s called a (0,0)-derivation if D(zxay) =
D(z)af(y)+0(x)aD(y) holds for all z,y € M and o € T and is called a Jordan (8, 0)-derivation
if D(z,x) = D(z)af(z) + 0(x)aD(z) holds for allx € M and o € T

We have given two examples in [8] which are ensure that a 6-centralizer and a Jordan

f-centralizer exist in I-ring.

Definition 2.6 Let M be a I'-ring. Then the mapping I : M — M s called an involution if
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(¢)) II(a) =a;
(i) I(a+b)=1I(a)+I();
(#3) I(aad) = I(b)al(a)
foralla,b e M and a € T.
Example 2.1 Let R be a ring with involution I containing the unity element 1. Let M =
n2.1

ni.1l
Mi2(R) and T = { ( ! ) in1,ng € Z}. Then M is a I'-ring. We define an involution

I: M — M by

Now

I ((a,b) ( Zl ) (c, d)) = I((any + bna)(c, d))

= I(anic+ bnac, anid + bnad)
(I(anic+ bnac), I(anid + bnad))
= (I(anic) + I(bnac), I(anyid) + I1(bnad))
(L(c)n1(a) + I(c)n21(b), I(d)n11(a) + I(d)n21(b))

ni
where oo = .
n2

Definition 2.7 Let M be a 2-torsion free semiprime I' ring with involution I and let 0 : M — M
be an endomorphism of M.An additive mapping T : M — M is called a left(right) Jordan
0— centralizer with involutio if for allz € M, a €T,

T(xax) = T(x)ab(I(z))(T(xax) = 0(I(x))aT(x)).
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If T is both left and right Jordan 0— centralizer of M with involution, then it is called

Jordan 0— centralizer of M with involution.

First, we need the following Lemmas, for proving our main results:

Lemma 2.1 Suppose M is a semiprime T'-ring satisfying the assumption (A). Suppose that
the relation zaafy + yaalBz = 0 holds for all a € M, some z,y,z € M and o, 3 € T'. Then
(x+ 2)aafy =0 for alla € M and o, 3 € T.

Lemma 2.2 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying
the assumption (A). Let T : M — M be an additive mapping such that

2T (zax) =T(x)ab(I(x)) + 0(I(x))aT(x)
holds for all z € M, o € T and 0 is an endomorphism on M. Then
2T (zay + yax) =T(x)abd(I(y)) + T (y)abd(I(x))
+0(I(z))aT (y) + 0(I(y))aT (x)
forall x,y € M.
Proof We have 2T (zax) = T(x)ab(I(z))+0(I(x))aT (x). By linearizing, the above relation
becomes
2T (way + yax) =T (x)ab(I(y)) + T(y)ab(I(z))
+O(I(z))aT (y) + 0(I(y))aT (x). (1)
This completes the proof. O

Lemma 2.3 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying
the assumption (A). Let T : M — M be an additive mapping such that

2T (zax) =T(x)ad(I(z)) 4+ 0(I(z))aT (z)
holds for all x € M, a € ' and 0 is an endomorphism on M. Then
8T (zayPz) = T(x)ad(I(x)B1(y) + 31(y)BI(x)) + 0(I(y)BI(x)
( aT (z) + 20(1(x))BT (y)ad (I (z))
BT (y) — T(y)BO(I(x)al (x))
for all x,y € M.

Proof Putting 2(xfy + ySz) for y in (1) and using Lemma 2.2, we get

AT (za(zBy + ybz) + (xBy + ybz)ax)
= T(z)ab(21(x)BI(y) + 31(y)BI(x)) + 0(31(x)BI(y)
+21(y)pI(z))aT (z) + 0(I(x))oT () 50(1(y))
+0(I(z)al ()BT (y) + T(y)BO(I(x)al (x))
+20(1(x)) BT (y)abd(I(x)) + 0(1(y) BT (z)ab(I(x)) (2)
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On the other hand

AT (za(zBy + yBz) + (2By + yBr)ax) = AT (vazPy + yBrax)
+8T (zayfx)

Now, using hypothesis, we obtain

AT (za(zBy + yBz) + (zBy + yBr)ox)
= T(2)ad(I(x)B1(y)) + 0(I(y)BI(x))aT () +
0(1(x))aT (x)B0(I(y)) + 0(1(y))BT (z)ab(I(x))
+20(1(x)al ()BT (y) + 2T (y)BO(I(z)al (v)) + 8T (zayfr) (3)

Then from (2) and (3), we have

8T (zayfx) =T (x)ab(I(x)BI(y) + 31(y)BL(x)) + 6(I(y)BI(x)
+31(z)B1(y))aT (z) + 20(1(x)) ST (y)ab(I(z))
—0(I(x)al (x)BT (y) — T (y)BO(I(z)od (x)) (4)
for all x,y € M. This completes the proof. O

Lemma 2.4 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that
2T (xax) =T(x)ab(I(x)) + 6(I(x))aT(x)
holds for all x € M, a € I and 0 is an endomorphism on M. Then

0 = T(x)ab(I(x)vI(y)BI(x) — 2I(y)yI(x)BI(z)
—21(z)B(x)v(y)) + 0(L(z)vI(y)BI(z)
=21 (y)yI(2)BI(x) — 21(x)BI(2)yI(y))aT ()
+O0(I(x)aT (x)BO(1(x)vI(y) + 1(y)yI(x))
vI(2))BT (z)ab(I(x))
BO(I(y))
+0(I(y)) BT (x)70(1(x)I(x))

forallz,y € M and o, 3,y €T.
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Proof Putting 8(xfy~vyzx) for y in (1) and using lemma (2.3), we obtain

16T (zoxfyye + wfyyrax) = T(x)abd(9I(z)vI(y)BI(x) + 31 (y)v1
(

FOO (2)VI(y)BI(x) + 31 (x)BI(x)v1
+0(I(2))aT (2) BO(1 (2)vI(y) + 31 (y)yI(x
FOU (Y1 () + 31(x)VI(y)) BT (x)ab(I(x

=T (y)y0(I(z)BI(z)al(z))
0(1(x)I(2))yT (y)BO(I(x))
+0(I(2))yT (y)BO(I(x)od (x))
—0(I(z)ad (x)BI(x))VT (y)-

+

21

On the other hand using (4) and then after collecting some terms using Lemma 2.2, we

obtain

16T (zazxByyr + 2fyyrax) =T(x

By comparing (5)and (6), we get

0 = T(@)abd(I(x)vI(y)pI(x) = 21(y)yI()BI(x) — 21 (x)B(x)(y))

+OI(2)yI(y)BI(x) — 21(y)y I (2)BI(x) — 21(x)BI (2)v]

(I(x)
+O(I (2)aT (2)BO(I(x)y1(y) + I(y)yI(x)) + 01 ()Y
+I(x)
((

+0(I(y)BT (2)y0(I(x)I(x)),

for x,y € M and «, 8,y €T

I(y)
z)vI(y) BT (z)ab(I(z)) + O(I(x)al (z))yT(x)B0(1(y))

(7)

O

Lemma 2.5 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that

2T (xax) =T(x)ab(I(x)) + 6(I(x))aT(x)
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holds for all x € M ,a € T' and 0 is an endomorphism on M. Then

—~

T(z),0(1(2))la
T(x),0(1(x))]o

+20(I(x)ald (x)vI(y))s
+20(1(y)yI(z)ed (2))B

T (@)]aad(I(2))
Ja0(I(z)ad (z))

—~

+O(I(y)yI(x))B[0(1 ()

—

+0(I(y)BloI(x)), T (x

forallz,y €e M and o, 3,7 €T.

Proof Replacing y by xay in (7), we have

T(x)ad(I(x)yI(y)al(x)BI(x) — 21(y)al(x)yI(x)B1(x)
=21(z)B(x)v(y)al (z)) + O(I(x)yI(y)al (z)BI(x)

—2I(y)al (x

BI(x)yI(y)ad (z))oT (x)

—~

~I(x)BI(x) — 2I(x

—~

N L

~—

—~

—~

—

, we get

Right multiplication of (7) by 6(I(z))

T(z)ab(I(x)vI(y)BI(z)e(I(z)) — 21 (y)vI(z)BI(x)ed (x)

—21(2)B(x)y(y)ad (x)) + 01 (x)yI(y)BI(x)

—21(y)yI(z)BI(x) — 21(x)BI(x)yI(y))aT (x)ad(I(x))

=~ —
SEEONG)
o8 N N
g = 8 38
—~ T & 3 =
D O~ =
= 8 =3
ot R]
I)AU)/WW\
= s S &=
~— <
T = &8 &
A N
222z

— N N — —

~— — ' —

Subtracting (9) from (8) and using assumption(A), we have

—~

—~

—_— o N~ ~—

T T

—~

—~

=~

~—

~—
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Now combining first and fourth term together this relation reduces as,

0 = 0I(x)vI(y)BlOI(z)al(x)), T(x)
+20(1(z)ad ()71 (y))B[T (x), 0(I(x))
+20(I(y)vI (z)ald (z)) );0(I(x))
+O(I(y)yI(2))B[0(1 (x)
+0(I(y))B1O(I(x)), T(x

for all z,y € M and «, 3,y €T.

~— ~—
Q
=~
—~ o~
8
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(10)

O

Lemma 2.6 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that
2T (xax) =T(x)ab(I(x)) + 6(I(x))aT(x)
holds for allx € M, a € T and 0 is an endomorphism on M. Then

0 = [T(2),0(I(x)]av0(y)BIT (x), 0(I(x)ad (2))]a
—2[T (), 0(I(x)ad (2))]ab(y) B[T (), 0(1(x))]a

forallz,y € M and o, 3,y €T.

Proof First replacing y by I(y) in (10), we have

0 = 0 (x)vy)Blo(I(x)al(2)), T (2)]a
+20(I(x)ad (2)vy) BIT (), (1 (x))]a
+20(yvI ()l (2))B[T (x), 0(1(x))]a

]
) ]
+O(yvI(2))B[0(I(2)), T (x)]ab(I(x))
+0(y)BlO(I(x)), T(x) (
Now putting 0(y) = T(x)ad(I(y))

0 = 0(I(x)T(2)ab(I(y))BlOU (z)al(x)), T (2)]a
+20(1(z)al (2))YT (2)ab(I(y)) BT (z), 0(
+2T (2)ab(I(y)yI(x)al(x))B[T (x), 0(1(2))]
+T(2)ab(I(y)yI(x) B0 (2)), T (x)]a (I (z))
+T(2)ad(I(y) B0 (2)), T (x)]ar0(I(x)al (z)).

Left multiplication of (11) by T'(z)a , we get

0 = T(x)ab(I(x)yI(y)
+2T (z)ab(I(z)al
+2T (2)ab(I(y)yI(x

Bl (z)al(x)), T (2)]a
( )
]

+T(2)ad(I(y)yI(x) B0 (2)), T(x)]aabd(I(z))
(

)
(@) (y

~—
Q

=
8

N—

(11)
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Subtracting (12)from (11), we arrive at

0 = [T(2),0(I(x))]ar0(I(y)BIT(x), 0(I(x)I(2))]a —
2[T (), 0(I () (2))]av0(I(y)) BT (), (1 ()]

Replacing y by I(y), we get

0 = [T(2),0((x))]av0(y)B[T (), 0 (z)od(x))]a
—2[T'(z),0(1(z)od (2))]a0(y)B[T (2), 0(1(2))]a (13)
for all z,y € M and «, 3,y €T. |

Lemma 2.7 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying
the assumption (A). Let T : M — M be an additive mapping such that

2T (zax) =T(x)ab(I(x)) + 60(I(x))aT(x)
holds for all x € M, a € ' and 0 is an endomorphism on M. Then
[T(z),0(I(z)ad ()] =0
forallz € M.

Proof Now replacing 6(y) by r and taking a = [T'(z),0(I(z))]a b = [T(x),0(I(z)al(x))]a
and ¢ = =2[T(z),0(I(x)al(x))]o in (13), we get ayrfb+ cyrfa = 0 for all » € M. Hence using
Lemma 2.1, we obtain that (¢ + b)8rya = 0, which implies that

[T'(z), 0(1(z)al (2))]a fry[T(z),0(1(z))]a = 0.
Using this relation, we arrive at

0 = [T(z),0I(x)al(x))]afry(0(I(z))eT(z),0(I(x))]a
+[T(2),0(1(x))]acb(I(x)))

We therefore have
[T (x), 0(1(x)al (z))]aBry[T(x), 0(I(z)al(z))]a =0

for all r € M.

Hence by semiprimeness of M, we have
[T'(z),0(I(z)ad(z))]a =0, (14)
for all x € M. a

Theorem 2.1 Suppose M is a 2-torsion free semiprime I'-ring with involution I and satisfying

the assumption (A). Let T : M — M be an additive mapping such that

2T (xzax =T(x)ab(I(z)) + 6(I(x))aT(x)
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holds for allx € M, o € T' and 0 is an endomorphism on M. Then T is a Jordan 60— centralizer.

Proof Linearizing the relation given in Lemma-2.7, we get

0 = [T(),0((y)al(y)la + [T(y), 0(I(x)al (2))la + [T(x), 6(I(x)al(y)
+(y)al())la + [T (), 0 (x)al (y) + I(y)ad (z))]a

Putting in above relation —x for  and comparing the relation so obtained with the above

relation and by 2-torsion freeness of M,
[T(x), 0(I(x)od (y) + I(y)od ())]a + [T(y), 0 (x)al(z))]a =0 (15)
Replacing 2(xfy + yfz) for y and using Lemma 2.7, we obtain
0 = [T(z),0(I(x)a2l(zBy +yPfz) + 2I(xBy + yPz)al (z))]a
[T (xBy + yBx), (I (x)al (x))]a
=2[T(x), 0(I(x)al(x)B1(y) + I(y)BI(z)od () + 21(x)al (y) B1(z))]a +
[T'(z)B0(1(y)) + 0(1(x)) BT (y) + T (y)B0(I(x))
+0(I(y)BT (x), 0(I(z)al (z))]o

Thus we have

0 = 20(I(z)ad(x))B[T (), 0(I(y))la + 2[T(x), 0(1(y))]aLO(I(x)al(x))
AT (), 0(1(x)al (y)BI(x))]a + T(2)B[0(I(y)), 0 (x)al (x))]a
+O(I(y), 0(I(x)al (2))]a ST (x) + O(1(2)) BT (y), O (x)l (x))]o +
[T(y), 0(I(x)al (2))]a BO(I(x). (16)

Hence in particular, we find that

0 =0(I(z)al(x))B[T(x), 0(I(2))]la + [T (2),0(1(x))]afO(I(z)al(x))
+2[T (), 0(I ()51 ()l (z))]a

In view of Lemma-2.7, this reduces to

According to Lemma 2.7, we get

[T'(x), 0(1(x))]af0(I(x)) + 6(1(x))B[T (2),0(I())]a =0

Hence using the later relation, we find that

O(I(x)al(x))B[T (x), 0(I(x))la = [T(x),0(I(x))]afOI(x)al(x))

Further using this replacement in (17), we have

[T(x), 0(1(2))]aBO(I ()l () =0 (18)
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forallz € M and o, 5 €T

Similarly

(19)

B(I(x)al ()BT (x), 6(I(x))]a = 0

forallz € M and o, 8 €T

We also have

(20)

0(1(2))B[T (x),0(I(x))]acb(I(x)) = 0

forallz € M and o, 5 €T

From (15) we have

= —[T(y),0(I(x)al(x))]a

[T(x),0(I(x)al(y) + I(y)al(z))]a

and combining this fact with (16),we arrive at

20(1(x)ad ()BT (), 0(1(y))]a + 2[T'(x), 0(1(y))la SO (z)od (x))

+4[T (), 0(1(x)BI(y)ad (z))]a + T(x)B[0(I(y)

01 ()l (2))]a
z),0(1(x)al(y)
x))]aBO(I(z))

—~

~

+0(I(y), 0(I(x)al (2))]a ST (x) — O(1(x)) BT

~—

+1(y)al(x))]a = [T(2),0(I(x)al (y) + I(y)ad

I(y))]aBO(I(z)od (x))

~—

20(1(z)ad (x))B[T (), (I (y))la + 2[T'(x), 0
+A[T (), 0(1(x))]a SO (y)al (x)) + 40(1(x)) 5

T(x),0(1(y))]act(I(x))
y))? H(I(CL‘)O(I(I))]Q

~—

+40(1(z)al (y)) BT (2), 0(1(x))]o + T(x)B[0(1

—~

~—

—~

~—

—

~—~—

— ~

~—

~—

~

~—

~—

~

Hence, we have

O(I ()l (2))B[T (), 0(I(y))]a + [T(x), 0(1(y))]s0(I (x)al(x))

+3[T(2), 0(1(2))]aBO(L(y)ad (2)) + 30(I(x)al (y)) B[T (), (1 (x))]a
+20(1(x))B[T (), 0(1(y))]aab(I(x)) + T(z)B[0(I(y)), 01 (x)al ())]a

+0(I(y), 0(I(x)al (2))]a ST (x) = O(1(x))B[T (x), 0(1(x))]aa(I(y))

—0(I(y))B[T (), 0(I(x))]ab(I(x))-

(21)
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Replacing y by zvyy, we have

0 = 0((x)al(x))B[T(x), 0(I(y)yI(x))]

+[T (@), 0L (y)yI (2))]a fO(I(x)al (x))
+3[T(2), 0(I())]a SO (y)yI(x)al(x))
+30(1(z)al (y)yI(2))B[T (x), 0(1(x))]a
+20(1(2))BIT (2), 0(1(y)yI(x))]acb(
+T(2)B[0(L(y)y (), 0(1(z)d (x))
+HOU(Y)yI(2)), 6(I(x)al(2))]a AT (z)

—0(1(x))B[T (x), 0(1(x))]a (I (y) Y1 (x))
—0(I(y)y ()BT (), 0(I(2))]ab(I(x))

«

T ol

Ja

T

This can be written as (also using assumption (A))

0 = 0((x)al(2))B[T(x), 0(1(y))]ar(I(z))
+O(I(x)ad (2)v1(y)) BT (), 6(1(x))]a
+[T(2), 0(1(y)]a B (x)ad () VI (2)

+0(I(y)BIT (x), 0(1(x))]avO(I (x)l ()

+3[T (), 0(1(2))]a SO (y)y I (z)al (x))

1(2))B[T (z),0(1(z))]a

)
(

+30(I(x)ad (y)y

+20(1(2))B[T (x), 0(1(y))arb(I(x)al(x))

+20(1(x)al(y))BIT (x), 0(1(x))]ar0(I(x))

+T(2)B0(1(y)), 0(I(x)al (2))]ar0(I())

+O(I(y)), 01 (x)ad (2))]av0(I (2)) BT ()
(L(2))BIT (), 0 (x))]arb(L(y)I (x))
0(I(y)al (2))BIT (), 0(1(x))]a0(I(x))

In view of (18) and (20), we have

0 = 0(I(x)al(z))BT(z),0(I(y)]ar0I(x))
+O(I(z)al(x)y1(y))BIT (), 0(1(x))]a
+[T(2), 0L (Y))a SO (x)al (x) 71 (2))

3[T (), 0(1(2))la BO(I(y)yI(x)al (2))

(I(x)al (y)yI(x) BT (x), 0(1(x))]a
+20(1(x))B[T (x), 0(1(y)]ar0(I (x)l ()
(I(z)al ()BT (x), (1 (x))]av0(I (2))

_|_

~

), 0 (z)l ())]ar8(I(z))
(@)l (x))]ar0(I(x)) BT (x)
—0(1(2))B[T (x), 0(1(x))] a0 (y)l ().

~—

I(z))

27
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Right multiplication of (21) by v8(I(x)) gives

0 = (() (w))ﬁ[T(w)ﬁ

0 = 0(I(z)al(x)vI(y))B[T(x),0(I(2))]a
+30(1(x)vI 0(1(x)), [T (x), 0(I(x))]a o
+20(I ()1 L O(I())]aab(I(x))

JaBIO(I(2)), T ()]

Further in view of (19) this yields

0 = 20(I(z)od(z)vI(y))BIT (x),0(I(x))]a

+30(I(x)yI(y)ad () B[T (), 0(1(x))]a
—0(I(2)71(y))B[T (), 6(I(x))]acb(I(x))

In view of Lemma 2.7, the above relation yields that

0 = 0U(z)al(z)vI(y))B[T(x),0(I(x))]a
+20(1(z)v1(y)ed (2))B[T (x), 0(I(x))]a

Further application of Lemma 2.7, (18), (19), (20) together with Lemma 2.5 yields that

0 = 0(I(z)ad (z)y1(y)BIT (x), 0(I(x))]a-

Hence combining (24) and (25) and by 2-torsion freeness of M, we have

O(I(x)vI(y)ed (2)) [T (x), 0(I(x))]a =0

Now put y = I(y), we have

O(I(x)yyal (x))B[T (), 0(I(z))]a =0

(23)

(24)

(25)

Now replacing 0(y) by [T(x),0(I(x))]aaf(y) in the later expression, we have (also using as-

sumption (A))

0(1(x))a[T (2), 0(1(x))]a0(y)B0(1(x)) [T (x), 0(1(x))]a
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As 6 is an endomorphism, the semiprimeness of M gives

0(I(x))a[T (), 0(I(z))]a =0 (26)
and hence in view of Lemma 2.7, we can write

[T'(x),0(1(x))]acd(I(x)) = 0. (27)

Linearizing (26) and using (27), we get

Putting in the above relation —x for x and comparing the relation so obtained with the above

we get,

0 =0(I(z))alT(x),0(I(y))]a + O(I(x)a[T(y), 0(I(2))]a
+0(1(y)a[T (x),0(1(x))]a

Now, multiply the above relation by [T'(x),0(I(z))]oc from left and use (27), we have

This follows that,

Combining (28) with our hypothesis, we get

T(xazx) =T(x)ab(I(x))forally € M
and

T(xazx) =0((x))aT(x)forallt € M

This means that T is a left and right Jordan #—centralizer. This complete the proof of our

theorem. O

Corollary 2.1 Suppose that M be a 2-torsion free semiprime I'-ring with involution I and

satisfying the assumption(A). If T : M — M be an additive mapping such that
2T (zax) =T (x)al(x)+ I(z)aT(x)

holds for all x € M and o € T, then T is a Jordan centralizer with involution I.
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